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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

* Rigorous and consistent approach throughout

* Notation boxes explain key mathematical language and symbols

» Dedicated sections on mathematical proof explain key principles and strategies

» Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results
: : collect information

e Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and ]

represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

* Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in

mechanics
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are #

available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise @ Find the point of intersection O

problems and consolidate your understanding graphically using technology.
using pre-made GeoGebra activities.

GeaGebrao

GeoGebra-powered interactives

Interact with the maths you are learning __—]
using GeoGebra's easy-to-use tools

Simutansous equations:
y=a"—Bx+1
2r+ly=3

Sohtions: (2,-1} =1, 8]

-
1T THNE THRER SHENCTHNAR Tewe. TRRED TEWA

Access all the extra online content for free at:

www.pearsonschools.co.uk/cplmaths

You can also access the extra online content by scanning this QR code:

Vi



Complex numbers

After completing this chapter you should be able to:

e Understand and use the definitions of imaginary and complex

numbers
Add and subtract complex numbers
Multiply complex numbers

Divide complex numbers

Complex numbers contain a real and an
imaginary part. Engineers and physicists
often describe quantities with two
components using a single complex
number. This allows them to model
complicated situations such as air flow
over a cyclist.

Understand the definition of a complex conjugate

2

- page 2
- pages 2-3
—» pages 5-6
- pages 6-8

- pages 7-8

Solve quadratic equations that have complex roots - pages 8-10
Solve cubic or quartic equations that have complex roots

- pages 10-14

4‘\-.\-

Prior knowledge check

Simplify each of the following:
a /50 b /108 c /180
< Pure Year 1, Chapter 1

In each case, determine the number of
distinct real roots of the equation f(x) = 0.
a f(x)=3x%2+8x+10
b f(x)=2x2-9x+7
¢ f(x)=4x%2+12x+9

< Pure Year 1, Chapter 2

Find the solutions of x2 —8x+6 =0,
giving your answers in the form a = Vb
where a and b are integers.

< Pure Year 1, Chapter 2
Write — — in the form p + ¢v3

= \I."
where p and ¢ are rational numbers.
< Pure Year 1, Chapter 1




Chapter 1

@ Imaginary and complex numbers

The c!uadra‘tlc equation ax® + bx + ¢ =0 has m A TSR P
salitlensiglven oy discriminant is b2 — 4ac.
—b +Vb? - hac e If b2 — 4ac > 0, there are two distinct real roots.
- 2a  If b2 — 4ac = 0, there are two equal real roots.

e |f b2 — 4ac <0, there are no real roots.

If the expression under the square root is negative,
¢ Pure Year 1, Section 2.5

there are no real solutions.

You can find solutions to the equation in all cases by extending the number system to include v-1.
Since there is no real number that squares to produce —1, the number V-1 is called an imaginary
number, and is represented using the letter i. Sums of real and imaginary numbers, for example

3 + 2i, are known as complex numbers.

= j=y-1 m The set of all complex numbers is

= An imaginary number is a number of the written as C.

form bi . where b € R. For the complex number z = a + bi:
* Re(z) = ais the real part

= A complex number is written in the « Im(z) = b is the imaginary part

form a + bi, where a, b € R.

Write each of the following in terms of i. You can use the rules of surds to manipulate

a V=36 b V-28 imaginary numbers.
a v-36 =36 x (1) = V36 V-1 = Gi
- m An alternative way of writing (2y/7)i
b v-28 =28 x (-1) =v28 V-1 . is 2iv/7. Avoid writing 2v/7i as this can easily be
= V47 V-1 =(2V7) confused with 2/7i.

In a complex number, the real part and the imaginary part cannot be combined to form a single term.

= Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

= You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

Simplify each of the following, giving your answers in the form a + bi, where a, b € R.

a (24 51)+(7+31) b (2-51)-(5-11) c 2(5-28i) d ]0;61
a (2+350)+(7+30)=(2+7)+(5+3)i ————— Add the real parts and add the imaginary parts.
=9 + 8i
b (2-5)—(5-1)=(2-5)+ (-5 —(-1))i-=——  Subtract the real parts and subtract the
=3 O imaginary parts.



Complex numbers

c 2(5-8i)=(2x5)-(2 x8)i=10 - 16i

2(5 — 8i) can also be written as (5 — 8i) + (5 — 8i).

10+6i _10 6. .
> —2+2|—5+3|

Do not use your calculator in this exercise.

d

L— First separate into real and imaginary parts.

1 Write each of the following in the form bi where b is a real number.

a V=9 b V=49 ¢ V121 d V=10000 e V=225
f V=5 g V=12 h V=45 i V=200 j V=147

2 Simplify, giving your answers in the form a + bi , where a, b € R.
a (5+2)+(@8+9) b (4+10i) + (1 - 8i)

(7 + 6i) + (=3 - 5i)

(20 + 12i) - (11 + 3i)

¥ 4 =Gi—{-8~5)

i P8 — {2100

r]

o

d (3+13i) +(5+30)

f Q=)= (-5%30)

h (W2 +i)— W2 ~1)

i (18+5)—(15-20)—(3+70)

3 Simplify, giving your answers in the form a + bi, where a, b € R.

a 2(7 + 2i)

¢ 23 +i)+32+i)
6 — 4i

2

+

11i

9
873

b 3(8 - 4i)

d 54+ 3i) — 4(=1 + 2i)
15 + 25i

f 5
il B sl

h 4 2

® 4 Write in the form @ + bi, where a and b are simplified surds.

4-2i
\5

5 Given that z=7 - 6iand w =7 + 61, find,
in the form a + b1, where a, b € R:

az—-w

® 6 Giventhatz; =a+9i,z;=-3+bhiand z, — z; =7 + 2i, find ¢ and b where a, b € R.

2 - 6i
1+v3

w Complex numbers are often

represented by the letter z or the letter w.
b w+:z

(2 marks)

® 7 Given that z; =4 +1iand z, = 7 - 31, find, in the form « + bi, where a, b € R:

b 422

a 21_22

¢ 2z, + 5z,

® 8 Giventhatz=a+ biand w=a - bi, a, b € R, show that:

a z+ wis always real

b z — wis always imaginary

You can use complex numbers to find solutions to any quadratic equation with real coefficients.

= If b? — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which are real.



Chapter 1

Solve the equation z> + 9 = 0.

z2=-9

G e Note that just as z2 = 9 has two roots +3 and -3,
Ara Bl o SEe s z2 = -9 also has two roots +3i and —3i.
z=+3i, z=-3i

Solve the equation z2 + 6z + 25 = 0.

Method 1 (Completing the square)
2+ 6z=(z+ 3 -9 Because z +3)2=(z+3)(z+3)=2z2+62z+9
2+ 6z+25=(z+3P-9+25=(z+3)2+16
(z+32+16=0
(z+3)2=-16 ’7 m=m=m¢—_=4i

Z+ 3 =+/-16 = 14

z=-3z4 You can use your calculator to find the complex
Zeptdl Emencigl roots of a quadratic equation like this one.
Method 2 (Quadratic formula)
-6+V62 -4 x1x 25 . o
z= . Using z = b+ zb 4ac
a

-6 +V-64

- 2
2="028 . 344 | er e e ek ST =ai
z=-3+ 4i, z=-3 -4

Exercise @

Do not use your calculator in this exercise.

1 Solve each of the following equations. Write your answers in the form *bi.

az2+121=0 b z2+40=0 ¢ 2:2+120=0
d 3z2+150=38-2z2 e z2+30=-322-66 f 6z2+1=2z22
2 Solve each of the following equations.
Write your answers in the form a * bi. m The left-hand side of each equation is
PR T in completed square form already. Use inverse

operations to find the values of =
b 2z-72+30=6

c loz+12+11=2



Complex numbers

3 Solve each of the following equations. Write your answers in the form a * bi.
az2+2z+5=0 b 22-2z+10=0 cz2+4z+29=0
d 22+10z2+26=0 e 2+52+25=0 f 22+3z2+5=0

4 Solve each of the following equations. Write your answers in the form a * bi.
a222+5z+4=0 b 72-3z+3=0 €522-z+3=0

5 The solutions to the quadratic equation z2 — 8z + 21 = 0 are z, and z,.
Find z, and z,, giving each in the form a + iVb.

6 The equation z? + bz + 11 = 0, where b € R, has distinct non-real complex roots.
Find the range of possible values of 5. (3 marks)

@ Multiplying complex nhumbers

You can multiply complex numbers using the same technique that you use for multiplying brackets in
algebra. You can use the fact that i = V-1 to simplify powers of i.

mj2=-1

Express each of the following in the form a + bi, where a and b are real numbers.
a (2+3i)4+ 5i) b (7 - 4i)
a (2 + 304 + 50) = 2(4 + 51 + 3i(4 + 5) . Multiply the two brackets as you would with real
=8 + 10 + 12i + 152 numbers.

bl 2l L Use the fact that i2 = —1.

=-7+22i Add real parts and add imaginary parts.

b (7 — 402 = (7 - 4i)(7 - 4)) ) _
= 7(7 = 41) — 4i(7 — 4i) Multiply out the two brackets as you would with

real numbers.

=49 - 28| - 281 + 1Gi2
S4@ “dai—esl =16 L Use the fact that i2 = —1.

= (42 - 16) + (-286i — 26&i) '—L
=33 - 56i Add real parts and add imaginary parts.

Simplify: a i b i c (21

a iP=ixixi=iZxi=-i iZ=-1
b it=ixixixi=iZxiZ=(=1)x(-1)=1
c (21)°=2ix 2ix 2i x 2 x 2 (i) =25x% i
! First work out 2% = 32.

=32{ixixixixi)=32(xiZx1i)
=32 x (-1 x(-1) xi=32i



Chapter 1

Do not use your calculator in this exercise.

1 Simplify each of the following, giving your answers in the form «a + bi.

a (5+1)(3 + 4) b (6 + 3i)(7 + 2i) ¢ (5-2i)(1 + 5i)

d (13 - 3i)2 - 8i) e (=3-i)4+7i) f (8 + 5i)

g (2-9) h (1+D)2+1)3+1) m For part h, begin by multiplying the
i (3-20)(5+1)4-2i) i (2+3i) first pair of brackets.

® 2 a Simplify (4 + 5i)(4 — 5i), giving your answer in the form a + bi.
b Simplify (7 — 2i)(7 + 2i), giving your answer in the form a + bi.
¢ Comment on your answers to parts a and b.
d Prove that (a + bi)(a — bi) is a real number for any real numbers « and b.

® 3 Given that (a + 3i)(1 + bi) = 25 — 39i, find two possible pairs of values for a and b.

4 Write each of the following in its simplest form.
a i° b (3i)* c P+i d (4i) -4

® 5 Express (1 +i)° in the form a — bi, where a and b are integers to be found.
6

Find the value of the real part of (3 — 2i)*. Problem-solving

® 7 f(2)=22-2+8 You can use the binomial theorem to
Find: a f(2i) b (3 - 6i) expand (a + b)". « Pure Year 1, Section 8.3
8 f(z)=22-2z+17
Show that z =1 — 4i is a solution to f(z) = 0. (2 marks)

9 a Given thati! =iand i?= -1, write i’ and i* in their simplest forms.
b Write i’ i°, 17 and i® in their simplest forms.
¢ Write down the value of*

i i]UO ii i253 iii i30]
Challenge o
_ The principal square root of
a Expand (a + bi)%. a complex number, 'z, has a positive real
b Hence, or otherwise, find v40 — 42i, giving your answer in part.

the form a — bi, where @ and b are positive integers.

m Complex conjugation

= For any complex number 7 = a + bi, the m T
complex conjugate of the number is a complex conjugate pair

defined as z* = a - bi.

Giventhatz=2-17i,
a write down z* b find the value of z 4+ z* ¢ find the value of zz*

6



a z¥ =2 7]
bz+z¥=02-=-7i)+(2+7i)
=2+2)+(-7+7)i=4
c zz¥=(2 =72 + 7i)
=22+ 7)) = 7i(2 + 7i)
=4 +14i = 14i - 49i2
=4 +49 =53

-

For any complex number z, the product of z and
z*is a real number. You can use this property
to divide two complex numbers. To do this,
you multiply both the numerator and the
denominator by the complex conjugate of the
denominator and then simplify the result.

Write 5+4¥ in the form «a + bi.
2-3i
5+4i_5+4i 2+3i
23l T 2a 3 243
(5 + 412 + 3i

(2 - 3il2 + 3i) —1 ]
(5 + 4i)(2 + 3i) = 5(2 + 3i) + 4i(2 + 3i)
=10 + 15i + 8i + 12i2
= -2 + 23i
(2 = 3i)(2 + 3i) = 2(2 + 3i) - 3i{(2 + 3i)
=4+Gi -G -9¢2=13

5+4i_-2+23i__2 23
i R R :

137 13

Do not use your calculator in this exercise.

1 Write down the complex conjugate z* for:

a z=8+2i b z=6-S5i cz=3
2 Find z + z* and zz* for:
az=6-3  bz=10+5i ¢ z=3
3 Write each of the following in the form a + bi.
a3_5i h3+5i c28—3i
1+ 3i 6 — 8i 1-i

l.
— 21

+

Complex numbers

Change the sign of the imaginary part from - to +.

@ Notice that z + z* is real.

Remember i2 = —1.

@ Notice that zz* is real.

@ The method used to divide complex

numbers is similar to the method used to
rationalise a denominator when simplifying surds.
« Pure Year 1, Section 1.6

The complex conjugate of the denominator is
2 + 3i. Multiply both the numerator and the
denominator by the complex conjugate.

zz*is real, so (2 — 3i)(2 + 3i) will be a real number.

You can enter complex numbers directly into your
calculator to multipy or divide them quickly.

Divide each term in the numerator by 13.

d z=V5+i/10

4 d z=V5-3i/5
2+1
d 1 +4i
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— 41)2
Write o il] in the form x + iy where x, y € R.
Given that z; = 1 +1, z, =2 + i and z; = 3 + i, write each of the following in the form a + bi.
212y (z,)? 2z + 5z;
a — b — ¢ ——
<3 et | <2
: 5+2i 5 i ; :
Given that =—%— =2 -1, find z in the form a + bi. (2 marks)
Simplify 61-:_8; + 61+_8i1, giving your answer in the form a + bi.
W=
8 —iv2

Express w in the form a + biv2, where a and b are rational numbers.
w=1-9i

1. . .
Express ;;; in the form a + bi, where ¢ and b are rational numbers.

z=4-1/2

Use algebra to express

-

. t g in the form p + ¢iv2, where p and ¢ are rational numbers.

The complex number z satisfies the equation (4 + 2i)(z — 2i) = 6 — 4i.
Find z, giving your answer in the form « + bi where a and b are rational numbers. (4 marks)

The complex numbers z; and z, are given by z; = p — 7i and z, = 2 + 5i where p is an integer.

Find ;—; in the form a + bi where a and b are rational, and are given in terms of p. (4 marks)

z =45 + 4. z* is the complex conjugate of z.

Show that i* = a + biV5, where a and b are rational numbers to be found. (4 marks)
: ) p+5i

The complex number z is defined by z =p o P eR,p>0.

Given that the real part of z is %_,

a find the value of p (4 marks)

b write z in the form « + bi, where ¢ and b are real. (1 mark)

m Roots of quadratic equations

For real numbers a4, b and ¢, if the roots of the quadratic equation az2 + bz + c =0 are
non-real complex numbers, then they occur as a conjugate pair.

Another way of stating this is that for a real-valued quadratic function f(z), if z; is a root of f(z) =0
then z,* is also a root. You can use this fact to find one root if you know the other, or to find the
original equation.

If the roots of a quadratic equation are
« and 3, then you can write the equation m Roots of complex-valued polynomials
as(z-a)(z-08)=0 are often written using Greek letters such as

alpha), /3 (beta) and amma).
B B = a (alpha), 3 (beta) and ~ (gamma)



Complex numbers

Given that o = 7 + 2i is one of the roots of a quadratic equation with real coefficients,

a state the value of the other root, /3
b find the quadratic equation

¢ find the values of a + 3 and a3 and interpret the results.

a 3=7-2i a and 3 will always be a complex
conjugate pair.
b (z—a)z-0)=0
(B0 R Bz = il i The quadratic equation with roots « and
22—z(7-2)-z7+ 20+ (7+27-2)=0 Bisz-a)z-P) =0

22— T7z42iz-T7z-2iz+49 - 14i+14i - 4i#=0
72 =14z + 49 + 4 = 0~ Collect like terms. Use the fact that
22 -14z+53=0 i2=-1.

c a+3=(7+2)+ (7 - 2i)

=F w712 b 2lli=14 Problem-solving

The coefficient of z in the above equation is —(a + ). For z = a + bi, you should learn the results:
af = (7 + 2)(7 - 2i) = 49 — 14i + 14i — 472

=49 +4 =53
The constant term in the above equation is of3.

1 The roots of the quadratic equation z2 + 2z + 26 = 0 are « and (3.
Find: a aandpg b a+ ¢ af

z+z*¥=2a

zz¥=a? + b?
You can use these to find the quadratic
equation quickly.

2 The roots of the quadratic equation z2 — 8z + 25 =0 are o and £3.
Find: a aandpj b o+ ¢ af

® 3 Given that 2 + 3i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation (1 mark)

b find the quadratic equation, giving your answer in the form z2+ bz + ¢ =0
where b and ¢ are real constants. (3 marks)

® 4 Given that 5 —iis a root of the equation z2 + pz + ¢ = 0, where p and ¢ are real constants,
a write down the other root of the equation (1 mark)
b find the value of p and the value of g¢. (3 marks)

5 Given that z; = =5 + 4i is one of the roots of the quadratic equation
z2 4+ bz + ¢ =0, where b and c are real constants, find the values of b and c. (4 marks)

6 Given that 1 + 2i is one of the roots of a quadratic equation with real coefficients,
find the equation giving your answer in the form z2 + bz + ¢ = 0 where b and ¢
are integers to be found. (4 marks)

9



Chapter 1

7 Given that 3 — 5i is one of the roots of a quadratic equation with real coefficients,
find the equation giving your answer in the form z2 + bz + ¢ = 0 where b and ¢

are real constants. (4 marks)
5
PR
a Find z in the form «a + b1, where ¢ and b are real constants. (1 mark)

Given that z is a complex root of the quadratic equation x? + px + ¢ = 0, where p and ¢
are real constants,

b find the value of p and the value of g¢. (4 marks)

9 Given that z = 5 + ¢i is a root of the equation z? — 4pz + 34 = (), where p and ¢ are positive
real constants, find the value of p and the value of g¢. (4 marks)

@ Solving cubic and quartic equations

You can generalise the rule for the roots of quadratic equations to any polynomial with real coefficients.
= If f(z) is a polynomial with real
coefficients, and z, is a root of f(z) = 0, m If z, is real, then z,* = z;.
then z,* is also a root of f(z) = 0.
You can use this property to find roots of cubic and quartic equations with real coefficients.
= An equation of the form az? + bz% + ¢z + d = O is called a cubic equation, and has three roots.

= For a cubic equation with real coefficients, either: ,
A real-valued cubic

+ all three !'oots are real, or equation might have two, or three,
« one root is real and the other two roots form a repeated real roots.

complex conjugate pair.

Given that —1 is a root of the equation z3 — 22+ 3z + k=0,

a find the value of k b find the other two roots of the equation.

a If =1is a root,
(13 = (=12 +3(-1)+ k=0
-1-1-3+k=0
=S

b -1is a root of the equation, so z + 1 is a Problem-solving

factor of z3 — z2 + 3z + 5.
B s B —_— Use the factor theorem to help: if f(e) = 0, then

z+1)23-224+32+5 «v is a root of the polynomial and z — « is a factor
z3 4 z2 of the polynomial.
- 222 + 3z
‘2:27'22 L Use long division (or inspection) to find the
S5z+5 quadratic factor.
5z+ 5
o

10



Complex numbers

23-224324+45=0z+1)z2-2z+5)=0 The other two roots are found by solving the

Soling 22 — 22 4 5 = O, |7 quadratic equation.

22— Pz=(z = 1B =1
22 _22+5=(z-1F-14+5={z-12+4
z-12+4=0

Solve by completing the square. Alternatively, you
could use the quadratic formula.

(z—1) = =4
— . The quadratic equation has complex roots, which
z—1=%x/-4 = £2j : -
must be a conjugate pair.

z =22

gi=il 2ipz="1— 2]
So the other two roots of the equation are You could write the equation as
1+ 2iand 1 - 2. z+1)(z-(1+2))z-(1-2))=0

= An equation of the form az* + bz + ¢z% + dz + ¢ = O is called a quartic equation, and has four
roots.

= For a quartic equation with real coefficients, either: m Afealced
+ all four roots are real, or quartic equation might have
* two roots are real and the other two roots form a repeated real roots or repeated
complex conjugate pair, or complex roots.

» two roots form a complex conjugate pair and the
other two roots also form a complex conjugate pair.

Given that 3 +iis a root of the quartic equation 2z* — 323 — 3922 + 120z — 50 = 0, solve the
equation completely.

Complex roots occur in
conjugate pairs.

Another root is 3 — 1.

So (z — (3 + D))z - (3 —1)is a factor
of 2z% — 3z% - 3922 + 120z - 50 If e and /3 are roots of f(z) =0,
=B +Nz-3B-)=z2=2z3=-0)=-z3+)+ 3B +)3 -1 then (z — a)(z — 3) is a factor
z2 -6z + 10 of f(z).

—

So z2 — 6z + 1015 a factor of 224 — 323 — 3922 + 120z - 50.

(z2 — 6z + 10)az? + bz + ¢) = 2z% — 323 — 3922 + 120z - 50 ouican worlGi oM QLICK] by

noting that
Consider 2z%: (z = (a + bi))(z = (a — bi)
The only z4 term in the expansion is z2 x az?, so a = 2. =z2-2az+a*+ b®

(z2 = Gz +10)(2z2 + bz + ¢) = 2z% = 32 = 3922 + 120z - 50

Problem-solving
Consider —3z3:

The z3 terms in the expansion are z2 x bz and -6z x 222, Itis possible to factorise a
s0 bz3 - 1223 = =323 polynomial without using a
h—12=-3 formal algebraic method. Here,
- the polynomial is factorised by
50 (22 — 62 + 10)(222 + 9z + ¢) = 224 — 323 — 3922 + 120z — 50 Inspection’. By consldering each

term of the quartic separately,
it is possible to work out the
missing coefficients.

11
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Consider —50:
The only constant term in the expansion is 10 x ¢, so ¢ = —5. You can check this by

2z% — 322 — 3972 + 120z - 50 = (2% — 6z + 10}22% + 9z — 5) considering the z and z2 terms

Solving 2z% + 9z — 5 = O: in the expansion.

(2z—=Nz+5)=0
Z:%,Z:—E)
So the roots of 2z4 — 323 — 3922 + 120z - 50 = Q are
2 —-5,3 +iand 3 —i

Show that z2 + 4 is a factor of z* — 2z% + 2122 — 8z + 68.
Hence solve the equation z* — 223 + 2122 — 8z + 68 = 0.

Using long division: Alternatively, the quartic can be
22 - 2z 4+17 factorised by inspection:
22 + 4)z% - 223 + 2122 - Bz + 6B 24— 223+ 21z - 82+ 68
z4 + 422 =(z2 + 4laz® + bz + o)
-2z3 + 1722 - &2 a =1, as the leading coefficient
—233 - &z i5Hl
2
T7ZE b The only z* term is formed by
17z + 66
o z2x bzso b= -2.

The constant term is formed by

S0 24 = 223 + 2122 — B2 + 68 = (2 + 4)(z2 - 22 +17) = O
4 x ¢, 504¢c=68 and c=17.

Eitherz2+ 4 =0o0rz2 =22+ 17 =0
Solving z2 + 4 = O:

2?2 = -4
z=%2i
Solving z2 — 2z + 17 = O: Solve by completing the square.
(z-12+16=0 Alternatively, you could use the

(z=-12=-16 quadratic formula.

z—-1==4
AECEEL m You could use your

So the roots of z4 — 223 + 2122 — &z + 68 = 0 are calculator to solve
2i, =2i, 1+ 4iand 1 — 4i 22— 2z + 17 = 0. However, you

should still write down the
equation you are solving, and
both roots.

12



® 1

® 2

® @

f(z)=2z3-622+21z-26
a Show that f(2) = 0.
b Hence solve f(z) = 0 completely.

f(z)=223+522+92-6
a Show that f(%) =0.

b Hence write f(z) in the form (2z — 1)(z? + bz + ¢), where b and c¢ are real constants
to be found.

¢ Use algebra to solve f(z) = 0 completely.

g(z)=2z3-4z2-5z-3

Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = 0 completely.
p(z)=2z3+4z2- 15z - 68

Given that z = —4 + i is a solution to the equation p(z) = 0,

a show that z2 + 8z + 17 is a factor of p(z).
b Hence solve p(z) = 0 completely.

f(z)=2z3+92z2+33z+25

Given that f(z) = (z + 1)(z2 + az + b), where a and b are real constants,
a find the value of @ and the value of b

b find the three roots of f(z) =0

¢ find the sum of the three roots of f(z) = 0.

g(z2)=z3-12z2+ ¢z +d =0, where ¢, d € R.

Given that 6 and 3 + i are roots of the equation g(z) =0,
a write down the other complex root of the equation

b find the value of ¢ and the value of d.

h(z) =223+ 322+ 3z + 1

Given that 2z + 1 is a factor of h(z), find the three roots of h(z) = 0.
f(z)=2z3-622+28z+k

Given that f(2) = 0,

a find the value of k

b find the other two roots of the equation.
Find the four roots of the equation z4 - 16 = 0.

f(z) = z4 - 1223 + 3122 + 108z - 360

a Write f(z) in the form (z2 — 9)(z% + bz + ¢), where b and c are real constants
to be found.

b Hence find all the solutions to f(z) = 0.

Complex numbers

(1 mark)
(3 marks)

(1 mark)

(2 marks)
(2 marks)

(4 marks)

(2 marks)
(2 marks)

(2 marks)
(4 marks)
(1 mark)

(1 mark)
(4 marks)

(4 marks)

(1 mark)
(4 marks)

(2 marks)
(3 marks)

13
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1 g(z)=z4+2z3-22+38z+ 130
Given that g(2 + 3i) = 0, find all the roots of g(z) = 0.

12 f(z) =z*-10z3 + 71z2 + Qz + 442, where Q is a real constant.

Given that z = 2 — 3iis a root of the equation f(z) = 0,
a show that z? — 6z + 34 is a factor of f(z)
b find the value of Q

¢ solve completely the equation f(z) = 0.

Challenge

Three of the roots of the equation z° + bz* + ¢z’ + dz* + ez + f =0,
where b, ¢, d, e, f€ R, are -2, 2i and 1 + i. Find the values of b, ¢, d, e
and f.

Mixed exercise o

1 Given that z; =8 — 3i and z, = -2 + 44, find, in the form a + bi, where a, b € R:

EP) 2

a o +22
b 322
¢ 6z,—2z,

The equation z2 + bz + 14 = 0, where b € R has no real roots.
Find the range of possible values of 5.

The solutions to the quadratic equation z2 — 6z + 12 =0 are z, and z,.

Find z, and z,, giving each answer in the form a * iV/b.

By using the binomial expansion, or otherwise, show that (1 + 2i)° =41 — 38i.

f(z)=2z2-6z+10
Show that z = 3 + iis a solution to f(z) = 0.

z21=4+2i,z,=-3+1
Express, in the form a + bi, where a, b € R:

# 2]

a Zz 2 o

1 b z,z, o
%, .

in the form x + iy where x, y € R.

1+ 1\,@

Write

4-7i

-

Given that

b
2+1

Express in the form « + bi, where a, b € R:

a 22 b z-

by | =

14

=3 +1, find z in the form a + bi, where a, b € R.

(4 marks)
(1 mark)
(2 marks)

(3 marks)

(3 marks)

(2 marks)

(2 marks)



Complex numbers

. 3 : Z az—bz) ( 2ab )
10 Given that z = a + b1, show that P (az s + 21 bl 1 (4 marks)
_ 3+qi
11 The complex number z is defined by z = 5 where ¢ € R.
Given that the real part of z is 1—13,
a find the possible values of ¢ (4 marks)
b write the possible values of z in the form « + bi, where a and b are real constants. (1 mark)
12 Given that z = x + iy, find the value of x and the value of y such that z + 4iz* = -3 + 18i
where z* is the complex conjugate of z. (5 marks)
13 z=9+61,w=2-3i
Express ‘% in the form a + bi, where a and b are real constants.
. q+3i o
14 The complex number z is given by z = arqi where ¢ is an integer.
Express z in the form « + bi where @ and b are rational and are given in terms of ¢. (4 marks)
15 Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation (1 mark)
b find the quadratic equation, giving your answer in the form z2+ bz + ¢ =0
where b and ¢ are real constants. (2 marks)
16 Given that z =4 — ki is a root of the equation z2 — 2mz + 52 = 0, where k and m
are positive real constants, find the value of k and the value of m. (4 marks)
17 h(z) =23 - 112+ 20
Given that 2 + i is a root of the equation h(z) = 0, solve h(z) = 0 completely. (4 marks)
18 f(z)=z3+62+20
Given that f(1 + 3i) = 0, solve f(z) = 0 completely. (4 marks)
19 f(z)=z3+322+kz+48, ke R
Given that f(4i) = 0,
a find the value of k (2 marks)
b find the other two roots of the equation. (3 marks)
@ 20 f(z) =z%-2z3 - 162274z - 60
a Write f(z) in the form (z2 — 5z — 6)(z2 + bz + ¢), where b and ¢ are real constants
to be found. (2 marks)
b Hence find all the solutions to f(z) = 0. (3 marks)
21 g(z)=z%— 623+ 1922~ 362+ 78
Given that g(3 — 2i) = 0, find all the roots of g(z) =0. (4 marks)
22 f(z) = 24 - 223 - 522+ pz + 24
Given that f(4) = 0,
a find the value of p (1 mark)
b solve completely the equation f(z) = 0. (5 marks)
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Challenge

a Explain why a cubic equation with real coefficients cannot have a
repeated non-real root.

b By means of an example, show that a quartic equation with real

coefficients can have a repeated non-real root.

Summary of key points

1

2

3

10

11

12

16

i=zvV-1andiz=-1
An imaginary number is a number of the form bi, where b € R.
A complex number is written in the form a + bi, where a, b € R.

Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

If b? — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which is real.

For any complex number z = a + bi, the complex conjugate of the number is defined as
s == i}

For real numbers @, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are non-real
complex numbers, then they occur as a conjugate pair.

If the roots of a quadratic equation are « and (3, then you can write the equation as
(z—a)z—-pP)=00rz22—(a+Fz+af=0.

If f(z) is a polynomial with real coefficients, and z; is a root of f(z) = 0, then z;* is also a root of
f(z) = 0.

An equation of the form az® + bz2 + ¢z + d =0 is called a cubic equation, and has three roots.
For a cubic equation with real coefficients, either:

« all three roots are real, or

* one root is real and the other two roots form a complex conjugate pair.

An equation of the form az* + bz* + ¢z? + dz + e = 0 is called a quartic equation, and has four
roots.

For a quartic equation with real coefficients, either:

+ all four roots are real, or

* two roots are real and the other two roots form a complex conjugate pair, or

» two roots form a complex conjugate pair and the other two roots also form a complex
conjugate pair.



Argand diagrams

After completing this chapter you should be able to:
® Show complex numbers on an Argand diagram

- pages 18-19
® Find the modulus and argument of a complex number

- pages 20-23
® \Write a complex number in modulus-argument form

-» pages 23-28
® Represent loci on an Argand diagram -> pages 28-36

® Represent regions on an Argand diagram - pages 36-38

Prior knowledge check . : A ) : «

1 Write down an equation of a circle with
centre (=3, 6) and radius 5.
< Pure Year 1, Chapter 6

Given z; =6 + 3iand z, =3 — i, find in the
form a + bi:

Z1
b z;zz2 € = & Section1.2

*
aZ]_

For the triangle shown, find the values of:
a x b o

12 :
i t Complex numbers can be used to model

- electromagnetic waves. Rosalind Franklin
GCSE Mathemat

“ arhematies l helped discover DNA by using complex

4 Find the solutions of the quadratic numbers to analyse the diffraction patterns of

equation z2 — 8z + 24 = 0. « Section 1.4 || X-rays passing through crystals of DNA.
TR T




Chapter 2

@ Argand diagrams

m You can represent complex numbers on an Argand diagram. The x-axis Im
on an Argand diagram is called the real axis and the y-axis is called the - iy
imaginary axis. The complex number 7 = x + iy is represented on the |

diagram by the point P(x, y), where x and y are Cartesian coordinates.

Show the complex numbers z; = -4 + i, z, = 2 + 3i and z3 = 2 — 3i on an Argand diagram.

Im4 Z, =2 4 3i

:‘I=—4+‘|
0 Re
;3=2"3|

.

The real part of each number describes its
horizontal position, and the imaginary part
describes its vertical position. For example,

zy =—4 + i has real part -4 and imaginary part 1.

Note that z; and z; are complex conjugates. On
an Argand diagram, complex conjugate pairs are
symmetrical about the real axis. « Section 1.3

Complex numbers can also be represented as vectors on the Argand diagram.

m The complex number z = x + iy can be represented as the vector (;) on an Argand diagram.

You can add or subtract complex numbers on an Argand diagram by adding or subtracting their

corresponding vectors.

z,=4+1iand z, = 3 + 3i. Show z,, z, and z, + z, on an Argand diagram.

Z1+2,=4+3)+(1+3)i=7 + 4i

| &

The vector representing z; + z; is the diagonal of
the parallelogram with vertices at O, z, and z,.
You can use vector addition to find z; + z;:

(1)+()=C)

z;=2+ Siand z, =4 + 2i. Show z,, z, and z; — z; on an Argand diagram.

18



Argand diagrams

=2, =(2 - 4) + (5 - 2)i = -2 + 3i

The vector corresponding to z, is (g) so the
vector corresponding to —z; is (_g)

The vector representing z, — z; is the diagonal of
> the parallelogram with vertices at O, z; and —z,.

=28 @ Explore adding and subtracting O
complex numbers on an Argand diagram

using GeoGebra.
1 Show these numbers on an Argand diagram.
a 742 b 5-4i c —6-1 d -2 +5i
e 3i f V2 +2i g —3+3 h -4

2 z,=11+2iand z, =2 + 4i. Show z,, z, and z, + z, on an Argand diagram.
3z, =-3+6iand z, =8 —i. Show z,, z, and z, + z, on an Argand diagram.

4 z, =8 + 4iand z, = 6 + 7i. Show z,, z, and z, — z, on an Argand diagram.

5 z;=-6 - 5iand z, = -4 + 4i. Show z,, z; and z; — z, on an Argand diagram.

® 6z=7-5,z=a+biand z3=-3 + 2i where ¢, b € Z. Given that z; = z| + z,,

a find the values of ¢ and b b show z,, z, and z; on an Argand diagram.
® 7z, =p+4qi z,=9-5iand zy = -8 + 5i where p, ¢ € Z. Given that z; = z, + z,,

a find the values of p and ¢ b show zj, z, and z; on an Argand diagram.
® 8 The solutions to the quadratic equation z2 — 6z + 10 = 0 are z, and z,.

a Find z, and z,, giving your answers in the form p + ¢i, where p and ¢ are integers. (3 marks)

b Show, on an Argand diagram, the points representing the complex numbers z, and z,. (2 marks)

9 f(z) = 223 - 1922 + 64z — 60

a Show that (3] = 0. (1 mark)
b Use algebra to solve f(z) = 0 completely. (4 marks)
¢ Show all three solutions on an Argand diagram. (2 marks)
@ There will be 6 distinct roots in total.
a Find all the solutions to the equation z6 = 1. Write z6=1as (z° — 1)(z* + 1) = 0, then find three
b Show each solution on an Argand diagram. distinct roots of z* — 1 = 0 and three distinct
¢ Show that each solution lies on a circle with roots of 22 +1 =0.

centre (0, 0) and radius 1.
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Chapter 2

@ Modulus and argument

The modulus or absolute value of a complex number is the magnitude of its corresponding vector.

m The modulus of a complex number, |z,
is the distance from the origin to that
number on an Argand diagram. For a

complex number z = x + iy, the modulus is

given by |z] = /x2 + y2.

The modulus of the complex number

ziswritten asr, |z| or |x + iy|.

The argument of a complex number is the angle its corresponding vector makes with the positive

real axis.

m The argument of a complex number, arg z,
is the angle between the positive real axis

and the line joining that number to the

origin on an Argand diagram, measured in

an anticlockwise direction. For a complex
number z = x + iy, the argument, 0,

satisfies tan @ = g;?

ST

Im 4

z=x+ip Im
ol | AW
i W. Re
argz |_' _
o Re iy
Example o
z=2+7i, find:

a the modulus of z

a Im4 zi=i 4
7
4] l_i =
o 2 Re
Modulus: |z| = |2 + 7i] =22 + 72

=53
b Argument: tanr.t:% a=12924... radians
arg z = 1.29 radians (2 d.p)

20

The argument of the complex

number z is written as arg z. It is usually given in
radians, where
* 27 radians = 360°

« 7 radians = 180° < Pure Year 2, Section 5.1

The argument @ of any complex number is usually
given in the range —m << @ = «. This is sometimes
referred to as the principal argument.

b the argument of z, giving your answer in radians to 2 decimal places.

Sketch the Argand diagram, showing
the position of the number.



If z does not lie in the first quadrant, you can use the Argand

Argand diagrams

. ; Im
diagram to help you find its argument. S —
m Let « be the positive acute angle made with the real axis
by the line joining the origin and z.
o [e] g
+ If z lies in the first quadrant then arg 7 = a. @ AING Re
+ If z lies in the second quadrant thenarg z =7 - a.
+ If z lies in the third quadrant then arg z = - (7 - ). argz = —(m - a) argz=-a
+ If z lies in the fourth quadrant then arg z = -a.
S ETTE o
z=-4 -1, find:
a the modulus of z b the argument of z, giving your answer in radians to 2 decimal places.
a Im
4 5 Sketch the Argand diagram, showing the position
g = Re of the number.
a— - |
Modulus: |z| = |-4 —i| = /[-4)2 + (-1)2

=

b Argument: tarw.t:%L a= 0.2449... radians

arg z = —(m — 0.2449)
= —2.90 radians (2 d.p)

1 For each of the following complex numbers,

argument is —(w — a).

Here z is in the third quadrant, so the required

i find the modulus, writing your answer in surd form if m e e
necessary complex number is in the
ii find the argument, writing your answer in radians to second quadrant, so the
2 decimal places. argument will be 7 — .
az=12+5 b z=V3+i ¢ z=-3+6i H Bl AhE o plex
d ==2-9 e z=_8_7i f -=—4+11 number is in the fourth
quadrant, so the argument
g z=2/3-i/3 h z=-8-15i will be —a.

2 For each of the following complex numbers,
i find the modulus, writing your answer in surd form

ii find the argument, writing your answer in terms of 7.

a 2+2i b 5+ 5i ¢ —6+6i d —a-d,aeR
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Chapter 2

z=-40-9i

a Show z on an Argand diagram.

b Calculate arg z, giving your answer in radians to 2 decimal places.

z=3+4i

a Show that z2 = -7 + 24i.

Find, showing your working:

b |zl

¢ arg (z?), giving your answer in radians to 2 decimal places.

d Show z and z? on an Argand diagram.

The complex numbers z, and z, are given by z; =4 + 6iand z, = 1 + 1.
Find, showing your working:
a i—;in the form a + bi, where ¢ and b are real

o
z)

b

-

¢ arg -, giving your answer in radians to 2 decimal places.

(1 mark)
(2 marks)

(2 marks)

(2 marks)
(2 marks)
(1 mark)

(3 marks)
(2 marks)

(2 marks)

The complex numbers z; and z, are such that z; = 3 + 2pi and % =1 —iwhere p is a real constant.

a Find z, in the form a + bi, giving the real numbers ¢ and b in terms of p.
Given that arg z, = tan™! 5,
b find the value of p

¢ find the value of |z,|

-

d show z;, z; and % on a single Argand diagram.
26
2-37
a zin the form a +1bh wherea, b€ R
b z2in the form a + ib where a, b € R

find:

r=

¢ |z
d arg (z?), giving your answer in radians to 2 decimal places.

21=4+2,z,=2+4,zy=a+ biwhere a, b € R.
a Find the exact value of |z, + z,|.

2153

Given that w = B

b find w in terms of a and b, giving your answer in the form x + iy, x, y € R.

Given also that w = % - %i, find:
¢ the values of @ and b

d argw, giving your answer in radians to 2 decimal places.

(3 marks)

(2 marks)
(2 marks)

(2 marks)

(2 marks)
(2 marks)
(2 marks)
(2 marks)

(2 marks)

(4 marks)

(3 marks)
(2 marks)



Argand diagrams

9 The complex number w is given by w = 6 + 3i. Find:
a |w| (1 mark)
b argw, giving your answer in radians to 2 decimal places. (2 marks)

Given that arg(4 + 51 + w) = % where 1 is a real constant,
¢ find the value of A. (2 marks)

@ 10 z=-1-1i/3, find:

a |z| (1 mark)
b i* (4 marks)
¢ argz, arg (z*) and arg%, giving your answers in terms of 7. (3 marks)

11 The complex numbers w and z are given by w = k + i and z = —4 + 5ki, where k is a real

constant. Given that arg(w + z) = 2% find the exact value of k. (6 marks)
12 The complex numbers w and z are defined such that argw = I_TE)’ |w|=5and argz = 2%
Given that arg(w + z) = %, find the value of |z|. (4 marks)

@ Modulus-argument form of complex numbers

You can write any complex number in terms of its modulus and argument.

m For a complex number z with |z| = r and arg z = 0, the modulus-argument form of z is
z=r(cosO +isinf)

Im z=x+ip From the right-angled triangle, x = rcos@ and y = rsin 6.
z=X+iy=rcosf+irsinf =r(cosf +isind)
r ! ,
i } This formula works for a complex number in any quadrant of the Argand diagram.
[ f The argument, @, is usually given in the range —m < # = T, although the formula
0 X Re  works for any value of § measured anticlockwise from the positive real axis.

Express z = —/3 +1i in the form r(cos + isin ), where -7 < § < .

Sketch the Argand diagram, showing the position

Im
z2=—=f3 +i of the number.
1 5 " Here zis in the second quadrant, so the required
! arg z ; _
- 2 R argument is m — cv.
V3 0| Re
r=y(=/3R+12=yV4=2
P ¢ 1 m_ 5w — Find rand 6.
=dargZz=m—arctan|—| =M — - =——
- (\3) 6 6
' ST o s

Therefore, z = 2(605? + isin c ) Apply z =r(cosf + isinf).
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Chapter 2

Express z = —1 — i in the form r(cos @ + isin#), where -7 < § < 7.

Sketch the Argand diagram, showing the position
of the number.

Im 4

h
1 o
e a —) R’@ Here z is in the third quadrant, so the required
arg

z argument is —(m — a).

1

z==1-i

r=y=02 4 (=12 =2
- o 1L T
0=argz= 7r+arctar1(1)— 7r+4_ 7
e S ﬁ 5 ﬁ
Therefore, z = v2(605(— 7 ) + |51r1(— 7 ))

3 — Find rand 6.

—

Apply z = r(cos@ + isin@).

1

® 5
® 6

Express the following in the form r(cosé + i sinf), where —r < # < w. Give the exact values of r
and 0 where possible, or values to 2 decimal places otherwise.

a 2+2i b 3i c -3+4i d1-/3i
e -2-5i f -20 g 7-24i h -5+ 5i

Express these in the form r(cosf + i sin ), giving exact values of r and # where possible, or values
to two decimal places otherwise.

a 3 b 1 . 1+1

1+i/3 2~ 1=
Express the following in the form x + iy, where x, y € R.

T e s 1 T s AT Sm .. 5w
a 5(0055 + 1511'15) b E(COSE + 1511'16) ¢ 6(005? + 151n?)
2\ . . 27 s WY o oot T Iw .. 0n
d 3(005(— 3 )+ 151n(— 3 )) e 2\-2(005(—4) + 1sin (—4)) f 4(005 g Tisin g )
2\ . . 27\ . :

a Express the complex number z = 4| cos ) tisin|=/)mn the form x + iy,

where x, y € R. (2 marks)
b Show the complex number z on an Argand diagram. (1 mark)
The complex number z is such that |z| = 7 and argz = %‘W Find z in the form p + gi,
where p and ¢ are exact real numbers to be found. (3 marks)
The complex number z is such that |z| = 5 and argz = —4%. Find z in the form a + bi,

where a and b are exact real numbers to be found. (3 marks)
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Argand diagrams

You can use the following rules to multiply complex numbers quickly when they are given in
modulus-argument form.

m For any two complex numbers z, and z,, @ y . Al and
ou multtipty the moaull an

* |2122| = |z4l|Z2

add the arguments.
« arg(z,3) =argz, +argz,

To prove these results, consider z; and z, in modulus—argument form:
zy=r(cos O, +isinfy) and z, = r,(cosf, + isind,)

Multiplying these numbers together, you get

212, = r1(cos @, +isiné,) x r»(cosB, + isinGy) m
The last step of this working

= ry1,(cosf; + isin#,)(cosd, + isind,) ; g
makes use of the trigonometric

addition formulae:

=ryr;(cosfy cos s + icosfy sinf, + isinf;cosd; — sinfl; sinf,) sin(4 + B) = sinA cosB + cosAsinB

cos(A + B) = cosAcosB FsinAdsinB
<« Pure Year 2, Section 7.1

= ry1,(cosf, cost, + icos;sinf, + isinf, cos, + i2sind, sind,)

= ry15((cosf; cos @, — sinf), sind,) + i(sinf, cos#, + cos b, sin6,))
= r11,(cos(0; + 6;) + isin(f + 6))

This complex number is in modulus—-argument form, with modulus r,r, and argument 6, + 6,, as
required.

You can derive similar results for dividing two complex numbers given in modulus—argument form.

m For any two complex numbers 7, and z,,

2| _ 7l @ You divide the moduli and
22| T |22 subtract the arguments.

3
L arg(;i) =argz,—argzi;

To prove these results, again consider z; and z; in modulus-argument form:

1= rl(COS|91 +isin 91) and = rE(COS 92 +isin 92) @ Exp[ore mu[t]p[y]ng and d“”d'ng O

complex numbers on an Argand diagram

Dividing z, by z, you get e o

B ri(cos@, +isinfly)
2 ry(cosf, +isind,)

| 1
i

(]

ri(cos@, +isin@;) (cosf, —isin(,)
= X
ry(cos@, +isin@;) (cos, —isinf;)

ry(cosfy costl, —icosf, sinf, +isinf, cosl, — i¢sinf, sinb,) @ The last step of this

" ry(cosf,cos0, —icosh,sinb, + isinf,cosh, — i2sinf,sin@,)  Working makes use of the
) ) o . trigonometric addition formulae
_ ri((cos B cos B, + sinBysin ;) + i(sinf; cos B, — cos b, sin b)) together with the identity
1,(cos®f, + sin®#,) sin2f + cos?f = 1
¢ Pure Year 1, Section 10.3

= ;—:(cos(ﬂl —6,) +isin(6, - 6,))

5
This complex number is in modulus-argument form, with modulusr—1 and argument 6, — #,, as required.
2
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z|=3(

a Find:

b Hence write z,z, in the form:

Sm 5w
COS 5 +isin 5~

12 12)a“d 4(

cos E + isin E)

i |2z

r(cosf + isinf)

ii arg(z;z,)

i x+iy

For a complex number in the form

z=r(cos@+isinb), |z| =

For a complex number in the form

[ z=r(cosf+isinf), argz=140

a i |zzg] =|zlz 2|
2 = 3, |2 =
|Z122|=3x4=
i arg(z;z;) = arg z, + arg z;
arg z __?T arg z _l
e il e T
ooy, M _bm_ T
aalaze) =io t s g = g
Co_ - o,
b i H]AE_r(co59+|5|n9)_12(c05 > + isin 2)

|

z,2, =y 15(cos (0, + 6,) +isin (0, + )

0, sin %:1

200 +i(1) =

cOos

S

Zi1Zz

= 12i

L Evaluate cos— and sin~
8 g B

2% 271')
Z ot Zy= = ==
2(005 15 isin 15) and z, 3(005 5 —ising
Express z, z, in the form x + iy.
Rewrite z, in the form z, = rlcosf + isinf): m z, is not initially given in
modulus-argument form.
cos(—&) = cos L and 5in(—&) = —sin ez W
5 5 By 5 Use cosl—6) = cosf and sin(—6) = —sin @
. = 3{cos(~21) 4 5in(-27
o e e e L— z, is now in modulus-argument form.
2m 27
212, = 2|cos - T4 isin X 3(605(——) + '|5‘|r1(——))
( 15 T5) - 5 > Apply the result
e 3(605(15 - ) P lm(;‘; 2;)) L T zzy=rrfcos(y + 6,) +isin(@; + 8,))
= 6(605( ) + |5|n( ))
t o 3 my_ 1 L omy_ V3
'6(5‘”(' 2 )) Apply cos(~3) =3 and sin(~3) = 3

=3 -3/3
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Argand diagrams

\/_ COS_ + lSll'l_)

12 12

Express in the form x + iy.

2((:03—Tr + isin—?r)
6 6

; Both numbers are in modulus-

\-'2(c05 + isin

12 T2) argument form, so you can divide the
moduli and subtract the arguments.

2(605% + iSiﬂi)

[
2 i B v T DT
=7 (505(12 c ) +‘5‘”(12 e )) Simplify.
_v2 3r\, . . ( 3w ’7
= 7(605 (—7) + I5Ir‘|(—?))
; Apply cos( 3”) —iand
- ﬁ(_i +i (_L)) 4 V2
2 \.2 ) \"Ir2 S|n(_3_ﬂ—) = _i
il S
2 2
1 For each given z, and z,, find the following in the form r(cosf + i sin#):
2,2, ii arg(z,z,) iii zz,
az;= 5(00 21 + isin 371') . 6((3037F + isin E)
S T g o 8 8
b z;= \/f(cosE +isin+ ) = 4v2(0053—+ 151n3—ﬂ')
' 3 3/ A 4 5 4 ,
2 Givenz,; = 8(005TTr + isin %) and z, = 4(005% + isin ?ﬂ.), write down the modulus and
argument of’
Zl 2
azz, b B g .25
3 Express the following in the form x + iy:
a (cos20 + isin26)(cos 360 + isin 36) b (cos‘;j—l + isin 3;—1) (cos?—l +1isin ?—71-)
mw o = i m w: @ TE
a3 Ll i / LI T\ /3 i T
c 3(0054 + 1sm4) X 2(005 B + isin 12) d 6(005 3 1sin 3) X y 3(005 3 + 1sin 3)
Sm .. 5w 1 S S5t
¢ 4(0053 — 181 3) 2(00‘3@ —isin ﬁ) m First make sure both
numbers are in modulus—
f 6(cos— +isin x 5(cos~ +isin>) x l(cos2—ﬂ' + isin2—ﬂ-) argument form
( 10 10) ( 3 3) 31975 5 < '
g (cos4f + 1sin4d)(cosl — isinf) h 3(0055 + 151113) x 2 (COSE —isin 3)
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4 Express the following in the form x + iy:

T PR | T S
0550 +isin50 (2(cos7 +isin) 3(°°S3+‘S‘“3) c0s20 — isin20
cos 26 + isin 20 l(cosi F: isinz) 4( 5w s S_ﬂ') cos 36 + isin 30
> 4 7 cos= = +isin~
(® 52=-9+3iV3
a Express z in the form r(cosf + isinfl), -7w <0 =7 (2 marks)

b Given that |w| =3 and argw = %, express in the form r(cosf + isinf), - < 0 < m:

iw i zw iii (4 marks)

w
Challenge

By writing z = 1 +iy3 in modulus-argument form, show that:

a zi=k:z b¥zE=12

where k and p are real constants to be found.

¢ Show z, z" and z* on an Argand diagram and describe the geometrical relationship between them.

m Loci in the Argand diagram

Complex numbers can be used to represent a locus of points on an Argand diagram.

m For two complex numbers 7, = x, +iy,and 2, = X, + iy, |22 — 24| M4
represents the distance between the points z, and z, on an
Argand diagram. < Eh

Using the above result, you can replace z, with the general point z.
The locus of points described by |z — z;| = r is a circle with centre 0 Re

(x;, y,) and radius r.
@ Explore the locus of z, when O

Im .
1 _ |z - z,| = r, using GeoGebra.
z=Xx+iy
Locus of points.
Every point z, on the circumference of the circle,
is a distance of r from the centre of the circle.
o Re

m Given z, = x, + iy,, the locus of point 7 on an Argand diagram such that |z - z,| =T,
or |z - (x, +iy,)| =r, is a circle with centre (x,, y,) and radius r.

You can derive a Cartesian form of the equation of a circle from this form by squaring both sides:

lz—zi| =7 : :
The Cartesian equation of a

|(x = x) +iy—y)l=r circle with centre (4, b) and radius r
(Xx=x)2+(—-p)e=r? Since |p + qi| = /p? + ¢2 is (x —a) + (y — b2 =2
« Pure Year 1, Section 6.2
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Argand diagrams

The locus of points that are an equal distance from two different points z; and z; is the perpendicular
bisector of the line segment joining the two points.

|m A

Locus of points.
Every point z on the line is an equal distance
from points z; and z;.

@ Explore the locus of z, when O

z—z,| = |z = z,|, using GeoGebra.
1 2 g

0 Re

m Given z, = x, +iy; and z, = x, + iy,, the locus of points 7 on an Argand diagram such that
|z = z4] = |z = Z2| is the perpendicular bisector of the line segment joining z, and z,.

Given that z satisfies |z — 4| = 5,
a sketch the locus of z on an Argand diagram.
b Find the values of z that satisfy:
i both|z-4|=5and Im(z)=0 ii both|z—-4|=5and Re(z) =0

|z = (x; + iyy)| = ris represented by a circle with

a |z — 4| =5 is a circle with centre (4, O)
centre (xy, v;) and radius r.

and radivs 5.

[m A

Sketch a circle with centre (4, 0) and radius 5 on

/o ,5/' an Argand diagram.

b i Im(z) = O represents the real axis. Centre of circle is (4, 0) and radius is 5.
The points where the circle cuts the «———— Soconsider4+5=9and4-5=-1,
real axis are (=1, O) and (2, O).

The values of z at these points are m Give your answers as complex

Zz.=—1andz =9, numbers, not as coordinates.
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i z-4]=5=(x-4)2+)2=52
—L This is the Cartesian equation of a circle with

(O —4)2 + p2 =52

16 + y2 =25
}r2=9
y==3

The points where the circle cuts the
real axis are (O, 3) and (O, -3).

The values of z are z = 3i and z = =3i.

centre (4, 0) and radius 5.

Re(z) = 0 for all points on the imaginary axis, so
setx =0.

A complex number z is represented by the point P in the Argand diagram.

Given that |z — 5-3i| =3,
a sketch the locus of P

b find the Cartesian equation of this locus

¢ find the maximum value of argz in the interval (-, ).

b The Cartesian equation of the locus is
(x-5F+(y-3P2=9

C Ima
A

&

Q 5 + 3|

B o7

i B Re
2
Using triangle OFC:
)3 t
ta”(_z) 5

0= 2arctan(%) = 1.08 rad (3 s.1)

30

|z — 5 — 3i| can be written as [z — (5 + 3i)|. As this
distance is always equal to 3, the locus of Pisa
circle centre (5, 3), radius 3.

The standard Cartesian equation of a circle is
(x=—aP+(y-bP=r

The maximum value of arg z is the angle 04
makes with the positive real axis.

The line OC bisects the angle A0B.

Problem-solving

When solving geometrical problems like this

one, it is helpful to draw an Argand diagram. The
maximum value of arg(z) occurs when the line
between the origin and P is a tangent to the circle.

Use circle properties. OB is perpendicular to BC,
and triangles OBC and OAC are congruent.



Given that the complex number z = x + iy satisfies the equation |z — 12 — 5i| = 3, find the minimum
value of |z| and maximum value of |z|.

Argand diagrams

The locus of z is a circle centre C(12, 5), radius 3.

|mn
3 Y
5 3 e
5% (12225)
0 12 Re

|2]in = OC = CX =13 = 3 = 10.

|z| represents the distance from the origin to any
point on this locus.

|| min @nd | 2 |max are represented by the distances
OX and OY respectively.

|zl = OC+ CY'=13 43 = 16,
The minimum value of |z| is 10 and the

maximum value of |z| is 16.

Given that Iz - 3l =z + i,

The distance OC = /122 + 52 = 13,
— Theradiusr=CX=CY =3.

a sketch the locus of z and find the Cartesian equation of this locus

b find the least possible value of |z|.

a |z - 3| = |z +il is the perpendicular

bisector of the line segment joining the

-

points (3, O) and (O, —1).
The gradient of the line joining (O, —1) and
(3,0)is 3

5o, the gradient of the perpendicular

bisector is —3.

The midpoint of the line joining (O, 1) and ——

The locus of points z satisfying |z — z;| = |z — z5]
is the perpendicular bisector of the line segment
joining z; to z,.

The perpendicular bisector will pass through the

[ midpoint.

 Substitute (x,, y,) = (3, - 3) and m = -3 into the
equation of a straight line.

Problem-solving

(3,0)is (2, -3).
y=yi=mlx - xy)
y+i=-3(-3
y+z=-3x+3
y=-3x+4

You could also square both sides of |z — 3| = |z +]:
[x+iy=3]|=|x+iy+i
[(x=3) +iy| = |x+i(y + 1)]
=32+ y2=x2+(p+1)?
X—-6x+9+)°=x>+)°+2y+1
y=-3x+4
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Im 4
\

Problem-solving

The minimum distance is the perpendicular

dm‘n : i
4 :
N 4 (3.0) distance from O to the perpendicular bisector.
2 N Re
v '(; 1) The line is parallel to the line joining (0, —1) and
SR 2552
(0, 1) ¢~ (3,0).
b The gradient of the line labelled d,, is % r The line passes through the origin.
The equati f this line is y = =x
) quation ortiis ine 15y =3 Find the point where this line intersects the
FXx=-3x+4 perpendicular bisector.
%X =4
x=t=p= % Solve to find x and substitute into y = %x to find .

Use Pythagoras’ theorem.

Locus questions can also make use of the geometric property of the argument.

Given z, = x, + i y,, the locus of points
- 1= P ¢ m A half-line is a straight line

on an Argand diagram such that . RO e o
§ % extending from a point infinitely in one direction
arg (z - z,) = O is a half-line from, but not :
only. You use an open circle to show that the

including, the fixed point z; making an e
angle 0 with a line from the fixed point z, pEM s E e et P e
parallel to the real axis.

|m,

m Explore the locus of z, when o

arg(z—z,) arg(z — z;) = 6, using GeoGebra.

You can find the Cartesian equation of the half-line corresponding to arg(z — z;) = # by considering
how the argument is calculated:

arg(z—z,) =60
arg((x—x) +i(y-y)) =40
y= — rﬁisaﬁxed angle so tan @ is a constant.
X=Xy This is the equation of a straight line with gradient

y -y, =tand (x — x;) .—I tan ¢ passing through the point (xy, ).
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Given that arg(z + 3 + 2i) = %Tﬂ',
a sketch the locus of z on an Argand diagram

b find the Cartesian equation of the locus

¢ find the complex number z that satisfies both |z + 3 + 2i| = 10 and arg(z + 3 + 2i) =~

a Imu
arg(z + 3 + 2i) =377r
37 0 R;
< T -
(-3, -2)
b ar@(z+3+2i)=%
arg(x +iy + 3 + 20) = %
arg((x + 3) +i(y + 2)) = %
y+2 ‘ 3r
P

y+2=-(x+23)
Hence the Cartesian equation of the locus
isy=-x-5x<-3

¢ |z+ 3+ 2i] =10is a circle with centre
(=3, —2) and radivs 10.

Im A

Argand diagrams

3w
4

Z+ 3 + 2i can be written as z — (-3 - 2i). As

arg(z+3 +2i) = 3:, the locus of z is the half-line

from (-3, —2) making an angle of%Tr in an

anticlockwise sense from a line in the same
direction as the positive real axis.

z can be rewritten as z = x + iy.
Group the real and imaginary parts.

Remove the argument.

37
tan 4 =-1

m The locus is the half-line so you

10
# N
3z 0 Re
A‘%... Sl e
":r" (-3,-2)

-

a? + a2 =102 = 242 =100
a=y50 = %52
z=(-3-5V2)+i(-2 +5V2)

need to give a suitable range of values for x.
Use a geometric approach to find z.

Draw part of a circle with centre (-3, -2)
and radius 10.

Angle inside the new triangle is m — 37'” = %

As the angle is % the triangle is isosceles.
So the two shorter sides have the same length.

LG LI REGINTTSY  An alternative algebraic

approach would be to substitute the equation for
the half-line, y = —x - 5, into the equation of the
circle, (x + 3)2 + (y + 2)% = 102, and then solve for
x and y. You would need to choose the solution
which lies on the correct half line.
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Sketch the locus of z and give the Cartesian equation of the

locus of z when: You may choose a
a =6 b |z =10 ¢ |z-3|=2 geometric or an algebraic
d lz+3[=3 o Toilifli5 flz+l]=1 appro.ach to answer these
questions.
g lz-1-1]=5 h |z+3+4i=4 i |z-5+6i=5
Given that z satisfies |z — 5 — 4i| = 8,
a sketch the locus of z on an Argand diagram
b find the exact values of z that satisfy:
i both|z—5-4i|=8and Re(z) =0 ii both|z—5-4i|=8and Im(z)=0

A complex number z is represented by the point P on the Argand diagram.
Given that |z - 5+ 7i| =5,

a sketch the locus of P

b find the Cartesian equation of this locus

¢ find the maximum value of argz in the interval (-, ).

On an Argand diagram the point P represents the complex number z.
Given that |z — 4 — 3i| = 8§,

a find the Cartesian equation for the locus of P (2 marks)
b sketch the locus of P (2 marks)
¢ find the maximum and minimum values of |z| for points on this locus. (2 marks)

The point P represents a complex number z on an Argand diagram.
Given that |z + 2 — 2/3j| = 2,

a sketch the locus of P on an Argand diagram (2 marks)
b write down the minimum value of argz (2 marks)
¢ find the maximum value of argz. (2 marks)

Sketch the locus of z and give the Cartesian equation of the locus of z when:

a|z—-6/=|z-2 b |z+ 8| =|z-4
¢ |z| =z + 6] d |z + 3i| =]z - 8
e |z-2-2i=|z+2+2i f z+4+i]=|z+4+ 6]
g |z4+43-5i=|z-7-35j h |z+4-2i=|z-8+2i
|z + 3] |z+ 6 -1
i —= | e |
|z = 6 |z = 10 - 5i
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Argand diagrams

Given that |z — 3| = |z - 61|,
a sketch the locus of z (3 marks)
b find the exact least possible value of |z|. (4 marks)

Given that |z + 3 + 3i| = |z - 9 - 5i|,

a sketch the locus of z (3 marks)
b find the Cartesian equation of this locus (3 marks)
¢ find the exact least possible value of |z|. (3 marks)

Sketch the locus of z and give the Cartesian equation of the locus of z when:

a2-z=3 b |Si—z|=4 c 3-2i-2=3
Sketch the locus of z when:
a argz=— b arg( +3)—E ¢ arg( —2)—E
gz = 3 gz = 4 2(Z = P

darg(z+2+2i)=—% e arg(z—l—i):% f arg(z+3)=7
g arg(z—1+3i)= % h arg(z-3+4i)= —% i arg(z-4i)= —34—?1'
Given that z satisfies |z + 2i| = 3,
a sketch the locus of z on an Argand diagram
b find |z| that satisfies both |z + 2i| =3 and arg z = %
Given that the complex number z satisfies the equation |z + 6 + 61| = 4,
a find the exact maximum and minimum value of |z] (3 marks)
b find the range of values for 6, —m < # < 7, for which arg(z — 4 + 2i) = # and

|z + 6 + 6i] = 4 have no common solutions. (4 marks)

The point P represents a complex number z on an Argand diagram such that |z| = 5.

The point Q represents a complex number z on an Argand diagram such that arg(z + 4) = %

a Sketch, on the same Argand diagram, the locus of P and the locus of Q as z varies. (2 marks)

b Find the complex number for which both |z| = 5 and arg(z + 4) = % (2 marks)

Given that the complex number z satisfies |z — 2 — 2i| = 2,
a sketch, on an Argand diagram, the locus of z (2 marks)
Given further that arg(z — 2 - 2i) = %

b find the value of z in the form a + ib, where a, b € R. (4 marks)

Sketch on the same Argand diagram the locus of points satisfying:

a |z-2i|=|z-8i (2 marks)
b arg(z—2-1i) = % (3 marks)
The complex number z satisfies both |z — 2i| = |z — 8i] and arg(z - 2 - 1) = % (2 marks)

¢ Use your answers to parts a and b to find the value of :z.
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16 Sketch on the same Argand diagram the locus of points satisfying:

a|z-3+2|=4 (2 marks)

b arg(z—1)= -% (3 marks)

The complex number z satisfies both |z — 3 + 2i| =4 and arg(z — 1) = —%

Given that z = a + ib, where a, b € R,

¢ find the exact value of a and the exact value of b. (3 marks)
17 If the complex number z satisfies both arg z = % and arg(z — 4) = %,

a find the value of z in the form « + ib, where a, b € R. (3 marks)

b Hence, find arg(z - 8). (2 marks)
(E/P) 18 Given that arg(z + 4) = E,

a sketch the locus of z on an Argand diagram (3 marks)

b find the minimum value of |z| for points on this locus. (2 marks)

19 A complex number z is represented by the point P on the Argand diagram.
Given |z + 8 — 4i| = 2,

a sketch the locus of P (2 marks)
b show that the maximum value of arg(z + 15 — 2i) in the interval (-, )
is Zarcsin( 2_) (3 marks)
V53
¢ find the exact values of the complex numbers that satisfy both |z + 8 — 4i| =2
and arg(z + 4i) = %Tﬂ' (3 marks)

Challenge

The complex number z satisfies both |z + i| = 5 and arg(z — 2i) = 6,
where @ is a real constant such that - < 6 = .
Given that |z — 4i| < 3, find the range of possible values of 6.

@ Regions in the Argand diagram

You can use complex numbers to represent regions on an Argand diagram.

a On separate Argand diagrams, shade in the regions represented by:
i |z-4-21=2 ii |z-4|<|z-06 iii Oéarg(z—2—2i)$%

b Hence, on the same Argand diagram, shade the region which satisfies
{zeC:z-4-2=2}N{zeC:|z-4 <|z- 6]} ﬂ{zeC:OEarg(z—Z—Zi)é%}
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g 4 Re
i |z-4| <|z- 6]
Im4 ]
0 B - R-
ix=5
i Osarg(z-2 - 2'|)$%
[ma
2, 2) 4
o[5S
0 2 Re
b |z-4-2i| =2, |z-4] < |z-6]

andOEar@(z~2-—2i)$%

[ 4

Argand diagrams

|z - 4 - 2i| = 2 represents a circle centre (4, 2),
radius 2.

|z — 4 - 2i] < 2 represents the region on the
inside of this circle.

|z - 4 - 2i] = 2 represents the boundary inside of
this circle.

|z — 4] = |z - 6] is represented by the line x = 5.
This line is the perpendicular bisector of the line
segment joining (4, 0) to (6, 0).

|z — 4] < |z — 6] represents the region x < 5.
All points in this region are closer to (4, 0) than to
(6, 0).

Note this region does not include the line x = 5.
So x =5 is represented by a dashed line.

arg(z-2-2i) = % is the half-line from the point

(2, 2) at angle % to the horizontal.

arg(z — 2 - 2i) = 0 is the other half-line shown
from the point (2, 2).

O=sarglz-2-2i) = % is represented by the region

in between and including these two half-lines.

m The symbol M is the symbol for the

intersection of two sets. You need to find the
region of points that lie in all three sets.

The line arg(z - 2 - 2i) = % and the circle
|z — 4 - 2i] = 2 both go through the point (4, 4).

The region shaded is satisfied by all three of
z-4-2i|<2
|z - 4] < |z -6
O=arg(z-2-2)) =

L

@ Explore this region using O

GeoGebra.
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Exercise @

1 On an Argand diagram, shade in the regions represented by the following inequalities:
a |z21<3 b |z-2i>2 ¢ lz+7=|z-1] d |z+6|>|z+2+8i
e 2=<|z]=<3 f 1l=|z+4i=4 g 3=|z-3+51=5

2 The region R in an Argand diagram is satisfied by the inequalities |z| = 5 and |z] = |z - 6i].
Draw an Argand diagram and shade in the region R. (6 marks)

3 The complex number z is represented by a point P on an Argand diagram.

Giventhat|z+ 1 -i/=1land 0 < argz = %TW’ shade the locus of P. (6 marks)

4 Shade on an Argand diagram the region satisfied by

{zEC:|zié3}ﬂ{z€€:%£arg(z+3)£7r} (6 marks)
5 a Sketch on the same Argand diagram:
i the locus of points representing |z — 2| = [z — 6 — 8i| (2 marks)
ii the locus of points representing arg(z — 4 — 2i) =0 (2 marks)
iii the locus of points representing arg(z — 4 — 2i) = % (2 marks)
b Shade on an Argand diagram the set of points
{zeC:)z-2/<|z-6-8i} N {zec:(}sarg(z-4-2i) s%} (2 marks)
6 a Find the Cartesian equations of:
i the locus of points representing |z + 10| = |z — 6 — 4iV2|
ii the locus of points representing |z + 1| = 3. (6 marks)

b Find the two values of z that satisfy both |z + 10| = |z — 6 — 4iV2| and |z + 1| = 3. (2 marks)

¢ Hence shade in the region R on an Argand diagram which satisfies both
|z+ 10| <|z-6-4iV2|and |z + 1| < 3. (4 marks)

Challenge

The sets 4, Band C are defined as:

A={zeC:|z+5+8i| <5}

B={zeC:|z+8 +4i|<|z+2+ 12i]}

@@= {zetzoéarg(z+ 10 + 8i) s%}

Shade the set of points 4 N BN €', that are in set 4 and in set B, but not in set C.
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Argand diagrams

Mixed exercise o

® 1 f)=22+5z+10
a Find the roots of the equation f(z) = 0, giving your answers in the form « + ib,
where a and b are real numbers. (3 marks)

b Show these roots on an Argand diagram. (1 mark)

2 f(z)=B3+22+32-5

Given that f(-1 + 2i) = 0,

a find all the solutions to the equation f(z) = 0 (4 marks)
b show all the roots of f(z) = 0 on a single Argand diagram (2 marks)
¢ prove that these three points are the vertices of a right-angled triangle. (2 marks)

3 f(z)=F-23+1322-47z+34

Given that z = —1 + 4i is a solution to the equation,
a find all the solutions to the equation f(z) = 0 (4 marks)
b show all the roots on a single Argand diagram. (2 marks)

@ 4 The real and imaginary parts of the complex number z = x + iy satisfy the equation
4-3i)x—-(1+61)y-3=0

a Find the value of x and the value of y. (3 marks)
b Show z on an Argand diagram. (1 mark)
Find the values of:

c |7l (2 marks)
d argz (2 marks)

(®) 5 z1=4+2i,z,=-3 +i

a Draw points representing z; and z, on the same Argand diagram. (1 mark)
b Find the exact value of |z; — z,|. (2 marks)

Given that w = Z—;,
¢ express w in the form « + ib, where a, b € R (2 marks)

d find argw, giving your answer in radians. (2 marks)

® 6 A complex number z is given by z = a + 4i where a is a non-zero real number.

a Find z2 + 2z in the form x + iy, where x and y are real expressions in terms of . (4 marks)
Given that z2 + 2z is real,
b find the value of a. (1 mark)

Using this value for a,

¢ find the values of the modulus and argument of z, giving the argument in radians and
giving your answers correct to 3 significant figures. (3 marks)

d Show the complex numbers z, z2 and z2+ 2z on a single Argand diagram. (3 marks)
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The complex number z is defined by z = 32+_5il
Find:

a ||

b argz

z=1+2i

a Show that |22 — z| = 2V/5.
b Find arg(z2 - z), giving your answer in radians to 2 decimal places.

¢ Show z and z2 - z on a single Argand diagram.

_ 1
T 244

a Express in the form a + bi, where a, b € R,

ta

by | —

i 22 ii z-
b Find |z7.
: L o2 ; 5 :
¢ Find arg (z - E)’ giving your answer in radians to two decimal places.

L_at 3i
" 2+ai’
a Given that a = 4, find |z|.

b Show that there is only one value of @ for which argz = if, and find this value.

aeR

z1==1-1i,z,=1+1/3
a Express z, and z, in the form r(cos @ + isinf), where -7 < § < 7.

b Find the modulus of:

lql_l.q

a2

i zz, ii

¢ Find the argument of:

% I
izz ii —
&“1=2 32
z=2-21V3
Find:
a ||

b argz, in terms of .
w = 4(cos(—7) +isin(- 3
Find:

l.l'_l

Z

C

d arg(%) , in terms of .

Express 4 — 4i in the form r(cos# + isinf), where r > 0, -7 < 0 = T,
giving r and 6 as exact values.

(4 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)

(2 marks)

(2 marks)

(2 marks)

(1 mark)
(2 marks)

(1 mark)
(2 marks)

(3 marks)
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Argand diagrams

The point P represents a complex number z in an Argand diagram.
Given that |z + 1 —i| =1,

a find a Cartesian equation for the locus of P (2 marks)
b sketch the locus of P on an Argand diagram (2 marks)
¢ find the greatest and least possible values of || (2 marks)
d find the greatest and least possible values of |z — 1|. (2 marks)

Given that arg(z — 2 + 4i) = T

a sketch the locus of P which represents z on an Argand diagram

b find the minimum value of |z| for points on this locus.

The complex number z satisfies |z + 3 — 6i| = 3. Show that the exact maximum value of

argz in the interval (-7, ) is % + 2arcsin (L,_) ; (4 marks)
J
A complex number z is represented by the point P on the Argand diagram.
Given that |z — 5| = 4,
a sketch the locus of P. (2 marks)
b Find the complex numbers that satisfy both |z — 5| = 4 and arg(z + 3i) = %,
giving your answers in radians to 2 decimal places. (6 marks)

¢ Given that arg(z + 5) = f and |z — 5| = 4 have no common solutions, find the range
of possible values of 0, -7 < 0 < . (3 marks)

Given that |z + 5 = 51| = |z — 6 — 3|,

a sketch the locus of z (3 marks)
b find the Cartesian equation of this locus (3 marks)
¢ find the least possible value of |z|. (3 marks)
a Find the Cartesian equation of the locus of points that satisfies |z — 4| = |z — 8i]. (3 marks)
b Find the value of z that satisfies both |z — 4| = |z — 8i| and argz = % (3 marks)

¢ Shade on an Argand diagram the set of points

{zeu::|z-4|s|z-8i|}n{zet:1

= Z =
4 = arg = ﬂ'} (3 marks)

Find the Cartesian equations of:

i the locus of points representing |z =3 +i|=|z -1 -

ii the locus of points representing |z — 2| = 2v2. (6 marks)
b Find the two values of z that satisfy both [z =3 +i|=|z— 1 —i|and |z — 2| =2V2. (2 marks)
The region R is defined by the inequalities |z — 3 +i| = |z - | —i|and |z — 2| < 2/2.

¢ Show the region R on an Argand diagram. (4 marks)

Challenge

The complex number z satisfies arg(z — 3 + 3i) = - =z

&

The complex number w is such that |[w — z| = 3.

a Sketch the locus of w.

b State the exact minimum value of |w|.
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Summary of key points

1

10

11

42

You can represent complex numbers on an Argand diagram. The x-axis on an Argand
diagram is called the real axis and the y-axis is called the imaginary axis. The complex
number z = x + iy is represented on the diagram by the point P(x, ), where x and y are
Cartesian coordinates.

The complex number z = x + iy can be represented as the vector (;) on an Argand diagram.

The modulus of a complex number, |z|, is the distance from the origin to that number on an
Argand diagram. For a complex number z = x + iy, the modulus is given by |z| = \/x? + y2.

The argument of a complex number, arg z, is the angle between the positive real axis and the
line joining that number to the origin on an Argand diagram. For a complex number

z = x + iy, the argument, 6, satisfies tanf =%

Im
Let «v be the positive acute angle made with the real axis argz=m-a I argz=a
by the line joining the origin and z.
 If z lies in the first quadrant then argz = a. > 7
* If z lies in the second quadrant then argz =7 — a. 5| N\ Re
+ If z lies in the third quadrant then argz = — (7 — ).
* If z lies in the fourth quadrant then argz = —a. argz =—(7-a) argz =-a

For a complex number z with |z| = r and arg z = 6, the modulus-argument form of z is
z=r(cosf + isin@)

For any two complex numbers z; and z,,
< |21 Zz' = |21||22|

e arg(zyz;) =argz;+argz;

_lal

- |22|

4
22

-

il
& dlig (—7 ) =dargz; —arg z,
<

For two complex numbers z; = x; + iy, and z, = x, + iy,, |z, — z,| represents the distance
between the points z, and z, on an Argand diagram.

Given z; = x; + iyy, the locus of points z on an Argand diagram such that |z — z| = r, or
|z = (x1 + iyy)| = r, is a circle with centre (xy, ;) and radius r.

Given z; = x; + iy; and z; = x; + iy, the locus of points z on an Argand diagram such that
|z = z,| = |z = z,| is the perpendicular bisector of the line segment joining z, and z,.

Given z, = x; + iy;, the locus of points z on an Argand diagram such thatarg(z — z;) =fisa
half-line from, but not including, the fixed point z; making an angle 6 with a line from the
fixed point z, parallel to the real axis.



Series

After completing this chapter you should be able to:

H

1
e Use standard results for _land >_r - pages 44-47
= r=1
n n
® Use standard results for »_r2and >_ 13 - pages 47-51
F=1 =1l

e Evaluate and simplify series of the form Zf(r), where f(r) is

linear, quadratic or cubic - pages 44-51

1 Factorise: " The Greek letter 3 is used in mathematics
e e B xZidv-4% . torepresent a sum. For example, the

o N I
C 2x2+7x+6 « Pure Year 1, Chapter 1 infinite Se”esﬁ*‘ﬁ"';*‘ - canbe

Simplify each expression by writing it as the written as i i
product of two factors: : ret! . e
This notation was first introduced by the
k+1)+(k+1)(k+2
W Swiss mathematician Leonhard Euler, who

also proved that this infinite sum is

b I (k+1)2+ k2 (k +1)2
¢ kK2@Rk—-1)+10k-5

A
| equalto—
« Pure Year 1, Chapter 1 6
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Chapter 3

@ Sums of natural numbers

You can use sigma notation to write series clearly and
concisely. For example:

3

S (or-1)=

r=1
=9+19+29=57

n
D r2=124224324 . +n?

r=1

® To find the sum of a series of cor!,stant

terms you can use the formula > 1=n.

r=1

® The formula for the sum of the first n natural

numbers is > r = Jn(n + 1).
r=1

a i(2r -1)
r=1

Evaluate:

i(z;-n_ 2 ] =Dl w2 i)
= ol - " O, | P - B G |
=1+3+5+7

=16

(10x1-1)+(10x2-1)+(10x3-1)

@ A series is the sum of the

termsin a sequence.

<« Pure Year 2, Section 3.2

m The numbers below and above the

>~ tell you which value of r to begin at, and which
value to end at. You go up in increments of 1 each
time.

m Sr=1+2+43+...+n
r=1

50
CZP‘

r=21

There are only 4 terms in this series. Write out
each one then find the sum.

’— Substitute n=50in Y_r= %n(n +1).
r=1

50
B ) rE o ses0 si=ens
r=1

50 50 20
c Zr-Z}—Z:-1275——x20x21
r=21 r=1

= 1275 - 210 = 1065

® To find the sum of a series that does not

start atr = 1, use z": f(r) = 'Z": f(r) - kz_:lf(r).
r=k r=1 r=1

44

Problem-solving

50
Yor=21+22+23+...

r=21

Find the sum of the natural numbers up to 50,
then subtract the sum of the natural numbers up
to 20.

+ 49 + 50

m You need to subtract the sum up to

k-1, not k.



2N=-1

Show that > r=2N2-N-10, N = 3.

r=5

2N-1 2.

>
r=5 r
TX@CN-NEN-N)+1)-2x4x5

% X (2N - 1)(2N) - 10
= 2 % (4N2 = 2N) - 10
=2N2-N-10

=

—1

T

1 F=1

Substitute n=2N - 1and n=4in n(n + 1).

You can rearrange expressions involving sigma notation. This allows you to evaluate the sums of more
complicated series.

- E kf(r) = k E £(r)

: i(f"" +g() = i{f"" . z g(r)

S ET TG

25

Evaluate > (3r + 1)

r=1

Use the rules given above to write the expression

25 25 25
Y Bre=3>rs 31
=

e 25
F=1 Fe= interms of _rand > 1.
=3 x5 x25x 26 + 25 e BN
=975 + 25 = 1000
Example o
n 1 50
a Show that Z:l (7r=4)=5n(Tn-1). b Hence evaluate ;ﬂ(’;’r —4).
R B T g R B,
r=1 r=1 r=1
:gn(n+’]}—4n 7Zr=7x%n(n+1)and421=4xn
r=1 r=1
=Zn(7n + 7 - 8)
= %n(?n =1)
50 50 12
b Y (7Tr—4)=) (7r—4)- Y (7r-4)
r=20 r=1 r=1

Use the result from part a to find each sum quickly.
7x50-1=349and7x19-1=132

=3 Xx50% 349 - 7 x 19 x 132 [+——
= 8725 - 1254
= 7471
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1 Evaluate:
3 40 20
a Y 2r+1) b >r c Or
r=0 r=1 r=1
40 200 40
e Zr f Z r g Zr
r=10 r=100 r=21

3

9

(E/P) 10
@11

@12

46

Given that Y r = 528, find the value of n.

r=1

k 20
Given that Y _r = %Zr, find the value of k.
r=1

a

b

r=1
2n-1
Find an expression for Y_r.

r=1
2n-1

Hence show that > r= %n(n -D,n=2.

r=n+l

2n
Show that Y r=3(n+2)3n—1),n= 1.

a

b

r=n-1

Show that Y _r—Y r= %n(n3 -1).
= r=1

r=1

81
Hence evaluate Y _ r.
r=10

Calculate the sum of each series:

55 90
a Y (3r-1 b >.2-79) c
r=1 r=1
Show that:
[ n
a Y (3r+2) =3n(3n+7)
r=1

C

a

n+2

Y @r+3)=(n+2)n+6) d > @ér
r=1 r=3

k
Show that ) _ (4r — 5) = 2k2 - 3k.
r=1 i

> r,0<k<80

=k+1

99
d Zr

=1

jk 80
h Zr+

r=1 r

@ Use your result from part a.

46
> (9+2r)
r=1

b > (5r—4)=n(10n - 3)
r=1

+5)=Qn+11)n-2)

b Find the smallest value of k for which Y (4r — 5) > 4850.

r=1

Given that f(r) = ar + b and >_f(r) = %n(?n + 1), find the constants « and b.
r=1

=

b

=

b

e}

4n-1
Show that > Br+1)=24n-2n-1,n=1.
r=k g
Hence calculate > (3r + 1).
r=1

2k+1

Show that 3 (4 — 5r) = —(2k + 1)(5k + 1), k = 0.
el

Hence evaluate > _ (4 — 5r).

1":]15

Find the value of Y_ (51 — 4).
r=1

(4 marks)
(4 marks)

(3 marks)

(3 marks)

(5 marks)

(5 marks)

(4 marks)
(5 marks)

(5 marks)

(2 marks)

(5 marks)
(2 marks)

(1 mark)



® 13 Given that Y_f(r) = n2 + 4n, deduce an expression for f(r) in terms of r.
r=1

14 f(r) = ar + b, where a and b are rational constants.
4 6
Given that )_f(r) =36 and > _f(r) = 78,
r=1 r=1

a find an expression for »_ f(r)
r=1

10
b hence calculate >_ (r).

r=1
Challenge

2n
Given that (12 — 2r) = 0, find the value of n.

@ Sums of squares and cubes

(6 marks)

(2 marks)

The expression for Y 1 is linear, and the expression for > _ r is quadratic. Similarly, you can find a

r=1

r=1

cubic expression for the sum of the squares of the first n natural numbers, and a quartic expression
for the sum of the cubes of the first n natural numbers.

® The formula for the sum of the squares of the first »

natural numbersis > 1?2 = %n(n +1)(2n + 1).
r=1

® The formula for the sum of the cubes of the first
natural numbersis > r3 = %nz (n+1)2
r=1

40 25
Evaluate: a »_ r? b >
r=20 r=1
40 40 19
a rR=Yr2->%2
] =1 r=1

n
ma
o]
]

x 40(40 + 1)(80 + 1)
£ % 19019 + 1)(38 + 1)
= 22140 - 2470 = 19670

| @l

25
b Y= % x 252 x 262 = 105625

n
a Show that Y. r2=¢n(2n+ 1)(Tn +1).

r=n+1

b Verify that the result is true forn =1 and n = 2.

@ You can prove both of

these results using mathematical

induction.
n

Substitute n = 40 and n =19 in

J;rz =%n(n +1)(@2n+1)

Substitute n = 25 in %nz(n +1)2

- Section 8.1
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Chapter 3

2n Zn

n
> re= S -3
r=1 r=1

r=n+1

1 1

=z x2n@2n+ 1)4n + 1) — znln + 1)2n + 1)

= én(2n + N2E4n +1) - (n+ 1))

=Zn@n+1)(7n + 1)

When n = 1:

2n 2

SN rr=Yrr=02=4

r=n+1 r=2

n@n+ NT7n+1N=2x3x8=4y
When n = 2:

2n 4

D rP=)rr=324+42=25

r=n+1 r=3

tnn+ N7n+1)=2x5x%x15=25y

a Show that >_(r2+ r—2) =n(n + 4)(n - 1).
r=1

Replace n by 2n in £n(n + 1)(2n + 1).

Problem-solving

Look for common factors in each part of
the expression. Here you can take out a
factor of én(Zn +1).

m When you have been asked

to find a general result for a sum it is good
practice to test it for small values of n. It will
not prove that you are correct, but if one
value of n does not work, you know that your
result is incorrect.

b Hence find the sum of the series 4 + 10 + 18 + 28 + 40 + ... + 418.

a

(12 +r=2)
r=1

=>r2+y r-2>1
r=1 r=1 r=1

nn+ 0@2n+ 1)+ snn+ 1) - 2n

c
=Zn(n+ N@2n + 1) + 3(n + 1) - 12)
=tn@n? +3n+1+3n+3-12)
= +n(2n2 + 6n - 8)
=n(n? + 3n - 4)
=Ltnn+ 4@n-1)

w

b O+4+10+18+28+40 + ... + 418

48

20
=) (r2+r-2
r=1

= £ x 20(20 + 4)(20 - 1)

= 3040

Use the results for > 12, > rand > _1.

=t r=1 i

Problem-solving

The question says ‘hence’ so use your answer
to parta. Whenr=1,r2+r-2=0,and
when r =20, r> + r — 2 = 418, so you can

20
write the sumas > _(r2+r—2),

r=1



a Show that > _r(r+3)2r-1)= %n(n + 1)(3n? + an + b), where a and b are integers to be found.
r=1

40
b Hence calculate »_ r(r + 3)(2r - 1).
I

r=1

3 i:r{r +3)2r - 1) — First multiply out the brackets.

> (2r® + 5r2 - 31)
r=1

2> rr+5Y r2-3%r Use these rules:
r=1 r=1 r=1

Zn2(n + 1)2 + 2n(n + 1)(2n + 1) - 2n(n + 1) Zlkf(*’)=’f§f(")

=7
1 n n n
=znn + 1)3nn + 1) + 5(2n + 1) - 9) f w0
rZ: l( (r) +g(r) ;: :1 (r) + rZ: 18(!’)

= Zn(n + 1)(3n2 + 13n - 4)

40
b Y rir+ 3)2r-1)

r=1

Use the results for > 73, > rzand > _r.

10 = r=1 r=1

40
=Y rr+3)@2r-1- Z_r(r + 3)2r-1)

r=1 r=
= 1(40 x 41 x 5316) - £(10 x 11 x 426)
= 1453040 - 7810

Substitute n = 40 and n = 10 in the result for a.

= 1445230
1 Evaluate:

4 40 40 99

a ) r? b > r2 c > r? d >3
r=1 r=1 r=21 r=1
100 200 k 80

e > r’ f > g >ri+ > r: 0<k<80.
r=1 r=100 r=1 r=k+1

2 Show that:

2n In-1

a Y r2=1nn+ 1)@dn+1) b Y r2=1n(2n-1)@dn-1)
r=1 r=1
& 1

c Zﬂ =cn(n+1)(14n + 1)

n+k 1
® 3 Show that, forany k € N, Y r3=7(n+k)*(n + k + 1)?
r=1
3n
@ 4 a Showthat Y r3=n2@n+ 1)(5n+?2) (3 marks)
r=n+l
30
b Hence evaluate »_ r3. (2 marks)

r=11
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2n
@ 5 a Show that ) r3= n2(n+1)(5n + 1), (3 marks)
60
b Hence evaluate »_ r3. (2 marks)
r=30
6 Evaluate:
30 40 80 35
a ) (m*-1) b Y r(r+4) ¢ > rr+3) d Y #-2
m=1 r=1 r=1 r=11
(®) 7 a Show that > (r+2)(r+5)= n(n®+ 12n + 41) (4 marks)
r=1
50
b Hence calculate Y (r + 2)(r + 5). (3 marks)
r=10

® 8 a Showthat ) (r2+3r+1)= %n(n + a)(n + b), where a and b are integers to be found. (4 marks)
r=1

40
b Hence evaluate > (r2+ 3r+1). (3 marks)
r=19
(® 9 a Showthat > r2(r-1)= Sn(n+1)(3n2 —n-2), (4 marks)
r=1
2n-1
b Hence show that > r2(r—1) = %n(Zn —1)(6n2-Tn+1) (4 marks)

r=1

® 10 a Showthat > (r+ 1)(r+3)= %n(an + an + b), where @ and b are integers to be found.
=l (4 marks)

2n
b Hence find an expression, only in terms of n, for Y (r+ 1)(r + 3). (3 marks)

r=n+l

® 11 a Showthat ) (r+3)(r+4)= %M(M2 + an + b), where a and b are integers to be found.
r=1

(4 marks)

3n
b Hence find an expression, only in terms of n, for > (r+ 3)(r + 4). (3 marks)

r=n+l

® 12 a Show that ) r(r+3)*= %n(n + 1)(n* + an + b), where a and b are integers to be found.
r=1

(5 marks)
20
b Hence evaluate »_ r(r + 3)%. (3 marks)

r=10

kn
® 13 a Show that, forany k € N, > (2r — 1) = k2n2.
r=1

5n n
b Hence find a value of n such that Y_(2r - 1) = > _r3.
r=1 r=1
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14 a Show that Z";(rs —r) =35n(n + 1)(n - 1)(3n +2). (4 marks)
r=1

b Hence find the value of # that satisfies Y (3 — r2) = > 7r. (5 marks)
r=1 r=1
Challenge
a Find polynomials f,(x), f3(x), f,(x) such that for every n € N:
i ; . m The polynomial
Z_:lfz(r) — Z_:lfz(r) ) ;fa(r) = f,(x) = 1 satisfies
b Hence show that for any linear, quadratic, or cubic polynomial h(x) r;fl(’} =i

there exists a polynomial g(x) such that >_ g(r) = n(h(n)).

r=1
Mixed exercise o

n n n
Throughout this exercise you may assume the standard results for >, r, >, r2and > 3.
= 1

r=1 r=1 r
1 Evaluate:
10 50 10 10
a > r b > r c 7 d > 3
r=1 r=10 r=1 r=1
50 100 60 60
e > r? f > s g > r+y.r?
r=26 r=50 r=1 r=1
2 Write each of the following as an expression in terms of 7.
a Y (3r-5) b > (r2+r) c >.(3r2+7r)
r=1 r=1 r=1
d > (4 +6r?) e D (r1-2r) f > (r2-3r)
r=1 r=1 r=1
g > .(r1-5) h Y. (2r34+3r24r+4)
r=1 r=1
30
@ 3 Evaluate > r(3r—1). (5 marks)

r=1

® 4 a Show that ) r2(r-3)= %n(n + 1)(n? + an + b), where a and b are integers to be found.
r=1 (4 marks)

20
b Hence evaluate >_r2(r - 3). (2 marks)
r=1

® 5 a Show that ) (2r-1)2= %n(an + b)(an — b), where a and b are integers to be found. (5 marks)
r=1

2n
b Hence find > (2r — 1) (2 marks)
r=1
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® 6 a Show that ) r(r+2)= %n(n + 1)(an + b), where a and b are integers to be found. (4 marks)
r=1

30
b Hence evaluate »_ #(r + 2). (3 marks)

r=15

2n
7 a Showthat > r2= %n(Zn + 1)(an + b), where a and b are integers to be found. (4 marks)
r=n+l
30

b Hence evaluate »_ r2. (2 marks)
r=16
8 a Show that Z‘:(rz -r=-1-= %n(n2 - 4). (4 marks)
@
b Hence evaluate > (r2—r—1). (3 marks)
r=10
n 2n
¢ Find the value of n such that > (r2—r—-1)=)>_r. (5 marks)
r=1 r=1
9 a Show that > r(2r2+ 1) =2n(n+ D)(n2+n+ 1). (4 marks
2
r=1

b Hence show that there are no values of » that satisfy _#(2r2 + 1) = >_ (1002 - r). (6 marks)
r=1 r=1

10 a Showthat > r(r+1)2= l—lzn(n + 1)(n + 2)(an + b), where a and b are integers to be found.
r=1

(5 marks)
b Hence find the value of n that satisfies > _r(r + 1)2=>_70r. (6 marks)
r=1 r=1
n n+1
11 Find the value of » that satisfies > _r2=Y_ (97 + 1). (7 marks)

r=1 r=1

Challenge

Show that:
a Z( ,,z) = 55+ 1%(n + 2)
1

i=1\r=

b z(i(zlr)) =+ )n+2)(n +3)
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Summary of key points

n
1 To find the sum of a series of constant terms you can use the formula >, 1=n.

r=1

The formula for the sum of the first # natural numbersis >, r = %n(n +1).
r=1

n n k-1
To find the sum of a series that does not start at r = 1, use >, f(r) = > f(r) - > f(r)
r=k r=1 r=1

You can rearrange expressions involving sigma notation.

o SUKF() =k S F()
© 35 (F0) +g() = 33 6) + g0

The formula for the sum of the squares of the first n natural numbers is

f: r?=2n(n+1)(2n+1)

The formula for the sum of the cubes of the first n natural numbers is

> ri=3n?(n+1)?
L=l
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Roots of polynomials

After completing this chapter you should be able to:

® Derive and use the relationships between the roots of a
quadratic equation - pages 55-57

® Derive and use the relationships between the roots of a
cubic equation - pages 57-59

® Derive and use the relationships between the roots of a
quartic equation - pages 59-61

® FEvaluate expressions relating to the roots of polynomials
—» pages 62-64

® Find the equation of a polynomial whose roots are a linear
transformation of the roots of a given polynomial
- pages 65-67

Prior knowledge check

1 Solve the following quadratic equations.
a xX>’+4x+5=0

b2x-7x+8=0 <« Section 1.4

Given that z =1 —iis a root of the
equation x* — 2x + 4 = 0, find the other
two roots.

f(x) = x2— 2x - 3. Find the roots of:

« Section 1.5

You can plot the roots of complex-valued
polynomials on an Argand diagram. The

fractal-like pattern shown here is created by s
plotting the roots of all possible polynomials b f(x-5=0
b4
* ¢ f(2x)=0 « Pure Year 1, Chapter 4

with degree = 18 and coefficients 1 or 1.



m Roots of a quadratic equation

A quadratic equation of the form ax® + bx + ¢ =
x € C, where a, b and ¢ are real constants, can
have two real roots, one repeated (real) root or
two complex roots.

Roots of polynomials

0 If the roots of a quadratic equation

with real coefficients are complex, then they
occur as a conjugate pair. « Section 1.4

If the roots of this equation are o and /3, you can determine the relationship between the
coefficients of the terms in the quadratic equation and the values of a and (3

ax’+bx+c=alx-a)(x-7)
=a(x® - ax - Bx + af) Write the quadratic expression in factorised form,

=ax?-ala+ Bx +aaf

Sob=-afa+ 3)and ¢ = anf.

m If « and 3 are roots of the equation
ax?+ bx + ¢ =0, then:
b

. a+ﬁ=-E

L] aﬁ:%

then rearrange into the form ax? + bx + .

@ The sum of the roots is —g and the product
of the roots is —E. Note that these values are real
even if the roots are complex, because the sum
or product of a conjugate pair is real.

The roots of the quadratic equation 2x2 — 5x — 4 = 0 are o and 3. Without solving the equation,

find the values of:

[ =

1
aa+f b af c 5+ 3 d 2+ 3
a a+f3= EJ — Usetheresulta+ 3= _g
b af=-2 -
1 1 a+pf % L Use the result o3 =§
“a E - a3 w0

The roots of a quadratic equation ax>+ bx+c=0are a = —% and (3 =

Find integer values for @, b and c.

Problem-solving

Write each expression in terms of a + Fand a3:
e+ 0)P=0+F+200=>a"+F=(a+P)?-2a0

Bl

ax? + bx + ¢ = 0 can be written as

b ¢
2 e
i +ax+a_0.

 Use the values of a + 3 and a3 to write down a

quadratic equation with roots v and /3.
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+ix-8=0 Any constant multiple of this equation will have

L (o V) roots cx and 3.

a=8b=2¢=-15

You could also set @ = 8 to find integer solutions

to the equations —% = —% and —% = g

Exercise @

1 « and 3 are the roots of the quadratic equation 3x2 + 7x — 4 = 0. Without solving the equation,
find the values of: -

a a+j b af c E+I_3 d o2+ #

2 « and [ are the roots of the quadratic equation 7x2 — 3x + 1 = 0. Without solving the equation,
find the values of:
1 1

aa+p b af c H+E d o2+ #
T -

3 «a and [ are the roots of the quadratic equation 6x2 — 9x + 2 = 0. Without solving the equation,
find the values of:

aa+f b a?x 3
¢ %.,. la d 3+3 @ Try expanding (o + (9)°.

4 The roots of a quadratic equation ax?>+ bx + c=0are a =2 and 3= -3.
Find integer values for @, b and c.

5 The roots of a quadratic equation ax?>+ bx + c=0are a = —% and 3 = —%

Find integer values for a, b and c.

—-1+1i P
5 and 5= 3

6 The roots of a quadratic equation ax>+ bx +c=0are a =
Find integer values for a, b and c.

7 One of the roots of the quadratic equation ax?> + bx + ¢ =0is a = -1 — 4i.
a Write down the other root, 3.
b Given that ¢ = 1, find the values of b and c.

® 8 Given that kx? + (k — 3)x — 2 = 0, find the value of k if the sum of the roots is 4.

® 9 The equation nx? — (16 + n)x + 256 = 0 has real roots o and —«. Find the value of .

® 10 The roots of the equation 6x” + 36x + k = 0 are reciprocals of each other. Find the value of k.
® 11 The equation mx? + 4x + 4m = 0 has roots of the form k and 2k. Find the values of m and k.

® 12 The equation ax? + 8x + ¢ = 0, where a and ¢ are real constants, has roots o and a*.
a Given that Re(«a) = 2, find the value of a.
b Given that Im(a) = 3i, find the value of ¢.
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Roots of polynomials

® 13 The equation 4x? + px + ¢ = 0, where p and ¢ are real constants, has roots « and a*.
a Given that Re(«) = -3, find the value of p.
b Given that Im(«) # 0, find the range of possible values of ¢.

@ Roots of a cubic equation

A cubic equation of the form ax® + bx* + ex + d =0,

x € C, where a, b, ¢ and d are real constants, will e i e

a!ways have at least one real root. It will also have coefficients has two complex roots, then they
either two further real roots, one further repeated will occur as a conjugate pair. . S

(real) root or two complex roots.

If the roots of this equation are «, 3 and -, you can determine the relationship between the
coefficients of the terms in the cubic equation and the values of a, G and ~:

ax* +bx*+ex+d=alx - a)(x - [)(x-~)
=a(x3 — ax? — Bx% — X% + afx + Byx + yax — afy)
=ax’ —ala+ B+ Yx%+ alaf + By + ya)x — aafy
Sob=-ala+ [ +7),c=alaf+ By +~a) and d = —aa3.
m If o, 3 and ~ are roots of the equation ax? + bx? + cx + d = 0, then:
b
s a+fB+y=—-—
. “ @ As with the rule for quadratic equations,

C
s o+ B’y + Yo = —
s i a the sum of the roots is —%, and the sum of the

d

s afy=- = products of all possible pairs of roots is g

«, B and ~ are the roots of the cubic equation 2x* + 3x? — 4x + 2 = 0. Without solving the equation,
find the values of:

1.4
a a+ G+ b af+ By +ya c afy g+ 3%y
aa+fB+y=-2 b
LIt =2 Usetheresulta+B+y=—-7
b af+pfy+ya=-2 Use the result a8 + By + ya = <
Al a
o d
c afy=-1 Use the result a8y = -7
3 i 2
oy + ey ¥/ a v T
d % + l o % = Lﬁn . Notice that the numerator is just the sum of the
* B afy —;—f products of pairs of roots with the terms in a
i it different order.

T
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The roots of a cubic equation ax® + bx2+ ex+d=0area=1-2i,8=1+2iand v=2.
Find integer values for a, b, ¢ and d.

a+F+y=01-20+(1+2)+2=4,
b

s04=- — ax® + bx? + ¢x + d = 0 can be written as
af + By + ya X+ gx"’- + gx + g =10}
=(1-2001+ 20+ (1 +20) x 2+ 2(1 - 2i) — Use the values of & + 3 + 7, a8 + 37 + ya and
=9 a3y to write down a cubic equation with roots «,
s09 =12 Band ~.
afy =01 =201+ 2i) x 2 =10,
0 10 = —g
X3 - 4x2+9x-10=0 m Be careful with negative signs when
a=1,b=-4,¢=9,d=-10 writing out the equation.
You could also set @ = 1 to find integer solutions
~ to the equations 4 = —g, 2= g and 10 = —g

Exercise @

1

a, (3 and ~ are the roots of the cubic equation 2x* + 5x2 — 2x + 3 = 0. Find the values of:

| . |
aa+ G+ b afy ¢ af+ [By+ya d E+;_3+§
a, (3 and ~ are the roots of the cubic equation x* + 5x2 + 17x + 13 = 0. Find the values of:
aa+f+y b afBy ¢ af+By+ya d o232
«, (3 and ~ are the roots of the cubic equation 7x* — 4x2 — x + 6 = 0. Find the values of:

1 1 1
aa+f+y b afy c o333 d 5+ 3%

The roots of a cubic equation ax® + bx2+ ex+d=0are a = %, B= % and y=1.
Find integer values for a, b, ¢ and d.

The roots of a cubic equation ax® + bx2+cx+d=0area=1+3i,3=1-3iand v =%
Find integer values for «, b, ¢ and d.

1o —

The roots of a cubic equation ax® + bx2+ ex+d=0are a = %, A= —% and v =
Find integer values for @, b, ¢ and d.

The cubic equation 16x3 — kx? + 1 = 0 has roots «, 3 and .

a Write down the values of af + 3v + ya and a3. (2 marks)
b i Given that a = 3, find the roots of the equation. (5 marks)
ii Find the value of £. (1 mark)

The cubic equation 2x* — kx2 + 30x — 13 = 0 has roots «, 3 and 7.

a Write down the values of a3 + v + ya and a3, and express & in terms of
a, Fand 7. (3 marks)

b Given that o = 2 — 31, find the value of k. (4 marks)

58



Roots of polynomials

® 9 The cubic equation x?* — mx + n = 0 has roots 1, -4 and «.

a State, with a reason, whether « is real. (1 mark)

b Find the values of m, n and a. (4 marks)

® 10 The cubic equation 2x* — 10x2 + 8x — k=0 hasa rootat x =3 —1i.

a Find the other two roots of the equation. (4 marks)
b Hence find the value of k. (2 marks)

11 The cubic equation x* — 14x? + 56x — 64 = 0 has roots «, ka and k*a for some real constant k.

Find the values of « and k. (5 marks)

12 Given that the roots of 8x3 + 12x2 —cx +d =0 are o, Qand a - 4, find v, ¢ and d. (5 marks)

13 Given that the roots of the cubic equation 2x* + 48x? + ¢x + d = 0 are «, 2a and 3a, find the

values of o, ¢ and d. (5 marks)

Challenge

a, Fand - are the roots of the equation ax® + bx? + cx +d =0,
xeC,abcdeR.

By considering all the possible cases in which o, G and ~ are real
or complex, explain why the following are always real numbers:

a a+3+~y b af+ 3v+a c afy

@ Roots of a quartic equation

Consider the quartic equation ax* + bx* + cx* + dx + e =0, x € C, where @, b, ¢, d and e are real
numbers. If the roots of the equation are «, 3, v and 4, you can determine the relationship between
the coefficients of the terms in the equation and the values of «, 3, v and é:

ax*+bx*+ ex*+dx+e=alx —a)(x - fx - (x-4)
=a(x* — ax? = Bx3 = yx* = 0x? + afx® + Fyx? + yax? + yox? + adx?
+ 30x% — afyx — affdx — aydx — Byox + a370)
=ax*—ala+ B+ v+ 0)xX* + alaf + By +ya + v + ad + G0)x?
~alafBy + affd + ayé + Bv8)x + aa By
Sob=—ala+ B+~+90), c=alaf+ By +~ya+~0+ad + 39), d=—-alafy + afd + ayd + 37v9) and
e = aa3vo.
m If o, 3, vand § are roots of the equation ax* + bx? + cx? + dx + ¢ = 0, then:

. a+ﬁ+7+5=_g

*aftay+ad+ By + o+ = g You can use the following
B 36 8 + 30 d abbreviations for these results in your working:
* apy + + oy + = —
. a Sa=-2  3ag=t sapy=-9¢
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The equation x* + 2x% + px? + gx — 60 =0, x € C, p, ¢ € R, has roots «, 3, v and 4.
Given that y=-2 + 4i and 6 = v*,

a show that o + 3 -2 =0and that a5+ 3 = 0.

b Hence find all the roots of the quartic equation and find the values of p and ¢.

a O+f+y+0=-2 PR UseEa:—%Mthb:Zanda:l.
a4 B Fo vl efd = =0
a+F-4==2

Hence o + 3—-2=0 (1)

afys = -60 Use a0 =< withe=—60and a = 1.
afl(-2 + 4i)(-2 - 4i) = =60

20a3 = -60 t
Hernce af + 3 =0 ) You can find (-2 + 4i)(-2 — 4i) quickly by

remembering that (a + bi)(a — bi) = a® + b2
b Solve equations (1) and (2) simultaneously.

From (1), 3 = 2 — « so substitute into (2):
a2 —a)+3=0
a?-2a-3=0
(o —3)a+1)=0
a=3or-1
Fa=3,8=-1andifa=-1,3=3
So the roots of the quartic equation are 3,
-1, -2 + 4i and -2 - 4i.
Taf = % Use Xaf = % withe=panda=1.
=>p=3(-1)+3(-2 + 4)) + 3(-2 — 4i) -
T S B I S T G
Sop=29
’ q d .
Yafy=- Yafy=-4withd=ganda=1.
= —q = 3(-1)(-2 + 4i) + 3(-1)(-2 — 4i)
CE RO L S 8 e T
Sogq=-52

Exercise @

1 «, 3, vand ¢ are the roots of the quartic equation

4x* + 3x3+4 2x2 — Sx — 4 = 0. Without solving the equation, m W O
find the values of: a g v e
aa+08+v+0 b af+ay+ad+ 3y +35+70 _Br+ond+ 0Bl +afy
1 1 1 1 afyd

¢ afy+afd+ayd+ By di =k 3‘+’}’+E

2 q, 3, v and ¢ are the roots of the quartic equation 2x* + 4x° — 3x2 — x + 2 = 0. Find the values of:
aa+f3+v+46 b a+ay+ad+Fy+535++0 ¢ ay+afd+ avyé + By
d F~vd e l +— 1 + = 1 + l

S G
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Roots of polynomials

a, 3, v and 4 are the roots of the quartic equation x*+ 3x3 +2x2— x +4 =0.
Find the values of:

aao+f8+y+4 b af+ay+ad+ FBy+35+~0 ¢ afy+afd+ ayd+ By
d afyé e 234202

a, 3, v and 4 are the roots of the quartic equation 7x* + 6x3 — 5x2+4x + 3 =0.

Find the values of:

aoa+f+y+d b af+ay+ad+ (By+ 306+ ¢ afy+aBd+ayd+ Byo
1 L.l 1 33383

d0f+f3+’}’+5 e a’FPyé

The roots of a quartic equation ax* + bx3 + ex2+ dx +e=0are a = —%, B= —%, vy=-2and d = %
Find integer values for a, b, ¢, d and e.

The roots of a quartic equation ax* + bx3 + ecx?+dx+e=0are a = —%, B= %, v=1+1iand
0 = 1 —i. Find integer values for a, b, ¢, d and e.

The roots of a quartic equation ax* + bx3 + ¢x2+ dx + e = 0 are such that Ya = % Yaf = —%,

Yafy= —% and a3vé = —%. Find integer values for a, b, ¢, d and e.

The quartic equation x*— 16x3 + 86x2 — 176x + 105 = 0 has roots «, o + k, o + 2k and
a + 3k for some real constant k. Solve the equation. (7 marks)

The quartic equation 3072x* — 2880x3 + 840x2 — 90x + 3 = 0 has roots «, ra, r’a and o for
some real constant r. Solve the equation. (7 marks)

Three of the roots of the quartic equation 40x4 + 90x3 — 115x2 + mx + n=0are 1, -3 and %
a Find the fourth root. (2 marks)

b Find the values of m and n. (4 marks)

The quartic equation 2x* — 34x3 + 202x2 + dx + ¢ = 0 has roots o, « + 1, 2ar + 1 and 3av + 1.
a Find a. (2 marks)
b Find the values of d and e. (4 marks)

The equation 4x* — 19x3 + px2 + gx + 10 =0, x € C, p, ¢ € R, has roots «, 3, v and 4.
Given thaty=3 +1iand § = 7%,

a show that4a+ 45+ 5=0and that4as-1=0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of p and ¢. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

A quartic equation 6x* — 10x3 + 3x2 + 6x — 40 = 0 has roots «a, 3, v and 4.

a Show that _2 Lis one root of the equation. (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)
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m Expressions relating to the roots of a polynomial

You have already seen several results for finding the values of expressions relating to the roots of a
polynomial.

m The rules for reciprocals:

. 1. 1_oa+p

+ Quadratic: &t B = opB

: 1.1 . 1_of+By+ya
* Cubic: C—I+B+§= a—&y

.01 1 1 1 aBy+Byd+vyda+daS
« Quartic: a+f—3+’_7+3= o
m The rules for products of powers:

* Quadratic: a"x 3" = (af)"
* Cubic: ax 3" xy" = (aBy)"

* Quarticc a”x (3" x~v"x 6" = (aBvd)"
In addition to these you have also used the following results for the roots of quadratic equations:
e o+ F=(a+P)?2-2a8
e AP+ P=(a+3-3a8a+/)

There are equivalent results to these for the roots of cubic and quartic equations.

a Expand (a + 8+ 7).

b A cubic equation has roots a,, 3, v such that af + v+ ya=Tand a + 3 + v = -3.
Find the value of o2 + 3% + 2.

2

a (@a+f+7)°=(a+f+7)(a+f+79) Rearrange the result from part a. You know the
=aof +af+ay+fatF + frtyatyf+y? value of a + 3 + v and the value of

— 022 + .132 + ’}"2 + 2((.1:'|13 + I-'.rg"‘lr" + ’}"(}') O.’ﬂ -5 )fj'}-}( ok Y, 50 yOU have enOUgh
b a2+ 3 +42=(a+B+7)?2 - 2 + By + a) information to find a? + 3% + 42
= (3P - 2(7)= -5

You can find an expression for the sum of the squares of a quartic equation in a similar way, by
multiplying out (a + G + v + 9)%

m The rules for sums of squares: m If you learn these
* Quadratic: a2+ (32 =(a+P)2-2a83 you can use them without
. CUbic: CI!Z + ﬁz + ,},Z = (C! + ﬁ + ,Y)Z - Z(aﬁ + }8’7 + ’}’Oz) prOOf In your exam.
* Quartic: a?+32+~2+d%2=(a+B+~v+68)%*-2(af+avy+ad+ B3y + 3 +~0)
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Roots of polynomials

You can find a similar result for the sum of the cubes of a cubic equation by multiplying out (o + 3+ 7)°.

m The rules for sums of cubes: m The result for the sum of cubes

* Quadraticc: o+ 3 =(a+08)?-3a8(a+/) for a quartic equation is not required.

« Cubicc a’+3+y3=(a+B+7)?-3a+8+9)(aB+By+~ya)+3aBy

The three roots of a cubic equation are v, 3 and . Given that a3y =4, o + §7 + ya = =5 and
a+ 3+ =3, find the value of (o + 3)(3 + 3)(y + 3).

(o + 3)(3 + 3)(v + 3) Expand the brackets.
=afy+ 3af+ 3ay+9a+ 30y + 20+ 9y + 27

=afy+38laf+ By + gl +Aa+ fHq) + 27 Group the terms and factorise to write the
=4 + 3(-5)+ 2(3) + 27 expression in terms of the expressions given in
= the question.

1 A quadratic equation has roots o and 3. Given that a + 3 =4 and a3 = 3, find:

a é+l3 b o’ c o+ P d o’ +3

2 A quadratic equation has roots o and 3. Given that a + 3 = —% and a3 = %, find:
1 1

agts b a?3? c a2+ d o+ 3

® 3 A quadratic equation has roots o and 3. Given that o + 3 = % and aff = —%, find:

a (a+2)(B+2) b (a-4)3-4) c (a2+D)(BF2+1)
4 A cubic equation has roots o, 3 and . Given that a + f+ v=2, aF + 7+ ya = -3 and a3y =4,
find:
a 5+ % + % b o+ 3 +~7 c &+ F+43 d (af) + (87) + (ya)
I

5 A cubic equation has roots «, # and +. Given that X« = % Yaf= —% and afy = % find:
a %+ Lt + ,,l b o2+ (3 ++2 c P+3F++ d o333
3
® 6 A cubic equation has roots «, J and 7. Given that a + 3+ v = —%, af+ By+ya= % and
afy= —%, find:
a (a+2)(B+2)(y+2) b (a-3)3-3)(y-3) ¢ (I-a)1-=08)(1-~)

d (B8 + (37 + (Ya)? e (B8 +(B7) + (o)

7 A quartic equation has roots o, 3, v and d. Given that o+ S+~ + d =3,
af+ay+ad+ By+ 35+~0 =5, afy+ afd + ayd + fyd = —4 and a3yd = -2, find:
1 1 1 1

S e el 3 5 @ 5 o8 s 4344854
3(1-"‘5"'7"'5 b a?+3F++*+6 c ot
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A quartlc equation has roots «, 3, v and 4. Given that Y« = 2, Yaf %, Yafy=-3 t and
a3y = g, find:
Lol 1ol
agtgtayts b a2+ 32+72+ 42 c a3F3383
I~

d (aBP + (B + (ra) + (0)* + (ad)? + (56)°
e (aB7) + (aBd) + (ad) + (By0)

A quartlc equation has roots «, (3, v and 4. Given that Ya = 2, Yaf = %, Yafy= % and

afyd = 2 , find:
a (a+ DB+ Dr+DE6+1) b Q-a)2-5H2-72-9)

The roots of the equation x* — 6x2+ 9x — 15 =0 are «, 3 and 7.
a Write down the values of a + 3+ v, a3 + 37 + ya and a3.

b Hence find the values of:

@ g "
ii a2+ F+42

iii (a-1D@-DH-1)
The roots of the equation 2x* + 4x2 + 7 = 0 are o, 3 and ~.
a Write down the values of a + 3+ 7, a3 + 37 + ya and a/3.
b Hence find the values of:

i a?+F+42

i o333

iii (a+2)(B+2)(v+2)

Show that & + B+ V¥ =(a+ 8+7) = 3(a + 5+ Y)(af + By + ya) + 3a57.

The roots of the equation 3x* — px + 11 =0 are a, J and ~.
a Given that a8 + 3y + va = 4, write down the value of p.
b Write down the values of « + 3+ v and a/3.
¢ Hence find the value of (3 — a)(3 = 3)(3 — ).

The roots of the equation x* + 2x2— x + 3=0are «, 3, v and 4.
a Write down the values of Xa, Yaf3, Yafvy and a3v0.
b Hence find the values of:

i l+1+l+l
g 7 6
i a2+ F+2+8

i ((1' + D@+ D+ DE+1)

The roots of the equation ax*+ 3x3 + 2x2+ x — 6 =0 are o, 3, v and 4.
a Given that a/3yd = -3, write down the value of a.

b Write down the values of Ya, Yaf and Lafry.

i
¢ Hence find thevalueof +f3+7+(5

Prove that if a quartic equation has roots a, 3, v and d then a?+ 32+ 2 + 62 =

(1 mark)

(2 marks)

(2 marks)
(3 marks)

(1 mark)

(2 marks)
(2 marks)
(3 marks)

(1 mark)
(1 mark)
(3 marks)

(1 mark)

(3 marks)

(3 marks)
(3 marks)

(1 mark)
(1 mark)

(3 marks)
(Za)? - 23ap.



@ Linear transformations of roots

Roots of polynomials

Given the sums and products of the roots of a polynomial, it is possible to find the equation of a
second polynomial whose roots are a linear transformation of the roots of the first.

For example, if the roots of a cubic equation are «, 3 and ~, you need to be able to find the equation

of a polynomial with roots (a + 2), (5 + 2) and (v + 2), or 3, 33 and 3.

Example o
Problem-solving

The cubic equation x* — 2x% + 3x — 4 = 0 has roots «, 3 and ~.
Find the equations of the polynomials with roots:

a 2a,23and 2y b (a+3),(3+3)and (y+3)

a Method 1
a+f+y=2,af+Fy+va=3 and afy=4
Sum=2a+ 20+ 2y=2(a+3+7) =4

Pair sum = (2a)(23) + (28)(27) + (29)(2a)
=4 af + Gy +ya) =12

Find the sum Xq, the pair sum
Yo and the product a3~ for
the original equation. Then
use these values to find the
equivalent sums and products
for an equation with roots 2¢,
23 and 2.

— Seta=1inthe new equation.

Product = (2a)(28)(27) = Safy= 32 m It's a good idea to

Hence the new equation is w3 — 4w? + 12w - 32 =0 ——

Method 2

Llet w = 2x, hence x = %

Substituting: (%) e 2(%)2 +3(3)-4=0

Multiply through by 8&: w3 — 4w2 + 12w - 32 =0

b Method 1
Sum=(a+3)+(B+3)+(y+3)=a+B+7+9 =1
Pair sum = (@ + 3)(B+ 3) + (B+ 3)(v+ 3) + (v+ 3)a+ 3)

=af+ Gy+ya+ 6la+ G+ + 27

=3+12+ 27

=42 ml
Product = (o + 3)(3+ 3)(v+ 3)

=afv+ 3af+PBy+va) + OQa+ 3+ + 27

=4+92+156+27 =586

Hence the new equation is w® — 1Mw? + 42w — 58 = 0 =

Method 2
letw=x+3 hence x=w — 3.
Substituting: w=3P3=-2w=32+3w=-3)-4=0 L

e =B 2T 2T =B = G B L3N =8 i =10
w3 - 1Mw?2 + 42w - 586 =0

choose a different letter such
as w for the variable in your
new equation.

This result could have been
derived by direct substitution.
Each root in the new equation
is twice the corresponding root
in the original equation, so set
w=2x.

You could leave this in the
above form, or multiply through
by 8 to get an equation with
integer coefficients.

Follow the same steps. Use the
results X¥a =2, ¥ad =3 and
a3~ = 4 from part a.

Each root in the new equation is
3 more than the equivalent root
in the old equation.

Multiply out and simplify.
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The quartic equation x* — 3x* + 15x + 1 = 0 has roots a, 3, 7 and 4. Find the equation with roots

Qa+1),28+1),(2y+1)and (26 + 1).

Method 1

a+3+v+d=3
af+ay+ad+0y+P0+45=0

afy + afd + ayd + Bvd = -15

afyd =1

Sum of roots:

(Pa+ 1)+ 20+1)+(2v+ 1)+ (25+ 1)
=2@+8+y+d)+ 4

=36

Pair sum:

Alaf+ay+ad+ v+ 00+ 40) + Gla+ B+~v+0)+ 6
=4x0+6x3+6=24

Triple sum:
Slafy + affd + ayd + 370) + Saf + ay + ad + Gy + 36 + )
+Gla+F3+v+0)+ 4 =-98
Product:
1Gafvd + Blafy + afd + ayd + 3v0) + 4(af + avy
+ad+ Py + 00+ + 2+ F+4+08) + 1
=-97
Hence the new equation is
wt — 10w2 + 24w? + 98w — 97 =0

Method 2
w =1

let w=2x +1hence x = g

Substituting: (ur . 3(g) % 15("" = 1) R
. T 2 2 =

W=1*—6w-13+120w-1)+16=0"]
wt— 4w + e — 4w + 1 - 6w* = 3w? + 3w = 1)
+ 120w =120+ 16 =0
wt — 10w + 24w° + 96w - 27 =0 ___|

Exercise @

1 The cubic equation x3 — 7x2 + 6x + 5 = 0 has roots «, 3 and 7.
Find equations with roots:

a (a+1),(B+1)and (y+1) b 2a,23and 2y

2 The cubic equation 3x* — 4x2 — 5x + 1 = 0 has roots a, 3 and ~.
Find equations with roots:

a (a—=3),(3-3)and (y-3)
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m Even though the

x%term is 0, the equation is still
a quartic. Find expressions for
Yo, Baf, Zafyand afd.

If you expand one pair of roots
you get o + 1)(23 + 1) = 4af3
+ 2c + 23 + 1. Each original
root will appear in three of the
six possible pairs, giving you
this expression.

If you expand one triple of
roots you get 2a + 1)(25 + 1)
(2 + 1) = 8afBy + 4(af3 + By
+7a) + 2(a+ B+ +0) + 1.
There are four possible triples,
with each root appearing three
times and each pair of roots
appearing twice.

Expand
Ra+1)R2E+1)2y+1)(246 + 1).

Problem-solving

In many cases, it is quicker to
use a substitution.

Multiply through by 16 to
remove the fractions.

Expand and simplify.
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Roots of polynomials

The cubic equation x* — 3x% + 4x — 7 = 0 has roots «, 3 and ~.

Without solving the equation, find the equation with roots (2a + 1), (23 + 1) and (2 + 1).

Give your answer in the form aw?® + bw? + ¢w + d = 0 where a, b, ¢ and d are integers to be
determined. (5 marks)

The cubic equation x* + 4x? — 4x + 2 = 0 has roots a, 3 and ~.

Without solving the equation, find the equation with roots (2ar — 1), (23 — 1) and (2 — 1).

Give your answer in the form w? + pw? + gw + r = 0 where p, ¢ and r are integers

to be found. (5 marks)

The cubic equation 3x* — x* + 2x — 5 = 0 has roots a, 3 and ~.

Without solving the equation, find the equation with roots (3 + 1), (33 + 1) and (3~ + 1).

Give your answer in the form aw? + bw? + cw + d = 0 where a, b, ¢ and d are integers to be
determined. (5 marks)

The quartic equation 2x* + 4x3 — 5x> + 2x — 1 = 0 has roots a, 3, v and . Find equations with
integer coefficients that have roots:

a 3a,33,3yand35 b (a-1),(3-1),(y=1)and (6-1)

The quartic equation x* + 2x* — 3x2 + 4x + 5 = 0 has roots «, 3, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:

a 2,203, 2y and 26 (6 marks)
b (a«-2),(5-2),(y-2)and (§ — 2) (6 marks)

The quartic equation 3x* + 5x3 — 4x2 — 3x + 1 = 0 has roots a, 3, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:

a 3a, 303, 3yand 36 (6 marks)
b (a+1),(B+1),(yv+1and(d+1) (6 marks)

Challenge

The quartic equation 2x% — 3x® + x2 — 2x — 6 = 0 has roots v, 3, v and é.

a Find an equation with integer coefficients that has roots
a+1),(20+1), (2y+1)and (20 + 1).

b The diagram shows the locations of the roots of the original equation on an Argand diagram:

Im &

Copy this diagram and sketch the approximate locations of the roots of your new equation.
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Mixed exercise o

1

® 2

® 3

GEP) 4
@5

@P) 6

® 9
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. . I 2 3 1
The roots of a quartic equation ax* + bx* + cx* +dx+e=0area=5,=-5,7v=—5 and 6 = —3
Find integer values for a, b, ¢, d and e.

The cubic equation x3 + px? + 37x — 52 = 0 has roots «, 3 and 7.
a Write down the values of a3 + 37y + ya and a3y, and express p in terms of «, (3 and . (3 marks)
b Given that o = 3 — 2i, find the value of p. (4 marks)

The cubic equation 2x3 + 5x> = 2x + g =0 has aroot at x = -2 + i.
a Find the other two roots of the equation. (4 marks)
b Hence find the value of ¢. (2 marks)

The quartic equation x* — 40x3 + 510x2 — 2200x + 1729 = 0 has roots «, o + 2k, o + 4k and
« + 6k for some real constant k. Solve the equation. (7 marks)

Three of the roots of the quartic equation 24x4 — 58x3 + 17x2 + dx + e = 0 are %, —% and 2.
a Find the fourth root. (2 marks)
b Find the values of d and e. (4 marks)

The equation x* + 2x3 + mx2 + nx + 85 =0, x € C, m, n € R, has roots «, 3, v and 0.
Given that « = -2 +iand 3 = o¥,

a show that v+ d — 2 =0 and thatv6 - 17 =0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of m and n. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

A quartic equation 4x* — 16x3 + 115x2 + 4x — 29 = 0 has roots «, 3, v and é.

a Show that 2 — 5i is one root of the equation. (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

The roots of the equation 2x3 — 5x2 + 11x - 9 =0 are «, 3 and 7.
a Write down the values of a + 3+ v, af + 37 + ya and af3y. (1 mark)
b Hence find the values of:

1 1 1

i 5+I{73+:f, (2 marks)
ii a2+ 3 +42 (2 marks)
iii (a-1)(@B-1D(H-1) (3 marks)
The roots of the equation px* + 12x3 + 6x2 + 5x — 7 =0 are a, 3, v and 4.
a Given that 374 = -1, write down the value of p. (1 mark)
b Write down the values of Yo, Yo and Xafy. (1 mark)
¢ Hence find the value of o2 + 3% + 7% + &% (3 marks)
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Roots of polynomials

The roots of the equation 5x* + ¢x + 21 =0 are a, 3 and 7.

a Given that a3 + 3y + ya = =6, write down the value of c. (1 mark)
b Write down values for o + 3 + v and a3. (1 mark)
¢ Hence find the value of (1 — a)(1 = F)(1 = ). (3 marks)

The cubic equation 2x? + 5x2 + 7x — 2 = 0 has roots a, 3 and ~.

Without solving the equation, find the equation with roots (3 + 1), (33 + 1) and (3 + 1).

Give your answer in the form pw? + gw? + rw + s = 0 where p, ¢, r and s are integers

to be found. (5 marks)

The quartic equation 6x* — 2x* — 5x? + 7x + 8 = 0 has roots «, 3, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:

a 2q, 243, 2yand 26 (6 marks)
b Ba-2),(38-2),(3v-2)and (36 -2) (6 marks)

Challenge

1

The cubic equation x? + 4x% — 5x — 7 = 0 has roots «, 3 and ~. Without solving the

: - ; 1 1 1
equation, find a cubic equation that has roots atT Gel and v

The cubic equation x?® + 2x% — 3x — 5 = 0 has roots «, [ and . Without solving the
equation, find an equation that has roots o + 3, 5 + v and v + .

The quartic equation x* + 2x% — 5x + 2 = 0 has roots «, 3, v and 4. By using a substitution,
or otherwise, find an equation that has roots a2 + 1, 32+ 1,7+ 1 and 62 + 1.

Summary of key points

1 If @ and /3 are roots of the equation ax? + bx + ¢ = 0, then:

. a+ﬁ=—§
. aﬁzg

2 |If a, 3 and v are roots of the equation ax® + bx? + ¢x + d = 0, then:

. a+ﬁ+’y=20¢=—%

. a6+[3’y+’ycu=2ceﬁ=§
d
. Q'}B’}(Z—E

3 If o, 3,vand 6 are roots of the equation ax* + bx> + cx? + dx + e = 0, then:

. a+6+7+5=2a=—§

. af6+a’y+a5+[3’y+[3‘5+’}f§=2a6=%
o afy+afd+avyd + Gy0 = Eaﬁ’}f:—g

- aﬁfﬁs:%
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Summary of key points

4 The rules for reciprocals:

70

. 1,1 _oa+p
Quadratic: a*3= a8
it AplatliedspiEoo
L QTR apy
1.1 1. 1_aBy+By+y6a+déas
Quartic: E+E+7+3_ T
5 The rules for products of powers:
* Quadratic: o’ x 3" = (af)"
» Cubic: a" x B" x 4" = (afy)"

e Quarticc a” x 8" x 4" x &" = (aBy0)"

6 The rules for sums of squares:
¢ Quadratic: a’+ G2 =(a+ )% -2a0

+ Cubic:

o Quarticc a?+ [2+92+0=(a+B+~v+0)°=2(af+ay + ad+ By + 35+ ~0)

a’+ [ +y2=(a+B+9)%- 2B+ By +7a)

7 The rules for sums of cubes:
* Quadraticc o+ @ =(a+0)?>-3ala+p)

+ Cubic:

a’+F+y3=(a+ P+ -3+ B +)f + By +a) + 3afy



Volumes of revolution

After completing this chapter you should be able to:
® Find the volume of revolution when a curve is rotated around

the x-axis - pages 72-75
e Find the volume of revolution when a curve is rotated around

the y-axis - pages 76-78

Find more complicated volumes of revolution - pages 78-83

Model real-life objects using volumes of revolution - pages 83-86

Prior knowledge check

1 Evaluate:
a f 6x2 — dx

({3

2
2X°+8x
C f ——dx ¢ Pure Year 1, Chapter 13
1 ot

2 Find the area of the region R bounded
by the curve y = (x + 3)(x — 1)? and the
X-axis.

I |y=x+3)x-12

-3 0 1 X ¢ PureYear1, Chapter 13

Find the area of the finite region
bounded by the curve y = —x? + 6x + 4
and the line x + y = 10.

¥

Woodworkers use lathes to create solid

Y= Ox 4 ‘ objects that have circular cross-sections.
ﬁ Solids such as this are called volumes of
het ot revolution, and you can find their volumes
* ¢ Pure Year 1, Chapter 13 | using calculus.



Chapter 5

@ Volumes of revolution around the x-axis

You have used integration to find the area of a m e e o el

region R bounded by a curve, the x-axis and

) ) integration.  « Pure Year 1, Sections 13.4, 13.5
two vertical lines.

VA
y="fx)
The area between a positive curve, the x-axis and the

lines x =aand x = b is given by
L
Area = ["ydx

where y = f(x) is the equation of the curve.

0

You can derive this formula by considering the sum of an infinite number of small strips of width dx.
Each of these strips has a height of y, so the area of each strip is

= 1 VA
0A4 = ybx y=f(x)
The total area is approximately the sum of these strips,

or Y ydx.

The exact area is the limit of this sum as dx — 0,

which is written as [yd.x. 0 a x)
X+ 0x

k..
t

b X

You can use a similar technique to find the volume of an object created by rotating a curve around a
coordinate axis. If each of these strips is rotated through 27 radians (or 360°) about the x-axis, it will
form a shape that is approximately cylindrical. The volume of each cylinder will be wy?3x since it will
have radius y and height dx.

So the volume of the solid will be approximately equal to the sum of the volumes of each cylinder, or
Y my2dx. The exact volume is the limit of this sum as §x — 0, or 7 [y2dx.

= The volume of revolution formed when y = f(x) is rotated through 27 radians about the
x-axis between x = a and x = b is given by:

Volume = 7 [*y?dx
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Volumes of revolution

-

The diagram shows the region R which is
bounded by the x-axis, the y-axis and the curve
with equation y = 9 — x2. The region is rotated
through 27 radians about the x-axis. Find the
exact volume of the solid generated.

(0]

- TR First find the point where the curve intersects the
Xx-axis.

B-x)3+x)=0
|— From the diagram, x > 0, therefore x = 3.

x=3o0orx=-3

V= - xaeds — UseV=m[’y?dxwitha=0b=3andy=9-x2
= z—l—j('f{g)j —18x2 + x4 dx — Simplify the integrand.
= W[BL\- - G6x°+ i\] i Integrate each term separately.

ﬁ—((243 — 162 + 243 ) — 0 i o:;) ———— Substitute the limits.

B

648w Simplify the resulting answer and write it as an

5 exact fraction in terms of .

Exercise @

1 Find the exact volume of the solid generated when each curve is rotated through 360° about the
x-axis between the given limits.

a y=10x?> between x =0 and x = 2
b y=5-xbetweenx=3andx=35

¢ y=Vx betweenx=2and x =10
d y=1 +ébctwccnx= landx=2
® 2 The curve shown in the diagram has equation y = 5 + 4x — x2. The finite region R is bounded by

the curve, the x-axis and the y-axis. The region is rotated through 27 radians about the x-axis to
generate a solid of revolution. Find the exact volume of the solid generated. (5 marks)
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(&) 4
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Chapter 5

The diagram shows the region R which is bounded by the x-axis, the lines x = 1 and x = 8, and
the curve with equation y = 3 — Vx. The region is rotated through 27 radians about the x-axis.
Find the exact volume of the solid generated. (5 marks)

I
1
1 g

The diagram shows the curve C with equation y =vx + 2 . The region R is bounded by the
x-axis, the line x = 2 and C. The region is rotated through 360° about the x-axis. Find the exact
volume of the solid generated. (5 marks)

) |
=y

The diagram shows a sketch of the curve with equation y = 9 x3 — 3x3. The region R is bounded
by the curve and the x-axis.

3 _3.3
y=9x*=3x

a Find the coordinates of A. (2 marks)
The region is rotated through 27 radians about the x-axis.

b Find the volume of the solid of revolution generated. (5 marks)

/
e Y|
. . V2
I'he curve with equation y =

7 is shown in the diagram.
X-

y

0’ é X

The region bounded by the curve C, the x-axis and the line x = 6 is shown shaded in the
diagram. The region is rotated through 27 radians about the x-axis. Find the volume of the
solid generated, giving your answer correct to 3 significant figures. (6 marks)



Volumes of revolution

7 The diagram shows the curve with equation 5y* — x* = 2x — 3. The shaded region is bounded
by the curve and the line x = 4. The region is rotated about the x-axis to generate a solid of
revolution. Find the volume of the solid generated.

Problem-solving

Rearrange the equation to make y? the subject.

8 The curve shown in the diagram has equation y = xv4 — x2. The finite region R is bounded by
the curve, the x-axis and the line x = @, where 0 < a < 2. The region is rotated through 27

. . Sy e . . 657
radians about the x-axis to generate a solid of revolution with volume 16(;T

Find the value of a. (5 marks)
VA

=y

0 a 2

® 9 The diagram shows a shaded rectangular region R of length 4 and width r. The region R is
rotated through 360° about the x-axis. Use integration to show that the volume, V, of the
cylinder formed is V' = 7rh.

Vi

r

=

Challenge 5

The diagram shows the curve C with equation ¢
v = |x% = 7x + 10|. The shaded region R is
bounded by the x-axis, the curve C and the . .
lines x =1 and x = 6. The region is rotated 2w i i
radians about the x-axis. Find the exact volume ' ;

0 6 *

of the solid generated.
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Chapter 5

@ Volumes of revolution around the y-axis

You can find a volume of revolution around the y-axis by considering x as a function of y. The diagram
shows a curve with equation x = f(y). A small strip of height 3y is rotated 27 radians about the y-axis.
The volume of the cylinder created will be wx?8y since the radius is x and the height is 6y.

Vi
bt

a

=y

So when the whole region, R, is rotated 27 radians about the y-axis, the volume formed will be
approximately equal to the sum of the volumes of each cylinder, or Y’ wx23y. The exact volume is the
limit of this sum as 8x — 0, or 7 [ x2 dy.

® The volume of revolution formed when x = f( y) is rotated through 27 radians about the

y-axis between y =a and y = b is given by
Volume = ﬂ'fbxz d @ Explore volumes of revolution
T Y around the x- and y-axes using GeoGebra.

The diagram shows the curve with equation y = vx - 1.
The region R is bounded by the curve, the y-axis and the
linesy=1andy=3.

The region is rotated through 360° about the y-axis.
Find the volume of the solid generated.

First rearrange the equation to make x the

’7 subject.

LS

| ]

-

|
-

y 2

ye=x-1
=0)e +J

V=mx[3y2+1)2dy Use V= [?x2dywitha=1,b=3and x =2 + 1.
bl I % a

=7 [3(y4 + 2y2 + 1) dp
: L Simplify the integrand.

<}

=T {T')_)‘ 5] HE %)"5 + _1-] :
= L
Integrate each term separately.

:ﬁ(_(ggi+18+3)—(%+%+1])-—L
Substitute the limits.

(1044 28\
= ("5 - 5
1016w Simplify the resulting answer and write it as an
15 exact fraction in terms of 7.
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Exercise @

1 Find the exact volume of the solid generated @ R

when each curve is rotated through 360°

: : i x? the subject.
about the y-axis between the given limits.

Volumes of revolution

a x= %y + 1 betweeny=2andy=>5 b y=2/x betweeny=0and y =1

c yzébctwccnyz land y=3 d y=2x’-4betweenx=5and x =11

The curve C with equation x = %yz + 1 is shown in the diagram.

The region R is bounded by the lines y = 1, y = 4, the y-axis and
the curve C, as shown in the diagram. The region is rotated
through 27 radians about the y-axis.

Find the volume of the solid generated.
(6 marks)

The diagram shows the finite region R, which is bounded by the
curve x =y + % the lines y = 4, y = 9 and the y-axis.

a Find the exact area of the shaded region. (3 marks)
The region R is rotated through 27 radians about the y-axis.

b Use integration to find the volume of the solid generated.
Round your answer to 2 decimal places. (5 marks)

The diagram shows the finite region R, which is bounded

by the curve x =)? — 6y + 10, the lines y = 1, y=4 and

the y-axis.

a Find the area of the shaded region R. (3 marks)
The region R is rotated through 360° about the y-axis.

b Use integration to find an exact value for the volume of the
solid generated. (5 marks)

The curve C with equation y = 2x* + 5 is shown in the diagram.

The region bounded by the y-axis, the curve C and the line

v =10 is shown and shaded in the diagram. The region is
rotated 360° about the y-axis. Find the exact volume of the
solid generated. (6 marks)

YA

19) >
cl|
71 -
R
(0] X
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Chapter 5

(E) 6 f)=x>-2ux+1,x=1
The diagram shows the finite region R bounded by the curve
v = f(x), the y-axis and the linesy =1 and y = 9.
a Show that the equation y = f(x) can be written as
x2=y+2/y+1. (2 marks)
b The region R is rotated through 27 radians about the y-axis.
Find the exact volume of the solid generated. (5 marks)

7 The diagram shows the finite region R, which is bounded
by the curve y3 + x> — 2y = 4 and the x-axis.
The region R is rotated about the y-axis to generate a solid
of revolution.

o’

v="Mx)

Pex-2y=4

Find an exact value for the volume of the solid. (5 marks)

. . . 42 —
8 Part of the curve C with equation y? = I + 1

The region R is bounded by the curve, the y-axis and the line y = 4.
The region R is rotated 27 radians about the y-axis.
Find the volume of the solid generated. (5 marks)

is shown in the diagram.

0]

=Y

>
X

® 9 The diagram shows a shaded region R in the shape of a right-angled triangle of width » and
height 4. The region R is rotated through 27 radians about the y-axis. Use integration to show

that the volume, V, of the cone formed is given by V' = %ﬁrzh.

VA i
I 4 /
R/ Problem-solving
i Start by finding an equation for the line that
i forms the hypotenuse of the triangle.
0 %

@ Adding and subtracting volumes

You might need to solve volume of revolution problems involving the volumes of cylinders and cones.

Remember these two formulae:
® A cylinder of height & and radius r has volume wr2h.

® A cone of height / and base radius r has volume -;-m-zk.
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The region R is bounded by the curve with equation y = x* + 2,
the line y = 5 — 2x, and the x- and y-axes.

a Verify that the coordinates of A4 are (1, 3).

A solid is created by rotating the region 360° about the x-axis.

b Find the volume of this solid.

a Curve: 12 +2=3
Lifes 5:—2 % .= 3

So (1, 3) is the point of intersection.

L

b Find the volumes of revolution of R, and

R, separately.

X

> - 2x

X

0

(X6 + 4x3 + 4)dx

1l
A
o

x” + x4+ 4_\']

o

m((7+1+4)-(0+0+0)

_ 36w
B

Volume of revolution of R,

The line y = 5 = 2x will intersect the x-axis
atx = 2.5;

When R is rotated about the x-axis, it will

create a cone.

V=gmx32x15

91
Pl
£ 2
o 36m  Om _ 1357
The total volume is 7 + T

Volumes of revolution

Substitute x = 1 into each equation to show
that the point (1, 3) lies on both the line and the
curve,

Problem-solving

Divide the original area into two separate areas.
Use integration to find the volume of revolution
of R,. Then add the volume of the cone formed
by rotating R, about the x-axis.

Use V=m[’y2dxwitha=0,b=1and y = x3 + 2.
SLE

Simplify the integrand.
Integrate each term separately.
Substitute the limits.

Simplify the resulting answer by writing it as an
exact fraction in terms of .

O

2.5

The height of the coneis2.5-1=1.5.
The radius of the cone is 3.

The formula for the volume of a cone is V'= %wrzh.

Add the values of R; and R, to find the total
volume of revolution.
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Chapter 5

You can find more complicated volumes of revolution by subtracting one volume of revolution from

another.

The diagram shows the region R bounded by the curves with

: — 1 :
equations y = vx and y = 5— and the line x = 1.

8x

The region is rotated through 360° about the x-axis.

Find the exact volume of the solid generated.

At point of intersection,
1

VX =

Bx
ihel
G
15 1
A= (_8_) 4
Consider volumes of revolution of R, and Ry
separately:
Ya ¥
y= \.-"T
P Ry I
01 X X
F

1y
Vi=m [ Vx) dx

1l
B
M| =
=
ra

1 1

3 \ 15w
B (2 = 32.) T

Volume of revolution of R2=
af 4%

7 —| dx

qT[4 (8\) &

=nf'—]

L’E

dx

L 64 x?

|
i

g
e e =en

il

Volume of revolution of R:
Ve Jom.. Bn.. 24T
- 32 64 = 64

80

-y

o 1

Solve the equations simultaneously to find the
x-coordinate at the point of intersection of the
two curves.

Problem-solving

Work out how you can create the necessary
volume of revolution using simpler volumes of
revolution. In this case, you can find the volume
of revolution of the area under the y = x curve,
then subtract the volume of revolution of the

area under the y = Sl_x curve.

A ; :

= & , 50 when you integrate this term
L

64" _ 1

-1 64x

becomes

The safest way to find this volume is to work
out each volume of revolution separately then
subtract, as shown here. But you could also do
this in one combined calculation:

2
V= ?Tf;[\-"})z dx - 'rrf;(gl—x) dx
1

:ﬂf;(mz- (é)z) dr=rldxs L

(B d) (L L))
_ﬂ((2+64 3 16/ 64

i
g



Exercise @

1

2

The diagram shows the line with equation 3x + 2y = 27.

a Use integration to find the volume of revolution when the region is

rotated through 360° about the x-axis.

b Use integration to find the volume of revolution when the region is

rotated through 360° about the y-axis.

¢ Use the formula for the cone to check your answers to parts a and b.

Clearly state the radius and the height in each case.

The region R is bounded by the curve with equation
y= %xz (x + 2), the line y = 16 — 4x, and the x-axis.

FaN
0

a Show that the coordinates of 4 are (2, 8).

A solid is created by rotating the region through 360° about the x-axis.

b Find the volume of this solid.

h

Volumes of revolution

104 \ 3x+2y=27

y=32(x+2)
A(2,8)
y=16-4x
X (1 mark)
(6 marks)

The region R is bounded by the curve with equation y = —%xz (x —4) and the line 2x + y = 8.

4

ADQR y = -Hx-4)

B,
0 X

2x+y=8 Problem-solving

You will need to find a volume of revolution then
subtract the volume of the cone.

a Show that the coordinates of 4 are (2, 4) and write down the coordinates of B. (1 mark)

A solid is created by rotating the region through 360° about the x-axis.

b Find the volume of this solid.

The shape shown is bounded by the curve y = %xz, and the
lines 2x + y=6 and 2x — y = —0.
a Find the coordinates of the points 4 and B. (2 marks)
b The shape is rotated about the y-axis to generate a solid

of revolution.

Find the volume of the solid generated. (6 marks)

(6 marks)
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Chapter 5

5 The region R is bounded by the lines x = -3, x = 3 and y = 3, the curve C with equation
x? + »* = 4 and the x-axis. The region is rotated about the y-axis to generate a solid of
revolution. Find the volume of the solid generated.

L

y=3 3 :
Problem-solving

R 2 x+y’=4 Find the volume generated by rotating the curve
x=-3 x=3 x% + y? = 4 about the x-axis and subtract this
I from the volume of a suitable cylinder.

3 -2 .1 O 1 2 3 X (6 marks)

6 The shaded region R is bounded by the curve y = —lgx2 + 5, the x-axis and the lines with
equations y=4—xand y =4 + x.

Find the volume of the solid of revolution generated when this region is rotated about
the y-axis. (8 marks)

® 7 The shaded region is bounded by the curve C with equation
6y? — x* + 4x = 0, x > 0, the straight lines 4x — 3y =4, 4x + 3y =4,
and the line x = 4. The region is rotated about the x-axis to
generate a solid of revolution. Find the exact volume of the
solid generated.

dx+3y=4

8 The shaded region is bounded by the curve with 4
equation y = 4 — x2, the curve with equation y = Vx,
the y-axis and the line with equation x = 1.
The region is rotated through 360° about the x-axis. \/=4- ¥
Find the exact volume of the solid generated. (7 marks)
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9 The diagram shows the region R bounded by the
curve with equation y = x> + 1 and the curve with
equation x? + y? = 11.
a Find the x-coordinates of the points of
intersection of the two curves. (3 marks)

The region R is rotated through 360° about the
X-axis.

Volumes of revolution

b Find the volume of the solid generated,
giving your answer correct to 2 decimal
places. (7 marks)

Challenge

The shaded region shown in the diagram is bounded by the curve

64 ! 40 8 ;
y="3 the line y = 3 3% the x-axis, and the

line y =1, for 0 = x < 4. The region is rotated about the y-axis.
Find an exact value for the volume of the solid generated.

m Modelling with volumes of revolution

Volumes of revolution can be used to model real-life situations.

A manufacturer wants to cast a prototype for a new design for a pen
barrel out of solid resin. The shaded region shown in the diagram is
used as a model for the cross-section of the pen barrel. The region is
bounded by the x-axis and the curve with equation y = k£ — 100x2, and
will be rotated around the y-axis. Each unit on the coordinate axes
represents 1cm.

a Suggest a suitable value for k.

b Use your value of k to estimate the volume of resin needed to make

the prototype.

¢ State one limitation of this model.

YA

-

4238
/}’= %0 - %x
=%
i
5 X
VA
y =k —100x2
0 X
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a k=10
b y = 10 - 100x2
100x2 = 10 — y
e
T T
of 1 V
Pzl (-—-_———
7, 10 1oo) ?
y  y2]"°
™70 ~ 200/

(110 102 0 02

& ar[_(ﬁ . ECE) - (_E N 200.))

"1-2)=3

Approximately 1.57 cm? of resin will be

needed.

¢ The cross-section of the pen is unlikely to

match the curve exactly.

Exercise @

1 The diagram shows the shape of a large tent at a fair. The outside of the tent can be modelled
by the equation y*> = —0.01x + &2, Each unit on the coordinate axes represents 1 metre.

84

a Suggest a suitable value for k.

b Use your value of k to estimate the capacity of the tent.

¢ State one limitation of this model.

The diagram shows half of the outline of a discus. The .

outline is modelled by the curve y? = 4(16 — x).

The measurements shown are given in centimetres. By rotating
the curve through 360° around the y-axis, find the total volume

of the discus.

Consider the context of the question and choose
a value that makes sense. Most pens are between
10cm and 15¢m long so any value in the range
10 = k = 15is sensible.

Use your value of k from part a.
Rearrange the expression to make x? the subject.

Use V= ["x2dy witha =0, b =10and
Ya

ool
~ 10 100

L Give units with your answer.
Problem-solving

You can give any sensible answer that refers to
the context of the question. You could also say
that some resin might be wasted when the pen is
made, or there might be air bubbles in the mould.

(1 mark)
(5 marks)
(1 mark)

12 ==0.01x2 + &2

b
8_\
8 y? = 4(16 - x)

(5 marks)




3

Volumes of revolution

The cross-section of an egg can be modelled as an ellipse
2y

Y4

with equation % + % = 1, where the dimensions shown are 2
in centimetres. /
N

a Calculate the volume of the solid formed by rotating this 3
curve through 360° about the x-axis.

b Calculate the volume of the solid formed by rotating the ) g Fog—
curve through 360° about the y-axis.

¢ Say which of these two solids most resembles an egg.

The diagram shows the cross-section of an egg timer, which has
a height of 16cm. The shape of the egg timer is modelled as a
solid of revolution of a curve C about the y-axis. The curve C has
equation x = /J.

Sand flows through the egg timer at a rate of 8 cm*/min. The
designer wants the egg timer to empty in 5 minutes. Calculate, to

2 decimal places, the height of sand that should be placed in the
top half of the egg timer. (5 marks)

The diagram shows the bowl of an electric stand mixer. The height of the bowl is 18cm.
The shape of the bowl is modelled by rotating the curve with equation y = 0.02x? through
27 radians about the y-axis.

YA
y =002

a Find the diameter of the bowl. (2 marks)
b Find the maximum volume of liquid that can be contained within the mixing bowl. (4 marks)

The mixing bowl has a paddle of height 12cm. The paddle just touches the side of the bowl.
In its starting position, the paddle forms a region R, as shown in the diagram.

¢ Calculate the area of the paddle. (3 marks)
The paddle rotates about the y-axis when the mixer is in operation.

d Find the proportion of the total volume contained within the bowl that can be mixed
by the paddle. (4 marks)
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7 A circular spinning top is made of solid wood with a width of

Chapter 5

6 The diagram shows a vase with a base width of 10cm and a height of

20cm. The edge of the vase is modelled by the equation x =5 — /.
The vase is formed by rotating the shape through 360° about the y-axis.

a Use this model to estimate the capacity of the vase. (5 marks)

The vase is initially filled to a height of 10cm. When the flowers are
placed in the vase, 50 cm? of water is displaced.

b Determine whether the vase will overflow. (3 marks)

18cm and a height of 24cm. A cross-section of the spinning
top is shown in the diagram. The cross-section is formed by
part of the curve with equation y? = 4(x + 9) and the straight
line with equation y = 2x + 18, and is symmetrical about the
y-axis. The cross-section is rotated about the y-axis. Find the
total volume of wood in the spinning top. (7 marks)

Challenge

The diagram shows the cross-section of a circular place-holder

used to hold a rugby ball when penalties and conversions are

kicked. The cross-section can be modelled by the straight lines

with equations 3y — 4x = 24 and 3y + 4x = 24, and the curve

with equation y = %xz + 3. The place-holder is formed by 3y-4x=24
rotating this cross-section about the y-axis, and is constructed

from solid plastic.

y=2x+18

20cm

7
N

3y +4x =24

Find the volume of plastic needed to construct the place-holder. -6

Mixed exercise o

1 The curve shown in the diagram has equation y = x*v9 — x?
. The finite region R is bounded by the curve and the x-axis.
The region is rotated through 27 radians about the x-axis to
generate a solid of revolution. Find the exact value of the
volume of the solid that is generated. (5 marks)

o
=Y

y=x}9-x?

® 2 The diagram shows the curve with equation
22 — 6/x + 3 = 0. The shaded region is bounded by the
curve and the line x = 4.

a Find the value of x at the point where the curve cuts
the x-axis.

The region is rotated about the x-axis to generate a solid of revolution.
b Find the volume of the solid generated.
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® 3

fx)=x2+4dx+4,x = -2

The diagram shows the finite region R bounded by the curve
v = f(x), the y-axis and the lines

v=4andy=09.

a Show that the equation y = f(x) can be written as
X2=4-4y+y. (2 marks)

b The region R is rotated through 27 radians about the y-axis.
Find the exact volume of the solid generated. (5 marks)

The diagram shows the shaded region bounded by the curve with
equation y = x? + 3, the line

x = 1, the x-axis and the y-axis. Find the volume generated when
the region is rotated through 27 radians:

a about the x-axis (3 marks)

b about the y-axis. (4 marks)

The diagram shows the curve with equation y = %x(x + 1)? and the
line with equation 3x + 4y = 24. The line and the curve intersect
at the point A.

a Show that the coordinates of the point 4 are (2, 4.5). (2 marks)

The shaded region R is bounded by the curve, the line and the
x-axis. The region is rotated through 27 radians about the x-axis.

b Find the exact volume of solid generated. (6 marks)

The diagram shows a cross-section of a circular golf ball

trophy holder. The dimensions shown on the diagram are in
centimetres. The cross-section of the trophy is formed by the A
lines x = -2, x = 2, the x-axis and the curve with equation

v =0.1x* + 4. The cross-section is rotated 360° about the

y-axis. The trophy holder is to be cast out of solid bronze.

a Use this model to find the volume of bronze needed to
make the trophy. (5 marks)

Volumes of revolution

VA

iy

y=Iv(+1)

3x+4y=24

=Y

b Give one limitation of this model. (1 mark)

The diagram shows the outline of a circular mushroom.

The dimensions on the diagram are in centimetres. The cap of
the mushroom is modelled by the curve with equation

%xz - 8/y + 4y = 0. The mushroom is formed by rotating the
shape shown about the y-axis. Find the exact volume of the
mushroom. (6 marks)
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8 The shaded region is bounded by the curves with
equations y = 2x% and 3y? + x> - 11y = 0.
The shaded region is rotated 360° about the y-axis.
Find the exact volume of the solid of revolution
generated. (9 marks)

32+ x2-1ly=0

Challenge VA

The diagram shows a sphere of radius r and centre (0, 0).
a Show that the area of the shaded disc is 7(r2 — x2).

b By considering an integral over an appropriate interval,
show that the volume of a sphere is %:rrﬂ.

=T

Summary of key points

1 The volume of revolution formed when y = f(x) is rotated about the x-axis between x = @ and
x = bis given by
= b
Volume = -n-fa y2dx

2 The volume of revolution formed when x = f(y) is rotated about the y-axis between y = @ and
y=bis given by
o b
Volume = -n-fa x2dy

3 Acylinder of height 4 and radius r has volume wr?h.

4 A cone of height & and base radius r has volume %wrz,’z.
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5 a Show that the complex number 25 =

Review exercise

z, =4 - 5iand z, = pi, where p is a real
constant. Find the following, in the form
a + bi, giving a and b in terms of p:

az, -5 (1)
b zz, ()
' (1)

« Sections 1.1, 1.2, 1.3

[ S]

C

l-ll

f(z) = z3 — kz? + 3z has two imaginary
roots.

a Find the range of possible values

of k. 3
b Given that k = 2, solve the equation
f(z) = 0. 3)

« Section 1.1

The solutions to the quadratic equation
z2-5z+ 13 =0are z, and z,. Find z, and
z,, giving each answer in the form a + ib
where a, b € R. 3)
<« Section 1.1

The real and imaginary parts of the

complex number z = x + iy satisfy the

equation (2 —i)x — (1 + 31)y - 7=0.

Find the values of x and y. 4)
< Section 1.1

+ 31

can be expressed in the form A(1 + i),
stating the value of 4. Q)

3- 4
* ‘1) is real and
+i
determine its value. 2)
« Sections 1.2, 1.3

b Hence show that (25

6

7

EP) 9

@ 1

fc)=22+5z+8z+6
Given that —1 + iis a root of the equation
f(z) = 0, solve f(z) = 0 completely. 4)

« Section 1.5

f)y=2>-6z+kz-26
Given that f(2 - 31) =0,

a find the value of k 2)
b find the other two roots of the
equation f(z) = 0. 3)

+ Section 1.5
fz)=z-2*-622-20z-16
a Write f(z) in the form
(z2=3z-4)(z+ bz +¢)
where b and ¢ are real constants to be

found. 2)
b Hence find all the solutions to the
equation f(z) = 0. Q)

« Section 1.5

g(z)=z"=8z"+272*- 50z + 50
Given that g(1 — 2i) = 0, find all the roots
of the equation g(z) = 0. 5)
« Section 1.5
f(z)=z*+ pz* + gz — 12 where p and ¢ are
real constants.
Given that o, % and a + % + 1 are the
roots of the equation f(z) =0,
a solve completely the equation
f(z) = 0. 5
b Hence find the values of pand ¢.  (3)
« Sections 1.4, 4.2
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® 15

90

Review exercise 1

a Find, in the form p + ig where p and ¢
are real, the complex number z which
3z-1 4
2-1 142
b Show on a single Argand diagram the
points which represent z and z*. 2)

¢ Express z and z* in modulus—argument
form, giving the arguments to the
nearest degree.

satisfies the equation

©)

« Sections 1.2, 2.1, 2.3

Given that the complex number z = x + iy
satisfies the equation |z — 4i| = 1, find the
maximum and minimum possible values
of argz. )

« Section 2.4

The complex number z is =9 + 17i.

a Show z on an Argand diagram. (€))]

b Calculate argz, giving your answer in
radians to two decimal places. 2)

¢ Find the complex number w for which
zw = 25 + 35i, giving your answer in
the form p + ig, where p and ¢ are

real. 3

« Sections 1.3, 2.1, 2.2

2, =541,z,=-2+3i
a Show that |z,]> = 2|z,
b Find arg(z,z,).

©))
©))

« Section 2.2

a Given that z = 2 — 1, show that
Z2=3-4i

b Hence, or otherwise, find the roots,
z, and z,, of the equation

2

(z+1)=3-4i 3)

¢ Show points representing z, and z,
on a single Argand diagram. 2)
d Deduce that |z, — z,| = 2//5. 2)
e Find the value of arg(z, + z,). 2)

« Sections 1.2, 2.1, 2.2

® 16

EP 17

EP) 18

EP) 19

The complex numbers z, = 2 + 2i

and z, = 1 + 3i are represented on an
Argand diagram by the points P and Q
respectively.

a Display z, and z, on the same Argand
diagram. 2)

b Find the exact values of |z, |z,| and
the length of PQ.

¢ Hence show that AOPQ, where O is
the origin, is right angled.

©))

()

d Given that OPQR is a rectangle in the
Argand diagram, find the complex
number z, represented by the point R.

3

« Sections 2.1, 2.2

Show that

cos2x +1isin2x
cos9x —1isin9x

can be expressed in the form
cosnx + 1 sinnx, where n is an integer
to be found.

“)

« Section 2.3

The point P represents the complex number

zin an Argand diagram.

Given that [z = 2 + i| = 3,

a sketch the locus of P in an Argand
diagram 2)

b find the exact values of the maximum
and minimum of |z|. 2)

€« Section 2.4

Given that z satisfies |z — 2i| = 2,

a sketch the locus of z on an Argand
diagram 2)
2

« Section 2.4

b find the maximum value of |z|.



EP) 20

EP 22

® 23

® 26

A complex number z is represented by the
point P in an Argand diagram.

Given that |z — 3i| = 3,

a sketch the locus of P 2)
b find the complex number z which
satisfies both |z — 3i| = 3 and
w37
arg(z - 31) = a4 3)

« Section 2.4

Sketch, on an Argand diagram, the locus
of the point P representing a complex

number z such that
arg(z + 3 +1) =%

3

« Section 2.4

The complex number z satisfies the
equation |z+ 3 +1i| =]z -2 +1.

a Sketch the locus of z. 2)
b Find the minimum value of |z]. 1)
¢ Find a value of z that also satisfies
3
argz =—= (2)

« Section 2.4

Sketch, on an Argand diagram, the
region which satisfies the following
condition.

2

: 3)

« Section 2.5

m
3 sarg(z-1) =

Shade on an Argand diagram the set of
points

{zEC:—%<arg(z—3—3iJs%}
N{zeC:lz-3il<3} (6)

« Section 2.5

Use standard formulae to show that

C))

« Section 3.2

> @r-1p=Ltnan-1
r=1 3

Use standard formulae to show that

n

D Hri=3) = gnln+ Dn -2 +3) @

rel « Section 3.2

® 29

@30

Review exercise 1

a Use standard formulae to show that

n

Zr(Zr 1= n(n + lg4n -1 @

r=1

30

b Hence, evaluate Zr(Zr -1)

r=11

(2

« Section 3.2

a Use standard formulae to show that

n

Z(6r2 +4r—5)=n2n2+5n-2) (4

r=1

b Hence calculate the value of

25
2(6}‘2 +4r-3)

r=10

(2

« Section 3.2

a Use standard formulae to show that

n

Zr(r +1)= %n(n + 1)(n+2)

r=1

b Hence, or otherwise, show that
In

Zr(r +1)= %n(Zn + 1)(pn + q), stating

the values of the integers p and ¢g.  (3)
« Section 3.2

C))

Given that

n

Zrz(r— 1) =%n(n + D(pn2+qn+r)

r=1

a find the values of p, ¢ and r. 4)

100

b Hence evaluate Zrz(r -1)

r=>50

2

« Section 3.2

The roots of the equation 3x° + kx+ 11 =0
are «, (3 and 7.

a Given that a3 + 37 + ya = —4, write

down the value of k. (1)
b Write down values of o + 3 + v and

afBy. (1)
¢ Hence find the value of

(1-a)1-B)1-7) 3)

« Sections 4.2, 4.4
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® 32

@D 33
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Review exercise 1

The roots of the equation
ax*+ Ix* +5x2+3x-4=0
are «, (3, v and é.
a Given that a/3yd = -1, write down the

value of a. (n
b Write down the values of Ya, Yas
and Xa3y. 1))
¢ Hence find the value of
ol + F A+ 3

« Sections 4.3, 4.4

The cubic equation x* + 3x* + 5x - 1 =0
has roots a, 3 and . Without solving the
equation, find the equation with roots
2a+1),(26+1)and 2y + 1).

Give your answer in the form

pw + gw? + rw + 5 = 0 where p, ¢, r and
s are integers to be found. 5
¢ Section 4.5
The quartic equation

xt—x*=2x>+3x +4 =0 has roots a, 3,
~ and §. Without solving the equation,
find equations with integer coefficients
that have roots:

a 3a, 36, 3y and 35 @)
b (2a-1),(28-1),(2y-1)and
25-1) 6)

< Section 4.5
The curve shown in the diagram is
/ 2
y=xvl-x
VA

y=xy1-x2

-y

0 a
a Write down the value of a. (n
The finite shaded region bounded by the
curve and the x-axis is rotated through
27 radians about the x-axis.
b Find the exact volume of the solid
generated. 5

« Section 5.1

36 The curve shown in the diagram is

y=vx?+3

The finite region between the curve, the

y-axis and the lines y=2and y = k is

rotated through 27 radians about the

y-axis. Given that the volume of the

solid generated is 48, find the value of k.
3

« Section 5.2

37 The graph shows the curve y =4 — x? and
grap )
the line y = 2x + 1.

‘A
y=2x+1

=Y

y=4-x2

The region indicated is rotated through
27 radians about the x-axis. Find, correct
to three significant figures, the volume of
the solid generated. 5)

« Section 5.3



38 Nellie is a champion bowler and decides to
make a stand for her favourite ball to rest on.
Viewed from above, the stand will be circular.
She models the cross-section of the stand
using a curve and two lines as shown below
where the dimensions are in centimetres.

YV
20
X

-10 o 10 -

The curved section is modelled using the
equation x? + (y — k)* = 100.

a Write down the value of k. (1)

b Show that the volume of revolution
formed by rotating the curve about the
y-axis between the lines y=aand y =5
can be written as

%{50[1;3 - a) - (b* = a?) - 900(b - )

where 10 = a < b = 20. (5)

The stand is made from a resin which costs
£0.025 per cm®.

¢ Find, to the nearest penny, the cost of

Nellie’s stand. 2)

« Section 5.4

39 The diagram shows parts of the curves with
equations y = 12— x*and y = 8 - 0.2x°.

] X

A jeweller models a gold ring as the volume
of revolution formed when the area
bounded by these two curves is rotated
through 360° about the x-axis.

Review exercise 1

a Given that the dimensions on the diagram
are in mm, state the maximum outer
diameter of the ring. (1)

The density of gold is 19.3 g/cm’.

b Find the mass of the ring according to
this model, giving your answer in grams
to 1 decimal place. (10)

¢ Give one reason why the actual mass of
the ring is likely to be different from your
answer to part b. (1)
« Sections 5.3, 5.4

Challenge

1 Inthe Argand diagram the point P represents

the complex number z.
z— 8) o
z=-2

Given that arg( ==
a sketch the locus of P

b deduce the value of |z - 5]. « Chapter 2

2 The rth term of a finite series is denoted by u,

Given that Zu, =n’+ 5n,

r=1

a express u, in terms of r
2n

b show that Y _u, = (n + 1)(3n + 4.
= « Chapter 3

3 The cubic equation x* - 5x% + 11x - 15 =0 has

roots «, 3 and . By using a substitution, or
otherwise, find an equation that has roots
a?+ 1,32+ 1,and 4% + 1. « Chapter 4
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Matrices

After completing this chapter you should be able to:

94

Understand the concept of a matrix
Define the zero and identity matrices
Add and subtract matrices

Multiply a matrix by a scalar

Multiply matrices

Calculate the determinant of a matrix
Find the inverse of a matrix

Matrices can be used to describe

transformations in two and three dimensions.

Computer graphics artists use matrices to
control the motion of characters in video
games and CGl films.

- pages 95-99
- pages 95-99
- pages 95-99
- pages 96-99
-» pages 99-103
-> pages 104-108
- pages 108-116

Use matrices to solve systems of equations - pages 116-121
Interpret simultaneous equations geometrically

-» pages 118-121

Prior knowledge check

1 Vectorsaandb are defined asa= (
and b = (_" ) Find:
aa+b b 3a-2b

¢ 4b-a) « Pure Year 1, Chapter 11

Solve the following pairs of simultaneous
equations.

a 2x—3y=53x+2y=27
b 4x-3y=-13;5x-2y=-22
« Pure Year 1, Chapter 3




Matrices

@ Introduction to matrices

A matrix is an array of elements (which are

usually numbers) set out in a pair of brackets. m A vector is a simple example of a matrix
with just one column.
You can describe the size of a matrix using the « Pure Year 1, Chapter 11; Pure Year 2, Chapter 12

number of rows and columns it contains.

For example (2 (1)) is a2 x 2 matrix and (

14-11

513 0 2) is a 2 x 4 matrix. Generally, you can refer to a

matrix as n x m where n is the number of rows and »1 is the number of columns.

A square matrix is one where the numbers of rows and columns are the same.
A zero matrix is one in which all of the elements are zero. The zero matrix is denoted by 0.

An identity matrix is a square matrix in which the elements

on the leading diagonal (starting top left) are all 1 and the w Matrices are
remaining elements are 0. Identity matrices are denoted by usually represented with bold

I, where k describes the size. The 3 x 3 identity matrix is capital letters such as M or A.

100
Ib=010
001

Write down the size of each matrix in the form n x m.

Cc

2 -1 .
b(l 0 2
g 3 o2
3 2
( 4 ) d|-1 1
=i 0 -3
2 -
a 1 3 ) There are two rows and two columns.
The size .'|5 2w
b1 O 2 There is just one row and three columns.
The size is 1 x 3.
c ( 41) There are two rows and one column.
The .5'|ze: is 2 x 1.
3 2 |
d | -1 1 There are three rows and two columns.
O -3
The size is 3 x 2.
To add or subtract matrices, you add or subtract the m Matrices which are
corresponding elements in each matrix. You can only the same size are said to be
add or subtract matrices that are the same size. additively conformable.
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Chapter 6

Find:

= To multiply a matrix by a scalar, you

"

multiply every element in the matrix by

that scalar.

12
A:(_l O), B=(6 0 -4)
Find: a 2A b 3B

¢ Explain why you cannot work out A + B.

& 2A=(

96

2
-2

o)

g

Top row:
2+-1=1
-1+4=3

Bottom row:
0+5=5
3+3=6

Top row:
1-0=1
-3-2=-5
4-1=3

Bottom row:
2-5=-3
1-2=-1
1-3=-2

A scalar is a number rather than a

matrix. In questions on matrices, scalars will be
represented by non-bold letters and numbers.

Toprow
aai =

Note that 2A gives the same answer as A + A

add them.

=3 0O

=)

A and B are not the same size, so you can't

2x2—4

Bottom row:
2 e —1 = —2

2=

X

X

o O
1l 1l
o w

[V TEP Y TN AT R
x
—_
|
B~
=

|
[aS]

You could also say that A and B are not
additively conformable.



A:(“ O), B=(1 b)? C:(6 6).

1 2 0 3
Given that A + 2B = C, find the values of the constants a, b and ¢.

(i 2 +2lo 3)=(5 <)
(a +2 2()) . (g 6) If two matrices are equal, then all of their

1 2 corresponding elements are equal.

a+2=6=a=4%

1 ¢

] Ligs

L Compare top left elements.
2b=6=5b=3

c=58 L Compare top right elements.
L Compare bottom right elements.

1 Write the size of each matrix in the form n x m.

a(l 0) b(l) C(IZI)
-1 3 2 3 0 -1
1 0 0
d . 2 5) e (3 -1 flo 1 0
0 0 1
2 Write down the 4 x 4 identity matrix, I,.
3 Two matrices A and B are given as:
1 3 a 1 3 6
Az(z | 4)’B=(b | 4)
If A =B, write down the values of ¢ and b.
4 For the matrices
{2 -1 _(4 1) _(6 0)
A_(l 3)’ = -1 =2/ C_O 1
find:
a A+C b B-A ¢ A+B-C
5 For the matrices
Az(é),BZ(l -1), C=(-1 1 0),
D=0 1 —1),E=(_31),F=(2 1 3)
find where possible:
a A+B b A-E ¢c F-D+C d B+C
e F-(D+0O) f A-F g C-(F-D)

Matrices
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6 Given that ( a 2) - (1 ¢ ) = (5 2) find the values of the constants a, b, ¢ and d.

-1 b d =2 0

® 7 Giventhat(1 2 0)+(a b c):(c 3 lC),ﬁnd the values of a, b and c.
a b ¢ I 2 0 c ¢ ¢

5 7 1
8 Given that (O —1) ( ) (2 0), find the values of a, b, ¢, d, e and f.
2 1 1 4

-1 3 6 3 -4 -2 0 3
9 For the matrices A = 0 2[,B= 1 l 2 JandC=| 2 8 -6],find:
4 0 -3
a A+B b B-C ¢c C+A

5 =6 b
d A matrix M = (4 a 6). Find the values of «, b and ¢ if’
2 0 ¢

6 -7 -2 -1 -9 -5
iA+M=[6 3 8 iM-B=({-2 7 -1

5 4 6 -3 2 2

10 For the matrices A = (i —06)’ B= (_: ) find:

a 3A b ;A ¢ 2B
d Explain why it is not possible to find A — B.

11 The matrices A and B are defined as:

_(3 -2) _(2 1)
A_(l g) BEE={ o 3

Find:
a 3A +2B b 2A - 4B ¢ SA-2B d 3A +3B

12 The matrices M and N are defined as:

2 4 -1 6 -2 5
M=(1 -3 -1] and N=|3 -3 1
0o 2 2 1 -1 0

Find:
a M+ 2N b 3M-N ¢ 4M + 5N d sM-5N

13 Find the value of k and the value of x such that (g é) + k( 0 g) = (0 ?).

: a 0 1 A 3)
14 Fmdthevaluesofa,b,canddsuchthat2(1 b)_S(d _1)_(_4 _a)
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15 Find the values of a, b, ¢ and d such that (:‘5; g) - Z(C 2) = (9 l)

1 -1 3 dr

i 450 =(6)
® 16 Find the value of k such that( P +k i) =\

® 17 The matrices A and B are defined as:
p 00 2¢ 0 0
A=|0 ¢> r|landB=|0 4 6
0 0 5 0o 0 2

where p, ¢ and r are positive constants.
Given that A — kB =I5, where I is the 3 x 3 identity matrix, find:

a the value of k b the values of p, ¢ and r.

® 18 The matrices P and Q are defined as:

0 2 ¢ 0 -1 -1
P=|la 0 O ]JandQ=|3 d 0
0 b -1 0 2 e

where a, b, ¢, d, and e are constants.
Given that P — kQ = 0, where 0 is the zero matrix, find the values of a, b, ¢, d, e and k.

@ Matrix multiplication

Two matrices can be multiplied together. Unlike the operations we have seen so far, this is completely
different from normal arithmetic multiplication.

= Matrices can be multiplied together if the number m I AB exists. then matrix
of columns in the first matrix is equal to the number RisE it e multipli;atively

of rows in the second matrix. carnfarmable Wik matich

The product matrix will have the same number of rows as the first matrix, and the same number of
columns as the second matrix.

If A has size n x m and B has size m x k then
AB=C — . .
the product matrix, C, has size n x k.

The order in which you multiply matrices is important. This has two consequences:
* In general AB = BA (even if A and B are both square matrices).

« If AB exists, BA does not necessarily exist (for example if Ais a 3 x 2 matrix and B is a 2 x 4 matrix).

= To find the product of two multiplicatively conformable matrices, you multiply the elements
in each row in the left-hand matrix by the corresponding elements in each column in the
right-hand matrix, then add the results together.

5 1 2 2 2 15 21 You are multiplying a 2 x 3 matrixbya3 x 2
(3 3 _4) I 3= (15 _9) matrix, so the product matrix will have size 2 x 2.
T 4 { ’7T0 find the bottom left element, work out
I 8x2+43x9+(-4)x7=16+27-28=15
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: 1
Given that A = (3 4

ZJanan-(3)

a find AB

a First calculate the size of AB.

(2 x2)x(2x1)gives 2 x 1

re=(s 2NZ) -0

L

P=1x(=3)+(-2)x2=-7
g=3x(-3)+4x2=-

So AB = (‘_71’]

b BA cannot be found, since the number
of columns in B is not the same as the

number of rows in A.

. (-1 0 _(4 1) S b
Given that A = ( 5 3) and B = 0 -2 , find:
a AB b BA

a Aisa?2 x 2 matrix and Bis a 2 x 2 matrix

so they can be multiplied and the product

will be a 2 x 2 matrix.
= (5 3o 2)=(C d

a=(-)x4+0x0=-4

b=(-1)x1+0x(-2)=-1

b explain why it is not possible to find BA.

The number of rows is two from here.
The number of columns is one from here.

The top number is the total of the first row of A
multiplied by the first column of B.

The bottom number is the total of the second row
of A multiplied by the first column of B.

m Remember that order is important.

—

G2 X4 3% 0=0

d=2x1+3x%x(-2)=-4

So AB = (‘64 :j})

b BA will al=0 be a 2 x 2 matrix.

5 G 9-2 5

l t

You can enter matrices directly into your
calculator to multiply them quickly

100

B is not multiplicatively conformable with A, but
A is multiplicatively conformable with B.

This time there are four elements to be found.

a is the total of the first row multiplied by the
first column.

b is the total of the first row multiplied by the
second column.

¢ is the total of the second row multiplied by the
first column.

dis the total of the second row multiplied by the
second column.

First row times first column
4x (-1)+1x2=-2

First row times second column
4x0+1x3=3

Second row times second column
0x0+(-2)x3=-6

Second row times first column
Ox(-1)+(-2) x2=-4



Matrices

A=(71andB=6 2)

(0)isa 1l x 1 zero matrix. You could also write it
Given that BA = (0), find AB in terms of a. —— 3s0.

BA = (b 2)(;1) = (-b + 2a) BAisal x 1 matrix.

So BA = (0) implies that b = 2a.

_ (-1 _(-b -2 ) _
G (a)(b b= (_“b 2a_) AB is a 2 x 2 matrix.
e R _(=2a -2
el e e ( 24a? 2u)' m Although you can multiply matrices

using a calculator, you need to know how the
process works so that you can deal with matrices
containing unknowns.

A=(1 -1 2,B=(3 -2 andC=(‘5‘).Find BCA.

4 This product could have been calculated by
) first working out CA and then multiplying B by
this product. In general, matrix multiplication is
BOA=02)(1 -1 2)=2 -2 4) —mF—
=) &l = } associative (meaning that the bracketing makes
no difference provided the order stays the same),
so (BC)A = B(CA).

1 Given the sizes of the following matrices:

Matrix A B C D E
Size 2x2 Ix2 Ix3 Ix2 2x3
find the sizes of these matrix products.
a BA b DE ¢ CD
d ED e AE f DA

2 Use your calculator to find these products:

YEEI R
2 4/\ 2 3 4/\-1 =2
i (-1 =2 ; (1 0 1)
3 ThematrmA_(0 3)andthematrle_(l 1 o)
Use vour calculator to find:
” A]); b A2 @ A2 means A x A.
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Chapter 6

The matrices A, B and C are given by:

A:(Z), B=(3 1), C=(-3 -2

1 -1 2

Without using your calculator, determine whether or not the following products exist and find
the products of those that do.

a AB b AC ¢ BC
d BA e CA f CB

Find (2 a )((l) _3] g), giving your answer in terms of a.

Find (_31 i)(){ _32), giving your answer in terms of x.

The matrices A, B and C are defined as:

(2 -1y o (1 0 _(-31)
A‘(s 4)’B‘(—3 2)andc‘_1 2)

Use your calculator to find:
a AB-C b BC +3A ¢ 4B-3CA

The matrices M and N are defined as:

(3 k) _(1 k) C . .
M_(k ; and N = -1 . Find, in terms of k:
a MN b NM ¢ 3M-2N d 2MN + 3N

. a1l 2)
The matrix A = (0 1):

Find:
a A?

b A3 @ You might be asked to prove

. ¢ for Ak this general form for A¥. - Section 8.3
¢ duggest a form for A~.

The matrix A = (;; O).

a Find, in terms of @ and b, the matrix AZ.
Given that A2 = 3A,
b find the value of a.

2
A=(-1 3) B:((l)), c:(g :g)

Find: a BAC b AC?



1
12 Az(—l), B=3 -2 -3)
2

Find: a ABA b BAB

® 13 a Write down L.

b Given that matrix A = (2 -2

1 3 ), show that Al = 1A = A.

9 4 2 1 2
® u Az(s 2)°B=(—1 o)andcz(o -1)'

Show that AB + AC = A(B + C).

15 A= (; %) and I is the 2 x 2 identity matrix.

Prove that A2 = 2A + 51

1 2 ¢
® 16 A matrix M is given as M = (a -1 1).
1 b 0

Find M2 in terms of «, b and c.

1 -1 b
17 AmatrixAisgivenasAz(a 2 0).

1 0 3
-4 -3 -8
Given that A2=| 9 1 -6/, find the values of @ and b.
4 -1 7

3 2
18 A= (1 p) and B = (q q) , where p and ¢ are constants. Prove that AB = BA.

3
19 The matrix A = (_4 g) is such that A2 =1. Find the values of p and g.

Challenge

A 2 x 2 matrix A has the property that A = 0. Find a possible matrix
A such that:

a at least one of the elements in A is non-zero
b all of the elements in A are non-zero.

Matrices

(2 marks)

(3 marks)

(3 marks)

(3 marks)

(3 marks)
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@ Determinants

You can calculate the determinant of a square matrix. The determinant is a scalar value associated

with that matrix.

m You can write the

determinant of M as det M,

L] ForaZmeatrixH:(i b

), the determinant of M
is ad — bc.

d

. . . |M|or"{I b‘.lt is also
= If det M = 0 then M is a singular matrix. ¢ d
sometimes written as A.

Singular matrices do not

have an inverse. - Section 6.4

= If det M = 0 then M is a non-singular matrix.

Given that A = (6 5

1 2), find det A.

detA=ad-be=GCx2-5%x1=12-5=7

4 p+2
A=
-1 3-p

Given that A is singular, find the value of p.

detA=43 -p)—(p+ 2)(-1) m Although you can find the

detA=12 —4p+p+2 =14 -3p determinant using a calculator, you need to know

Ais singular so det A = 0. how the process works so that you can deal with
14 matrices containing unknowns.

3

14 - 3[) == P=—=
Finding the determinant of a 3 x 3 matrix is more difficult.

= You find the determinant of a 3 x 3 matrix by reducing the 3 x 3 determinant to 2 x 2
determinants using the formula:

a b c : : :
_Je d f d e m There is a minus sign
g ; -’: i i| a b|g i | % clg h in front of the second term.

In this expression for the determinant, each of the elements «, b and ¢ is multiplied by its minor.

= The minor of an element in a 3 x 3 matrix is the determinant of the 2 x 2 matrix that
remains after the row and column containing that element have been crossed out.
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Find the minors of the elements 5 and 7 in the matrix

50 2

-1 8 1

6 7 3

( 1 8 1)
7 i3

8 1| _ F R 7
2 3‘—5x3 e 7_17—L

The minor of 5 is 17.

¥

‘_'? 21 =6 x1-2x(-)=5+2=7

The minor of 7 is 7.

1 2 4
Find the valueof | 3 2 1|.
-1 4 3

N S e
e Tl
‘1‘4 3| 2‘4 3|+4- 4|

ANV

[N

—

Ne —4) =29+ 1)+ 412 + 2)
1x2-2%x10+4 %14
2-20+56=238

Matrices

To find the minor of 5, you begin by crossing out
the row and the column containing 5.

When you have crossed out the row and the
column containing 5, you are left with the elements
8 1
(7 3
2 x 2 matrix.

) and you evaluate the determinant of this

To find the minor of 7, you begin by crossing out
the row and the column containing 7.

When you have crossed out the row and the
column containing 7, you are left with the elements
5
(—1 1
matrix.

) and you evaluate the determinant of this

The determinant of this 2 x 2 matrix is the minor
of the top left element.

The determinant of this 2 x 2 matrix is the minor
of the top centre element.

The determinant of this 2 x 2 matrix is the minor
of the top right element.

3k 0
The matrix A = (—2 1 2 ) where k is a constant.
5 0 k+3

a Find det A in terms of k.
Given that A is singular,

b find the possible values of k.
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b As Ais singular,

38 ik 0
g 2 =3‘g) p 2 ‘ w,f(gg k2 |+o‘”"52 (13‘ Part b will require you to
D @ ik ¥8 L 53 solve det A = 0, so multiply

— this expression out, collect
together terms and express
the result as a quadratic.

Problem-solving

As A is singular, its
determinant is 0. This gives
a quadratic equation, which

=3k + 3) - k(=2(k + 3) = 10)
=3k + 9 + 2k + 16k
=2k?+ 19k + 9

2kz + 19k +9=0
Pk+Nk+292 =0

k= _1@ =2 you solve, giving two possible
values of k.
1 Find the determinants of the following matrices.
a(3 4) b(4 2) c(_2 1)
-1 2 1 2 30
-4 —4) (? —4) (—l -1 )
d ( 11 ©lo 3 Flee o0
Find the values of « for which these matrices are singular.
a l+a l+a 3—a) (2+a l—a)
a(3 2 ) b(a+2 l1-a -4 a
. . -2 1-k
Given that k 1s a real number and that M = T )
find the exact values of k for which M is a singular matrix. (3 marks)
3k 4- k) .
P= (k ok ) where k is a real constant.
Given that P is a singular matrix, find the possible values of k. (3 marks)
.. _[a 2a o [2b —2a)
The matrix A = (b Zb) and the matrix B = (—b )
a Find det A and det B.
b Find AB.
Use your calculator to find the values of these determinants.
1 00 0 4 0 1 0 1 2. =3 4
a0 2 0 b|5 -2 3 c|2 4 1 d|2 2 2
0 0 3 2 1 4 1.5 2 5 3 38




10

(E/P) 11

E/P) 12

(E/P) 13

@) 14

Without using your calculator, find the values of these determinants.

4 3 -l 8 7 1 5 =0 -3
al2 -2 0 bl4 1 -3 cl6 4 2
0 4 -2 7 2 -4 -2 -4 -3

2 1 -4
The matrix A=|2k+1 3 k|
1 0 1

Given that A is singular, find the value of the constant k.

2 -1 3
The matrix A = ( k2 4 ), where k is a constant.
-2 1 k+3

Given that the determinant of A is 8, find the possible values of k.

2 5 3 1 1 0
The matrixA=|-2 0 4|andthematrixB=(1 2 2]
3 10 8 0 -2 -1
a Show that A is singular.
b Find AB.
¢ Show that AB is also singular.
0 a -b
Show that, for all values of @, b and ¢, the matrix | -a 0 ¢ | is singular.
b - 0
2 =2 4
Show that, for all real values of x, the matrix| 3 ~x -2 |is non-singular.
-1 3 x

x=-3 -2 0

Find all the values of x for which the matrix ( 1 X -2 ) is singular.

-2 -1 x+1

. 1 -3 . -1
The matrix M = (2 1 ) and the matrix N = ( 4 3

a Evaluate the determinant of M.

b Given that the determinant of N is 7, find the value of k.
¢ Using the value of k found in part b, find MN.

d Verify that det MN = det M det N.

k .
), where k is a constant.

Matrices

(3 marks)

(3 marks)

(4 marks)

(1 mark)
(2 marks)
(1 mark)
(1 mark)
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2 1 -1 3 I 2
15 The matrix A = ( 1 0 4) and the matrix B = (k 4 5), where k is a constant.
-4 2 1 B 2 3
a Evaluate the determinant of A. (2 marks)
Given that the determinant of B is 2,
b find the value of k. (3 marks)
Using the value of k found in part b,
¢ find AB (2 marks)
d verify that det AB = det A detB. (2 marks)
Challenge
a Find all the possible 2 x 2 singular matrices whose elements are the Hint A part a,
numbers 1 and -1. there are 8 possible
b Find all the possible 2 x 2 singular matrices whose elements are the matrices.

numbers 1 and 0.

@ Inverting a 2 x 2 matrix

You can find the inverse of any non-singular matrix.
= The inverse of a matrix M is the matrix M-* such that MM-*=M-'M=1.

You can use the following formula to find the inverse of a 2 x 2 matrix.

.":M:(ﬂ b),thenM‘1= 1 (0' —b). mIfdetM:O,youwillnotbeabletoﬁndthe
c d detM'\-¢ «a

a=(3 )8=C Doe=(t )

For each of the matrices A, B and C, determine whether or not the matrix is singular.
If the matrix is non-singular, find its inverse.

. . 1 .
inverse matrix, since is undefined.
detM

Use the determinant formula witha=3, b =2,

B2
detA=3x1-2x (-
)50 2 z il c=-landd=1.

-1 1
det A=5

|

Since 5 # O, Ais non-singular.

Swap a and d and change the signs of b and c.

\— A-'can be left in either form.
2

2
B=(" %)sodetB=2x1-1x2=0
T 1
Remember if det B = 0 then B is singular.

So B is singular and B~ cannot be found.

1 —2) (0.2 —0.4')

I
=k '5(1 5 /%0 lae wgg
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Note that a determinant can be a negative
2 @ number.
This is non-zero and so C is a non-sinqular

il

c:( )5odetC=1xO—3x2=—6

matrix.

5 Swap a and d and change the signs of b and ¢.
: 1
Th [tiply by ——
) en multiply e

You can find the inverse of a matrix using
your calculator.

= If A and B are non-singular matrices, then (AB)! = B-1A-1,

P and Q are non-singular matrices. Prove that (PQ)! = Q-'P-'.

Let C = (PQ)~" then (PQ)C = L. Use the definition of inverse A=A =1=AA".
FRGERRE
, L Multiply on the left by P-1.
(P'P)QC = PT L
So QC = P RememberP-'P=L1Q=Qand PI=P .
Q'QC = QP Multiply on the left by QL.
IC = G 1P
L UseQ Q=1
O =F P S8

So (PQ)" = Q' P! as required.

A and B are non-singular 2 x 2 matrices such that BAB = 1.
a Prove that A=B-'B-..

2 5),

1. 3

b find the matrix A such that BAB =1.

Given that B = (

a BAB =1I

B-'BAB = B'L Multiply on the left by B-1.
(B~'B)AB = B'I L
AB = B~ Remember B-'B =1and B-I =B-.
AB.B-'=B"' B
L— Multiply on the right by B! and remember BB = 1.
AL =B"'DB

And hence A = B™' B as required.
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B=(® 3)sodetB=2x3-5x1=1
J _ =
505—"=1(3 _5)2(3 w5) First find B~L.
1\-1 2 =1 &2
From part a,
T (3 ~5)( 3 ~5) Use the result from part a and matrix
= et B multiplication to find A.
_ (14 =25
A=(15 75)

Exercise @

1

110

Determine which of these matrices are singular and which are non-singular.
For those that are non-singular find the inverse matrix.

s (52 v (5 3) lo o
(5 3 (3 3 g 3

Find inverses of these matrices, giving your answers in terms of a and b.
. ( ) b (2a 3b)

—-a -=b
Given that ABC =1, prove that B! = CA.

1 2
-6 -3

a l+a
l+a 2+a

=

Given that A = ( 0

o 1anacs|

_11),ﬁnd B.

a Given that AB = C, find an expression for B, in terms of A and C.
b Given further that A = (2 = ) and C = (3 6 ) find B
4 3 . 227 '

Given that BAC = B, where B is a non-singular matrix, find an expression for A in terms of C.

3 3
3 2

=

When C =( )_, find A.

-1
3

)andABz(

4
-8

7
-13

-8

2 2
The matrix A = ( 18

4 )andABz(

). Find the matrix B.

11
-8
2

-1
9
-1

-4

The matrix B = (5 1

5 ) Find the matrix A.



E/P

10

@ 1

E/P

13

3a b
d4a 2b

The matrix A = (

), where ¢ and b are non-zero constants.

a Find A-!, giving your answer in terms of a and b.
—a

The matrix B = (3 i
1

J ) and the matrix X is given by B = XA.

b
2b

b Find X, giving your answer in terms of « and b.

The non-singular matrices A and B are such that AB = BA, and ABA = B.
a Prove that A2=1.

0 1
1 0

b showthata=dand h=c.

Given that A = ( ), by considering a matrix B of the form (ﬁ b),

M= (2 3 ) where k is a constant.

k -1
a For which values of & does M have an inverse?

b Given that M is non-singular, find M~! in terms of k.

: 4 p
Given that A =
ven a (_2 _2

a find A~! in terms of p.

) where p is a constant and p # 4,

b Given that A + A~ = ( g ), find the value of p.

ol

k
4 k

a Find detM in terms of k.

b Show that M is non-singular for all values of k.

M= ( _+33) where k is a real constant.

¢ Given that I0M-! + M = I where I is the 2 x 2 identity matrix, find the value of k.

a 2

Given that A = (3 Y

) where « is a real constant,

a find A-!in terms of a

b write down two values of « for which A-! does not exist.

Matrices

(3 marks)

(3 marks)

(2 marks)
(3 marks)

(2 marks)

(3 marks)

(2 marks)
(3 marks)
(3 marks)

(3 marks)
(1 mark)
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@ Inverting a 3 x 3 matrix

Finding the inverse of a 3 x 3 matrix is more complicated. You need to know the following definition.

= The transpose of a matrix is found by interchanging m The transpose of
the rows and the columns. the matrix M is written as M.

For example, if A = (1 4)J’«Tz (1 2).

Z i3 4 3

= Finding the inverse of a 3 x 3 matrix A usually consists of the following 5 steps.

Step 1

Step 2

Step 3

Find the determinant of A, det A.

Form the matrix of the minors of A. In this chapter, the symbol M is used for the matrix
of the minors unless this causes confusion with another matrix in the question.

In forming the matrix of minors, M, each of the nine elements of the matrix A is
replaced by its minor.

From the matrix of minors, form the matrix of cofactors by changing the signs of
some elements of the matrix of minors according to the rule of alternating signs

illustrated by the pattern
m A cofactor is a minor with its

oo appropriate sign.

- + -

o ws In this chapter, the symbol Cis used for the
matrix of the cofactors unless this causes

You leave the elements of the matrix confusion with another matrix in the question.

of minors corresponding to the + signs
in this pattern unchanged. You change
the signs of the elements corresponding
to the - signs.

Step & Write down the transpose, C7, of the matrix of cofactors.

Step 5 The inverse of the matrix A is given by the formula

At d ltA 4 Each element of the matrix C"is divided by
€ the determinant of A.

The matrix A = (0 4 l). Find A-1.
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Matrices

Step 1
4 0. & 0 4 The first step of finding the inverse of a matrix
detA = 1 ‘ ‘ . ‘ ‘ 1 ‘ —1 = : )
is to evaluate its determinant.
=10+1)-3(0-2)+ 10 - 8)
=1+6-86=-1 The second step is to form the matrix of minors.
St The minor of an element is found by deleting the
ep 2 e :
1110 1110 4 row and the column in which the element lies,
-1 oll2 ollz2 -1 then finding the determinant of the resulting
2 x 2 matrix.
3 AT all1.3 . )
M = 0wl 2 olle For example, to find the minor of 4 in
1 2 1
2 ] C1) 1 Cj) i (0 4 1 ] delete the row and column
2 -1 0
1 -2 -8 1 1
=11 H=2 =7 containing 4, . The minor is the
-1 1 4 2 Lo
Step 3
1 2 -8
C=(-1 -2 7 You find the matrix of cofactors by adjusting the
Sl 4 signs of the minors using the pattern
Step 4 TR
T — 4+ — |.Here you leave the elements
El= ( 2 -2 —1) M v =
& 7 4 1 —
Step 5 ( -2 ] unchanged but change the
1 1 1 - &
) ! 1 ] 2 —2 _1) 2
Al=——C'=— -2 - =
detiA Shs & o signs of ( 1 =T )
1 1
= (—2 2 1 )
& -7 -4 You divide each term of the transpose of the
matrix of cofactors, C7, by the determinant of
A -1.
Example @
3 2 =2
Thematrix A=(-2 &k 0], k=0.Find AL
-1 -3 3

Step 1 m Make sure you understand the steps

e 2 =B needed to find the inverse of a 3 x 3 matrix. You
GRS ‘ -3 ‘ ‘ = =3 won't be able to use your calculator if the matrix
e I L L contains unknowns.

=9k +12-12 -2k =7k

I_ As you are given that k # 0, the matrix is non-
singular and the inverse can be found.
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Step 2
k O||-2 O||-2 k
-3 3|11 3|1 =3
T 2=-2|13 -2||3 2
-3 3(|-1 31]|-1 -3
2 =2 3 -2 o ke
kK Oll-201|-2 k

3k -6 k +
=@ 7 =
2k -4 3k+4

The second step is to find the matrix of minors in
terms of &.

You obtain the matrix of the cofactors from the

= :A & et matrix of the minors by changing the signs of the
g + H . .
C= ( ® 7 7 ) elements:orrespcindmg to the - signs in the
e pattern |- + -
Step 4 + -+
3k O 2k
C'=( 6 7 4
k+e6 7 3k+4 You can leave the answer in this form or write the
3 2
Step 5 E ? l
3k O 2k inverse matrixas | 7v 7%
A deTtA CT:%F( 6 7 4 ) k+6 1 3k+4
e 7 Bk4a T k Tk

3 -3

=2 8 =17 9
The matrix A = ( 0 1 O) and the matrix B is such that (AB)~! = (—5 10 —6).
|

-1 2
a Show that A-1 = A,
b Find B

=2 3¢ =B\f—2 3 =3
a.AZ=10 1 ©llo 9 0]
1 -1 2 1T -1 2

(4+O~3 =64 3+ 3

O+0+0 O+1+0
-2+0+2 3-1-2

(I 0 (0,
=ileClv. s 1@ia=x]
e 4

AA =T
A-TAA = A~

|

6+0-6
0+0+0
-3+0+4

|

=3 § 4

Problem-solving

Proving A = A~ is equivalent to proving
A? = 1. You still need to add working to show
that A> =1l implies that A = A%

F Multiply both sides by A-%.

’7 Since A-lAA= (A-lA)A=1A=A.

A = A1 as required
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b (AR} = B'AT
(AB)-'A = B-A-'A = B-'T = B~ L right by A and use A-'A = I to obtain an

Multiply both sides of this formula on the

expression for B-! in terms of (AB)-! and A,

-1 = -1
RESUABRS both of which you already know.

& 17 9\/-2 3 -3

=1=5 0. =6) © 1 O

-3 S5 -4 1T -1 2
You could check your answer by multiplying

("16 F Ot D @il =2 gt Ot Tf’) these matrices quickly using your calculator.

0M+0-6 =-15+10+6 5+0-12
E+0-4 -9 + 5+4 9+0-56

(,7 =0 wg) w If A=t = A, then the matrix A is

4 1 3 said to be self-inverse.
2 0 1

1 Use your calculator to find the inverses of these matrices.

1 0 0 1 0 0 1 0 0
al0 2 1 b|0 2 0 c |0 % —%
01 2 0 0 3 0 4 3
5 5
2 Without using a calculator, find the inverses of these matrices.
1 -3 2 2 3 2 3 2 -7
al0 -2 1 b |3 -2 1 c |1 -3 1
30 2 2 1 1 0o 2 =2
1 0 1 2 1 -1
3 Thematrix A={0 1 O0|andthematrixB=|1 0 1 |.
2 0 1 1. 2 1
a Find AL b Find B
21 1
2 2
Given that (AB)"'=| 1 -] -1
2 1 1
3 2 2
¢ verify that B'A-! = (AB).
2 0 3
4 ThematrixA=|k 1 1|,
1 1 4
a Show that det A = 3(k + 1). (3 marks)
b Given that k # -1, find A~ (4 marks)
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5 a 4
5 ThematrixA=|b -7 8|
2 =2 ¢
Given that A = A, find the values of the constants ¢, » and c. (6 marks)
2 =] 1
6 Thematrix A= 4 -3 0|
-3 3 1
a Show that A’=1. b Hence find A~
1 1 0
7 Thematrix A=|3 -3 1/.
0 3 2
a Show that A = 13A - 151 b Deduce that 15A-! = 131 — A2, ¢ Hence find A1,
2 0 1
8 Thematrix A=(4 3 -=-2|.
0 3 -4

a Show that A is singular.
The matrix C is the matrix of the cofactors of A.
b Find C. ¢ Show that ACT = 0.

I -1 -1
a For which values of k does M have an inverse? (2 marks)

2k 3
9 M= (—l 2 | ) where k is a real constant.

b Given that M is non-singular, find M~! in terms of k. (4 marks)

p 2p 3
10 A= (4 -1 1) where p is a real constant.
1 -2 0

Given that A is non-singular, find A~! in terms of p. (4 marks)

@ Solving systems of equations using matrices

You can use the inverse of a 3 x 3 matrix to solve a system of three simultaneous linear equations in
three unknowns.

X X
= |f A(J’) =v then (J’) =A1v.

z g
X
If Ais non-singular, a unique solution for (y) can be found for any vector v.

e
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Use an inverse matrix to solve the simultaneous equations:

—x+6y-2z= 21
6x-2y— z=-16
-2x+3y+5z= 24

You can confirm that this is equivalent to the

Write the system of equations using matrices: original equations by multiplying out the left-
-1 6 =2\/x 21 hand side:
LR HEE - | |
(~2 3 5)(: 24 -1 6 -2\/x —Xx+ 6y -2z
6 -2 -1])ly|=| 6x-2y—=z
Find the inverse of the left-hand matrix: =T 5 z —2x+3y+5z

Use your calculator to find the inverse matrix
and then to multiply the matrices.

Problem-solving

7 36 10\/ 21 -189 -1
=3s(28 9 13])[-16|=55| 756 |=| 4
14 9 34/\ 24 378 2 Once you have found the inverse matrix,

you could use it to solve a similar system of
equations with a different answer vector.

1 7 36 10

=gl 20 2. 13

-14 9 34
Left-multiply the right-hand matrix by this inverse:

Hence x=-1,y=4andz = 2.

A colony of 1000 mole-rats is made up of adult males, adult females and youngsters.
Originally there were 100 more adult females than adult males.

After one year:
¢ the number of adult males had increased by 2%

¢ the number of adult females had increased by 3% Problem-solving

)
e the number of youngsters had decreased by 4% Assign a letter to each unknown value,

o the total number of mole-rats had decreased by 20 then work your way through the question

text using the information to formulate

Form and solve a matrix equation to find out how many -
equations.

of each type of mole-rat were in the original colony.

This represents the total number of mole-rats

x = number of adult males : o
in the original colony.

»y = number of adult females

Zi= b f t
number of youngsters There are 100 more adult females than

X+ ¥+ z=1000 —m—— ( adult males.

X — y = -100 ) )
This equation represents the number of

1.02x + 1.03y + 0.26z= 980 L mole-rats of each type after 1 year. You could
also consider the percentage changes in each
population and the total overall change of —20:

0.02x + 0.03y — 0.04z = -20
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1 1 1 \(x\ (1000
sol 1 -1 0 |ly|=|-100
102 103 096/\:z 280

1 -26 7 100
Al = E -296 -6 100
205 -1 =200
2 1000
Y= A"l -100 —
z 260
1 -96 7 100\ /1000
=1 -26 -6 100 || -100
205 -1 =200/ \ 980

-2

There were 100 adult males, 200 adult females and

700 youngsters in the original colony.

Convert the three equations into a matrix
equation.

Use your calculator to find AL

Use your calculator to multiply A-! by the
answer vector.

Write your answer in the context of the
question, and check that it makes sense.
You could also check that your answer
matches the information given in the
question. For example, the initial number
of mole-rats is 100 + 200 + 700 = 1000, as
given in the question.

You need to be able to determine whether a system of three linear equations in three unknowns is

consistent or inconsistent.

= A system of linear equations is consistent if there is at least one set of values that satisfies
all the equations simultaneously. Otherwise, it is inconsistent.

If the matrix corresponding to a set of linear equations is non-singular, then the system has one
unique solution and is consistent. However, if the matrix is singular, there are two possibilities: either
the system is consistent and has infinitely many solutions, or it is inconsistent and has no solutions.

You can visualise the different situations by considering the
points of intersection of the planes corresponding to each

equation. Here are some of the different possible configurations:

for

The planes meet at a point. The
system of equations is consistent
and has one solution represented
by this point. This is the only case
when the corresponding matrix is
non-singular.
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The planes form a sheaf. The

system of equations is consistent
and has infinitely many
solutions represented by the line
of intersection of the three planes.

/
N

m An equation in the form

ax + by + ¢z = d s the equation
of a plane in three dimensions.
= Section 9.2

The planes form a prism.
The system of equations is
inconsistent and has no
solutions.



Matrices

@ If one row of the

corresponding matrix is
a linear multiple of
’ another row, then these

‘ two rows will represent
parallel planes.

All three equations represent the

Two or more of the planes are parallel
and non-identical. The system of same plane. In this case the system
equations is inconsistent and has no of equations is consistent and has
solutions. infinitely many solutions.

A system of equations is shown below:
3x—ky-6z= k
kx+3y+3z= 2
“3x- y+3z=-2
For each of the following values of k, determine whether the system of equations is consistent or

inconsistent. If the system is consistent, determine whether there is a unique solution or an infinity
of solutions. In each case, identify the geometric configuration of the planes corresponding to each

value of k.
a k=0 b k=1 ¢c k=-6
Use your calculator to find the determinant
3 0 -6 of the corresponding matrix.
a k=010 3 3l =186
=3 =13 Problem-solving

The corresponding matrix is non-singular so the
system is consistent and has a unique solution.

The planes meet at a single point.

3 -1 -6
b k=111 3 3|1 =0
-3 -1 3
3x- y-6z= 1 (1)
X+3y+3z= 2 @)
-3x - y+3z=-2 (3)
M+2x(2): S5x+5y=5 (4 |
2) - (3): 4x+4y=4 (5 _|

Equations (4) and (5) are consistent so the system
is consistent and has an infinity of solutions.

The planes meet in a sheaf.

If the matrix is singular, you need to
consider the equations to determine
whether the system is consistent. Eliminate
one of the variables from two different
pairs of equations. If the resulting two
equations are consistent then the system
will be consistent.

Eliminate z from equations (1) and (2) to
form equation (4), and eliminate z from
equations (2) and (3) to form equation (5).

Equations (4) and (5) are consistent
because one is a linear multiple of the
other. Any values of x and y that satisfy
one equation will also satisfy the other.
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Problem-solving

c k=-6 —36 g 36 =0 This method is equivalent to showing that
-3 -1 3 one equation is a linear combination of
the other two. In this case
Sxtioy- Snmse U Gl 3 (05 (3)
-6x+3y+3z= 2 2)

(

(
—3x- y+3z=-2 3
) + (3): 5y - 3z=-8 (

)
3 4) Eliminate x in two different ways to get
2 x )+ (2): 15y —9z=-10 (5) F two equations in y and z.

Equations (4) and (5) are inconsistent so the

3 x (4) gives 15y — 9z = —24. There are
system is inconsistent and has no solutions. no values of y and z that can satisfy this
The planes form a prism. equation and equation (5) simultaneously.

1

EP 2

E® 4

Solve the following systems of equations using inverse matrices.

a 2x-6y+dz= 32 b —dx+6y-2z=-22

3x+2y—-9z =-49 3x+3y-2z= 1
-2x+4y+ z= -3 —6x-Ty+3z= 3
¢ 4x+7y-2z= 21 d -3x-6y+ 4z=-23
-10x- p=-7z2= 0 “3x+6y-10z= -1
-2x+ y—-4z= 9 3x+T7y—- 3z= 27

Three planes A, B and C are defined by the following equations.

A x-3y-4z=3

B: 6x+5y-7z=30

C: x+4y+6z=-3
By constructing and solving a suitable matrix equation, show that these three planes intersect at
a single point and find the coordinates of that point. (5 marks)

Phyllis invested £3000 across three savings accounts, 4, B and C. She invested £190 more in
account A than in account B.

After two years, account 4 had increased in value by 1%, account B had increased in value by
2.5% and account C had decreased in value by 1.5%. The total value of Phyllis’s savings had
increased by £41.

Form and solve a matrix equation to find out how much money was invested by Phyllis

in each account. (7 marks)

A colony of bats is made up of brown bats, grey bats and black bats. Initially there are 2000 bats
and there are 250 more brown bats than grey bats.
After one year:

¢ the number of brown bats had fallen by 1%
e the number of grey bats had fallen by 2%
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 the number of black bats had increased by 4%

o overall there were 40 more bats

Form and solve a matrix equation to find out how many of each colour bat there were

in the initial colony.

Three planes 4, B and C are defined by the following equations:
A x+4+ay+2z=a
B: x- y- z=ua
C: x+4y+4z=0

Matrices

(7 marks)

Given that the planes do not meet at a single point, If the three planes do not meet at
a find the value of a (4 marks) a single point, the corresponding 3 x 3

b determine whether the three equations form
a consistent system, and give a geometric

interpretation of your answer. (4 marks)
1 4 ¢
The matrix M is givenbyM=(2 3 -3
q q —2

a Given that det M = 0, show that ¢> + 9¢ — 10 = 0.
A system of simultaneous equations is shown below:
xX+4y+qgz=-16
2x + 3y -3z =%q
gx +qy—2z=-2

matrix must be singular.

(4 marks)

b For each of the following values of ¢, determine whether the system of equations is consistent
or inconsistent. If the system is consistent, determine whether there is a unique solution
or an infinity of solutions. In each case, identify the geometric configuration of the planes

corresponding to each equation.

ig=-10 i g=2 iii ¢=1

Mixed exercise o

® 1 The matrix A = (; = and AB = (T 9 3 . Find the matrix B.
2 The matrix A = Zaa " ) where ¢ and b are non-zero constants.
a Find A-!, giving your answer in terms of a and b.
. a 2b . i .
The matrix Y = % b and the matrix X is given by XA =Y.

b Find X, giving your answer in terms of @ and b.

(7 marks)

(2 marks)

(3 marks)
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The 2 x 2, non-singular matrices A, B and X satisfy XB = BA.

a Find an expression for X in terms of A and B.

b Given that A = (S : _21 _11

0 _Z]ande(

), find X.

a 2 -1
A matrix AisgivenasA=|-1 1 -1].

b 2 1
-4 2 -4
Given that A2=|-5 -3 -1 |, find the values of ¢ and b.
4 10 -4

A=

10 2
t 3 1
-2 -1 1

Given that A is singular, find the value of z.

1 0 0
M=|x 2 0
31 1

Find M-! in terms of x.

k
-4
a For which values of k does A have an inverse?

A= ( —;(2) where k is a real constant.

b Given that A is non-singular, find A~! in terms of 4.

k 6 :
B= (—l Bl 2) where k is a real constant.

a Find det B in terms of k.
b Show that B is non-singular for all values of k.
¢ Given that 21B-! + B = —8I where I is the 2 x 2 identity matrix, find the value of &.

: 2 - :
Given that M = (m _T) where m 1s a real constant,

a write down two values of m such that M is singular
b find M~! in terms of m, given that M is non-singular.

3 4 5
A= 1 a -1|whereaisa real constant.
-2 1 1

a For which values of ¢ does A have an inverse?
b Given that A is non-singular, find A~! in terms of a.

(1 mark)

(2 marks)

(3 marks)

(3 marks)

(4 marks)

(2 marks)
(3 marks)

(2 marks)
(3 marks)
(3 marks)

(2 marks)
(3 marks)

(2 marks)
(4 marks)



Matrices

11 Three planes 4, B and C are defined by the following equations.
A x4+ y+ z= 06
B: x-4y+2z=-2
C: 2x+ y=-3z= 0
By constructing and solving a suitable matrix equation, show that these three planes intersect at
a single point and find the coordinates of that point. (5 marks)

12 A sheep farmer has three types of sheep: Hampshire, Dorset horn and Wiltshire horn. Initially
his flock had 2500 sheep in it. There were 300 more Hampshire sheep than Wiltshire horn.

After one year:
e the number of Hampshire sheep had increased by 6%

¢ the number of Dorset horn had increased by 4%
¢ the number of Wiltshire horn had increased by 3%
o overall the flock size had increased by 110

Form and solve a matrix equation to find out how many of each type of sheep there were in the
initial flock. (7 marks)

13 a Determine the values of the real constants ¢ and b for which there are infinitely many
solutions to the simultaneous equations

2x+3y+ z=6
-X+ y+2z=7

ax+ y+4z=»> (6 marks)

b Give a geometric interpretation of the three planes formed by these equations.
(1 mark)

Challenge

Given that A and B are 2 x 2 matrices, prove that det(AB) = det A det B.
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Summary of key points

1

2

3

10

11

12

13

124

A square matrix is one where the numbers of rows and columns are the same.
A zero matrix is one in which all of the numbers are zero. The zero matrix is denoted by 0.

An identity matrix is a square matrix in which the numbers in the leading diagonal (starting
top left) are 1 and all the rest are 0. Identity matrices are denoted by I, where k describes

1 0 O
the size. The 3 x 3 identity matrixis I; = (0 1 0)
oo 1l

To add or subtract matrices, you add or subtract the corresponding elements in each matrix.
You can only add or subtract matrices that are the same size.

To multiply a matrix by a scalar, you multiply every element in the matrix by that scalar.

« Matrices can be multiplied together if the number of columns in the first matrix is equal to
the number of rows in the second matrix. In this case the first is said to be multiplicatively
conformable with the second.

« To find the product of two multiplicatively conformable matrices, you multiply the elements
in each row in the left-hand matrix by the corresponding elements in each column in the
right-hand matrix, then add the results together.

a b

Fora 2 x 2 matrix M = (C ), the determinant of M is ad — be.

d

* |If det M =0 then M is a singular matrix.

* If det M = 0 then M is a non-singular matrix.

You find the determinant of a 3 x 3 matrix by reducing the 3 x 3 determinant to 2 x 2
determinants using the formula:

e .
h i

=a

by 4
g i

|de
+Cgh

b ¢
o
h i

oy

The minor of an element in a 3 x 3 matrix is the determinant of the 2 x 2 matrix that remains
after the row and column containing that element have been crossed out.

The inverse of a matrix M is the matrix M—! such that MM-1=M-M =L

_(a b s d =h
IfM_(C d),thenM __detM(—c‘ a).

If A and B are non-singular matrices, then (AB)-! = B-1A-1.



Matrices

14 The transpose of a matrix is found by interchanging the rows and the columns.

15 Finding the inverse of a 3 x 3 matrix A usually consists of the following 5 steps.

Step 1
Step 2

Step 3

Find the determinant of A, det A.

Form the matrix of the minors of A, M.

In forming the matrix M, each of the nine elements of the matrix A is replaced by its
minor.

From the matrix of minors, form the matrix of cofactors, C, by changing the signs of
some elements of the matrix of minors according to the rule of alternating signs
illustrated by the pattern

You leave the elements of the matrix of minors corresponding to the + signs in
this pattern unchanged. You change the signs of the elements corresponding to
the — signs.

Step 4 Write down the transpose, €7, of the matrix of cofactors.

Step 5 The inverse of the matrix A is given by the formula

-1 _ 1 aJ
2 _detAc

-

X X
16 IfA(y) = v then (y) = /ey

Z

L

17 Asystem of linear equations is consistent if there is at least one set of values that satisfies all
the equations simultaneously. Otherwise, it is inconsistent.
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Linear
transformations

After completing this chapter you should be able to:
® Understand the properties of linear transformations and

represent them using matrices - pages 127-130
e Perform reflections and rotations using matrices - pages 131-136
e (arry out enlargements and stretches using matrices -> pages 136-140
e Find the coordinates of invariant points and the equations

of invariant lines - pages 131-140
e (arry out successive transformations using matrix products - pages 140-144
e Understand linear transformations in three dimensions - pages 144-147
® Use inverse matrices to reverse linear transformations - pages 148-150

A matrix M = (z _12). Find:
a detM b M! & Sections6.3,6.4
Matrices can be used to describe
. transformations in two and three dimensions. 1 2NG
Einstein’s theory of relativity relies on matrices 3 AmatrixA= ( 0 1 —1). Use your
' which describe the relationship between (N <

different frames of reference.

' calculator to find A-L. « Section 6.5
r A h I W



Linear transformations

m Linear transformations in two dimensions

You can define a transformation in two dimensions by describing how a general point with position

vector (;) is transformed. The new point is called the image.

The three transformations S, 7'and U are defined as follows. Find the image of the point (2, 3)
under each of these transformations.

s I e R e

2 2+ 4 (= : ’ Substitute x = 2 and y = 3 into the
S — = : The eis(6,2) e —
(3) (3 =1 ) (2) e e expressions for the image of the general
point.

i (g) - (2 ; i ; 3) N (;) The image is (1, 5) Substituting x = 2 and y = 3 into

2x — y gives 1 and into x + y gives 5.

U (2) — (.2 g 3) = ( e ) The image is (6, —4)

S , =22 -4 When x=2, —x2=-22=—-4

tAthte:r ::ransfform?non hfs.thelspecl[al protpert|e.5 D S represents a translation, but
gt IS Hal el natio N oLy IVONES tnsarIerms this is not a linear transformation since you

x and y. In the example above, T'is a linear can't write x + 4 in the form ax + by.
transformation while S and U are not.

® Linear transformations always map the origin onto itself.

® Any linear transformation can be represented by a matrix.

ax+ by

cx+dy

® The linear transformation T (;) — ( d

) can be represented by the matrix M = (i b)

: a b\(x ax + by
sinee (c d) (J’) “\ex+dy)’ @ You can transform any point P by

multiplying the transformation matrix by
the position vector of P.
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Find matrices to represent these linear transformations.

)= 8 7

a Transformation T is equivalent to

¥

)=

—2y
3x+yp

() (503
“\y . 3x+ Oy

ax+b
Write the transformation in the form ( y).

cx +dy

(12
Phaaat ( :
50 & matrix 1s 3 O]

b Transformation V is equivalent to

Use the coefficients of x and y to form the matrix.

X Ox - 2y
" (}) - (3x + y)

.. (0 =2
so the matrix is (3 ; )

ax+b
Write the transformation in the form ( y).

ex + dy

Use the coefficients of x and y to form the matrix.

a The square S has coordinates (1, 1), (3, 1), (3, 3) and (1, 3). Find the vertices of the image of S

under the transformation given by the matrix M = (

-1 2)
2 17

b Sketch S and the image of S on a coordinate grid.

1

- (2 30)=0)

0= 7)

15)=6)
z fs)-6)

The vertices of the image of S, §', lie at

(1, 3), (=1, 7), (3, 9) and (5, 5).

Mo

AVIPLE

—_

(
(
(

Mo

128

Write each point as a column vector and then use
the usual rule for multiplying matrices.



Linear transformations

8 S .
g S" is used to denote the image of S

after a transformation.

1 Which of the following transformations are linear transformations?

» P (y) H(yzfl) b 0: (y) = ("f) ¢ R: (y) e (i:_i;)
as()e(%)  er(e() oo (37

2 Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not linear.

()P vn (B < e ()0
dr()-) om0

3 Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not linear.

2 L . —

()G oG- Q) e ul)-(0)

y ¥ 1 X i 4 X-y
d v (") H(O) e W (X)H(x)

y/ \0 v\

4 Find matrix representations for these linear transformations:
(X y+2x (X -y

! P'(y) H( =y ) b Q'(y) - (x+ 2y)
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Chapter 7

The triangle T has vertices at (-1, 1), (2, 3) and (5, 1).
Find the vertices of the image of 7 under the transformations represented by these matrices:

+ (5 1) bfo 5) <[> %)

The square S has vertices at (-1, 0), (0, 1), (1, 0) and (0, —1).
Find the vertices of the image of S under the transformations represented by these matrices:

. (2 0) b (] —1) % (1 1 )
0 3 1. 1 -1
The rectangle R has vertices at (2, 1), (4, 1), (4, 2) and (2, 2).

a Find the vertices of the image of R under the transformation represented by the

matrix(_l 0)
0 -1/

b Sketch R and its image, R’, on a coordinate grid.

¢ Describe fully the transformation that maps R onto R'.

A quadrilateral Q has coordinates (1, 0), (4, 2), (3, 4) and (0, 2).

a Find the vertices of the image of Q under the transformation represented by the

0 2)'
b Sketch Q and its image, Q’, on a coordinate grid.

: (2
matrix

¢ Describe fully the transformation that maps Q onto Q'.

A square S has coordinates (-1, 0), (-3, 0), (-3, 2) and (-1, 2).

a Find the vertices of the image of S under the transformation represented by the
0

2 0F

b Sketch S and the image of S on a coordinate grid.

. (0
martrix

¢ Describe fully the two transformations that map S onto S’.

A triangle T has vertices (4, 1), (4, 3) and (1, 3).

a Find the vertices of the image of 7 under the transformation represented by the

matrix(] 0)
0 1/

b Describe the effect of the transformation represented by the matrix ( é (1))

Challenge w T(;) is used to denote the image

A transformation T is defined as T: (;) — (Zx N 3y)_

a Showthat T (k

i of the point (x) after the transformation T.
2

ky

b Showthat T ((xl) 4 (XE)) 7 (;1) + T(xz)_ m All linear transformations

130
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Linear transformations

@ Reflections and rotations

Any linear transformation can be defined by the effect it has on unit vectors ((1)) and ((1))

. ST | T T 1 a 0 b
The transformation represented by the matrix M = (C d) will map (0) to (C) and (1) to (d)

You can visualise this transformation by considering the unit square:

VA The linear transformation (:i :;) stretches
21 and rotates the unit square S to produce the image S".

The origin does not change under a
linear transformation.

T(a +b) = Ta + Tb so you can add the two image
vectors to find the fourth vertex of the new shape.
This means that the entire transformation can be

defined by the images of the two unit vectors ((1))
0
and (1)

Points which are mapped onto themselves under the given transformation are called invariant
points. Lines which map onto themselves are called invariant lines.

The only invariant point in the above transformation is the origin, which is always an invariant point
of any linear transformation. The above transformation has invariant lines y = x and y = —x.

The transformation U, represented by the 2 x 2 matrix Q, is a reflection in the y-axis.
a Write down the matrix Q.

b Write down the equations of three different invariant lines of this transformation.

VA
1‘ Consider the unit square, and the effect that the
! transformation has on the unit vectors
o S (é) and (?) This will completely define the
< b transformation.
-1 £ 1 &

L
Problem-solving

-1
a ma StO( and( ma 5to( ;
(O) i O.] 1 ] 4 1 ] Each point on the mirror line is invariant, so this
T - (-4 O)I line is an‘ mvar.lant l.me. Any line ;.)erpe:ndicylar
o 1y to the mirror line will also be an invariant line,
b x=0,y=0.4=1 although the points on the line will not, in

general, be invariant points.
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m A reflection in the y-axis is represented by the matrix (_01 2) Points on the y-axis are

invariant points, and the lines x = 0 and y = k for any value of & are invariant lines.

m A reflection in the x-axis is represented by the matrix (; 01). Points on the x-axis are

invariant points, and the lines y = 0 and x = k for any value of & are invariant lines.

e (-01 _01)

a Describe fully the single geometrical transformation U represented by the matrix P.

b Given that U maps the point with coordinates (a, b) onto the point with coordinates
(3 + 2a, b + 1), find the values of a and b.

1 0] 0] -1)
a (O) maps to (_1) and (1) maps to (O_’
hence the transformation U represented

by matrix P is a reflection in the line y = —x.

VA

" You can visualise the transformation by sketching

/ S the effect it has on the unit square.

—T‘ (] 1
W%

(9 26-(2

-1 0, b+1 : : :
g 3+ 2a Write a matrix equation to show the
(: J') = ( T ) transformation, then solve the resulting equations
' simultaneously to find the values of @ and b.

So -b=3+2a (1)

and —a=b+1 (2)

iomn@ GRS S AR s A== Sk You can solve two equations in two unknowns
=i

quickly using your calculator.

m A reflection in the line y = x is represented by the matrix (2 (11) Points on the line y = x are

invariant points, and the lines y = x and y = —x + k for any value of k are invariant lines.

m A reflection in the line y = —x is represented by the matrix (_0 ) Points on the line

1 0
y = —x are invariant points, and the lines y = —x and y = x + k for any value of k are

invariant lines.
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The transformation U, represented by the 2 x 2 matrix P, is a rotation of 180° about the point (0, 0).

a Write down the matrix P.

Linear transformations

b Show that the line y = 3x is invariant under this transformation.

a The given rotation is shown in the diagram:

YA

A

iy

o) mar 0 () ant (7) maps o ().

o o)

v (o Ssd =5

Since —3x = 3(—x), this point lies on the

Hence the matrix i= (

line y = 3x.
So points on the line y = 3x are mapped
to points on the line y = 3x.

Hence y = 3x is an invariant line.

If you need to find the matrix that represents a
given transformation, it can help to draw a sketch
transforming the unit square. Remember the
transformation is defined by its effect on the unit
vectors.

Problem-solving

Write a general point on the line y = 3x as
X X . .
(y) = (Bx)' Apply the transformation to this

point, then show that the image also lies on the
line. Watch out: although the line is invariant, the
only invariant point on the line is the origin.

You need to be able to write down the matrix representing a rotation about any angle.

® The matrix representing a rotation through angle 60 anticlockwise about the origin is

(cos 0 -—sin 9)
sinf cos@

@ This general rotation matrix

is given in the formulae booklet.

The only invariant point is the origin (0, 0). For 0 = 180°, there
are no invariant lines. For 6 = 180°, any line passing through the origin is an invariant line.

22
2~
M —
22
2 T2

a Describe geometrically the rotation represented by M.

b A square S has vertices at (1, 0), (2, 0), (2, 1) and (1, 1). Find the coordinates of the vertices of
the image of S under the transformation described by M.
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a cos 135° = —% and sin 135°

%SOM

is a rotation, anticlockwise, through 135°

b Apply the matrix to each vertex of S in

about (O, Q).
turn:
2 2
z 2
2 2
2 2
z 2
2 2
2 2
2 2
2 2
z iz
2

0
6)=()
O
)-(

/2 2
Th i fis (-‘—, —),
e VEertices o are 2 2

ez, [

Exercise @

32

2

2 %) and (-2, 0).

You are told that the M represents a rotation, so

compare the matrix with (

square using GeoGebra.

cost
sinf

—sin @
cosf

w Explore rotations of the unit

)

2

Work out the position vector of each vertex in the

image of S.

position vectors.

1 a Write down the matrix representing a reflection in the x-axis.
A triangle has vertices at 4 = (1, 3), B=(3, 3) and C = (3, 2).

b Use matrices to show that the images of these vertices after a reflection in the x-axis are

A'=(1,-3),B'=(3,-3)and C' = (3, -2).

2 a Write down the matrix representing a reflection in the line y = —x.
A rectangle has verticesat P=(1,1), 0=(1,3), R=(2,3)and S=(2, 1).

b Use matrices to show that the images of these vertices after a reflection in the line y = —x are
P =(-1,-1),0 =(-3,-1), R" =(-3,-2)and S’ = (-1, -2).
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m Read the question carefully.

Give your final answers as coordinates, not



Linear transformations

3 Find the matrices that represent the following rotations.

E/P 6

a
b
¢
d

€

o .
90° anticlockwise about (0, 0) m The rotation matrix s

270° anticlockwise about (0, 0) for angles measured anticlockwise, so

45° anticlockwise about (0, 0) make sure you convert the clockwise
) ) angle to its equivalent anticlockwise

210° anticlockwise about (0, 0) angle.

135° clockwise about (0, 0)

A triangle has vertices at A = (1, 1), B=(4, 1) and C = (4, 2). Find the exact coordinates of the
vertices of the triangle after a rotation through:

90° anticlockwise about (0, 0) b 150° anticlockwise about (0, 0)

A rectangle has vertices at P =(2,2), Q0 =(2, 3), R=(4, 3) and S = (4, 2). Find the exact
coordinates of the vertices of the rectangle after a rotation through:

270° anticlockwise about (0, 0) b 135° clockwise about (0, 0)

A=(} OJanam=(8 )

0 -1 -1 0
a Write down fully the transformations represented by the matrices A and B. (4 marks)
b The point (3, 2) is transformed by matrix A. Write down the coordinates of the
image of this point. (1 mark)
¢ The point (a, b) is transformed onto the point (¢ — 3b, 2a — 2b) by matrix B.
Find the values of « and b. (3 marks)
T
2 V2
ML
V2 V2
a Write down fully the transformation represented by matrix M. (2 marks)
b The transformation represented by M maps the point (p, ¢) onto the point C with
coordinates (—v2, —=22). Find the values of p and g. (4 marks)
¢ Use your calculator to find M3, (1 mark)

Point C is mapped onto the point D by the transformation represented by M3. Find the
coordinates of point D and describe fully the transformation represented by M?. (2 marks)

Describe fully the transformation represented by the matrix A = ((1) é) (2 marks)
Write down the equations of three different invariant lines under this

transformation. (2 marks)
Write down A% (1 mark)
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9 The matrix ((; _3 5) represents an anticlockwise rotation about the origin, through an
angle 6. ' ’

a Write down the value of «.

(1 mark)

b Find two possible values of 6, and write down the matrix corresponding to each
rotation.

(3 marks)

10 a Write down the matrix representing a rotation through 270° clockwise about (0, 0). (1 mark)
b A point (a, b) transformed using this matrix is such that its image is the point

(a = 5b, 3b). Find the values of ¢ and b.

Challenge

Prove that the general matrix representing a rotation through

angle # anticlockwise about the origin is (

@ Enlargements and stretches

(3 marks)

—sin 9)
cosf /)

You can describe enlargements and stretches using linear transformations.

30)
0 2

-l

a Find the image 7" of a triangle 7 with vertices (1, 1), (1, 2) and (2, 2) under the transformation

represented by M.

b Sketch 7 and 7" on the same set of coordinate axes.

¢ Describe geometrically the transformation represented by M.

= (3
(o

6

0o
2

Q
2

0

2l
The coordinates of the image are (3, 2),

)=
)z) -
)2) -

o

(3)
(4)

(3. 4) and (&, 4).
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Use matrix multiplication to find the image of
each vertex under the transformation.
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Linear transformations

¢

stretches of triangle 7" using GeoGebra.

Every x-coordinate has been multiplied by 3, and
every y-coordinate has been doubled. Note that

c The triangle has been stretched by a scale ——— this is not the same as an enlargement, because

factor of 3 parallel to the x-axis and by a
scale factor of 2 parallel to the y-axis.

® A transformation represented by the matrix (g

is a stretch of scale factor « parallel to the x-axis and
a stretch of scale factor b parallel to the y-axis.

In the case where a = b, the transformation is an

enlargement with scale factor a.

the triangle has been stretched by different
factors in the x- and y-directions.

0)
Note
b - A stretch parallel to the x-axis

only will have matrix (g flj)

A stretch parallel to the y-axis only

. 1N ()
W|llha\afematn::c(0 b)'

® For any stretch in this form, the x- and y-axes are invariant lines and the origin is an

invariant point.

® For a stretch parallel to the x-axis only, points
on the y-axis are invariant points, and any line
parallel to the x-axis is an invariant line.

® For a stretch parallel to the y-axis only, points
on the x-axis are invariant points, and any line
parallel to the y-axis is an invariant line.

m For a stretch in both

directions, although the axes are
invariant lines, the points on the
axes are not themselves invariant.
Any point on an axis (apart from the
origin) will map to a different point
on the same axis.

Reflections and rotations of 2D shapes both preserve the area of a shape. When a shape is stretched,
its area can increase or decrease. You can use the determinant of the matrix representing this
transformation to work out the scale factor for the change in area.

® For a linear transformation represented by
matrix M, det M represents the scale factor
for the change in area. This is sometimes
called the area scale factor.

m If the determinant of

the matrix M is negative, the shape
has been reflected.
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2 0)
0 4

a Describe fully the transformation represented by M.

b A triangle 7 has vertices at (1, 0), (4, 0) and (4, 2). Find the area of the triangle.

¢ The triangle 7 is transformed using the matrix M. Use the determinant of M to find the area of
the image of T.

-l

a O

a The matrix is of the form (O b) s0 it is

a stretch parallel to the x-axis, with scale
factor 2 and a stretch parallel to the
y-axis, with scale factor 4.

b Using 4 = 5 x base x height:

A=3x3x2=3 F detM=2x4-0x0=8 « Section 6.3

c detM=5
The area of the image of T'is 3 x 8 = 24. ——— The area increases by a factor of detM.

Exercise @

1 Write down the matrices representing the following linear transformations.

a A stretch with scale factor 4 parallel to the x-axis
b A stretch with scale factor 3 parallel to the y-axis
¢ An enlargement with scale factor 2

d A stretch with scale factor 5 parallel to the x-axis and a stretch scale factor % parallel to

the y-axis
2 For each of the transformations in question 1, m In an enlargement, ‘scale factor’
write down the area scale factor. refers to the linear scale factor of the

enlargement so the area scale factor
will be the square of this value.

3 The unit square is transformed using the matrix (?} 2)

a Write down the coordinates of any invariant points.

b Work out the area of the resulting rectangle.

4 Write down the matrices representing the following transformations.
a A stretch with scale factor —2 parallel to the x-axis

b A stretch with scale factor —3 parallel to the x-axis and scale factor 4 parallel to the y-axis

¢ An enlargement with scale factor —%
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Linear transformations

Prove that the line y = kx is invariant under the transformation (g 2), where a and k are real
constants.

2 0
m=(g 5
a Describe fully the transformation represented by M. (2 marks)

A 2D shape with area k is transformed using the transformation represented by M.
b Given that the image of the shape has area 24, find the value of k. (2 marks)

A triangle with vertices at (1, 3), (5, 3) and (5, 2) is transformed using the matrix (3 g)
a Find the coordinates of the vertices of the resulting image.

b Find the area of the new triangle.

A rectangle has vertices at (2, 0), (4, 0), (4, 5) and (2, 5). The rectangle is transformed by
a stretch with scale factor 2 parallel to the x-axis and a stretch with scale factor —3 parallel
to the y-axis.

a Find the coordinates of vertices of the resulting image.

b Find the area of the new rectangle.

Az(zws q_)
0 25

a Describe fully the transformation represented by the matrix A. (2 marks)

b A triangle 7 has coordinates («a, 1), (4, 1) and (4, 3). Given that 7 is transformed using
matrix A, and the area of the resulting triangle is 60, find the possible values of a. (3 marks)

M= (‘;}) ;) where p and ¢ are constants and ¢ > 0.

a Find M?in terms of p and ¢. (3 marks)
Given that M2 represents an enlargement with centre (0, 0) and scale factor 6,

b find the values of p and g¢. (3 marks)
A=(; DJuman=(; 4

a Find the matrix M where M = AB. (1 mark)
b Describe fully the transformation represented by the matrix M. (3 marks)

¢ A triangle 7 has vertices at (2, 1), (6, 1) and (6, k). Given that 7 is transformed using
matrix M, and the resulting triangle has area 320, find the possible values of &. (4 marks)

M= ( _}f ‘E) m You will learn how to

-V -1 describe transformations
A pentagon P of area 12 is transformed using such as this in Section 7.4.

matrix M. Find the area of the image of the pentagon P’.
(2 marks)
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13 A triangle T has vertices at the points 4 = (k, 1), B=(4, 1) and C = (4, k) where k is
an integer constant.

Triangle T is transformed by the matrix (i _21 )

Given that triangle 7 has a right angle at B, and the area of the image triangle 7" is 10,
find the value of k. (5 marks)

(E) 14 A triangle T has vertices at (0, 0), (7, 7) and (3, -2).

a Write down the matrix, M, which represents a rotation through 45° anticlockwise

about (0, 0). (1 mark)
b Find the exact coordinates of the image of 7"when 7 is transformed using M. (3 marks)
¢ Show that detM = 1. (2 marks)
d Hence find the area of the original triangle 7. (1 mark)

Challenge Problem-solving

A transformation U is represented by the matrix P = (S g) A non-zero singular 2 x 2 matrix

a Find detP. maps any point in the plane onto a

b Show that any point in the xy-plane is mapped onto the straight line through the origin.
x-axis by U.

m Successive transformations

You can use matrix products to represent combinations of transformations.

® The matrix PQ represents the transformation Q, with matrix Q followed by the
transformation P, with matrix P.

a Find the 2 x 2 matrix T that represents a rotation through 90° anticlockwise about the origin
followed by a reflection in the line y = x.

b Describe the single transformation represented by T.

a Rotation 30° anticlockwise about the Write down the two matrices for the single

origin: (? "1] transformations.

(£ :
Reflection in the line y = x: (O 1)

(IR Find the matrix product to determine the
o (O 1 )(O —-T) _ ( 1 O] single matrix that has the same effect as these
TRl o e =4 combined transformations. Make sure you apply

the matrix product in the right order.
b T represents reflection in the line y = 0. B g

Check where T maps the position vectors
1 0
(o) 2na (3)
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s Y D TS 1Y)
N ( 202 2\,2)

2V2 =242
The matrix M represents an enlargement with scale factor k followed by a rotation through angle ¢
anticlockwise about the origin.

a Find the value of k.
b Find the value of 4.

a detM =16 Use your calculator to find det M.
Area scale factor = 16
k=16 =4 | kisthe linear scale factor. The rotation does not
. =
’ B g o (6059 —5m9)(4 O] affect area, so k = Vdet M.
2J2 -2y2)  \sin@ cos@/\O 4,
(4 cos -4 sind If the enlargement matrix is Q and the rotation
“\4sin@ 4cosp matrix is P then M = PQ.
4 cosf=-2v2 —
-2 \2 Ve i
cos B = B e Use one element to find possible values of 6.

=1 ) g =225° =L
e = m You will need to use one of the sin

heck using the | -left el t: : .
Sliee S el elements to check which angle is correct.
B vz 50 0 = 135° sin @ is positive so choose the angle in the second

quadrant.
_ (-1 O) _(0 —1) _(2 O)
IA_(O —l’B_ -1 0 ’C_O 2
Find these matrix products and describe the single transformation represented by each product.
a AB b BA ¢ AC d A2 e C?
2 A = rotation of 90° anticlockwise about (0, 0) B = rotation of 180° about (0, 0)
C = reflection in the x-axis D = reflection in the y-axis

a Find matrix representations of each of the four transformations A4, B, C and D.

b Use matrix products to identify the single geometric transformation represented by each of
these combinations.

i Reflection in the x-axis followed by a rotation of 180° about (0, 0)

ii Rotation of 180° about (0, 0) followed by a reflection in the x-axis

iii Reflection in the y-axis followed by reflection in the x-axis

iv Reflection in the y-axis followed by rotation of 90° anticlockwise about (0, 0)

v Rotation of 180° about (0, 0) followed by a second rotation of 180° about (0, 0)
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vi Reflection in the x-axis followed by rotation of 90° anticlockwise about (0, 0) followed by
a reflection in the y-axis

vii Reflection in the y-axis followed by rotation of 180° about (0, 0) followed by a reflection
in the x-axis

sR=(> ).5=(% Yanar-5 9

0 -2 -1 0 0 5
Find these matrix products and, where possible, use your knowledge of the standard forms of
transformation matrices to find the single transformation represented by the products:
a RS b RT ¢ TS d TR e ST f RST

A is a stretch with scale factor 2 parallel to the x-axis, and scale factor 3 parallel to the y-axis.
B is an enlargement with scale factor —2.

C'is an enlargement with scale factor 4.

a Write down the matrices representing each of the transformations 4, B and C.

b Find the single 2 x 2 matrix representing each of the following combined transformations:

i B followed by A i Cfollowedby 4 (D i Cis represented by matrix M,
iii B followed by C iv C followed by C then C followed by C will be
v C followed by B followed by 4 represented by M=,

Use matrices to show that a refection in the y-axis followed by a reflection in the line y = —x
is equivalent to a rotation of 90° anticlockwise about (0, 0).

A student makes the following claim:

If T'is a reflection in the x-axis and U is a rotation 20° anticlockwise about the origin

then T followed by U is the same as U followed by T.

Show, using matrix multiplication, that the student is incorrect. (4 marks)

P= (_4 0) and Q = (k 0), where k is a constant.

0 2 0 k
a Find the matrix product PQ. (2 marks)
b Describe, in terms of k, the single transformation represented by PQ. (2 marks)
¢ Show that for any value of k, PQ = QP. (2 marks)
30
A= (0 4)
a Find the matrix A2, (1 mark)
b Describe fully the transformation represented by A2. (2 marks)

B= (g g) where a and b are constants.

¢ Find the general matrix B? and state, in terms of a and b, the transformation
represented by this matrix. (3 marks)
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Linear transformations

1=l
The matrix R is given by v’12 \12
V2 2
a Find R2 (1 mark)
b Describe the geometric transformation represented by R2, (2 marks)
¢ Hence describe the geometric transformation represented by R. (1 marks)
d Write down RS, (1 mark)
_3 3
2. V2
RS
V2 V2

The matrix M represents an enlargement with scale factor k (k < 0) followed by a rotation of
angle ¢ anticlockwise about the origin.

a Find the value of k. (2 marks)

b Find the value of 4. (3 marks)
0 1 50

Az(—l 0) andB=(0 5)

A triangle T is transformed using matrix B. The image is then transformed using matrix A.
Given that the area of the image, 7" is 75, find the area of 7. (3 marks)

The transformation 7 is a rotation through 225° anticlockwise about the origin.

a Write down the matrix representing this transformation. (1 mark)
The transformation U is a reflection in the line y = x.

b Write down the matrix representing this transformation. (1 mark)

¢ Find the matrix representing the combined transformation of U followed by 7. (2 marks)

ey
A= ( ko 3) where k is a constant.

V3 -k
a Find, in terms of k, the matrix A2 (2 marks)
b Describe fully the transformation represented by A2 (2 marks)

P= (g _ba) where ¢ and b are constants.

Show that the general matrix P? represents an enlargement, and write down, in terms
of a and b, the scale factor of the enlargement. (3 marks)
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Challenge

a GiventhatP = (

cosfl —sind

i ,_(cos2f —sin 29)
sin@ cosf ), show algebraically that P2 = ( ;

sin260  cos26
b Interpret this result geometrically.

@ Linear transformations in three dimensions

Any linear transformation in three dimensions can be defined by the effect it has on the unit vectors

1 0 0 a b ¢
(0), (1) and (O).The transformation represented by the matrixM=(d e S| will map
o/ \o 1 g h i

B0+

You need to be able to carry out transformations @ INithree dimenols the b rdin e nies
in three dimensions that are reflections in the are labelled x, yand z. < Pure Year 2, Chapter 12

planes x=0,y=00rz=0.

A transformation U, in three dimensions, represents a reflection in the plane z = 0.
a Write down the 3 x 3 matrix that represents this transformation.

b Find the image of the point (-1, 2, 3) under this transformation.

1

a The point with position vector (O) lies in
0]
the xy-plane so stays where it is.

e]

The point with position vector (1) lies in
O

the xy-plane so stays where it is. e—— 1

The plane z = 0 contains the x- and y-axes.
Hence points in the xy-plane are invariant.
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0

The point with position vector (O) reflects
1

in the xy-plane to the point with position

O
vector | O |
-1

Hence the matrix representing the

> 1B <6
transformationis |O 1 O |

c 0 -

1 0O 0O\/-1 -1

@ 1 @2 =12

O O —-1/\3 -3
The coordinates of the image are (-1, 2, =3).

The x- and y-coordinates stay the same, and the
sign of the z-coordinate changes.

-1 0 O
® A reflection in the plane x = 0 is represented by the matrix ( 0 1 0).
0 0 1

1 0 0O
® A reflection in the plane y = 0 is represented by the matrix (0 -1 0).
0 0 1

1 0 0
® A reflection in the plane z = 0 is represented by the matrix (0 1 0 )
0 0 -1

You also need to be able to carry out rotations about one of the coordinate axes in three dimensions.

1 0 0
® A rotation, angle 0, about the x-axis is represented by the matrix (0 cosf -—sin 9).
0 sinf® cosf

cosf@ 0 sind
® Arotation, angle 0, about the y-axis is represented by the matrix| 0 1 o0

—-sinf@ 0 cos@

cos@ -sinf 0
® Arotation, angle 6, about the z-axis is represented by the matrix | sin cos8 0]/
0 0 1

] @ In all cases, # is the angle
Explore rotations about the . . .
: ) measured anticlockwise when facing
coordinate axes using GeoGebra. Gt o
towards the origin from the positive

side of the axis.
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V3 1
2 0 3
0 1 0
1 V3
'202

a Describe the transformation represented by M.

b Find the image of the point with coordinates (-1, =2, 1) under the transformation represented
by M.

a

State the axis of rotation. You need to be familiar
with the general forms of matrices for rotations
about each of the coordinate axes.

cosb =2 50 0= 30° or 330°
sinis % s0 0 = 30° Use the top-left element to determine two

possible angles.

Rotation about the y-axis.

The transformation is a rotation anticlockwise

about the y-axis through an angle of 30° sin@ is positive so choose the angle in the first
/3 1 1-/3 quadrant.
2 0 2|/~ 2
b| o 1 Ofl-2]=| -2 Use your calculator to find this matrix product.
AL BT ] 1473 }
2 2 2
The coordinates of the image are
1-V3 1+ \--"3)
( 2 o 2

1

2

146

Write down the matrices representing the following transformations.
a Reflection in the plane x =0

b Reflection in the plane y =0

¢ Rotation of 180° about the y-axis

d Rotation of 90° anticlockwise about the z-axis

e Rotation of 270° anticlockwise about the y-axis

f Rotation of 300° anticlockwise about the x-axis

Describe the transformations represented by the following matrices.

z i,
1 0 0 0 0 1 B, T2
a(Ol 0) b(O 10) c|lv2 2

00 -1 -1 0 0 5 —5 0
0 0
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Linear transformations

1 0 0
M=(0 0 -1
01 0

a Determine the single transformation represented by the matrix M. (3 marks)
b The point A = (3, —1, 4) is transformed using this matrix. Find the coordinates of

the image of A. (1 mark)
¢ The point B = (a, —a, 2a — 1) is transformed to the point with coordinates

(a, a — 5, —a) using matrix M. Find the value of a. (3 marks)

P is the matrix representing a rotation of 120° anticlockwise about the z-axis.

a Write down the matrix P. (1 mark)
b A point Q = (3, -1, 0) is transformed using the matrix P. Find the coordinates of
the image of Q. (1 mark)
¢ A point R = (k, 0, k) is transformed using matrix P. Find, in terms of &, the exact
coordinates of the image of R. (3 marks)

A is the matrix representing a reflection in the plane x = 0 and B is the matrix representing a
reflection in plane y = 0.
a Write down the matrices A and B. (2 marks)
b The point P (a, b, ¢) is transformed using matrix A. Find the coordinates of P’

in terms of «, b and c. (2 marks)
¢ P’ istransformed using matrix B. Find the coordinates of the image of P’

in terms of «a, b and c. (2 marks)

V3 1
2 0
M=|0 1 0
1 V3
y Y 3
a Find the transformation represented by matrix M. (3 marks)
b The point with coordinates (k, —k, 0) is transformed using matrix M. Find,

in terms of k, the exact coordinates of the image of this point. (3 marks)

a Write down the matrix representing a rotation of 315° anticlockwise about the y-axis.

A tetrahedron T has vertices at (1, 0, —1), (1, 1, =1), (3, 2, 3) and (0, 0, 0).

b Find the images of the vertices of the tetrahedron under the transformation described
in part a.

¢: Henee find fievolume:ob @ The formula for the volume of a

tetrahedron is % x base area x height.

Challenge

a Find the 3 x 3 matrix representing a reflection in the plane x = 0 followed

by a reflection in the plane y = 0.

b Find the 3 x 3 matrix representing a rotation of 45° anticlockwise about

the x-axis followed by a reflection in the plane x = 0.
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m The inverse of a linear transformation

Since A-!A =1, you can use inverse matrices to reverse the
effect of a linear transformation.

® The transformation described by the matrix A-* has @ Reflections are self-inverse
the effect of reversing the transformation described e catlon GEE. 5
by the matrix A.

The matrix A = (_22 _45) represents a transformation 7.

Given that T'maps point P with coordinates (x, y) onto the point P" with coordinates (6, 10),
a find the coordinates of P,

The matrix B represents a transformation U. Given that the transformation 7 followed by the
transformation U is equivalent to a reflection in the line y = x,

b find B.

2.5 2 ) This represents the inverse transformation to 7.
-1 =1 You can find it quickly using your calculator.

= &= —
Cl-Es 2 a(5)=(10)

a A‘1=(

= ( 3156 ] Left multiply both sides by A~
_ 6 X L @
P has coordinates (35, —16). 2 ln(y) 2 1(10) 28 (y) =2 1(1"3)
b oa- (0 ()
By -2 . 2 1 The matrix representing 7 followed by U'is BA.
-— _1 i
= (1 o]( :

B _1 2 5 2 \\ This is equal to (1 (1)) which is the matrix for a
reflection in the line y = x.
Right multiply both sides by A-%. Remember that
the order is important.

waw=(0 o= (0 Ja

. 0 -1
lThematrlsz(1 O)

a Give a geometrical interpretation of the transformation represented by R.
b Find R

¢ Give a geometrical interpretation of the transformation represented by R-1.
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2 a The matrix S = (

-1 0)
0 -1

i Give a geometrical interpretation of the transformation represented by S.
ii Show that S> = 1.

iii Give a geometrical interpretation of the transformation represented by S-.

. 0 -1
b The rnatrmTz(_1 O)

i Give a geometrical interpretation of the transformation represented by T.
ii Show that T> =L
iii Give a geometrical interpretation of the transformation represented by T~

¢ Calculate det S and det T and comment on their values in the light of the transformations
they represent.

3 The matrix A represents a reflection in the line y = x and the matrix B represents an
anticlockwise rotation of 270° about (0, 0).

a Find the matrix C = BA and interpret it geometrically.
b Find C-! and give a geometrical interpretation of the transformation represented by C-'.
¢ Find the matrix D = AB and interpret it geometrically.

d Find D! and give a geometrical interpretation of the transformation represented by D-!.

® 4 The matrix A = (_13 _2) represents a transformation 7.
Given that 7"maps point P with coordinates (x, y) onto the point P’ with coordinates (5, 8),
a find the coordinates of P. (2 marks)

The matrix B represents a transformation U. Given that the transformation 7 followed by the
transformation U is equivalent to a reflection in the line y = —x,

b find B. (2 marks)

4 0

® se=f; 4
a State the transformation represented by matrix E. (1 mark)
b Use your calculator to find E-!. (1 mark)

A triangle T transformed using matrix E is such that the coordinates of the image are
(4,6), 9, ) and (3, 1).

¢ Using your answer to part b, find the coordinates of the vertices of 7. (2 marks)

6 M= (g g) where ¢ and b are non-zero constants.

a Find, in terms of ¢ and b, the matrix M1, (2 marks)

b The point D = (p, g) maps to the point (-6, 8) under the transformation represented
by M. Find, in terms of ¢ and b, the coordinates of D. (3 marks)
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i o1
2 2
R = v
13
2 2
a Describe fully the transformation represented by R. (2 marks)
—2:3 3
b The point (p, ¢) is mapped onto (l 22\8 ,2 +2\ 3) under the transformation
represented by R. Find the values of p and 4. (3 marks)

A=(y 3Janan= (2 7))

Triangle T is transformed to triangle 7" using the matrix AB.

Find the matrix P such that triangle 7" is mapped to 7. (3 marks)
6 -2

o (-4 1 )

The transformation represented by A maps the point P onto the point Q.

Given that Q has coordinates (a, b), find the coordinates of P in terms of @ and b. (4 marks)

1 0 1
M=({0 2 -2
1 3 -1

The point (a, b, ¢) maps to the point (3, 2, —1) under M. Find M~! and hence find
the exact values of @, b and c. (4 marks)

The 3 x 3 matrix P represents a reflection in the plane x = 0. The matrix Q represents an
anticlockwise rotation through 90° about the z-axis.

a Find the matrix M = PQ and interpret it geometrically. (3 marks)
b Use your calculator to find M~! and give a geometrical interpretation. (2 marks)
¢ Find the matrix N = QP and interpret it geometrically. (3 marks)
d Show that N-! = P-!Q-! and interpret geometrically the matrix N-!. (3 marks)
1 3 -1
The matrix A=|-1 1 2 |represents a transformation 7, in three dimensions.
2 0 -1
The matrix B represents a transformation U. Given that transformation 7" followed
by transformation U represents a reflection in the xy-plane, find B. (4 marks)



Linear transformations

Mixed exercise o

!

The matrix Y represents an anticlockwise rotation of 90° about (0, 0).

a FindY. (1 mark)
The matrices A and B are such that AB =Y. Given that B = (; %),
b find A. (3 marks)
¢ Describe the transformation represented by the matrix ABABABAB and write

down its 2 x 2 matrix. (2 marks)

The matrix R represents a reflection in the x-axis and the matrix E represents an
enlargement with scale factor 2 and centre (0, 0).

a Find the matrix C = ER and give a geometrical interpretation of the
transformation C represents. (4 marks)

b Find C-! and give a geometrical interpretation of the transformation represented
by C-1. (2 marks)
0 k)
k 0
Given that P represents a transformation 7, followed by a reflection in the line y = x,

-l

a find, in terms of k, a matrix representing 7. (4 marks)
b Given that the point (-3, —2) maps to point (9, 6) under 7, find the value of k. (2 marks)
¢ Given that the line y = mx, where m is a real constant, is invariant under 7, find

the two possible values of m. (3 marks)
. 2V3 =2 .
The matrix M = Y represents a rotation followed by an enlargement.
v
a Find the scale factor of the enlargement. (2 marks)
b Find the angle of rotation. (3 marks)
A point P is mapped onto a point P’ under M. Given that the coordinates of P’ are (a, b),
¢ find, in terms of @ and b, the coordinates of P. (4 marks)
0 1 0 1
Az(l 0) andB:(—l 0)
a Describe fully the transformations represented by the matrices A and B. (4 marks)
b The point (p, ¢) is transformed by the matrix product AB. Give the
coordinates of the image of this point in terms of p and q. (2 marks)
_ (-4 3 )
M= ( 1 =2

A triangle T has vertices at (k, 2), (6, 2) and (6, 7).

a Given that T'is transformed using matrix M, and the area of the resulting triangle
is 110, find the two possible values of 4. (3 marks)

b Show that the line x + 3y = 0 is invariant under this transformation. (4 marks)
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A=y YJanan=(g 5
a Find the matrix P = AB. (1 mark)
A triangle T is transformed using matrix P.
b Given that the area of 7" is 60, find the area of 7. (2 marks)
31
"z 2 ©
A=l 1 V3
2 2
0 0 1
a Find the transformation represented by matrix A. (3 marks)

b The point with coordinates (a, b, —a) is transformed using matrix M. Find, in
terms of « and b, the exact coordinates of the image of this point. (3 marks)

P= (g 2) where « is a non-zero constant.

a Find, in terms of a, the matrix P~ (2 marks)
b The point A maps to the point (4, 7) under the transformation represented
by P. Find, in terms of a, the coordinates of A. (3 marks)

The matrix P = ( 2) represents a transformation U.

-5 8
A triangle T is transformed by transformation U followed by an anticlockwise rotation
through 90° about the origin. The resulting image is labelled 7".

Find a matrix M representing a linear transformation that maps 7" back onto 7. (3 marks)
(-1 0 _ (4 —1)
A‘(o -1)3‘“’3‘(3 -2

The transformation represented by B followed by the transformation represented by A
is equivalent to the transformation represented by matrix P.

a Find P. (1 mark)
Triangle T is transformed to the triangle 7" by the transformation represented by P.

Given that the area of the triangle 7 is 35,

b find the area of triangle 7. (3 marks)

Triangle 7" is transformed to the original triangle 7" by the transformation represented
by matrix Q.

¢ Find Q. (2 marks)
1 0 0
A
M= 2 2
N
2 2
The point (a, b, ¢) maps to the point (0, 1, 1) under M. Find M-! and hence find the
exact values of @, b and c. (4 marks)



Linear transformations

1 -1 0

13 The matrix A = (2 0 4 ) represents a transformation 7.
3 -2 -1

Given that 7'maps point P with coordinates (x, y, z) onto the point P’ with coordinates
(3,7,4),

a find the coordinates of P. (3 marks)

The matrix B represents a transformation U. Given that the transformation 7 followed by the
transformation U is equivalent to a rotation through 90° about the x-axis,

b find B. (3 marks)

Challenge

1 Find the 3 x 3 matrix representing the single transformation that is
equivalent to a reflection in the plane y = 0, followed by a rotation of 90°
about the x-axis, followed by a reflection in the plane z = 0.

2 a Show that the transformation described by (
the plane onto the line y = x.
b Find the matrix representing the linear transformation that maps any
point in the plane onto the straight line y = m.x.
¢ Explain why, in general, the transformation that maps any point in the
plane onto the straight line ax + by = c is not a linear transformation.

0 1) o
0 1 maps any point in

Summary of key points

1 « Linear transformations always map the origin onto itself.
* Any linear transformation can be represented by a matrix.

+b
2 The linear transformation T* (;) — (ax Y

since (a b) (x)_ aos o
c d/\y] \ex+dy)”

3 Areflection in the y-axis is represented by the matrix (

) can be represented by the matrix M = (a b)
cx+dy ¢

0 ?) Points on the y-axis are

invariant points, and the lines x = 0 and y = k for any value of k are invariant lines.
4 A reflection in the x-axis is represented by the matrix ((1) 01). Points on the x-axis are
invariant points, and the lines y = 0 and x = k for any value of k are invariant lines.

1

0
are invariant points, and the lines y = x and y = —x + k for any value of k& are invariant lines.

5 Areflection in the line y = x is represented by the matrix (1) ) Points on the line y = x

=1

6 A reflection in the line y = —x is represented by the matrix _0 0 ) Points on the line y = —x

are invariant points, and the lines y = —x and y = x + k for any value of k& are invariant lines.
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The matrix representing a rotation through angle ¢ anticlockwise about the origin is (

cosf —sinf?)
sinf cos@ /)

The only invariant point is the origin (0, 0). For # = 180°, there are no invariant lines. For § = 180°,
any line passing through the origin is an invariant line.

A transformation represented by the matrix (g g) is a stretch of scale factor « parallel to the

x-axis and a stretch of scale factor b parallel to the y-axis.
In the case where a = b, the transformation is an enlargement with scale factor a.

For any stretch of the above form, the x- and y-axes are invariant lines and the origin is an
invariant point.

For a stretch parallel to the x-axis only, points on the y-axis are invariant points, and any line
parallel to the x-axis is an invariant line.

For a stretch parallel to the y-axis only, points on the x-axis are invariant points, and any line
parallel to the y-axis is an invariant line.

For a linear transformation represented by matrix M, det M represents the scale factor for the
change in area. This is sometimes called the area scale factor.

The matrix PQ represents the transformation Q, with matrix Q, followed by the transformation
P with matrix P.

-1 0 0
A reflection in the plane x = 0 is represented by the matrix ( 0 1 0).
@ @ 1

PR () R ()
A reflection in the plane y = 0 is represented by the matrix (0 -1 0).
0 0 1

1 0 O
A reflection in the plane z = 0 is represented by the matrix (0 1 0 )
0 0 -1

A rotation, angle 6, anticlockwise about the x-axis is represented by the matrix
1 0 0
0 cosf) -—sind
0 sinf cosd
A rotation, angle 6, anticlockwise about the y-axis is represented by the matrix
cos# 0 sind
0 1 0
—-sinf 0 cosd
A rotation, angle 0, anticlockwise about the z-axis is represented by the matrix
cosf —sind 0O
singd cosf O
0 0 1

The transformation described by the matrix A-1 has the effect of reversing the transformation
described by the matrix A.



Proof by induction

After completing this chapter you should be able to:

e Understand the principle of proof by mathematical induction and

prove results about sums of series — pages 156-159

® Prove results about divisibility using induction - pages 160-162

® Prove results about matrices using induction — pages 162-164

Prior knowledge check

Write down expressions for:

n
adr
=1

n+1
b Zl‘z ¢« Chapter 3

r=1
Prove that for all positive integers n,
3n+2 - 3njs divisible by 8.

« Pure Year 1, Chapter 7 These dominoes are set up so that, as each

domino falls, it knocks over the next one.
As long as the first domino is pushed over,

all the dominos will fall. You can prove

Mz(kil -Zs)a”dﬂz(g _28)

Find MN, giving your answer in terms of k.
« Section 6.2

mathematical statements in a similar way
using mathematical induction.




Chapter 8

m Proof by mathematical induction

® You can use proof by induction to prove
that a general statement is true for all
positive integers.

= Proof by mathematical induction usually
consists of the following four steps:

Step 1:
Step 2:
Step 3:
Step 4:

Basis:
Assumption:
Inductive:
Conclusion:

This method of proof is often useful for proving
results about sums of series.

m You need to carry out both the basis

step and the inductive step in order to complete
the proof: carrying out just one of these is not
sufficient to prove the general statement.

Prove the general statement is true for n = 1.

Assume the general statement is true for n = k.

Show that the general statement is then true forn=k + 1.
The general statement is then true for all positive integers, n

@ You can \ prove the general results for

Z?‘ Zf"' and ZP by induction.

r=1 r=1

« Chapter 3

Prove by induction that for all positive integers n, »_(2r — 1) = n2.

r=1

R T, - - T

r=1

12=1

20 -1=1 '—I_

EHS =
As LHS = RHS, the summation formula is true
forn = 1.

Assume that the summation formula is true for
n=k:
k

Yer -

r=1

=

1) = k*

With n = k + 1 terms the summation formula

[

becomes:

k+1 k

;(217'—1) g(z; Dt 2+ D=1
=k2+ 2%+ 1) -1)
=k?+2k+2-1)
=k?+ 2k +1
= (k + 12

Therefore, the summation formula is true when
n=k+1.

If the summation formula is true for n = k then
it is shown to be true for n = k + 1. As the
result is true for n = 1, it is now also true for

all n € Z* by mathematical induction.

156

:
e

m Z* is the set of positive integers,

1. Basis step
Substitute # = 1 into both the LHS and RHS of the
formula to check if the formula works forn = 1.

2. Assumption step
In this step you assume that the general
statement given is true forn = k.

3. Inductive step
Sum to k terms plus the (k + 1)th term.

This is the (k + 1)th term.
Sum of first k& terms is k2 by assumption.

This is the same expression as n® with n replaced
by k + 1.

4. Conclusion step

Result is true for n = 1 and steps 2 and 3 imply
result is then true for n = 2. Continuing to apply
steps 2 and 3 implies result is true forn =3, 4, 5,
etc.

i1, 2230
numbers.

It is equivalent to [, the set of natural



Prove by induction that for all positive integers n, Y 12 = %n(n +1)2n+1).
r=1

1
LHS = Y r2 =12 =
r=1
RHS = t@)@) = £ =1

n=1:

As LHS = RHS, the summation formula is true

forn=1.

Assume that the summation formula is true

forn = k:

k

>or2 = Tklk + )2k + 1) ]

With n = k + 1 terms the summation formula
becomes

Zr——Zrﬂ
=EW‘+ N2k + 1) +
2k + Nk(2k + 1) + 6k + 1)
Z(k + )(2k? + k + 6k + 6)
Lk + 1)(2k? + 7k + 6©)
(

(

(k + 1)

tk + 1)

= 2k + Nk + 2)(2k + 3)
=2l + Nk + 1)+ DK+ 1) + 1)

Therefore, the summation formula is true when
n=k+1.

If the summation formula is true for n = k, then ’—L
it is shown to be true for n = k + 1. As the
result is true for n = 1, it is therefore true for

all n € Z* by mathematical induction.

n
Prove by induction that for all positive integers n, Y _r2" =
r=1

n=1: IHS=Yror=12'=2

RHS =201+ -1N2Y=2(1) =2
As LHS = RHS, the summation formula is true

forn=1.
Assume that the summation formula is true
for n = k:

> ror=2(1 + (k - 129,

r=1

Proof by induction

1. Basis step
Substitute # = 1 into both the LHS and RHS of the
formula to check if the formula works forn = 1.

2. Assumption step
In this step you assume that the result given in
the question is true forn = k.

3. Inductive step
Sum to k terms plus the (k + 1)th term.

Rearrange to get same expression as
Zn(n +1)(2n + 1) with n replaced by k + 1.

4. Conclusion step

Result is true for n = 1 and steps 2 and 3 imply

result is then true for n = 2. Continuing to apply

steps 2 and 3 implies result is true forn =3, 4, 5,
S etc

2(1 + (n - 1)27).

1. Basis step

2. Assumption step
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With n = k + 1 terms the summation formula 3. Inductive step

becomes:
k+1 k :
G e R e R e e
r=1 r=1q

=201 + (k = 1)2% + (k + 1)2k+1
=2+ 20k — )2k + (k + 1)2F+7

I 21 x 2k = 2k+1
=2 + (k= )25 + (k + 1)2k+?
=2+ (k—1+k+ )2k
=2 + 2k2k+!
= 21 + k2k+) This is the same expression as 2(1 + (1 — 1)2")

4 with n replaced by k + 1.
= 2(1 + (tk + 1) — 1)2k+1)

Therefore, the summation formula is true when

peo=tlerg 1 4. Conclusion step

If the summation formula is true for n = k, then

it is shown to be true for n = k + 1. As the VEYG IS [duction can prove that a given
result is true for n = 1. it is now also true for statement is true for all n € Z, but it does not
alne 7+ by mathematical induction. he[p you derive statements.

Exercise @

EP 1

EP) 2
EP 3

GEP) 4

Prove by induction that for any positive integer n, > r = %n(n +1). (5 marks)
r=1
Prove by induction that for any positive integer n, Y _ 1% = %nz (n+ 1)~ (5 marks)
r=1
a Prove by induction that for any positive integer #:
Yor(r- 1)=%n(n+ I)n-1) (6 marks)
r=1
2n+1
b Hence deduce an expression, in terms of n, for > r(r — 1). (3 marks)

r=1

a Prove by induction that, for any positive integer #:

YrBr—1)=r(n+1) (6 marks)

r=1
b Hence use the standard result for Y3 to find a value of 7 such that Y _r3=4> r(3r - 1).

r=1 r=1 r=1 (5 marks)
Prove by induction that for any positive integer n,
LERY: 1 L. n 4 n(3n +95)
L R . 1 = ) =

a ; (3) =1 > b r;m.) (n+ 1) -1 ¢ ) D " DatD)
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Proof by induction

noo\2 n
6 The box below shows a student’s attempts to prove ( r) = >_r2using induction.
1

F= r=1

Let n = 1. Then LHS = (Zijlrz) = (1 =1, and RHS = Z]:]rz =12 =1, 50 that LHS = RHS (Basis step).
Now we assume the 5tat-ement is true for n = k: -

(%) -2
and so -for n= };+ 1 the statement is

k+142 k+1
(Zr) =) r

r=1 r=1

Hence, by the principle of mathematical induction, the statement is true for all n € Z*.

a Identify the error made in the proof. (2 marks)

b Give a counter-example to show that the original statement is not true. (1 mark)

7 A student claims that Y r = %(n2 + n + 1), and produces the following proof.
r=1

Assume that the statement is true for n = k:

k
Zr:%{k2+k+1}
r=1

Whenn =k + 1:
k+1

(k2 +k+1)+(k+1)
k2 +k+1+2(k+1)

(k2 +2k+10)+(k+1+1

el
e

This is the original formula but with n = k + 1. Hence, by the principle of mathematical induction,
the statement is true for all n € Z*.

((k+12+k+1+1)

a Identify the error made in the proof. (2 marks)

b Give a counter-example to show that the original statement is not true. (1 mark)

Challenge @ Sl 124 22— B4 - P
f=il

Prove by induction that for all positive integers n,
Y )P =3-1)"nn+1)
r=1
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€X) Proving divisibility results

You can use proof by induction to prove that a given expression is divisible by a certain integer.

Prove by induction that for all positive integers n, 3% + 11 is divisible by 4.

Let f(n) = 3%" + 11, where n € Z*.
f(1) = 320 + 11 = 9 + 11 = 20 = 4(5), which is
divisible by 4.
f(n) is divisible by 4 when n = 1.
Assume true for n = k, so that
f(k) = 32k + 11 is divisible by 4.
f + 1) = 32+ 4 11
= 3Pk 32 111
= 9(32) + 11
flk + 1) — f(k) = (9(3%%) + 11) = 3%k + 11)
— 5(32!\-)
= 4(2(32k)

1. Basis step

2. Assumption step

3. Inductive step

As both f(k) and 4(2(32%)) are divisible by 4 then
’7 the sum of these two must also be divisible by 4.

flk + )= f(k) + 4(2(3%%)

Therefore f(n) is divisible by 4 when n =k + 1.

If f(n) is divisible by 4 when n = k, then it has
been shown that f(n) is also divisible

by 4 when n =k + 1. As f(n) is divisible by 4
when n = 1, f(n) is also divisible by 4 for

all n € Z* by mathematical induction.

4. Conclusion step

Problem-solving

When proving that an expression f(r) is divisible
by r, you can complete the induction step by
showing that f(k + 1) — f(k) is divisible by r.

Prove by induction that for all positive integers n, n* — 7n + 9 is divisible by 3.

Let f(n) = n® — 7n + 9, where n € 7+,

f(1) =1 -7 + 9 = 3, which is divisible by 3.
f(n) is divisible by 3 when n = 1.

Assume true for n = k, so that

f(k) = k* — 7k + 9 is divisible by 3.
fk+N=Mk+102=-7k+1)+9

1. Basis step

2. Assumption step

3. Inductive step

=k*+3k2+3k+1=-7k+1)+9
SISl SRl EHTE T2 Use the binomial theorem or multiply out three

=k®+3k*-4k+3

160
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Proof by induction

fk + 1) — fk) = (k3 + 3k2 — 4k + 3) As both f(k) and 3(k? + k — 2) are divisible by 3
k3 -Tk+9) then their sum must also be divisible by 3.
=3k?+3k-6

=3kZ+k-2)
fike + 1) = f(k) + 3(k? + k = 2)
Therefore f(n) is divisible by 3 when n =k + 1. 4. Conclusion step
If f(n) is divisible by 3 when n = k, then it has
been shown that f(n) is also divisible by 3
when n =k + 1. As f(n) is divisible by 3 when
n =1, f(n) is also divisible by 3 for all n € Z*
by mathematical induction.

Prove by induction that for all positive integers n, 11"*! + 122~ is divisible by 133.

Let f(n) = 117+1 4 1220-1 where n € 7+,
f(1) = 112 + 12 = 133, which is divisible by 133.
f(n) is divisible by 133 when n = 1.

1. Basis step

Assume true for n = k, so that 2. Assumption step
f(k) = 115+ + 12261 is divisible by 133.
fik + 1) = 1Mk+1+1 4 1p20k+ 11 3. Inductive step

= ks (1)1 4 1221 (12)2
= 111K+ + 144(1226~") fgeae
= 1p2%-1+2
ik + 1) = (k) = ((11K+1) + 144(122k-1) B ey
A (11k+1 + 122!\-—1:] -

10(115+7) + 143(122%-1) Problem-solving

= k+1 2k-1
=100 -;1(?(12 ) Always keep an eye on what you are trying to
+133(12557) prove. You need to show that this expression is

=i gpsiaizasy divisible by 133, so write 143(12%~Y) as
+133(12247) 10(1226-1) + 133(122k-).
fik + 1) = f(k) + 10(11%+1 + 122k-1)
o) As both 11f(k) and 133(12%-1) are divisible by
= f(k) + 10f(k) + 133(122%-") ’7 133 then their sum must also be divisible by 133.
= 1f(k) + 133(122k1)

Therefore f(n) is divisible by 133 when n =k + 1. 4. Conclusion step

If f(n) is divisible by 133 when n = k, then it
has been shown that f(n) is also divisible by
133 when n =k + 1. As f(n) is divisible by 133
when n =1, f(n) is also divisible by 133 for all
n€ Z* by mathematical induction.
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Exercise

® 1 Prove by induction that for all positive integers #:

a 8" — 1 is divisible by 7 b 3% - 1is divisible by 8
¢ 5"+ 9"+ 2is divisible by 4 d 2* —1is divisible by 15
e 3!+ 1is divisible by 4 f n’+ 6n° + 8n s divisible by 3
g 1’ + 5nis divisible by 6 h 2"(3*")-1 is divisible by 17
2 f(n)=13"-6"
a Show that f(k + 1) = 6f(k) + 7(13%). (3 marks)
b Hence, or otherwise, prove by induction that for all positive integers #n, f(#) is
divisible by 7. (4 marks)
3 g(n)=5"-6n+8
a Show that g(k + 1) = 25g(k) + 9(16k — 22). (3 marks)
b Hence, or otherwise, prove by induction that for all positive integers n, g(n) is
divisible by 9. (4 marks)
4 Prove by induction that for all positive integers n, 8" — 3" is divisible by 5. (6 marks)
5 Prove by induction that for all positive integers n, 3*"*2 + 81 — 9 is divisible by 8. (6 marks)
6 Prove by induction that for all positive integers n, 2% + 3"~ 2is divisible by 5. (6 marks)

@ Proving statements involving matrices

You can use matrix multiplication to prove results involving powers of matrices.

Prove by induction that for all positive integers 7, (l _l) . (1 = 2n).

0o 2 0 2
=4 o L 1. Basis ste

= LHS‘(O 2)'(0 2) g

1 1=21 1 = . !

RHS: = 0 o =0 2 ) Substitute n = 1 into both the LHS and RHS of the

: ; formula to check to see if the formula works for
As LHS = RHS, the matrix equation is true for iy
H=H]

Assume that the matrix equation is true for

n=k:

(1 ~1]# _(1 - 2*‘) In this step you assume that the general
Ol g, 2k statement given is true forn = k.

2. Assumption step
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With n = k + 1 the matrix equation becomes

o 2V =6 2Jlo 2)

(OT 1—2*)(1 -1) — Use the assumption step.

okl 1\@ 2
140 -1+2-2{2*)’)
SRS, 0 + 2(2k

Proof by induction

3. Inductive step

As this is a proof, you should show your working
for each element in the matrix multiplication.
« Section 6.2

| g [P

(.O &t )
Therefore the matrix equation is true when

n=k+1

If the matrix equation is true for n = k, then
it is shown to be true for n = k + 1. As the

matrix equation is true for n = 1, it is also true
for all n € Z+ by mathematical induction.

Prove by induction that for all positive integers n,(

n=1 LHS= (f 2) _(f 2)
-3M+1 90 5> 9
-(1) 3(1)+1)=(-1 4)

As LHS = RHS, the matrix equation is true for
Ni=il:

RHS = (

Assume that the matrix equation is true for
n=k:

L This is the right-hand side of the original
equation with n replaced by k + 1.

4. Conclusion step

= 9)” B (—Sn +1  9n )
-1 4/ "\ -n 3n+1/)
1. Basis step

Substitute n = 1 into both the LHS and RHS
of the formula to check to see if the formula
works forn = 1.

2. Assumption step

(—2 9)*‘ . (-—3:’( + 1 ok )
-1 4/ "\ -k 3Bk+1
With n = k + 1 the matrix equation becomes

| Inthis step you assume that the general
statement given is true for n = k.

3. Inductive step

k+1
Bl =l 3
-3k + 1 =S
=( 3k + 1)( 4)
5 (6k -2-9k -27k+ 92+ 36k')
2k — 3k -1 -9k + 12k + 4
2(3:’(w2 9k+9)
-k 3k + 4
=3k +1) + 9k + 1)
2( —tk + 1) 3(k+1)+T)

Therefore the matrix equation is true when
n=k+1

L Use the assumption step.

This is the right-hand side of the original
equation with n replaced by k + 1.
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If the matrix equation is true for n = k, then 4. Conclusion step

it is shown to be true for n = k + 1. As the
matrix equation is true for n = 1, it is also true

for all n € Z+ by mathematical induction.

Exercise @

1 Prove by induction that for all positive integers 7,

(g} %)Hz([l) 21?1) (6 marks)

2 Prove by induction that for all positive integers n,

I G (G marks
3 Prove by induction that for all positive integers n,
(? ?) - (2»2j 1 {1)) (6 marks)
(E/P) 4 a Prove by induction that for all positive integers 7,
(; :i)nz (4n2; 1 1_-813) (6 marks)
b Hence find the value of #n such that:
2 36 3)=lo 2l (4 marks)
5 The matrix M = (g f)
a Prove by induction that for all positive integers n,
M = (% 5(2"1_ 1)) (6 marks)
b Hence find an expression for (M”)™" in terms of x. (4 marks)

Challenge

Prove by induction that for all n € Z+,
I G e =L

= 0
o1 o|l=|lo 1 o
0 -1 4 01‘34"4n
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Mixed exercise o

1 Prove by induction that 9" — 1 is divisible by 8 for all positive integers n. (6 marks)

® 2 The matrix B is given by B = ((1) g)
a Find B? and B. '
b Use your answer to part a to suggest a general statement for B”, for all positive integers n.

¢ Prove by induction that your answer to part b is correct.

3 Prove by induction that for all positive integers n, Y _(3r + 4) = %n(Sn +11). (6 marks)
r=1
. B E 9 16
@ 4 The matrix A is given by A = 4 _7)
; ; a (8n+1 l6n Sen i
a Prove by induction that A" = A PR for all positive integers n. (6 marks)
The matrix B is given by B = (A")".
b Hence find B in terms of #. (4 marks)

5 The function f is defined by f(n) = 5"~' + 1, where 7 is a positive integer.
y p g

a Show that f(n + 1) — f(n) = u(5™ "), where 4 is an integer to be determined. (3 marks)
b Hence prove by induction that f(n) is divisible by 6. (4 marks)
(E/P) 6 Prove by induction that 7" + 4" + 1 is divisible by 6 for all positive integers 7. (6 marks)
7 Prove by induction that for all positive integers n, Y _r(r + 4) = %n(n + D)(2n + 13). (6 marks)
r=1
8 a Prove by induction that for all positive integers #:
2n
Y= %n(Zn + 1)dn+1) (6 marks)
r=1
. 2n % x 2-k
b Given that Y ;2 = kY_2, show that k must satisfy n = -y (5 marks)
r=1 r=1 -
. : 2¢ 1 2
@ 9 The matrix M = 0 ¢ for some positive constant ¢
a Prove by induction that for all positive integers #:
o 2" — 1
M'=¢" & (7 marks)
0 1
b Given that det(M") = 50", find the value of c. (5 marks)

Challenge

M_(cosﬁ —sinG)
“\sinf cosf

a Prove by induction that for all positive integers n, M" = cos ni i :
sinnf  cosnfl

b Interpret this result geometrically by describing the linear
transformations represented by M and M".
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Summary of key points

1

166

You can use proof by induction to prove that a general statement is true for all positive
integers.

Proof by mathematical induction usually consists of the following four steps:
« Basis: Show the general statement is true forn = 1.
» Assumption: Assume that the general statement is true for n = k.

Inductive: Show the general statement is true forn =k + 1.
Conclusion: State that the general statement is then true for all positive integers, n.



Vectors

After completing this chapter you should be able to:

e Understand and use the vector and Cartesian forms of the equation

of a straight line in three dimensions - pages 168-175
® Understand and use the vector and Cartesian forms of the equation

of a plane - pages 175-178
e (alculate the scalar product for two 3D vectors - pages 178-184
e (alculate the angle between two vectors, two lines, a line and

a plane, or two planes - pages 184-189
e Understand and use the scalar product form of the equation

of a plane - pages 185-189
@ Determine whether two lines meet and determine the

point of intersection - pages 189-192
e (alculate the perpendicular distance between: two lines, a point and

a line, or a point and a plane - pages 193-201

Prior knowledge check

1 Find BC given that:

+ 7C=(2)on 5]

bABz(S)andCAz 0
4 3

« Pure Year 2, Chapter 12

Find the exact distance between the
points with coordinates:

a (3,-2)and (-1, 4)
b (1,3,-2) and (-3, 2, -5)
« Pure Year 2, Chapter 12

Given a = 4i — 3j + 2k, find:

a |a|

b the unit vector in the direction of a. L Vectors can be used to describe points, lines
& The lines /, and /, have equations ' and planes in 3D. Computer graphics artists
l:3x—4y=Tand,: 2x + 5y = -3. use 3D vectors to define shapes based on
Find the coordinates of the point of polygons. By creating a shape from thousands
intersection of /; and /. of polygons you can create the illusion of a
« Pure Year 1, Chapter 5 smoothly curved surface.




Chapter 9

m Equation of a line in three dimensions

You need to know how to write the equation of a straight line in vector form.

Suppose a straight line passes through a

given point A, with position vector a, and
is parallel to the given vector b. Only one

such line is possible. Let R be an arbitrary
point on the line, with position vectorr.

—_— —
Since AR is parallel to b, AR = ib, where
Ais a scalar.
The vector b is called the direction vector
of the line.
So the position vector r can be written as
a+/b. o

P

You can find the position
vector of any point R on
the line by using vector
addition (AOAR):

_—

r=a+ AR

= A vector equation of a straight line passing through the point A with position vector a, and
parallel to the vector b is

r=a+ib w r is the position vector of a general point on

the line. Scalar parameters in vector equations are often

where 1 is a scalar parameter. given Greek letters such as A (lambda) and p (mu).

By taking different values of the parameter 4, you can find the position vectors of different points

that lie on the straight line.
@ Explore the vector equation O
Example o of a line using GeoGebra.

Find a vector equation of the straight line which passes through the point A, with position vector
3i — 5j + 4k, and is parallel to the vector 7i — 3k.

3 7

Here a = (~5) and b = ( (@) ) b is the direction vector.
4 -3

An equation of the line is

5 7
4 -3
or r=(3i-5j+ 4k + A(7i - 3k)

o i (B Tl o)) el = Ak ~ You sometimes need to show the separate x, y, z

components in terms of 4.

3+ 74
RS ” _532 You can represent a 3D vector using column

X
~ notation, (}’). or using ijk-notation, xi + yj + zk.
“ 4 Pure Year 2, Chapter 12
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Now suppose a straight line passes through two given points C and D, with position vectors c and d
respectively. Again, only one such line is possible.

R

—
You can use CD as a direction vector for the line: You can now use one of the two given points

5 —d-c and the direction vector to form an equation for
the straight line.

= Avector equation of a straight line passing through the points C and D, with position

vectors ¢ and d respectively, is
@ You can use any point on the straight

r=c+id-c line as the initial point in the vector
where ] is a scalar parameter. equation. An alternative vector equation

for this line would ber=d + A(d — ¢).
Example o

Find a vector equation of the straight line which passes through the points 4 and B, with
coordinates (4, 5, —1) and (6, 3, 2) respectively.

4 G
a= ( 5) b= (3) Write down the position vectors of 4 and B.
-1 2
6 4 2
b-a=|3]-|5]=|-2 Find a direction vector for the line.
2 -1 3
I Use one of the given points to form the equation.
4\ /2 ]
r=|5|+1 -2
-1 5 You don't have to use & for the parameter. In this
L— example, the parameter is represented by the
orr = (4i + 5j — k) + 1(2i - 2j + 3k) letter ¢.
orr=(4+20i+ (5 =20+ (-1 + 30k
Ay Dy — You can give your answer in any of these forms.
prir= (5 - 2.')
-1+ 3¢
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The straight line / has vector equation r = (3i + 2j — 5k) + #(i — 6j — 2k).
Given that the point (a, b, 0) lies on /, find the value of @ and the value of b.

3+

= ( 2 -6t ) You can write the equation in this form.

=5H.= 2f
-5-2t=0 Use the z-coordinate (which is equal to zero) to
p— find the value of 1.

2
a=3 ¥it= -;— —‘
b=2-6t=17 Find @ and b using the value of 1.
a= % and b =17

The straight line / has vector equation r = (2i + 5j — 3k) + 4(6i — 2j + 4k).
Show that another vector equation of /isr = (8i + 3j + k) + p(3i — j + 2k).

2 6
Use the equationer=| 5 | + 4| -2 |.

—3 4
To show that (8i + 3j + k) lies on /, find a value of
A that gives this point. It is often easier to work in

)
Wheni=1r= (3), so the point (8, 3, 1) lies

onl ! column vectors.
) 3
('2) = 2('1) S0 these two vectors are If one vector is a scalar multiple of another then
4 2 the vectors are parallel.
parallel.
So an alternative form of the equation is
8 3 m Using the same value of the
r= (3) + ”(_1) parameter in each equation will give different
1 2 points on the line. You should use a different

letter for the parameter of the second equation.

You also need to be able to write the equation of a line in three dimensions in Cartesian form.
This means that the equation is given in terms of coordinates relative to the x-, y- and z-axes.

@ by
s Ifa= (“z) andb = (bz) the equation of the line with vector equation r = a + ib can be given
a, bs

in Cartesian form as

X=@ Y—aG I-a

Each of the three expressions is equal to A.
by b b P ;
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With respect to the fixed origin O, the line / is given by the equation

a b,
d; by

a Prove that a Cartesian form of the equation of /is

x—al_y—az_z—a3

by~ by by

4 -1
b Hence find a Cartesian equation of the line with equation r = ( 3 ) + ?L( 4 )

a, + Ab,
= az + Abg

X
a (}’)
o (1] o Abn}

.tza»]+Ab],y=az+ib212=a3+)lb3 j

Rearranging,

.>C—(4!1 }’—az 4—6!3
A= A= W
b b b -
XxX-a _y-a, z-as
S T
bx—4 y-3 z4p2
-1 2 5

4 1

a Show that P does not lie on /.

] 1 2
The line / has equation r = ( 1 ) + k(—Z), and the point P has position vector (1)

0
Given that a circle, centre P, intersects / at points 4 and B, and that A has position vector (— 3),

b find the position vector of B.

Vectors

-2 5

Write the position vector of the general point on

X
the lineasr= (y)

e

Use the vector equation of the line to write
expressions for x, y and z in terms of 4.

Make 4 the subject of each equation.

For any point on the line, the value of 4 is
a constant, so equate the three different
expressions for 4.

If you need to convert between vector and
Cartesian forms you can quote this result without
proof in your exam. Be careful with the signs on
the top of each fraction.

3

6

171



Chapter 9

a

172

-2+ A
r= 1-24
4+ 2

If P(2, 1, 3) lies on the line then
2==2+ A =i=4
1= 1-22=4=0
3= 4+ A =1=-

20 P does not lie on L

593

|AP| = \p"ll.22 + 42 + (-3)2 = /29

—2:te A
The position vector of Bis| 1 - 24|
4+ A

i ilE s sl
BP=(1)— f—zilel 23
3 A 3 & s

(4 — 22 + 442 + (1 — 12 = 29

16 -8l +A2+412 +1+24+12=29 ]

LT

G2 —GA+17 =29
G2 -6A-12=0

A2-1-2=0
A-2A+17=0
Sodl=2o0rd=-1
5 -
A= 2 gives | =3 ). This is the position
G
vector of point 4.
-3
A=-1gives | 3 |. This is the position
3

vector of point B.

Problem-solving

It is often useful to write the general point on
a line as a single vector. You can write each
component in the form a + Ab.

If P lies on [, there is one value of 1 that satisfies
all 3 equations. You only need to show that two of
these equations are not consistent to show that
P does not lieon L

The distance between the points with position

ay by
vectors | 4z | and | b2 | is
d; b

V(b — a)2 + (b, — a;)% + (b; — a5)%. As Pis the
centre of the circle and A lies on the circle, the
radius of the circle is v29.

« Pure Year 2, Chapter 12

Use the general point on the line to represent the
position vector of B.

B
B lies on the circle so the length |BP| =v29.

Solve the resulting quadratic equation to find two
possible values of 4. One will correspond to point
A, and the other will correspond to point B.

-2+ .1)
1 — 24 |. Check that
4+ A
one of the values gives the position vector of 4.
The other value must give the position vector
for B.

Substitute values of A into (



1

For the following pairs of vectors, find a vector equation of the straight line which passes
through the point, with position vector a, and is parallel to the vector b:

a a=6i+5-kb=2i-3j-k ba=2i+5,b=i+j+k
) g

c a=-T7i+6j+2k b=3i+j+2k daz(O),b=(2)
4 1

el

For the points P and Q with position vectors p and q respectively, find:
—
i the vector PQ

ii a vector equation of the straight line that passes through P and Q

a p=3i-4j+2k,q=5i+3j-k b p=2i+j-3k q=4i-2j+k
3 )

¢ p=i-2j+4k, q=-2i-3j+2k dpz(—l),qz(S)
4 1

JRENG

Find a vector equation of the line which is parallel to the z-axis and passes through the point
(4, -3, 8).

a Find a vector equation of the line which passes through the points:

i (2,1,9)and (4,-1,8) ii (-3,5,0)and(7,2,2)
iii (1, 11, -4)and (5,9, 2) iv (-2, -3,-7)and (12, 4, -3)
. . o X—=a y—d zZ-d -
b Write down a Cartesian equation in the form = B B for each line in part a.
1 2 3

The point (1, p, g) lies on the line /. Find the values of p and ¢, given that the equation of /is:

e U N I T

x—-4 y+1 z-3
2 -4 =8

2 -1
The line /, has equationr = ( 1 ) F 2( ) ) The line /, has equation
-3 4

Show that /, and /, are parallel.

Show that the line /; with equation r = (3 + 24)i + (2 — 34)j + (-1 + 44)k is parallel to the line /,
which passes through the points 4(5, 4, —1) and B(3, 7, -5).

Show that the points @ Points are said to be collinear if

A(=3,-4,5), BG3, -1, 2) and they all lie on the same straight line.
C(9, 2, —1) are collinear.

1 3 10
Show that the points with position vectors ( 7 ), (—1) and ( 4 ) do not lie on the same

straight line. -2 8 0
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10

11

12

13

14

15

16

174

The points P(2, 0, 4), Q(a, 5, 1) and R(3, 10, b), where a and b are constants,
are collinear. Find the values of @ and b. (5 marks)

The line /, has equation
r=(8i - 5j + 4k) + A(3i + j — 6k)

A is the point on /; such that 4 = -2.

The line /, passes through A and is parallel to the line with equation
r=(10i + 3j — 9k) + A(2i — 4j + k)

Find an equation for /,. (6 marks)

The point A with coordinates (4, «, 0) lies on the line L with vector equation
r=(10i + 8j — 12k) + A(i — j + bk)

where @ and b are constants.

a Find the values of a and b. (3 marks)

The point X lies on L where 4 = —1.

b Find the coordinates of X. (1 mark)
3 |

The line / has equationr=( -5+ 4 2 |.
9 -2

A and B are the points on / with A = 5 and 4 = 2 respectively.

Find the distance AB. (4 marks)
1 2

The line / has equationr= (-2 |+ A[ 1 |.
3 -1

C and A4 are the points on / with 4 = 4 and 1 = 3 respectively.
A circle has centre C and intersects / at the points 4 and B.

Find the position vector of B. (3 marks)
|} .
The line / has equation x — 5 = 2 ; 1 = %
_ Writex-5as*= 2 and convert the equation of
A circle C has centre (4, —1, 2) and radius 3v5. the line into vect%:r form.
Given that C intersects / at two distinct points,
A and B, find the coordinates of 4 and B. (7 marks)

—4 1
The line /, has equation r = ( 6 ) + A(— 1). A and B are the points on /, with A =2 and

A = 5 respectively. > l

a Find the position vectors of A4 and B. (2 marks)

3
The line /, passes through the point P and is parallel to the line /.

0
The point P has position vector (2)

b Find a vector equation of the line /,. (2 marks)
The points C and D both lie on line /; such that AB= AC = AD.
¢ Show that P is the midpoint of CD. (7 marks)




17 A tightrope is modelled as a line segment between points with coordinates (2, 3, 8) and
(22, 18, 8), relative to a fixed origin O, where the units of distance are metres. Two support
cables are anchored to a fixed point 4 on the wire. The other ends of the cables are
anchored
to points with coordinates (14, 1, 0) and (6, 17, 0) respectively.

a Given that the support cables are both 12m long, find the coordinates of 4. (8 marks)

b Give one criticism of this model. (1 mark)

@ Equation of a plane in three dimensions

The equation of a plane can be written in vector form.

Suppose a plane passes through a given point A, with position vector a. # R
Let R be an arbitrary point on the plane, with position vector r. /f'7 /

a
_ 7
Then, using the triangle law,r=a + AR.

(0]

—
Since AR lies in the plane, it can be

R
written as Ab + pc, where b and c are 2 jﬂc
non-parallel vectors in the plane and I b f:

where A and p are scalars.

So the position vector r can be written as r = a +ib + puc.

® The vector equation of a planeis r = a + ib + uc, where:

r is the position vector of a general point in the plane

ais the position vector of a point in the plane

b and ¢ are non-parallel, non-zero vectors in the plane

A and p are scalars

Find, in the form r = a + ib + pc, an equation of the plane that passes through the points
A(2,2,-1), B(3,2,-1) and C(4, 3, 5).
There are many other forms of this

Ers — answer which are also correct. You could
AB and AC are vectors which lie in the plane. ™ use 3i+ 2i — kor 4i + 3j + 5k instead of

AB=0B-04=i 2i + 2j — k in the equation.
—_— — —
AC=0C-04=2i+j+¢k

So an equation of the plane is You could write this equation as
2 1 2

r=2i+2j—k+4i+p2i+j+ 6k r (2)+A(0)+ (1)
= Iz
-1 0 6
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Verify that the point P with position vector (

RHRENY

3+21+ p

2
2 ) lies in the plane with vector equation
-1

The position vector of any point on the plane can

r=| 4+ A—- pu
-2+ A+ 2u

If P lies on the plane,

2 1 S ey

(2): 4+ A1- pu

=1 . ST B

2= 3 +21 + p s0 21+ p=-1 ()

2= 4 + 1 - pu so A- u=-2(2)
-1==-2 + A +2u s0 A+2u=1 (3)

Solving equations (2) and (3) simultaneously,
(3) - (2): Bl=3 0 p=1
Sub in (2): A-1=-2 s0 A=-1
Check in equation (1):

24+ p=-2+1=-15s0 P lies in the plane.

be written in this form.

Problem-solving

If the point P lies on the plane then there will

be values of 4 and p that satisfy all three of
these equations simultaneously. Solve one pair
of equations simultaneously, then check that the
solutions satisfy the third equation.

The direction of a plane can be described by giving a normal vector, n. This is a vector that is

perpendicular to the plane.

One normal vector can describe an infinite number of parallel planes, so the normal vector on its own
is not enough information to define a plane uniquely.

n=adai+bj+ck

'
X

® A Cartesian equation of a plane in three
dimensions can be written in the form
ax + by + cz=dwhere a, b, cand d are
a

constants, and (b) is the normal vector
C
to the plane.

@ Compare this equation to the Cartesian
equation of a line in two dimensions: ax + by = c.

@ Explore the vector and Cartesian O

equations of a plane using GeoGebra.

You can derive this result using the scalar product, which you will learn about later in this chapter.
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The plane I7 is perpendicular to the normal m B e

vector n = 3i — 2j + k and passes through the
point P with position vector 8i + 4j — 7k.
Find a Cartesian equation of 1.

capital Greek letter pi, 1.

The general equation is ax + by + ¢z = d where

a 3
3x-2y+z=d ’7 the normal vector is (b) = (_2)_

¢ 1
Ix&—-—2x4+1x(=7)=9
S0 d = 9 and the Cartesian equation of IT is
3x—2y+z=2

Exercise

1 Find, in the form r = a + Ab + pc, an equation of the plane that passes through the points:

L Substitute the values of x, y and z for point P into
this question to find the value of .

a (1,2,0),(3,1,-1)and (4, 3, 2) b (3,4,1),(-1,-2,0)and (2, 1, 4)
¢ (2,-1,-1),(3,1,2)and (4,0, 1) d (-1,1,3),(-1,2,5)and (0, 4, 4).
-1
2 The plane I7 is perpendicular to the normal vector | 3 | and passes through the point with
4 2
position vector | =2 |. Find a Cartesian equation of I7.
6

2 3 1
® 3 Find the value of k, given that the plane IT with vector equation r = (—1) + E( 2 ) + ,u,(—l)

passes through the points: ) e :

a (7,-1,k) b (1,k 11) ¢ (k, -4, 10) d (10, k, —k)

4 A Cartesian equation of the plane I7is 2x — 3y + 5z = 1.
a Verify that the plane passes through the point: i (1,2, 1) ii (2,-4,-3)

b Write down an equation of a normal vector to the plane.

5 The line / is normal to the plane IT with Cartesian equation 5x — 3y — 4z = 9 and passes
through the point (2, 3, -2). Find:

a a vector equation of / b a Cartesian equation of /

6 The diagram shows a cube with a vertex at the origin
and sides of length 3.
Find Cartesian equations for the planes containing
each face of the cube.

177



Chapter 9

7 Show that the points (2, 2, 3), (1, 5, 3), (4, 3, =1) and (3, 6, —1) are coplanar. (6 marks)

M Points are said to be coplanar if they

all lie on the same plane.

8 Show that the points (2, 3, 4), (2, -1, 3), (5, 3, =2) and (-1, -9, 8) are not coplanar. (6 marks)

9 The plane IT has vector equation r = 3i — 2j + k + A(=2i + 3j + 5k) + (4i + 2j - 3k).
The point A lies on I such that A =1 and p = 2.

a Find the position vector of A. (2 marks)

Point B has coordinates (1, -7, —1).

b Show that B lies on II. (2 marks)

The line / passes through points 4 and B.

¢ Find a vector equation of /. (3 marks)
; : = et

The point C lies on / such that |OA | = |OC‘.

d Find the position vector of C. (3 marks)

Challenge

A plane has vector equation r = 2i + 3] + A(i — 2j + k) + p(2i — j + 3k).
A line has vector equation r = (2i + 6 + k) + ¢(5i — 7] + 6k).
Show that the line lies entirely within the plane.

@ Scalar product

You need to know the definition of the scalar product of two vectors in either two or three
dimensions, and how it can be used to find the angle between two vectors. To define the scalar
product you need to know how to find the angle between two vectors.

On the diagram, the angle between the vectors a and b is 6.

Notice that a and b are both directed away from the point X.

|

Find the angle between the vectors a and b on the diagram.

20°
X

b

For the correct angle, a and b must both be
pointing away from X, so re-draw to show this.

The angle between a and b is 160° — 20° = 160"
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® The scalar product of two vectors a and b is written as a.b, and defined as

a.b = |a||b| cos 6 m The scalar product

is often called the dot product.

where @ is the angle between a and b.
You say ‘a dot b'.

A

You can see from this diagram

a that if a and b are the position @ Use GeoGebra o

vectors of 4 and B, then the to consider the scalar product
angle betweenaand bis ZA0B. as the component of one vector
0 in the direction of another.
o > B
b
a.b

= If a and b are the position vectors of the points 4 and B, then cos(ZAOB) = la||b|

If two vectors a and b are perpendicular, the angle between them is 90°.
Since c0s90° =0, a.b = |a||b| c0s90° = 0.
® The non-zero vectors a and b are perpendicular if and only if a.b = 0.

If aand b are parallel, the angle between them is 0°.

® If a and b are parallel, a.b = |a||b|. In particular, a.a = |a|2.

Find the values of
a ij b k.k ¢ (4j).k + (3i).(3i)

i and j are unit vectors (magnitude 1), and are
perpendicular.

a ij=1x1xco590°=0

BBESY R X 0= kis a unit vector (magnitude 1) and the angle

between k and itself is 0°.
c (4j).k + (3i).(3i)
=4 x1xcos920°% + (3 x 3 x cos0°)
=0+9=29

a b,
Given that a = (ﬂz) and b =| b, |, prove that a.b = a,b, + a,b, + a;b;.
s by
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ab = {afj + azj + 33k).(b1i + sz + bgk)
= a1i.(b]i + sz + b’jk)
+ asj.(bji + byj + bsk)
+ ank.{b1i + bz‘j + bgk)
= (ai).(byi) + (a)i).(bzj) + (a:i).(bsk)
+ (azj).(byi) + (az)).(b2j) + (22)).(bsk)
+ (azk).(bji) + (a:k).(bsj) + (a:k).(bsk)

Use the results for parallel and perpendicular unit

= (aby)i.i + (aibo)ij + (abslik
+ (aghy)j.i + (azbs)j.j + (azbs)j.k
+ (agbfl)k.i + (a3b2Jk.j + (aqb'a)k.k

vectors:
i=jj=kk=1

iij=ik=ji=jk=ki=kj=0
= a1b1 + agbe + a3b3 ‘ j ] ‘

The above example leads to a simple formula for finding the scalar product of two vectors given in

Cartesian component form:

® If a = a,i + a,j + a;kand b = b,i + b,j + b5k,

a, b]_
a-b = (aZ)a bz = albl -+ azbz + a3b3
a; b3

You can use this result without proof in your exam.

Given thata=8i— 5j—4k and b= 5i + 4j - k,
a Find a.b.

b Find the angle between a and b, giving your answer in degrees to 1 decimal place.

& 5
a a.b= (—5).( 4) Write in column vector form.
—4
=@ x35)+(-5x4) + (-4 x-)——— Usea.b=a,b; + a:b, + a3b;.
=40-20+4
=24
b a.b = |a||b| cosf Use the scalar product definition.

|al = /8 + (57 + (-4F = /105

|b| =52 + 42 + (-1)2 = /42

V105 V42 cosf = 24 Use a.b = |a||b]| cos 6.
2os g i

V105 V42

8 =6588°(1dp)

Find the modulus of a and of b.

cosfl =
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Vectors

Given that a = —i + j + 3k and b = 7i — 2j + 2k, find the angle between a and b, giving your answer
in degrees to 1 decimal place.

N /(7
ab=|1[l-2|=-7-2+6=-3
3 2 For the scalar product formula, you need to find

la| = /(=12 + 12 + 32 = /11 a.b, [a| and |b|.

|b| =72 + (=22 + 22 = /57
V11V57 cosf = -3

cosfl =

- Use a.b = [a||b| cos .

-3
V157
6 =96.9° (1 d.p.

Given that the vectors a = 2i — 6j + k and b = 5i + 2j + Ak are perpendicular, find the value of A.

2N (5
ab=|-¢cl.2
! 4 Find the scalar product.

The cosine is negative, so the angle is obtuse.

=10-12+4
=-2+1
-2+4=0
A=:2

Given that a = -2i + 5j — 4k and b = 4i — 8j + 5k, find a vector which is perpendicular to both
aandb.

For perpendicular vectors, the scalar product is
zero.

X X
a.(}’) =0 and b. (}) =0 Both scalar products are zero.
=2\ {x! 4 X!
5 ||y |=0and (—6). y|=0
-4/ \z 5] z
—-2X+ 5y —4z=0 ]
4x -8y +5z=0 (2)
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tetz=1 Choose a (non-zero) value for z (or for x, or for y).

-2x+5y=4 (from 1)—‘
4x - 8y =5 (from 2) Solving simutaneously gives
X= % and y =%
73 3
Sox=z,y=5andz=1

A possible vector is %i + %j + k.
L You can multiply by a scalar constant to find

Che another vector which is also perpendicular to
4Fi+5j+ k) =7i+gj+ 4k Bethe 0B

The points 4, B and C have coordinates (2, -1, 1), (5, 1, 7) and (6, -3, 1) respectively.
—_—

a Find E.AC

b Hence, or otherwise, find the area of triangle ABC.

s 3 g 4
a AB=|2]and AC =| -2

G 0

Another possible vector is

TH AL = SediE B eSS E

b |4B| =VF+ 22+ 2 =7

— — Use the scalar product to find the angle between
AB.AC = e .
cos(£BAC) = ‘ _,‘ | _,‘ AB and AC.Then use area = zabsin@ to find the
AB114C area of the triangle.
__ B
i 2\;5
=0.2555 4

ABAC =751937:..°

Area :%lﬁl | 4C |sin(zB4C)

= % x 7 x 245 sin(75.1937...°) You could find 4Bf.1C by ﬁndiﬁg the lengths‘AB,
BC and AC and using the cosine rule, but it is
=1513 (2 d.p) quicker to use a vector method.
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The vectors a and b each have magnitude 3, and the angle between a and b is 60°. Find a.b.

For each pair of vectors, find a.b:

a a=35i+2j+3k,b=2i-j-2k b a=10i - 7j+4k, b=3i-5- 12k
ca=i+j-k b=-i-j+4k d a=2i-k,b=06i-5-8k

e a=3j+9k b=i-12j+4k

In each part, find the angle between a and b, giving your answer in degrees to 1 decimal place:

a a=3i+7,b=5i+]j b a=2i-5jb=06i+3j

c a=i—-T7j+8k,b=12i +2j+ k d a=-i-j+5k b=11i-3j+4k
e a=6i—-7j+12k,b=-2i+j+k f a=4i+ 5k, b=06i-2j

g a=-5i+2j-3k,b=2i-2j- 11k ha=i+j+kb=i-j+k

Find the value, or values, of 4 for which the given vectors are perpendicular:

a 3i+ 5jand Zi + 6] b 2i+ 6j—kand i — 4j — 14k

¢ 3i+4j—-8kand7i-5j+k d 9i-3j+ Sk and i + 4j + 3k

e 2j+3j-2kandAi+ 4j + 5k

Find, to the nearest tenth of a degree, the angle that the vector 9i — 5j + 3k makes with:

a the positive x-axis b the positive y-axis

Find, to the nearest tenth of a degree, the angle that the vector i + 11j — 4k makes with:

a the positive y-axis b the positive z-axis

The angle between the vectorsi + j + k and 2i + j + k is . Calculate the exact value of cos 6.
The angle between the vectors i + 3j and j + Ak is 60°. Show that 4 = + VIII%
Find a vector which is perpendicular to both a and b, where:
aa=i+j-3k,b=5i-2j-k b a=2i+3j-4k,b=i-6j+3k

c a=4i-4j-k,b=-2i-9j+ 6k

The points A and B have position vectors 2i + 5j + k and 6i + j — 2k respectively, and O
is the origin. Calculate each of the angles in /AOA B, giving your answers in degrees to
1 decimal place.

The points A, B and C have coordinates (1, 3, 1), (2, 7, -=3) and (4, -5, 2) respectively.
a Find the exact lengths of 4B and BC.
b Calculate, to one decimal place, the size of ZABC.

Given that the points 4 and B have coordinates (7, 4, 4) and (2, 2, 1) respectively,

a find the value of cos Z4AOB, where O is the origin (4 marks)
b show that the area of AAOB is % (3 marks)
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® 13 ABis a diameter of a circle centred at the Problem-solving

origin O, and P is a point on the o '
. . s This is a vector proof of the fact that the angle in
circumference of the circle. By considering (s
a semi-circle is 90°.

the position vectors of A, B and P, prove
that AP is perpendicular to BP.

14 Points 4, B and C have coordinates (5, -1, 0), (2, 4, 10) and (6, —1, 4) respectively.

e —

a Find the vectors CA and CB. (2 marks)

b Find the area of the triangle ABC. (4 marks)
¢ Point D is such that A, B, C and D are the vertices of a parallelogram. Find the coordinates

of three possible positions of D. (3 marks)

d Write down the area of the parallelogram. (1 mark)

15 The points P, Q and R have coordinates (1, —1, 6), (-2, 5, 4) and (0, 3, —5) respectively.
a Show that PQ is perpendicular to QR. (3 marks)
b Hence find the centre and radius of the circle that passes through points P, Q and R.

(3 marks)
Challenge

1 Using the definition a.b = |a||b| cos 6, prove that a.b = b.a.
2 The diagram shows arbitrary vectors a, b and ¢, and the vector b + c.

a Show that:
i a.b+c)=|alxPQ
ii a.b=|a]x PR
iii a.c=|a] x RQ
b Hence prove that a.(b + ¢) =a.b + a.c.

m Calculating angles between lines and planes

If two straight lines in three dimensions intersect, then you can calculate the size of the angle
between them using the scalar product.

® The acute angle 0 between two intersecting M The modulus signs around the

straight lines is given by whole expression ensure you get an acute angle.
a.b If you need to work out the size of an obtuse

|a||b] angle between two lines, use the formula then

. . . subtract the resulting acute angle from 180°.
where a and b are direction vectors of the lines.

cosf =
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The lines /; and /, have vector equations r = (2i + j + k) + #(3i — 8j — k) and
r = (7i + 4j +k) + s(2i + 2j + 3k) respectively.

Given that /; and /, intersect, find the size of the acute angle between the lines to one decimal place.

3 2
a= (—8) and b = (2) Use the direction vectors.
—1 3
a.b
cosf =
a||b|

+=(3)(2)

=6-16-3=-13
la] =32 + (=82 + (-1)2 = /74
|b| =vV22 + 22 + 32 = 17
13|
V7% {17 |
6 =685° (1dp)

Use the formula. Be careful with the modulus
signs. If cos @ is positive then @ will be an acute
angle, as required.

cost =

You can use the scalar product to write a vector equation of a plane n
efficiently. T
Suppose a plane IT passes through a given point 4, with position | 1
vector a, and that the normal vector n is perpendicular to the plane. /4r"'7'R /
Let R be an arbitrary point on the plane, with position vector r. V

—_—
Then, AR =r—a 0

_ —_— —
As AR is a vector which lies in the plane, AR is perpendiculartonso AR.n=0.
This means (r—a).n=0

You can rewrite this as r.n=a.n

Since a is a fixed point, a.n is a scalar constant, k, and the equation of the plane IT is rn = k.

® The scalar product form of the equation of a plane is r.n = kX where & = a.n for any point in
the plane with position vector a.

The plane I7 passes through the point 4 and is perpendicular to the vector n.

2 3

—_—

Given that 04 = ( 3 ) andn= ( 1 ) where O is the origin, find an equation of the plane:
-5 -1

a in scalar product form b in Cartesian form
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Use r.n = k where k = a.n for any point in the
plane with position vector a.

a r.n=k where k = a.n

=)

=2x3+3x1+ (-5 x(-1)
=6+3+5=14
So a scalar product form of the equation

3
of Hisr| 1] =14
=1 Problem-solving

b |y ? = You can convert between scalar product form and

z] \—~1 Cartesian form quickly by writing the general
Pon e R position vector of a point in the plane as r = ¥ |.
3x+y-z=14 -

You need to be able to calculate the angle between a line and a plane.

Find the acute angle between the line / with equation

r=2i+j— 5k + 4(3i + 4j — 12k) and the plane with m Explore the angle between O

equation r.(2i — 2j — k) = 2. a line and a plane using GeoGebra.

_plane Draw a diagram showing the line, the

‘‘‘‘ plane and the normal to the plane. Let the
required angle be o and show e and @ in
your diagram.

line [

The normal to the plane is in the direction

n=2i-2j-k
The angle between this normal and the line ['is 6,
(Bi+4j-12k).(2i-2Zj— &) First find the angle between the given line
where cos fl = -
URE R s e R and the normal to the plane.

__10__10

" 13x3 39 Subtract the angle # from 90°, to give angle
So the angle between the plane and the line I is @ ———— @, or use the trigonometric connection that
where a + 6 = 90°. cosfl =sin a.

So sina = % and a = 14.9°

® The acute angle 0 between the line with equation r = a + ib and the plane with equation
r.n = k is given by the formula

b.n
|b||n]

sin@ =
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You need to be able to calculate the angle between two planes.

Example @
¢

Find the acute angle between the planes with equations @ Visualise the angle between
r.(4i + 4j — 7k) = 13 and r.(7i — 4j + 4k) = 6 respectively. two planes using GeoGebra.

Draw a diagram showing the planes and the
normals to the planes. Let the required angle be
« and show « and @ in your diagram.

The normals to the planes are in the directions
n=4i+4j- 7k and ny = 7i — 4j + 4k
The angle between these normals is 6, where First find the angle between the normals to the
(4i+4j - 7R7i-4j+ 40 T planes,
V4% + 47 + (<707 77 + (-4)7 + 47
o 28 1c-28
V16 + 16 + 49 V49 + 16 + 16

_ 16

e
So 6 = 101.4°

So the angle between the planes is Subtract the angle # from 180°, to give angle .
180 - 1014 = 76.6°

cosf =

® The acute angle 0 between the plane with equation r.n, = k, and the plane with equation
r.n, = k, is given by the formula
n;.n;

[y ||my|

1 Given that each pair of lines intersect, find, to 1 decimal place, the acute angle between the
lines with vector equations:

a r=Qi+j+k) +i3i-5-k) andr=(7i + 4j + k) + £(2i + j - 9K)
b r=(i-j+7k)+A(=2i - j+ 3k) and r = (8i + 5j — k) + ju(~4i - 2j + k)
¢ r=Gi+5j-k)+A(i +j+k) and r = (-i + 11j + 5k) + p(2i - 7j + 3k)
d r=(i+6j—k)+A(8i—j—2k) and r = (6 + 9j) + u(i + 3j - 7K)

e r=(2i+k)+A(11i + 5j-3k) and r = (i + j) + p(=3i + 5 + 4k)

cos @ =

2 Find, in the form r.n = k, an equation of the plane that passes through the point with position
vector a and is perpendicular to the vector n where:

aa:i—j—kandn=2i+j+k ba=i+2j+kandn=5i—j—3k
¢ a=2i-3kandn=i+3j+4k d a=4i-2j+kandn=4i+j-5k

3 Find a Cartesian equation for each of the planes in question 2.
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Iy

A plane has equation r.n = k, where n = (” 2). Find a Cartesian equation of the plane.
3

Find the acute angle between the line with equation r = 2i + j— Sk + A(4i + 4j + 7k) and the
plane with equation r.(2i + j — 2k) = 13.

Find the acute angle between the line with equation r = =i — 7j + 13k + A(3i + 4j — 12k) and the
plane with equation r.(4i — 4j— 7k) = 9.

Find the acute angle between the planes with equations r.(i + 2j - 2k) = 1 and
r.(—4i + 4j + 7k) = 7 respectively.

Find the acute angle between the planes with equations r.(3i — 4j + 12k)=9 and
r.(5i — 12k) = 7 respectively.

The straight lines /, and /, have vectors equations r = (i + 4j + 2k) + A(8i + 5j + k) and
r = (i + 4j + 2k) + u(3i + j) respectively, and P is the point with coordinates (1, 4, 2).
a Show that the point Q(9, 9, 3) lies on /,.
Given that /; and /, intersect, find:
b the cosine of the acute angle between /; and /,
¢ the possible coordinates of the point R, such that R lies on /, and PQ = PR.
x-6 y+3 z+2 x+5 y-15 -3

The lines /, and /, have Cartesian equations = = and =
. -1 2 3 2 -3 1
respectively.
a Show that the point A(3, 3, 7) lies on both /; and /. (3 marks)
b Find the size of the acute angle between the lines at A. (4 marks)
| 3 3 -4
The lines /; and /; have vector equationsr=|3 |+ 4[ 2 |andr=| 5|+ pu|l -3/
3 -1 -2 1
The point A4 is on /;, where A = 3 and the point B is on /, where ;1 = 2. Find the size of the acute
angle between AB and /,. (6 marks)
a Show that the points 4(3, 5, -1), B(2, -2, 4), C(4, 3, 0) and D(1, 4, -3,) are not
coplanar. (6 marks)

b Find the angle between the plane containing 4, B and C and the line segment AD. (4 marks)

A regular tetrahedron has vertices A, B, C and D, B(0.1.1)
with coordinates (0, 0, 0), (0, 1, 1), (1, 1, 0) and (1, 0, 1) :
respectively. Show that the angle between any two

adjacent faces of the tetrahedron is arccos(%). D(1,0,1)

C(1,1,0)

(7 marks) A(0,0.0)



14 A flagpole is supported by 3 guide ropes which are attached at a point 20 m above the base of
the pole. The ends of the ropes are secured at points with position vectors (0, 8, 2),

(12, -5, 3) and (-2, 6, 5) relative to the base of the pole, where the units are metres.

The flagpole will be stable if the angles between adjacent guide ropes are all greater than 15°.
Determine whether the flagpole will be stable, showing your working clearly. (7 marks)

@ Points of intersection

You need to be able to determine whether two lines meet and, if so, to determine their point of
intersection.

4 and p are the parameters in
the vector equations of the lines. No solutions

\

Write three
—3| linear equations  fe=p

involving 4 and p

Lines do not intersect. )

Write the equations
in column notation
and set them equal
to each other.

Do these
solutions satisfy the
third equation?

Try to solve
the first two equations
simultaneously.

Solutions
exist

Lines do intersect. Substitute your values for 2 and p into the equation of one of
the lines to find the point of intersection. You can use the other equation to check.

The lines /, and /, have vector equations
r=3i+j+k+A(i-2j—k)and r = -2j + 3k + p(=5i + j + 4k) respectively.

Show that the two lines intersect, and find the position vector of the point of intersection.

=S
(? * 2;) L [in +’t " Use column vector notation for clarity, and to
Yoz vy help to avoid errors.
Solve the simultaneous equations
Choose two of the three equations obtained by
3+i=-5u (1

equating x-, y- and z-components and solve the

and 1 -4 =3+ 4u (@) resulting simultaneous equations.

Adding gives 4 = 3 —
and so p =-1.
Substituting back into equation (1) gives 4 = 2.
Check p = -1, 4 = 2 also satisfy the third
equation.
1-24=-2 + p gives -3 =-3
So the lines do intersect.
3+ 4 5
Substituting A = 2into | 1 — 21 | gives | =3 |.
11— 2 -1
The point where the lines meet is (5, =3, -1).

If the lines intersect there is a pair of values of 4
and p that satisfy the 3 equations simultaneously.

Check that the point which you obtain after
substitution lies on both straight lines.
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You also need to be able to find the coordinates of the point of intersection of a line with a plane.

Find the coordinates of the point of intersection of the line / and the plane IT where / has equation
r=-i+j—5k + A(i + j + 2k) and IT has equation r.(i + 2j + 3k) = 4.

The line meets the plane when

-1+ 4 1
1 + A.(2)=4
=5 + 21/ \3

A+A+201+A)+3(-5+21) =4

94 -14 =4
24 =16
=i

So the line meets the plane when 4 = 2, at -—,_
the point (1, 3, —1).

® Two straight lines are skew if they are not
parallel and they do not intersect.

= '+ 3
The lines /; and /, have equations 2 W

4 2

=z -

Prove that /; and /; are skew.

2+ 4] -1+ 5;.!,
-3+ 24| = 44
1+4 4 - 2u
2+ 414 =-1+5u (1)
-3+ 24=4u (2)
M-2x2):8=-1-3u=>u=-3

Substituting into (2): =3 + 24 =-12 = 1 = ,g
Check for consistency:

1+ 24=-%and 4 -2u =10
1+ 4 # 4 - 2u s0 equations not consistent

and lines do not intersect.

4 5
Direction of is |2 ] or |4 ).
1 2

5
Direction of [, is ( 4 )

-2
Direction vectors are not scalar multiples of
each other so lines are not parallel.

Hence |l and I, are skew.
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1 and =

Write the equation of the line in column vector

o -1+ A
form as (y) =| 1+ A |and substitute into the
z -5+ 24

x\ (1
equation of the plane (y) (2) =4,
by M)

Solve to find 4 and substitute its value into the
equation of the line.

m If the line were parallel to the plane

then this equation would produce either no
solutions (if the line does not lie in the plane), or
infinitely many (if it does).

x+1 ¥V z-

t respectively.

5 4

Problem-solving

To show that two lines are skew you need to show
that they do not intersect and that they are not
parallel. Start by writing the general point on each
line. Equate these general points and attempt to
solve the three equations simultaneously.

Solve the first two equations simultaneously,
then check to see whether the answer is
consistent with the third equation.

If the lines are parallel the direction vectors will
be scalar multiples of each other. Multiply the
direction vector of [, by a scalar to make one
component match the direction vector of [;, then
compare the other components.



1

In each case establish whether lines /; and /, meet and, if they meet, find the coordinates of
their point of intersection:

a [, hasequationr =i+ 3j+ A(i—j + 5k) and /, has equation r = —i — 3j + 2k + u(i + j + 2k)
b [, has equation r = 3i + 2j + k + A(i + j + 2k) and /, has equation r = 4i + 3j + pu(—i + j — k)
¢ [, has equation r =i + 3j + 5k + A(2i + 3j + k) and /, has equation r =i + 3 + 3k + pu(i + j — 2K)

(In each of the above cases 4 and p are scalars.)

With respect to a fixed origin O, the lines /; and /, are given by the equations
Lir=(-6i+ 11k) + A(i - j+ k)
Lir=(2i-2j+9Kk) + pu(2i + j - 3k)

Show that /, and /, meet and find the coordinates of their point of intersection. (6 marks)
3 2 3 2
The line /, has equationr=| 1 |+ A| 2 | and the line /, hasequationr=| 4 |+ | 1 |.
-2 3 0 -1
Show that /, and /; do not meet. (4 marks)

In each case, find the coordinates of the point of intersection of the line / with the plane IT.
a [r=i+j+k+A(-2i+j-4k)

IT:r.(3i—4j+ 2k) = 16
b Lr=i+j+k+A2j-2k)

I r.(3i—j-6k) = 1

2 1
The line / has equation r = ( 3 ) + /1( l).

-2 1
1
a Show that / does not meet the plane with equationr.| 1 | =1. (4 marks)
-2
b Give a geometrical interpretation to your answer to part a. (1 mark)

3 3
The line with vector equation r =( 4) + A(— l) is perpendicular to the line with vector

0 -1 - 2
equationr=[ 11|+ pu| 2|
3 p

a Find the value of p. (2 marks)

b Show that the two lines meet, and find the coordinates of the point of intersection. (4 marks)

5 -1
The line /, has vector equation r = (2) +2 ( 1 ) and the line /, has vector equation
1 2

4 1
E= (l) + i ( 0 ) where 4 and p are parameters.
1 -1
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The lines /; and /, intersect at the point 4 and the acute angle between /; and /, is 6.

a Find the coordinates of A. (4 marks)

b Find the value of cos 6 giving your answer as a simplified fraction. (4 marks)
H + ] = — o ] z

The lines /, and /, have equations %3 = yT == ) > and x = y_z = ; = respectively.

Prove that /, and /, are skew.

With respect to a fixed origin O the lines /, and /, are given by the equations

8 -1 -4 q
ILrr=| 2 |+4] 3 L:r=1|10 +,u(2)
-12 2 P -1

where 4 and p are parameters and p and ¢ are constants. Given that /; and /, are perpendicular,

a show that ¢ = 4. (2 marks)
Given further that /, and /, intersect, find:
b the value of p (6 marks)
¢ the coordinates of the point of intersection. (2 marks)
9
The point A lies on /; and has position vector ( -1 ) The point C lies on /.
-14

Given that a circle, with centre C, cuts the line /; at the points 4 and B,

d find the position vector of B. (3 marks) Problem-solving

Draw a diagram showing the lines [, and [; and
the circle, and use circle properties.

2
The plane IT has equation r.( 3 ) = k where k is a constant.
-1
6
Given the point with position vector | -2 | lies on I7,
4
a find the value of & (3 marks)
b find a Cartesian equation for I1. (2 marks)

The point P has coordinates (6, 4, 8). The line / passes through P and is perpendicular to I1.
The line / intersects 7 at the point V.

¢ Find the coordinates of N. (4 marks)

2y +2 -z
The line / has a Cartesian equation & 5 2 i 3 = : 1 =
The plane I7 has Cartesian equation 4x + 3y — 2z = —10.
The line intersects the plane at the point P.

a Find the position vector of P. (5 marks)

b Find the acute angle between the line and the plane at the point of intersection. (5 marks)



m Finding perpendiculars

You need to be able to calculate the perpendicular distance between:

e two lines
e apointanda line
e apoint and a plane

In each case, the perpendicular distance is the shortest distance between them.

® For any two non-intersecting lines /; and /, there is a unique line segment A B such that
A lieson [/, B lies on [, and A B is perpendicular to both lines.

® The perpendicular from a point P to a line /is a line through P which meets / at
right angles.

® The perpendicular from a point P to a plane I is a line through P which is parallel to the
normal vector of the plane, n.
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Show that the shortest distance between the parallel lines with equations
r=i+2j—k+ A(5i +4j+3k) and r = 2i + k + p(5i + 4j + 3k),

. 21/2
where 4 and p are scalars, is 10
Let 4 be a general point on the first line and B 1 2 1
be a general point on the second line, then - As (—2) = (0) = ( 2)
., {1\ /5 2/ \1/ \1
AB =|-2 |+ {4 ]| wheret=p—-A4 —
2 3

| Youcanset = p—4so that there is only one
independent variable.

1+ 51\ /5
-2+ 4t].4|=0
2+ 3t/ \3

S+25-&+16t+6+9=0 As the direction of AB is perpendicular to the

50t = -3 L— direction vector for each line, the scalar product
st is zero.
50
v 15 iy : 5. —
1= Bt 1-50 50 Substitute ¢ = —; into the general form of AB.
el o 12 N2 ’7
-2+ 4t 50| |50
D sl W e % . ?—é The shortest distance between two lines is the
‘_>‘ [352 + 1122 + OF2 - length of the line segment that is perpendicular
AB| = l 502 to both lines.

212
=70 m Because the two lines are parallel,

So the shortest distance between the two
212

the line segment 4B is not unique. There
are infinitely many line segments that are

lines is 10 perpendicular to both lines, but they will all have

the same length.

1 0 -1 2
The lines /; and /, have equations r = (0) + A(l) andr = ( 3 ) + ,u,(—]) respectively,
where 4 and p are scalars. 0 ! - -

Find the shortest distance between these two lines.

@ Explore the perpendicular

distance between two lines using GeoGebra.

Let 4 be the general point on [; with position

1
vector (,1) and let B be the general point on
A

=1+ 2u
I> with position vector [ 3 —
-1-pu
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3- p-4
-1 - u-4

— b / ; o o Find position vectors of general points on [, and [;
AB=|3- pl|-|4|= —

_—
and use these to find 4B in terms of p and 4.

-1- wu A

AB is perpendicular to [, so:

-2+ 2p O
3- p-AL1]=0
-1 - -2 1

3-p-4-1-p-4=0
2-2u-21=0 (1

—
AB is perpendicular to I; so:

-2+ 2u 2
( 3 - ,u—,l),(—']):o
-1 = =i \-1 Problem-solving

—_—
—4+4p-3+p+i+1+p+i=0 As AB is perpendicular to /, and , the scalar
-C+6u+21=0 (2) product of the direction vectors of the lines is
From (1) =y zero. You can use this fact to generate two linear

equations in 4 and p.
From (2), -3+3u+Ai=0

So-3+3u+1-pu=0=pu=1
The equations can be solved simultaneously to

Substituting into (1) gives J find 2 and su.
2-2-2A=0=1=0

-2+ 2u -2+ 2
—_—
AB=| 3- p-2|=|13-1-0

-1 - -2 —l=ir=0

(2

— . e f F
|[4B|= o7+ 22+ 22 = VB = 2/2

These two lines are skew, so in this case the line
50 the ShOFtSSt distance between the two Segment ABis unique_

lines is 22.

S ET G @
x=1_y-1 243

The line / has equation e and the point A has coordinates (1, 2, —1).

a Find the shortest distance between 4 and /.

b Find a Cartesian equation of the line that is perpendicular to /and passes through A.
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a Vector equation of [ is

= (1))

So a general point B, on the line has

( 1T + 24
position vector | 1 - 24].
-3- 4 L

—

(1+2A) (1) ( 22 )
Then AB=( 1 —24|-( 2 |=(-1-24
a_ a4 = \2-Jf L

29 2
(-1 = 24).(-2) =0
S S E

AA4+2+44+2+4=0

4 +94=0
it
s\
e 22 5
AB=|-1-22]=|-%
-2- i _14
3
— [—_ayz N2 4 (14)2
|AB‘= I.f &)F + (-1)2 + (—14)
| 92
V29
=—3 = 1.60 (3 s.f)
So the shortest distance between A and [
s "'%9 or 1.80 (3 ).

R
b AB is perpendicular to I, so direction of

perpendicular is | —

|
® ©Ol— wlw

(3]
ori 'k
14

A vector equation of the line through A

1 o}
perpendicular to [is r = ( 2) + Ju.( 1).
-1 14

So the Cartesian equation of the line is

ol

x=1_¥y-2
& = 1

_z+1
14

196

x-1
=4, =1+

> A 7 24
y-1

i el =)
o) y
z+3_ Sy
TR

Let B be the position vector of a general point on /.

—_—
Find 4B in terms of A.

Since AB is perpendicular to [ the scalar product

—
of AB with the direction vector of the line is zero.
This gives you an equation which you can solve to
find A

Substitute the value of 4 into your general
expression for AB.

—
The shortest distance is given by |AB|.

Remember that you can multiply the direction
vector by a scalar to find a simpler parallel vector.

A vector equation of the line through the point
with position vector a with direction b is
r = a+ pb where . is a scalar constant.



You can use the principles covered above to give meaning to the constant, k, in the scalar product
form of the vector equation of a plane.

® [ is the length of the perpendicular from the origin to a plane I1, where the equation of
plane IT is written in the form r.i = &, where i is a unit vector perpendicular to I1.

® The perpendicular distance from the point
with coordinates («, 3, 7) to the plane

with equation ax + by + cz=dis @ This formula is given in the formulae
lac + b3 + ¢ - d| booklet and you can use it without proof in your
> 12 » exam.
va? + b? + ¢

Find the perpendicular distance from the point with coordinates (3, 2, —1) to the plane with
equation 2x — 3y 4+ z=35.

[2x3-3x2+1x(-1) -5] ; ;
Distance = , Substitute into the formula.
V22 + (-3)2 + 12

-6l

= . Remember to use the modulus of the numerator
\é as distance is always positive.

14

The plane I7 has equation r.(i + 2j + 2k) = 5. The point P has coordinates (1, 3, -2).
a Find the shortest distance between P and II.

The point Q is the reflection of the point P in I1.

b Find the coordinates of point Q.

a Cartesian equation of IT is x + 2y + 2z = 5.

| L
User=xi+yj+zkand|[y|.|2|=5.
[1Tx1+2x3+2x(-2)-5]|

ZHA

Distance = r
V12 4+ 22 + 22 | |
-2l 2 . ac+ b3 +cy—d
=——2=% Using the formula for the
o 3 vad + b% + ¢?
b A perpendicular vector to IT is distance between a point with coordinates
n=i+2)+2k (v, 3, ) and the plane with Cartesian equation

+by+cz=d
Let @ have coordinates (xy, y;, zy). gl

Let M be the midpoint of PQ.

A normal vector to the plane ax + by + cz=d s
ai + bj + ck.
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p T f 0
(X3 W1s 24)

A vector equation of the line through P, M

1 1
aninsr:( 3)+A(2)
-2 2

M lies on this line so has position vector

T+ A
3+ 24
-2+ 24 di

1T+ A\ /1
MalsoliesonIl,so| 3+2A|.|2]=5

-2+ 24/ \2
1+A+23+21)+2-2+24)=5
3+94=5

1=}
1+2 5
M has position vector| 3 + 2 x% = %‘
-2+2x3 \-¥

m Explore reflections in a plane

P is the initial point in the equation of I, —

1 1
so if M has position vector ( 3) + (2)
-2 2

wlr

then P has position vector

4 13
| 1 i i
(3)+2x§@)= 3+2x3|=| 2
= 2 4 10
-2+ 2 x 3 -5,

Point @ has coordinates (g%, —g].

The line joining P to its reflection Q will be
perpendicular to the plane, and P and Q will

be the same distance from the plane. Draw a
diagram showing P, @, and the midpoint of PQ.

Represent the plane I7 using a vertical line.

¢

using GeoGebra.

Use the fact that M lies on the line joining P and
Q and on the plane to find M.

Problem-solving

1
( 3) is the position vector of point P, so if the
-2

1 1
point on the line r = ( 3) + A(Z) withi=kisa
-2 2
distance x away from P, then the point with
A =2k will be a distance 2x away from P.

You could also use the fact that the midpoint of
the line segment joining (xy, ¥, z1) to (X, ¥y, z5) iS
X+ X, Mty 51+,
Z 72 "B




The line /; has equation = =

x=2 V=4 =x4b

==

2 -2

Vectors

The plane II has equation 2x — 3y + z = 8.

The line /, is the reflection of line /, in the plane /7. Find a vector equation of the line /,.

2 2
A vector equation of [} is r = ( 4 ) + 2(—2).

-6 1
So P(2, 4, —€) is a point on line I,

Let 4 be the point of intersection of I, and 11

\

P
(2, 4, -6)

(%1, ¥1, 1)

Aliesonliandon 2x -3y +z=

2+ 24

4 — 2,1) and satisfies
-6+ 1

2@ +24) -34-20)-6+4=86
4+41-12+6A-6+1=6
114 =22
=i
S0 A has coordinates (6, O, —4).
A perpendicular direction vector to II is
n=72i-3j+k
A vector equation of the line through P

2 2
perpendicular to Il isr = ( 4) + ,u(-3).

-6 1
Let Q (xy, ¥y, 2¢) be the point of intersection

A has position vector (

L

of this line and 1.
Let M be midpoint of PQ.
M lies online and on 2x = 3y +z = & so
satisfies
22+ 2w -34-3p)-6+u=58
44+40-124+92u-6+p=56

14p = 22

s
L ko)

2 2
S0 M has position vector ( 4) + %(—3)
-6 1

Problem-solving

You need to find two points on the reflected line,
[>. One is the point of intersection of /; and 1.

To find another point on /;, choose any point on /,
and reflect it in the plane.

Substitute the general position vector of a point

on /; into the equation for II to find the value of
Aat A.

Substitute A = 2 into the general position vector
to find the coordinates of 4.

Q is the reflection of the point (6, 0, —4) in the
plane.

2+ 2u

The general point on the line PQis| 4 —3p |.
-6+ pu
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and @ has position vector

58

41+ 2x % -3 = _%_;5 Q is twice as far along the line from P as M.
-G 1 _20
7

: 586 38 20
So Q has coordinates (7, bl = e |

I; is the line through Q and A4, so has

direction: g
% The direction of ; can be simplified to (—19) by
Tt 38
AQ = |-2 e 4
8 multiplying the expression for AQ by %
7
G &
A vector equationof Lisr={ O | + ¢ -19|.
-4 4

1 Find the shortest distance between the parallel lines with equations
r=2i—-j+k+ A(-3i-4j+5k)and r =j+ k + p(-3i - 4j + 5k)

where A and p are scalars.

2 Find the shortest distance between the two skew lines with equations
r=j+k+A(-i+j-k) andr = 5i-2j+ 2k + p(4i - 2j + 3k),

where 4 and p are scalars.

3 Determine whether the lines /;, and /, meet. If they do, find their point of intersection. If they do
not, find the shortest distance between them. (In each of the following cases 4 and p are scalars.)

a /[, has equation r = 7i + 3j + k + 4(6i + 2j — 4k) and /, has equation r = —i + j + 2k — 2j
b [/, has equationr = 2i + j — 2k + A(2i — 2j + 2k) and /, has equationr =i—j+ 3k + u(i—j + k)
¢ [, hasequationr =i+ j+ 5k + A(2i + j — 2k) and /, has equationr =—i—j + 2k + u(i + j + k)

4 Find the shortest distance between the point with coordinates (4, 1, —1) and the line with
equation r = 3i — j + 2k + u(2i — j — k), where ;1 is a scalar.

5 Find the shortest distance between the parallel planes.
a r.(6i + 6j — 7k) = 55 and r.(6i + 6j — Tk) = 22
b r=3i+4j+k+ A(4i + k) + p(8i+ 3j + 3k) and r = 14i + 2j + 2k + A(3j + k) + (81— 9j - k)
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7

8

9

The plane I7 has equation r.(10i + 10j + 23k) = 81.

a Find the perpendicular distance from the origin to plane /7.

b Find the perpendicular distance from the point (-1, -1, 4) to the plane I1.
¢ Find the perpendicular distance from the point (2, 1, 3) to the plane IT.
d Find the perpendicular distance from the point (6, 12, -9) to the plane I1.
).

+A( )

The line / has vector equation r = (_1 2] Let Mbethe midpoint of the line segment
3 joining P to its reflection in /. This segment must

The point P has coordinates (3, 0, 2). be perpendicular to / and pass through it.

Find the coordinates of the reflection of the point P in the line / (5 marks)

The plane 7 has equation —2x + y + z = 5. The point P has coordinates (1, 0, 3).

a Find the shortest distance between P and IT. (3 marks)
The point Q is the reflection of the point P in I7.
b Find the coordinates of point Q. (5 marks)
A birdwatcher is located on a hilltop. Relative to a fixed origin O, the position vector of the
5
birdwatcher is ( 4 )km. The birdwatcher is able to spot any bird that
0.7

flies within 500 m of her position. A kestrel flies from point 4 to point B, where points 4 and B

3 12
have position vectors (5) km and ( 0 ) km respectively. The kestrel is modelled as flying in a
0 152

straight line.
a Use the model to determine whether the birdwatcher is able to spot the kestrel. (7 marks)

b Give one criticism of the model. (1 mark)

The plane 7, has equation 3x — 2y + 4z = 6.
a Find the perpendicular distance from the point (4, -1, 8) to IT,. (3 marks)

The plane 7, has vector equation r = A(2i — 2j + 3k) + p(-3i + 3k) where 4 and p are scalar
parameters.

b Show that the vector 2i + 5j + 2k is perpendicular to I7,. (2 marks)
¢ Find the acute angle between IT, and 11, (3 marks)
) ox+2 y=-2 z+1 . .

The line /; has equation > T T and the point A has coordinates (3, -1, 2).

a Find the shortest distance between 4 and /,. (5 marks)

b Find a Cartesian equation of the line that is perpendicular to /; and passes

through 4. (3 marks)

2 4 1

The line /; has vector equationr =| —1 | + A[ =3 |. The plane IT has equationr.| -1 | = 4.
2 4 -1

The line /, is the reflection of line /, in the plane IT.

Find a vector equation of the line /,. (7 marks)
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Mixed exercise o

@ 1

® 2

Q)
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The line / passes through the points 4 and B with position vectorsi — j + 3k and i + 2j + 2k
respectively, relative to a fixed origin O.

a Find a vector equation of the line /. (4 marks)

b Find the position vector of the point C which lies on the line segment 4B such that
AC=2CB. (3 marks)

Find a Cartesian equation of the straight line that passes through the points with
coordinates (7, -1, 2) and (-1, 3, 8). (4 marks)

Find a vector equation of the straight line which passes through the point 4 with
position vector 2i + 3j — 4k, and is parallel to the vector 2j + 3k. (3 marks)

3 2
A straight line / has vector equation r = (—2) + /1( l).
1 -1
a Write down a Cartesian equation for /. (2 marks)

b Given that the point (0, a, b) lies on /, find the value of « and the value of A. (3 marks)

A straight line / has vector equation r = (i + 2j — k) + A(3i + j — 2k).
Show that another vector equation of /is r = (7i + 4j — 5k) + A(9i + 3j — 6k).
_ _ . . o x+2 y-2 z+3
A straight line / has Cartesian equation 1~ 3 - 4
a Find a vector form of the equation of /. b Verify that the point (0, 8, 5) lies on /.

A plane passes through the points A(2, -1, 2), B(1, 3, —=1) and C(4, 2, 5).
a Find a vector form of the equation of the plane.

b Find a Cartesian form of the equation of the plane.

A Cartesian form of the equation of a plane is 3x + 2y — 4z = 18. Find a vector form of the
equation of the plane.

4\ /1 2
With respect to an origin O, the position vectors of the points L, M and N are (?), (3) and (4)

respectively. A2 6

. T —_—
a Find the vectors ML and MN. (3 marks)
b Prove that cos /LMN = 19—0 (3 marks)

Referred to a fixed origin O, the points A, B and C have position vectors 9i — 2j + k,
6i + 2j + 6k and 3i + pj + gk respectively, where p and ¢ are constants.

a Find, in vector form, an equation of the line / which passes through 4 and B. (2 marks)
Given that C lies on /,

b find the value of p and the value of ¢ (2 marks)
¢ calculate, in degrees, the acute angle between OC and AB. (3 marks)

The point D lies on AB and is such that OD is perpendicular to 4B.
d Find the position vector of D. (5 marks)




® 1n

® 13

15

16

1 5
Referred to a fixed origin O, the points A and B have position vectors ( 2 ) and ( 0 ) respectively.

-3 -3
a Find, in vector form, an equation of the line /; which passes through A4 and B. (3 marks)

4 |
The line /, has equation r = (—4) + ;L(—Z), where p is a scalar parameter.
3 2

b Show that A lies on /. (2 marks)

¢ Find, in degrees, the acute angle between the lines /, and /,. (4 marks)

0
The point C with position vector ( 4 ) lies on /..
-5
d Find the shortest distance from C to the line /,. (4 marks)

Two submarines are travelling in straight lines through the ocean. Relative to a fixed origin, the
vector equations of the two lines, /; and /,, along which they travel are

liir=3i+4j— 5k + A(i - 2j + 2k)

Lir=9i+4j-2k + p(di+j-k)
where 4 and p are scalars.
a Show that the submarines are moving in perpendicular directions. (2 marks)
b Given that /, and /, intersect at the point A, find the position vector of A. (4 marks)
The point B has position vector 10j - 11k.
¢ Show that only one of the submarines passes through the point B. (3 marks)

d Given that 1 unit on each coordinate axis represents 100m, find, in km, the
distance AB. (2 marks)

Find the shortest distance between the lines with vector equations
r=3i+si—k and r=9i-2j-k+#(i-2j+k)

where s and ¢ are scalars. (4 marks)

Obtain the shortest distance between the lines with equations
r=3s-3)i-sj+(s+ 1k and r=CB+0)i+(2r-2)j+k

where s and ¢ are parameters. (4 marks)

Find, in the form r.n = p, an equation of the plane which contains the line / and the point with
position vector a where:

a /hasequationr=i+j-2k+ A2i-k)anda=4i+3j+k
b /hasequationr=i+2j+ 2k + A(2i+j-3k)anda=3i+ 5j+k
¢ [hasequationr=2i-j+k + A(i + 2j + 2k) and a = 7i + 8j + 6k

Find a Cartesian equation of the plane which passes through the point (1, 1, 1) and contains
x-2 y+4 z-1
3 1 2

the line with equation
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A plane passes through the three points 4, B and C, whose position vectors, referred to an
origin O, are i + 3j + 3k and 3i + j + 4k, 2i + 4j + k respectively.

a Find, in the form /i + mj + nk, a unit vector normal to this plane. (4 marks)
b Find also a Cartesian equation of the plane. (2 marks)
¢ Find the perpendicular distance from the origin to this plane. (4 marks)

a Show that the vector i + k is perpendicular to the plane with vector equation

r=i+sj+1#i-k) (3 marks)
b Find the perpendicular distance from the origin to this plane. (4 marks)
¢ Hence or otherwise obtain a Cartesian equation of the plane. (2 marks)

The points A, B and C have position vectors i + j + k, 5i — 2j + k and 3i + 2j + 6k respectively,
referred to an origin O.

a Find a vector perpendicular to the plane containing the points A, B and C. (4 marks)
b Hence, or otherwise, find an equation for the plane which contains the points 4, B and C,
in the form ax + by + cz + d = 0. (2 marks)

Planes I1, and II, have equations given by
Hi:ri-j+k)=0,
Iy re(i+ Sj+3k) =1

a Show that the point 4(2, -2, 3) lies in I1,. (2 marks)
b Show that 17, is perpendicular to I7,. (4 marks)
¢ Find, in vector form, an equation of the straight line through 4 which is perpendicular to I7,.
(2 marks)
d Determine the coordinates of the point where this line meets 7. (4 marks)
e Find the perpendicular distance of 4 from I7,. (4 marks)
With respect to a fixed origin O, the straight lines /; and /, are given by
1 2
Iir=(1]+A( 1],
0 -2
| -3
Lix=4 |+pul 0
-4 |
where 4 and p are scalar parameters.
a Show that the lines intersect. (3 marks)
b Find the position vector of their point of intersection. (1 mark)
¢ Find the cosine of the acute angle between the lines. (4 marks)

The line /, has vector equation r = 6i + 8j + S5k + A(i — j + k), where 4 is a scalar parameter.

The point A has coordinates (3, @, 2), where «a is a constant. The point B has coordinates

(8, 6, b), where b is a constant. Points 4 and B lie on the line /,.

a Find the values of a and b. (3 marks)

Given that the point O is the origin, and that the point P lies on /, such that OP is
perpendicular to /,,



EP) 25

EP) 26

b find the coordinates of P. (5 marks)

¢ Hence find the distance OP, giving your answer in surd form. (2 marks)

Relative to a fixed origin O, the point 4 has position vector 6i + 3j + 4k, and the point B has
position vector 5i + 2j + 6k. The line / passes through the points 4 and B.

—
a Find the vector AB. (2 marks)
b Find a vector equation for the line /. (2 marks)

The point C has position vector 4i + 10j + 2](_.)
The point P lies on /. Given that the vector CP is perpendicular to /,
¢ find the position vector of the point P. (6 marks)

With respect to a fixed origin O, the lines /; and /, are given by the equations

eV

where 4 and p are scalar parameters.

a Show that /; and /> meet and find the position vector of their point of
intersection, A. (6 marks)

b Find, to the nearest 0.1°, the acute angle between /, and /,. (3 marks)

5
The point B has position vector (—1).

3
¢ Show that B lies on /|. (1 mark)
d Find the shortest distance from B to the line /,, giving your answer to
3 significant figures. (4 marks)

The plane P has equation r.(2i - 2j + 3k) = 1.
The line / passes through the point 4 (1, 2, 2) and meets P at (4, 2, —1).
The acute angle between the plane P and the line / is a.

a Find « to the nearest degree. (4 marks)
b Find the perpendicular distance from A4 to the plane P. (4 marks)
Two aeroplanes are modelled as travelling in straight lines. Aeroplane A4 travels from a point
120 200
with position vector | —80 | km to a point with position vector | 20 | km, relative to a fixed
13 5

-20
origin O. Aeroplane B starts at a point with position vector ( 35 ) km relative to O, and flies in

10 3
the direction of | -2 |.
0.1
a Show that the flight paths of the two aeroplanes will intersect, and determine the position
vector of the point of intersection. (7 marks)

An air traffic controller states that this means that the planes will collide.

b Explain why this conclusion is not necessarily correct. (2 marks)
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Challenge

1 a Show that the equations 4x — 2y + 6z=10and -2x + y — 3z = -5
represent the same plane.

4 -2 6
b Hence explain why the matrix (—2 1 —3) is singular for all
a b ¢

possible values of ¢, b and c.

¢ Find values of g, b and ¢ such that the matrix equation

4 =2 6\ /x 10
-2 1 =3]|y|=|-5]has
a b @ z 15

i nosolutions
ii infinitely many solutions.

2 The points 4, B and C have coordinates (4, -4, 5), (0, 4, 1) and
(0, 0, 5) respectively. Find the centre and radius of the circle that
passes through all three points.

Summary of key points

1 A vector equation of a straight line passing through the point 4 with position vector a, and
parallel to the vector b, is

r=a+/lb
where 4 is a scalar parameter.

2 Avector equation of a straight line passing through the points C and D, with position vectors
c and d respectively, is

r=c+ Ald-¢)
where 4 is a scalar parameter.

a, b,
3 Ifa= (az) and b =1 b, |, the equation of the line with vector equation r = a + Ab can be given
(25 b3
in Cartesian form as:
X—ay Y—G 2zZ—0a;
by by b
Each of these three expressions is equal to A.

& The vector equation of a plane is
r=a+ ib + uc, where:
« risthe position vector of a general point in the plane
« ais the position vector of a point in the plane
« b and c are non-parallel, non-zero vectors in the plane
« Aand p are scalars
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5 A Cartesian equation of a plane in three dimensions can be written in the form ax + by + cz=d
a
where g, b, ¢ and d are constants, and (b) is the normal vector to the plane.
(&

6 The scalar product of two vectors a and b is written as a.b (say ‘a dot b’), and defined as
a.b = |a||blcosd
where @ is the angle between a and b.

A
a
d > B
2 b
7 If aand b are the position vectors of the points 4 and B, then cos (/AOB) = |:|-|:|

8 The non-zero vectors a and b are perpendicular if and only if a.b = 0.
9 If aand b are parallel, a.b = |a||b|. In particular, a.a = [a|2.

10 Ifa=a;i + a,j + askand b = b,i + b,j + b;k

a bl
a-b = (az). bz = albl + ﬂzbz S a3b3
a3 b3

11 The acute angle @ between two intersecting straight lines is given by
a.b

|allb|

where a and b are direction vectors of the lines.

cosf =

12 The scalar product form of the equation of a plane is r.n = k where k = a.n for any point in the
plane with position vector a.

13 The acute angle # between the line with equation r = a + Ab and the plane with equation
r.n = k is given by the formula

b.n
|b||n|

sin9=|

14 The acute angle @ between the plane with equation r.n, = k; and the plane with equation
r.n; = k; is given by the formula

n..n;

Iny ||

cosf =
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15 Two lines are skew if they are not parallel and they do not intersect.

16 For any two non-intersecting lines /; and /, there is a unique line segment AB such that A4 lies
on/;, Blieson [, and ABis perpendicular to both lines.

18 The perpendicular from a point P to a plane IT is a line drawn from P parallel to the normal

vector n.

19 kis the length of the perpendicular from the origin to a plane I1, where the equation of plane

208

1T is written in the form r.f = &, where fi is a unit vector perpendicular to I1.

The perpendicular distance from the point with coordinates (o, (3, 7) and the plane with
equation ax+ by + cz=dis

lac + b3 + ¢y —d|

vaz + b? + 2



Review exercise

® 1

4

A:(S ; j}l)’B:(g -01)’C:(_13) 5 A=

where p and ¢ are integers.

Determine whether or not the following
products exist. Where the product exists,
evaluate the product in terms of p and g¢.
Where the product does not exist, give a
reason.

a AB §))
b BA 1)
¢ BAC 1)
d CBA 1)
« Section 6.2
0 3 1 0 00
Mz(—l 2)’I=(0 1 ’02(0 0
Find the values of the constants, ¢ and b,
such that M? + aM + b1 = O. Q)
« Sections 6.1, 6.2
a b
s c d

Find an expression for 4, in terms of a, b,
¢ and d so that A> - (a + d)A = JI, where I
is the 2 x 2 identity matrix. 3)

« Sections 6.1, 6.2

I 2 b
A matrix Aisgivenas A=|3 0 1

a -1 2
3 3 -1
Given that A2 = (? 5 —1), find the
9 6 -1
values of @ and b. 3)

« Section 6.2

i _31 ) , Where p is a real constant.

Given that A is singular,
a find the value of p. 2)

Given instead that det A =4,
b find the value of p. 2)

Using the value of p found in part b,
¢ show that A> — A = &I, stating the
value of the constant k. 2)

« Section 6.3

4 -1 20
a=(% )= )
a Find A" 1
b Find (AB)™, in terms of p. 3)
Given also that AB = ( _31 _24 )
¢ find the value of p. 2)
<« Section 6.4
kK 1 =2
A=10 -1 &k
9 1 0

where k is a real constant.

a Find the values of k for which A is
singular. )

Given that A is non-singular,

b find A" in terms of k. 4)
€ Section 6.3, 6.5

2p p 2
A= 3 0 0 |wherepisareal

-1 1 -1
constant.

Given that A is non-singular, find A~ in

terms of p. 4)
« Sections 6.3, 6.5
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Review exercise 2

4p —q)
A= ( , Where p and ¢ are

non-zero constants.

a Find A, in terms of p and g¢. 3)
Given that AX = ( 2P 94 ,

P 4
b find X, in terms of p and ¢. 3

« Section 6.4

Three planes A, B and C are defined by
the following equations:

A x+ypy+ z= 3

B 2x- y-2z= 0

C: 3x-2y + z =-1
By constructing and solving a suitable
matrix equation, show that these three
planes intersect at a single point and find
the coordinates of that point. 5

¢ Section 6.6

A llama farmer has three types of llama:

woolly, classic and Suri. Initially his flock

had 2810 llamas in it. There were 160

more woolly llamas than classic.

After one year:

* the number of woolly llamas had
increased by 5%

* the number of classic llamas had
increased by 3%

* the number of Suri llamas had
decreased by 4%

* overall the flock size had increased by 46

Form and solve a matrix equation to

find out how many of each type of llama

there were in the initial flock. 7
« Section 6.6

Three planes have equations given by

X=2y—-pz=-2
2x+py+5z= p
X+3y-2z=-p

Where p is a real constant.
Given that the planes do not meet at a
single point

a Find the possible values of p 3

® 13

EP) 14

® 15

b Identify two possible geometric
configurations of the planes, stating
the corresponding value of p in each
case.

®)

« Section 6.6

The matrix A represents a reflection in
the x-axis.

The matrix B represents a rotation of 135°,
in the anti-clockwise direction, about (0, 0).

Given that C = AB,
a find the matrix C
b showthat C> =1

@
@

« Sections 7.2, 7.4

The linear transformation 7'is
represented by the matrix M, where

a b
M_cd

The transformation 7" maps (1, 0) to (3, 2)
and maps (2, 1) to (2, 1).

a Find the values of a, b, ¢ and d. @)
b Show that M* =L 2)

The transformation 7" maps (p, ¢) to (8, —3).

¢ Find the value of p and the value
of ¢. Q)

« Sections 7.1, 7.6

The linear transformation 7'is defined by
x] . ( 2y —x

y 3y

The linear transformation 7' is

represented by the matrix C.

a Find C. 1
b Show that the line y = 2x is invariant
under this transformation. 3)
The quadrilateral O4 BC is mapped by T
to the quadrilateral O4'B'C', where the
coordinates of 4', B'and (" are (0, 3),
(10, 15) and (10, 12) respectively.
¢ Find the coordinates of 4, Band C. (2)
d Sketch the quadrilateral O4 BC and
verify that OA BC is a rectangle. 3)

« Sections 7.1, 7.6

T
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@ v

EP) 18

31 -1
A=|1 1 1 |,u=l
5 3 u

a Show that detA =2(u - 1). 2)
b Find the inverse of A. 4)
a
The image of the vector | b | when
'
transformed by the matrix |1 1 1
3 53 6
is| 1.
6

¢ Find the values of a, b and c. 3)
’ .@ 21
& Sections 6.3, 6.5, 7.6

The transformation R is represented by
the matrix M, where

3 a 0
M=(2 b 0 EP 22
¢ 0 1

and where a, b and ¢ are constants.
Given that M = M,

(E/P) 23

a find the values of @, b and ¢ 5)
b evaluate the determinant of M 2)
¢ find an equation satisfied by all the
points which remain invariant
under R. (2)

« Sections 7.5, 7.6 24

A triangle T, of area 18cm?, is transformed
into a triangle 7" by the matrix A, where

k k-1
3 o ) k e R.

a Find det A in terms of k. Q) 25
Given that the area of 7"is 198 cm?,

b find the possible values of k. 3)

« Sections 6.3, 7.3

y

3 3>

The matrix M = il represents a
8 8 26
V2. V2

rotation followed by an enlargement.
a Find the scale factor of the
enlargement.

2

Review exercise 2

b Find the angle of rotation.

A point P is mapped onto a point P’
under M. Given that the coordinates of

Prare (p, q), A3)
¢ find, in terms of p and ¢, the
coordinates of P. 4)

« Sections 7.4, 7.6

The linear transformation 7' is represented

by the matrix | i .
5 0

Show that the line y = k — %x_, where k
is a real constant, is invariant under 7. (4)

Use the method of mathematical
induction to prove, for n € Z*, that

n

Zr(r +3)= %n(n + )(n+)9)

r=1

(6)
Prove by induction that, for all n € Z*,
Z(Zr— l)zzén 2n-1)2n+1) (6)
r=1

The rth term, a,, in a series is given by
a=r(r+1)2r+1)

Prove, by mathematical induction, that

the sum of the first n terms of the series is

%n(n +1)(n+2) (6)
Prove, by induction, that for all n € Z*,
Zrz(r -1)= Ln(n —D(n+1)(3n+2)

12 )

« Section 8.1

r=1

Given that f(n) = 3% 4 2%+2,
a show that, for k € Z*, f(k + 1) — f(k)

is divisible by 15, 3)
b prove that, for all n € Z*, f(n) is
divisible by 5. 4)
f(n) =24 x 2% + 3% wherenis a
non-negative integer.
a Write down f(n + 1) — f(n). 3)
b Prove, by induction, that f(n) is
divisible by 5 for n € Z*. 4)
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iew exercise 2

Prove that the expression 3"~ 4+ 2% -1 + 5
is divisible by 10 for all positive integers
n. (6)

<« Section 8.2 33

1 ¢
0 2
Prove by induction that, for all positive
integers n,

A= , where ¢ is a constant.

« Section 8.3 34

. _[1 Q27=1De

A—(O N ] ©)
3 1

=l g g

Prove by induction that, for all positive
integers n,
2n+1 n

ST eBa

(6)

« Section 8.3

Derek is attempting to prove that 2" + 3
is divisible by 3 for all positive integers #.
He writes the following working:

Assume true forn =k, s0 2¥ + 3 is
divisible by 3.
Consider n =k + 1:

2k+1 4 3 =2x 2+ 3

=22+ 3)-3

By induction hypothesis 2% + 3 is
divisible by 3, and 3 is divisible by 3,
hence 2%+' + 3 is divisible by 3.
Hence by induction 2" + 3 is divisible
by 3 for all positive integers n.

a Explain the mistake that Derek has
made.

2
b Prove that 2> - 1 is divisible by 3 for all

positive integers 7. 4
<« Section 8.2

The line / has equation

(jl) . ,1(235)

A and B are the points on / with 4 =4 and
A = -1 respectively.

® 35

EP) 36

Find the distance AB. 4

« Section 9.1

The points P(1, -1, 3), O(a, 3, 8) and
R(5, 7, b), where a and b are constants,
are collinear. Find the values of « and
b and the vector equation of the line
through the three points. 5)

« Section 9.1

A(3,-1,4), B(1, 1, 2) and C(4, -2, 0) lie
in a plane.

a Find the Cartesian equation of the

plane. (€)]
b Write down a normal vector to the
plane. (€)]

D is a point in the plane with coordinates
(2, k, -2).
¢ Find the value of k. 2)

« Section 9.2

The line /, has vector equation
r=11i+ 5j + 6k + A(4i + 2j + 4k)
and the line /, has vector equation
r=24i+4j+ 13k + p(7i + j + 5k)
where 4 and p are parameters.
a Show that the lines /, and /, intersect.
Q)
b Find the coordinates of their point of
intersection. 2)

Given that 6 is the acute angle between /,
and [,

¢ find the value of cos#. Give your
answer in the form kv3, where k is a
simplified fraction.

3

« Sections 9.3, 9.4, 9.5

The line /, has vector equation
r=8i+12j+ 14k + A(i+j - k)

The points A, with coordinates (4, 8, a)

and B, with coordinates (b, 13, 13), lie on

this line.

a Find the values of ¢ and b.

@



@D 37

Given that the point O is the origin, and
that the point P lies on /, such that OP is
perpendicular to /,,

b find the coordinates of P. 3)
¢ Hence find the distance OP, giving
your answer as a simplified surd.  (3)

« Sections 9.3, 9.4, 9.5

Referred to a fixed origin O, the point 4
has position vector a(4i + j + 2k) and the
plane IT has equation

r.(i — 5§ + 3k) = 5a
where « is a scalar constant.
a Show that A lies in the plane IT. )
The point B has position vector
a(2i + 11j - 4k)
—
b Show that BA is perpendicular to the

plane I7. 3)
¢ Calculate ZOBA to the nearest one
tenth of a degree. Q)

« Sections 9.3, 9.4

-1
The plane 7 has equation r.( 2 ) =k

. |
where k 1s a constant.

3
Given the point with position vector (—4) 41

lies on 17, 1

a find the value of k 3)
b find a Cartesian equation for I1. 2)
The point P has coordinates (4, -3, 2).
The line / passes through P and is
perpendicular to /7. The line / intersects
IT at the point N.

¢ Find the coordinates of N. )

« Sections 9.2, 9.5

Review exercise 2

39 The line / has Cartesian equation
x=1 _y+3 2-;

2 = 1 = 3 . The plane IT has

Cartesian equation 2x + y—z = 5.

lintersects the I7 at the point P.

a Find the position vector of P. (5)

b Find the acute angle between the line
and the plane at the point of intersection.
Give your answer in radians correct to
three decimal places. (5)

« Sections 9.4, 9.5

The points 4 and B have position vectors
i —j+ 3k and 4i + 3j — 2k respectively.

—
a Find |AB|. 2)
b Find a vector equation for the line /,

which passes through the points 4
and B. (2)

A second line /, has vector equation
r=06i+4j-3k+ pi+j- k)

¢ Show that the line /, also passes

through B. (2)
d Find the size of the acute angle
between /, and /.. 3)
e Hence, or otherwise, find the shortest
distance from A4 to L. 3)
« Sections 9.4, 9.5, 9.6
The plane I7 has equation

—3x + 2y + 3z = -7 and the point P has
coordinates (-1, 2, -3).
a Find, correct to three decimal places,

the shortest distance between P
and I1. 3)

The point Q is the reflection of the point
Pin IT.

b Find the exact coordinates of Q.  (5)
« Section 9.6
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Review exercise 2

Two fish are modelled as travelling in
straight lines. A shark, swims from

7
a point with position vector ( 8 ) toa
[

-2
point with position vector | 11 |, both

11
relative to a fixed origin O and with units
given in metres.

A flounder, starts at a point with

2
position vector (0) relative to O, and
1

travels in the direction of | =1 |.
3

a Show that, no matter how fast either
fish swims, the shark will never catch
the flounder. 0

b Give one criticism of this model. (1)

<« Section 9.5

Challenge

1

214

Find the 3 x 3 matrix representing the single
transformation that is equivalent to a reflection
in the plane x = 0, followed by a rotation of 270°
about the y-axis, followed by a reflection in the
plane y = 0. « Section 7.5

The points 4, B and C have coordinates
(-2,-3,0), (-1, -1, 3) and (1, 1, 1) respectively.
Find the centre and radius of the circle that
passes through all three points. « Chapter 9

The diagram below shows two different ways
in which four non-parallel lines can divide the
plane into regions:

11 regions 10 regions

Prove that if n non-parallel lines divide the
plane into r regions, then

2n=r s%{nz+n+2) « Chapter 8

m For question 2, consider angle ABC.



Exam-style practice

Further Mathematics
AS Level
Paper 1: Core Pure Mathematics

Time: 1 hour 40 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1

With respect to a fixed origin O, the lines /, and /, are given by the equations:
lir=(-3i+5k)+A5i-j+k)
L:r=(10i — j + 15k) + p(6i — 2§ + 4k)

Show that lines /, and /, do not meet. “@

2 & B8
M=|1 -3 1| wherekisan integer.
3 -1 2
a Find det M, giving your answer in terms of k. 3)
Three planes A, B and C are defined by the following Cartesian equations:
A 2x+ky+3z= 1
B: x-3y+ z=-2
C:3x—- yp+2z= 3
b Given that the planes do not meet at a single point, determine whether the three equations
form a consistent system, and give a geometric interpretation of your answer. You must
show sufficient working to justify your conclusions. 5

The cubic equation
2x3=-3x2-Tx-1=0
has roots a, J and ~.
Without solving the equation, find the cubic equation whose roots are (2a — 1), (23 - 1)
and (2 — 1), giving your answer in the form pw* + gw?> + rw + s = 0 where p, ¢, r and s are
integers to be found. (6)

a Prove by induction that for all positive integers 7,

n

Zﬁzinz(n + 1) (6)

r=1 n

b Use the standard results for ZF and Zr to show that for all positive integers n,

r=1 r=1

er(r +1)=3n(n+1)(n+2) )]

r=1

¢ Hence show that n = 1 is the only value of n that satisfies

in(r‘ +1)= 4ir'1 (5)

r=1



Exam-style practice

5 f(z)=2z"- 142+ 782" + kz + 221, where k is a real constant.
Given that z = 3 — 2i is a root of the equation f(z) = 0,

a show that z? — 6z + 13 is a factor of f(z) 4
b find the value of k (1
¢ solve completely the equation f(z) = 0 and show the roots on an Argand diagram. @)

6 The plane /7 has Cartesian equation x — y + 2z = 3.

a Find a unit vector fi normal to I7. 2)

0 2
A line / has vector equation r = ( 3 ) + /1( 4 )
-1 -3

The line intersects I7 at point P.

b Find the coordinates of P and the acute angle between / and I1, giving your answer in
radians correct to two decimal places. 7

7 Frances makes silver jewellery beads. 28

Each bead is formed by rotating the curve shown
through 27 radians about the x-axis. y=4x-x
Each unit on the axes represents 1 mm.

Silver costs £0.05 per cubic millimetre.

=Y

0 4
a Find the cost of the silver needed to make 500 beads. (6)
b State one limitation of this model. (1
_3 3
8 The matrix M = 5 5 | represents an enlargement followed by a rotation.
2 N
a Find the scale factor of the enlargement. 2)
b Find the angle of rotation. 2)

A point P is mapped onto a point P’ under M. Given that the coordinates of P’ are (a, b),

¢ find, in terms of @ and b, the coordinates of P. 4)

9 Shade on an Argand diagram the set of points

{zEC:|z—2i|£3}ﬂ{zEC:%<arg(z—2+i}£%} ©6)

10 A stolen car is modelled as travelling in a straight line from a point A(5, 3, —1) to a point
B(7, -5, 8). The police are waiting for the car to pass at a point modelled as the origin, O. The
police have a ‘stinger’ that they can deploy to stop the car. The ‘stinger’ is 6 metres in length.

a Given that each unit in the model represents one metre, determine whether or not the police
can successfully stop the car. ()]

b State one limitation of this model. (1
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CHAPTER 1
Prior knowledge check
1 a 5/2 b 63 ¢ 6/5
2 a0 b 2 c 1
3 4+ \uiﬁ
28 7\"?
& 13 13
Exercise 1A
1 a 3i b Ti ¢ 11i d 100i
e 15i f i\-'r5_ g 2iV3 h 3i\-'r5_
i 10i/2 j 7iv3
2 a 13+11i b 5+2i ¢ 4+i d 3+2i
e 94+09i o g 4+2i h 2/2+2i
i 11-51 j 0
3 a 14+4i b 24-12i e 12+Si d 24 +7i
e 3-2i f 3+5i g 3+ h —%+31
4 a 2/2-i2 b 1+3)+(3- 3\:3]1
5 a -12i b 14
6 a=-10,b=11
7 a -3+4i b 28-12i ¢ 43-13i
8 a z+w=(a+bi)+(a->bi=
b z-w=(a+ bi)-(a-bi)=2bi
Exercise 1B
1 a z==+11i b z=+2iy10 ¢ z=+2i/15
d z=+2i/7 e z==+2i/6 f z= :%1
2 a z=3+i7 b z=7+2VF ¢ z=-1x3i
3 a z=-1=+2i b z=1+3i ¢ z=-2+51
: 5 . biv3 -3 +iv11l
d z=-5=+i e z=-3=% é f z= 2"
= I3 o
4 a z:—‘i’:%i b z=3=+ 5]"431 ¢ z=%:t"'15':?i
5 z=4+/5iandz,=4-/5i
6 —/44 <b<i44 or-2V11<b<2/11
Exercise 1C
1 a 11+231 b 36+33i ¢ 15+231 d 2-110i
e -5-25i [ 39+80i g -77-36i h 10i
i 54-621 j -46+9i
2 a 41 b 53 ¢ They are both real
d (a+ bi)a - bi) = a® + b*, which is real.
3 a=7,b=—-6bora=18b=-1
4 a -1 b 81 © 2i d -60i
5 -8i,a=0,b=-8
6 -119-120i, so real part is -119
7 a -2i b 49 - 66i
8  Substitute z = 1 — 4i into f(z) to get f{z) =
9 a P=-it=1 b PF=iif=-1,i=-ii"=1
c i1 iii iii i
Challenge
a la+bi=a?-b2+ 2abi
b az—bz=40,24:;5b=—42=>a=ﬂ
bt + 4062 — 441 = 0 = (b — 9)b + 49) =
b=-3b<0)=2a=7,b2+-49=7 - 3i
Exercise 1D
1 a 8-2i b 6+5i ¢ 2+4i d V5-i10
2 a z+z*=12,zz*=45 b .z+z*=20,zz*=125
c z+z*—%,zz*:% d z+z*=2/5,z2z*=50
3 a-5-Ii b -R+E ¢ F+Bi d E-Ti

31 17
4 —z“;—?l ;
3,4 7 ks 41 _ 3
5 a E+El b E+El C T_El
6 %+%l
7 6+8i - .
8 4 8+\21 32+4iv"2:1_6 2\-"2i
B-V21  8+V2i 66 33" 33
9 1 .x1+91 1 9
1-9 1+9i 82 82
10 2+4_B-i2J1+1V2) 10 7/2,
z-3 (1-w21+iv2) 3 3
1 z—21=[6_4f1[4_2f]=16_28i
4 + 2ill4 - 2i) 20
z-2i=4-Tinz=343§
-Tij2-51 2p-35 -5p-14
P fH R Loop i
(2 + 52 - 5i) 29 29
13 izv'lg+4i y \u"'§+4i=_£ Sv"'gi
¢ J5-4i V5+4i 21 21
. :
14 & p+ 5i p+21 _p?-10+7pi
p-2i p+21 P+ 4
2p' 20=p*+4
pi=24=p= 26
V6
b %+71
Exercise 1E
1 a -1+5i-1-5i b -2 c 26
2 a 4+3i4-3i b 8 ¢ 25
3 a 2-3i b z22-4z+13=0
4 a 5+i
b z-6-z-5+i)=0
-B+ilz-6G-z+6B-5+i1=0
z2-10z+26=0=p=-10,g = 26
5 zZ2+10z+41=0
6 -2z+5=0
7 Z2-6z+34=0
3, 1:
8§ a z_§%21 .
1 E 1:]
b (Z—(Tfﬂ)(z—(z——l])
3 :
=22 - 2f3 - 31) - 23 + 31) + (3 - 313 + 31)
=iz? —3z+2 S0 p= 3,q_2

9 (z-[(5+4qilz-(5-¢i)=2"-10z+25 + ¢*
=4p=10=p=3=25+¢*=34=¢=3

Exercise 1F

1 a f2)=8-24+42-26=0
b z=2,z=2+3iorz=2-3i
2 a Substitute z = 3 into f(z).
b b=3,¢c=6 —
3, v15,
¢ z_2,orz_——+ 5 |
3 3,g+3and—3-1i
a (Z—[—4+1]]é ~4-l=z*+8z+16+1
=z2+ 82+ 17
b z=4,z=-4+iorz=-4-1i
5 a a=80=25 b -1,-4+3i,-4-3i
6 a 3-i b ¢c=46,d=-60
7 55+ ;and— —"23i
8 a k= 0 b 2-4i2+4i
9 2,-2 2iand-2i

C

Answers

217



Answers

10 a (z2-9)(z* - 12z + 40) b z=+3,6+2i
11 -3+1i,-3-i,2+ 3iand 2 - 3i
(z-2-3Dz-(2+3))=2z2-4z+13
12 a (z2-4z+13)z2+ bz +¢)
=z =102 + 7122+ Qz + 442
b=-6,c=34

b Q=-214 ¢ z=2+31,2-3i,3+5ior3-5i

Challenge
b=0,c=2,d=4,e=-8,f=16

Mixed exercise 1

a 6+i b -6+12i ¢ 50-22i

1
2 -2/14<b<2/14
3 3+1/3,3-1/3
4 (1420
=17+ 5(1%20) + 10(1*(20)% + 10(1)2(20)* + 5(1)(2i)* + (20)7
=1+ 10i + 40i% + 80i® + 80i* + 32i°
=1+ 10i - 40 - 80i + 80 + 32i
=41 - 38i
5 Substitute z = 3 + i into f{z) to get f{z) = 0.
a 4-2i b -14-2i c -1-i
(45 - 28il(1 - iV3) _ 45 - 28/3 (45«? - 28)i
(1+v3il1 -v31) 4 4
g 4-7i_(@-703-i_12-251+7i% 1 _
3+1 3+13-1 10 2
9 a 5-oi b 24

2 i] i]
10

i

ol

a
z _la +billa + bi) _ a2+ 2abi + b2i®
z*  la - billa + bi) a’® - b*i?

:az—bz+( 2ab )i
a?+ b \a*+b?
3+c.',rixc.',r+5i_3(;—51.',1+1r,12+15i
g-51 q+51 ¢'+25 @*+25
_2q _1
g?+25 B
b %+%i,%+%i
12 x + yi+ 4ifx - yi)=-3 + 18i
[x+4y)+ (4x + yli=-3 + 18i
r+4y=-3,4x+y=18=x=5,y=-2
(9 + 612 + 30 _ 18+ 391 + 1812 _ 4.
(2-302+3)  4-9i2
g 0#3M-g)_ 7q  12-¢,
@+qld—q) ¢2+16 ¢+16
15 a 6+2i b z2-12z+ 40
16 k=6,m=4
17 z=2+i,2-ior -4
18 z=-2,1+3ior1-3i
19 a k=16 b -4iand -3
20a b=4,¢=10 b z=6,-1,-2+/6ior-2-/6i
21 3-2i,3+2i,i/6 and -i/'6
22 a p=-18 b 14,3+

11 a

= q*+26g+25=0=¢g=-1,g=-25

13

V15 i
2

":?25 iand -3 -

Challenge

a If a root is not real, the other root must be its complex
conjugate, but only real numbers are equal to their
conjugate.

b z+iz-1P=z*+222+1

CHAPTER 2

Prior knowledge 2

1 (k+3F+(y-672=25

2 a 6-3i b 21 +3i c
3 a 13cm b 67.4°

[
+
ne e

218

4 z=4+2/2i

Exercise 2A

1 Im 4
d(-2.5) «
se (0, 3)
g.
[__1 ;] «f(y2,2) ea(7,2)
77
h (-4, 0)
) 0 Re
-
c(-6,-1)
ehbh(5 -4)
2 Im a
Z,+ 2,
--=377(13,6)
Zy ,_--"—“"_ v
(2, 4) h
iz, (11, 2)
0 Re
3 Im
e zZ,+ 2,
A5, 5)
"2 Re
(8,-1)
4 Im a z, 6.7)
z|
(8, 4)
o Re
2 ’jzl—z
o (2,-3)
2, /.- -
(-6,-7)

@ Full worked solutions are available in SolutionBank.



5 Im 4
% (4,9
(07 R
z]
(-6,-5) s
(-2,-9) " AT %
6 a a=-10,b=7
b Im 4
2, =-10+7i
-
z3:—3+.2i
0
-
Zn1=7-
7 a p=-17,g=10
b Im 4
zy=-17 + 10i
.
L]
Z:;=—8+5i
0
-
22=9—.-
8§ a
b Im
o1
0 -zz ﬁe
2(3)" ~19(3)" + 64(2) 60 = 0
9 a _[E]_ 9[3)" + 64(3) - 60 =
b (3).4+2i,4-2i
C Im a
(4, 2)
e L]
(2,0
0 l;ae
(4,-2)

z; =3 +iand z, = 3 - i. Other way round acceptable.

3. 1 V3.1 V3.
iyt A el D e
» 22272 et 2
h Im 4
L ] ?- -
] _jl, 0 ;1 1 Re
._§_ L ]

¢ (0, 1)and (0, -1) are on the unit circle.

2 2
unit circle.

Exercise 2B
1 a Modulus =13, argument = 0.39
b Modulus = 2, argument = =
¢ Modulus = 3V5, argument = 2.03
d Modulus = 2/2, argument = -
e Modulus = /113, argument = -2.42
f Modulus = /137, argument = 1.92
g Modulus = /15, argument = -0.46
h Modulus = 17, argument = -2.06
2 a i »-"§_= 2/2 ii %
b i /50=5/2 ii %
¢ i VT2=6/2 i 32
d i 2¢%=a/2 i -3
3 a Im 4
0 IEB
(-40,-9)
b -2.92
4 a z"=(B+4i83+4i)=9+16i"+24i=-7+ 24i
b 25 ¢ 185
d 2, Im &
(-7, 24)
(3.4)
.z
0 ﬁe
Z, 4+6i1-1_ 10+2i .
5 Sl = =5+i
zZ; (1+i1-1) 2 N
V26 c 0.20
3-2 3+2
6 a _2p)+( +2p)i b p=1
e V26

d Argand diagram showing z, =3 +1, z, =

z ;
—=1-i
Zz

\ 2 a2
(—l) - (ﬁ) =1, so other 4 points also lie on the



10

=B -]

T B RS

c

Answers

11 k=

4 + 6i b -20 + 48i
V52 = 2/13 d 1.97

16 + 6il =72 = 642

(4 + 2illa + b2 - 4i) _ (16 - 12illa + bi)

2+ 402 - 4i) . 3zb{i (% 3)
=(«:;z+. . - 3a);

a=6b=-1 d 081
(5-3/5 b 046 _ ¢ i=2

-1 - V3 =12 + (/3 =y = 2
z _F1-#3)-1-i/3) _

7 L1+ W3- 1—1»3}

b 3l (3) -

27 27 z _ 27
argz_: e argz* = 3 and arg <=3
4/3-1_-17+21,/3
5+73 22

5sin _
12 Using sine rule, |z =——— = 2.63
sin

Exercise 2C
1 a 2\-"§'(cos%+ising) b 3(cos%+ ising)
¢ 5(cos2.21 +isin2.21) d 2(cos—%+isin—%)
e V29(cos(-1.95) + isin(-1.95))
f 20(cosw + isin7)
g 25(cos(-1.29) + isin(-1.29))
h 5\-"§'(cos?jf+isin%f)
/5
2 3 b ! 0.46 0.46
a (roq( 3J+mm( 3)) [mq +isin )
¢ 1[cosZ +isinZ
.( 2 2) V3 1. = .
3 a hi i b —+-=i ¢ -3V3 +3i
3 33, 4 4 .
d g 21 e 2-2i f 2/3+2i
4 a -2+2i/3
b -2+ 2i/3 shown on an Argand diagram.
5 _7\"3 =g S
P=—9-9=3
5 5v3
6 =-2 b=
2 2
Exercise 2D z
1 a i |z,24= i arg[Z,Zﬂ:TTr
iii 30((‘0‘iﬁ+l‘iln£)
< 4 47 . 13x
b i |z,zy= ii arg[z.zg:ﬁ
]37 13n
iii 8(cos 137 —)
i 8|cos 45 Ta isin 12
2 a |z .=32,ar ,=_
[2124| 8lZ12,) 15
1 z 147
b |- 2 arelz) -
¢ |22 = 64, argizy) = - 47
3 a cos50+isin59 b -1 ¢ 3+(3/3)
d 32 e —/3-1i f -5/3 +5i
g cos30+isin3¢ h 3-3i
4 a cos30+isin30 b 2+2i c —%i
d cos(-56) + isin(=56) or cos58 — isin5#
5 a z=6/3 (cosST +mmﬁ]
[ [
b i = \“3(roqz—;+1smi—;)
ii 18(:05( ?T)qu( 7“)
12 12/
fii 6(0053 + 151112)
220

Challenge

a

|z| = 2, argz = % 2((:03% +isinZ

27 = 128((:05§ + 1sm%) = 64 + 64iy3
k=064

= 16(r0q4—; + mm%) =-8 - 8iV3
Piz=e=

All points lie on the same line as shown. The values of k
and p are the values of the scale factor of the enlargement.

Im 4 27 = 64 + 64iy/3
z=1+ i\/g
= 0, Re
2 =-8-8iy3
Exercise 2E
1 a Im 4 b Im &

nY
N
N

c Ima d Im 4

0 ) Re |
(0,-3)
B ) S,

Re

3]
T
= '
'
1
’
w
v
r
|
Sl R4
(=}
z o w
Y

(0.9)

r (0. 4)

g Im a

g B )
Y

@ Full worked solutions are available in SolutionBank.



'S
=2 -- B - T -

c
5 a

‘A

i (4+/39)iand(4-,/39)i
ii 5+4V3 and5-4/3
Im 4

0 R

(v -5+ (y+7)P=25

Zmnmngj—g=—a3m3md(3&m

(x—4) + (y-3)"=8§°
Im 4

C(4.3)

Re

7

|Z|min = 3’ |Z|mnx = ]3
Im 4
23+ 2

NI

6 a Im 4

xr=4
c Im 4
0 Re
y=-3
6

(-3, 5) (7, 5)
L e
3 0 7 Re
x=2
i Im A
(0, 6)

Answers

b Im 4
T T >
-8 0 Re
x=-2
d Im 4
84
y=25
0 Re
_34
Im a
0__1 ﬁe
y=
~4-6
.
0 2‘1“-,}? Re
Tte
(8,-2)
(0,-6)
y=3x-6

0)
30 0 Re
_ 1.,
y=-3%+3
i Im 4
(10, 5)
..
Re
y=—4x+11

221



Answers

I3
7 a Im 4 b 25 g Im 4 h Ima
10
\ 0 Re
N\ . FRe (3,4)
0,9 2n = s
3 oy
______ 2
5.0 0 1,-3)
i Im
8 a Im a o4l
1N
0, 5) 3r
2
-4 R
B.1) 7/ 0 e
1 11 a Im 4
el

b Use the cosine rule to find |z]? + 2|z| - 5 = 0, solve to
get |z = -1 +/6
12 a |Zmaxl =6y2 +4and Izmin| =62 -4
b (-2.38,7)

Re 13 a Im A
NP
b z=-4+3i
14 a Im4
10 a Im b Im 4 e
3/
2 .
(2,2) ]
m o 1
3 = \ |
o = :
0 Re [_3, 0] Re 0 2 4 Re
¢ Im d b z=(2+V3)+3i
15 ab _— argz-2-1)=§
(0, 8) ¢
s =5
9 Y |z - 2i = |z - 8il
0 i
Re (0, 211'___ MNL
e f X 5
Im A 0 2 Re
\ 3 ¢ z=6+5i
2 {}\
(1,1)
0 Re

222 @ Full worked solutions are available in SolutionBank.



Im 4
1o b " N 2i|=4
0 Re
arglz—1) = —%
C a=3+2»@,b=——2-—2\@
17 a z=4+4i/3 b arg{z-8}=2—37r
18 a Im Jl/
T drnin
e 3 >
(-4, 0) 0 Re
b Hence the minimum value of |z| is |2, = 2V3
19 a Tm A
Ol Re
b Im
9 .
0| Re
Maximum value of arglz + 15 - 2i) = ¢
(0 2 2
sm(_) = 2 o
2/ J2ry7E /53
p 2
= fl = 2 arcsin
(%)
¢ (-8+v2,4-V2)and (-8 -V2,4+ /2]
Challenge
037<0<277
Exercise 2F
1 a Im b

Answers

1

il
ﬁg

Ty
)

|zl = |z - 6if

223



Answers

4 Im n<

6 a iy=-2/2x-2/2 i (x+1)02+y2=9
b z=-/2+2iV2 orz=-2i
h

Ay
&

Challenge

Mixed exercise 2 -
1 a z=-3+ "IlSiandz=—%—V';5
b Ima
o 5 15
I=- 3t IT!
0 Re
z:—%—i@-

-1+ 2i, -1 — 2i are two of the roots. These roots can
be used to form the quadratic z* + 2z + 5.

(z— 1)z + 2z + 5) = fi2), so third root is 1.

Argand diagram showing -1 + 2i, -1 - 2i and 1.
Sides of triangle are /8 ,/8 and 4. (/8) + (/8)" = 42 .
-1+4i,-1-4i,2,1

Argand diagram showing above roots.

4x-y=3

-3x-6y=0=x=-2y

-Yy=3=y=-1=2=2%

w
PTe o

224

10

11

12

]

e o oo

Aigand diagram showing the point z = % - %i
V5

3
-0.46 rad
Im

3,1 G20

d -3

5 \FZ_ C 3

z?=(a® - 16) + 8ai

2z=2a+ 8i

z2+2z=(a’+ 2a - 16) + (8 + 8ali

a=-1

z=-1+4i

2| = V17 = 4.12

argz = 1.82

Showz=-1+4i,z2=-15-8iand z2+ 2z=-17 on
a single Argand diagram.

-1-i

B+502+1 1 3.

TEoiz+n 5
|zl =+/170
argz'= 1.49
z2==-3 +4i

2.68
U4

(-4, 2)

4 -
22—z z
0

=Y

i 2

25
5
2 .
a+3i_ Sa +—nr,2+()i

2+ai 4+a? 4+a’

for argz = T real and imaginary parts must be
equal

=a’+5a-6=0

=a=-borl

a cannot be negative otherwise argz is negative

s
I  3r . 3
2i= »-2((:05(—T) - ISIH(_T)) and

z,= 2((:03(%) + isin(%))

i i E-5 b 1 ¢ -2.50

)
&=

i 2/2 i %
. bm «« 117
' T
Izl =12 - 2iV3| =22 + (2/3)2 = V16 = 4
argz = -Z
w| _
[7]=1
i T
arg(7) =75

@ Full worked solutions are available in SolutionBank.



13 4»-"?((:05 (—E) +isin (—E))

14 a (x+1P+(y-1p¢=

b

d |z-1.=V

IZ - llmux =X

15 a  Imy arg(z-2+4i) =
0 Re
2,-4)
b
16
Re
Max value = % +0
sm(ﬁ) =._%= _3_ =é
2l /37467 45 /5
= %+ 0 =%+ 2 arcsin(ﬁ%)
17 a Ima
O\
0 (5.0) Re
b (3.96, 3.86) and (1.14, -1.03)
¢ —7<6<-041,041 <6<
18 a
--------- «(6,3)
Re
b c ¥3
10

|

)

_ =

19 a y=4x+3
b 6+6i

20 a i y=x-2
ii(x-27+y*=8
b -2i,4 +2i

% Imy |2-2=2y2

//>(z3+i|zli
Challenge

a Ima b

Re
Z=-3-3i

CHAPTER 3

Prior knowledge 3

1 (x + 3)x + 2)

(x - Dlx +4)

(2x + 3)x + 2)

(k+ DL +k+2) = (k+ Dk +3)
2k + 1)2(1 + 2k?)

(2k - 1)(k? + 5)

0

[A~]
I - -

Exercise 3A
1 a 16 b 820
e 775 f 15150
2 n=32
3 k=14
4 a ni2n-1)
2n-1 2n-1 n

b Zr:Zr—Zr:n[Zn— 1) -gnn+1)
r=1

r=n+1 r=1

c 210
g 610 h

=in(4n-2-n-1)=1nBn-3)=3nn-1)

Answers

d 4950
3240

225



Answers

2n

5 Zr_Zr—Zr_ 1@n)2n +1) - 1(n - 2)n - 1)

II“

2n(2n +1)=(n-1)n-2) =%(3n + hn - 2)
n+2)3n-1)

6 a Zr— > r- in2(n?+1) - in(n + 1)
r=1 r=1
= %n(n(nz +1)-(n+1)) =%n[nf‘ +n-n-1)
=gnn? - 1)

b 3276
7 a 4565 h —28485 ¢ 2576

8 a Z[3r+2} 32r+221=—n(n+1}+2n

= —.ra[3[n + 1)+ 4} —n[Bn +7)

2n

b Z[Sr il SZr = 421 =3@m)2n + 1) - 4(2n)

= 5n(2n +1) - Sn = 10;2* 3n=n(10n - 3)

n+2 n+2 n+2

c Z[2r+3)=22r+ 321 —(n+2)n+3)+30m+2)
{n £ 2 +3). +3)= [n +2)(n +6)

d Z[4r+ 5) = 4Zr ¥ 521
) %)

r=1

%(
5

_4[ nn+1)-3)+5(n-2)=2n*+2n-12+ 50 - 10
_2n£+7n—22_[2n+11][n 2)

9 a Zmr—s} 4Zr—521_4k(k+1j—5k

= 2k2+ 2k - 5k = Zk'2 3k

b 51
10 a=7,b=-3
dn-1 4n-1 dn-1
11 a Z[3r+1)_32r+21_?(4n—1)(4n)+{4n—1)
r=1 r=1
= 6n(4n - 1) +(4n-1)=(4n - 1)6n + 1)
=24n*-2n-1
b 14949

k41 2k+1 k41
128 D (4-50=-5) r+4) 1
r=1 r=1 r=1

= —%[Zk + 1)(2k + 2) + 42k + 1)
=-5(2k + Dk +1) + 42k + 1)
= (2k + 1)(-5(k + 1) + 4) = (2k + 1)(-5k - 1)
=—(2k + 1)(5k + 1)
b —1525

c ler—al} —2(4 5r) = ~(~540) = 540

r=1 Jl

13 If g(r) = 2r, then Zg{r) =n? + n. Hence f(r) = 2r + 3.
14 a fH=4r-1 7 b 210

Challenge

n=4

Exercise 3B

1 a 30
d 24502500
g 173880

b 22140
e 25502500

¢ 19270
f 379507500

a leri =1l@n)@2n + DEn + 1) = 1n2n + 1(4n + 1)
2n-1

b D r=12n- DEn)22n - 1)+ 1)
r=1

=12n(2n - 1)4n - 1) = In(2n - D(4n - 1)

2n 2n n-1
C Zr2zzr2_zr2
= r=1 r=1
=3n(2n + 1)dn + 1) - Hn - D)20A - 1) + 1)
=1n@@2n+ DEn +1) - (2 - 1D2n - 1))
= %n[il(m2 +12n+2-2n2+3n-1)
=lnm+ 1)(14n + 1)

m n+k

Zr‘ =2m*m + 1)* and so Zr‘ =Hn+kPn+ k + 1)

r=1 r=1
dn

a ) ri= Zr‘ Zr‘ 13n)3n + 1)? - Ln2(n + 1)?

r=n+1

= Enz[9[3n +1)2=(n+1)3)

=1n¥(81n2 - n?+54n-2n+9 - 1)

=n#20n%+ 13n + 2) = n¥4n + 1)(bn + 2)
b 213200

n-1
a Zr? . Zr‘ Zr‘ =1@n2@n + 172 -1 - 1202
=ln24@n+ 12 - (n-1)»)
=1p¥16n*+16n+4-n®+2n-1)
=3n%5n% + 6n + 1) = 3n%n + 1)(5n + 1)

3159675
9425 b 25420
¢ 10507320 d 393825

a Z[r+2]{r+ 5) = Zrzwz,w 1021

= —n(n + 12 + 1) + En{n + 1] + 10n
= —.ra[2.ra2 +3n+1+21n+21+60)

= —n[n2 +12n + 41)
b 51660

a Z[r2+3r+ 1)=Zr2+32r+21
r=1 r=1 r=1 r=1

=Inn+1D2n+1) +3nn+1)+n
=n(2n*+3n+1+9n+9 +6)

=3n(n? + 6n + 8) = +nln + 2)(n + 4)
a=2,b=4
b 22000

a Zrz[r -1)= Zr:a - Zrz
e r=1 r=1
= %rﬂ[n +1)2 - %ﬂ[fl +1)2n+1)
= %-’![.’! + D(Bnn+1)-2(2n+ 1))
= %n[n +1D(3n*-n-2)

=
~
s
=
=
I
—_
faw

%[2.*& -1Di2n-1)+1)}3(2n-1)*-(2n-1)-2)
= %2&[2& - 1)(12n2 - 14n + 2)
=3n(2n - 1)(6R* - T + 1)

226 @ Full worked solutions are available in SolutionBank. #



10 a D r+Dr+3)=D r2+4> r+3) 1
=1 r=1 r=1 r=1

=zn(n+ 12n + 1) + 2n(n + 1) + 3n
=%.n[2.n2 +3n+1+12n+12+18)
=+n(2n? + 15n + 31)

b In(14n? + 45n + 31)

1 a Z{H 3)(r + 4) _Zﬁ+ 7Zr+ 1221

=—n[n +12nr+ 1)+ E.ra[n + 1} +12n
=%.n{2.n2 +3n+1+21n+21+72)
= %n[nz +12n + 47)

b 2n(13n? + 48n + 47)

12 a Zr[r +3) = Zr:‘ + 62:‘2 + 92:‘
r=1 r=1 r=1 r=1
=%nz[n + 1)+ nn+1)2n+ 1)+ %n[n +1)
=}n{n + Din(n + 1) + 4(2n + 1) + 18)
=In(n + D(n* + 9n + 22)

b 59070
kn kn
13 a Z{Zr—l] ZZr—Zl_kn[erl]—kn kn
b n-= 9

14 a Z[r* -ri)= Zr‘ Zr*
= —ni(n +1)2 - gn[n + 1}(2n +1)
=ﬁn[n + 1) 3nn+ 1) - 2(2n + 1))

= 5nn + 1Bn2 - n - 2) = Lam + D - 1)(3n + 2)
b n=4

Challenge

a fim=18x2x-1, ) =3x*-3x+1,
f(x) = 4% - 622+ 4x - 1

b Given hix) = ax® + ba* + cx + d,
nh(n) = an* + bn* + en® + dn

=D (af 1) + bEy(r) + ch(r) + dE,() = D _g(r)

r=1 r=1

for g(r) = al,(r) + bLy(r) + clu(r) + df,(r)

Mixed exercise 3

1 a 55 b 1230
d 3025 e 37400
g 75640

2 a dn?-In b in(n + 1)n +2)
c n[n+1){n+4) d n(n+1}(n*+3n+ 1)
e f
g h

¢ 385
I 24001875

gn{n +1)(n - 4)
sn(n? + 4n? + 50 + 10)

En[n + 1)(2n - 5)
Ln(2n? + 3n - 29)
3 27900

4 a Zrz{r -3l= Zr:‘ - 32!‘2
r=1 r=1 r=1
=1n%n +1)? - In(n + 1)(2n + 1)
=%n[n + 1)(n(n + 1) - 2(2n + 1))
= qn(n + 1)(n? - 3n - 2)
soa=-3,b=-2.
b 35490

Answers

5 a Zizr—nz 42# 4Zr+21

=—n[n + 1)(2n + 1] - 2n(n +1)+n
=§n[n +122n+1)-6) +n =%n[n +1)d4n-4)+n
> %nmnz -4+3)= %n[Zn - 1)(2n + 1)

b Zn(4n - 1)(4n + 1)

6 a Zr[r +2) = Zrz + ZZr
r=1 r=1 r=1

=—n[n +12n+1)+nn+1) =%n[n +1)2n+7)
b 9160

7 a Zrz Zr* Zr*

r=n+1

= %{2&][[2!1} + l}(2[2n] +1) - %n[n + 1(2n + 1)

=ln@n+ D2Er+ D -n-1) = 1n@n+ DTn+ 1)
b 8215

8 a Zﬂ:[rz—r— 1}=ir2—ir—il
r=1 r=1 r=1 r=1

=inn+1)2n+1)-3nn+1)-n= In(n? - 4)
b 21 049 c n=7

9 a Zr[2ri+1)—22r‘ Zr:En*[n+l]‘ n(n +1)

=—n{n + 1]{n[n - 1] +1) = —n[n + 1) n?+n+1)

b 1002}2 Zr = Ln(n + 1)(200n + 97)

r=1 r=1

Now ier(zrz ) Zuoo,«z ~ 7). then

r=1 r=1
=3n(n + 1(n? + n+ 1) = tnln + 1)(200n + 97)
= %n[n + 1)(3(n* +n+ 1) - (200n + 97)) =
=¢n(n +1)(3n? - 197n - 94) =
Butn=0,n=-1and 3n2 - 197n - 94 has
dlqrrlmmant 39 937 whlch is not square.

10 a Zr[r +1)2= Zr + 22:‘2 + Zr
= I nin+ 1)* + §»-1[»-1 + 1)(2n + 1) + Eﬁt[n +1)
=5n(n +1)(n + 2)(3n + 5)

b n=10
11 n=15

Challenge

"

a ) Li+DRi+ =) e+leely
i=1

i=1
Then use the formulae for sums of i, %, i* to obtain the
result.

s 355 S )
5339153)>)
rij + rij

1 3 1 1
=ﬁn[n + 1P+ 2) +ﬁn[n +1)2n+ 1)+ E.ra[n +1)

=gnn + 14n +2) +

= oon(n + 1)(n? + 51 + 6)

= oon(n + 1) + 2)(n + 3)
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Answers

CHAPTER 4
Prior knowledge 4 —
p 7+iV1h
1 a x=-2=+i b x:T
2 -2and1+i
3 a -land3 b 4and38 ¢ —tand3
Exerusel.A
4 7 73

1 a ;3 b — s d 5

: 1 5
2 a = b = f d ~ag

3 1 ¢ 15
4 a=1,b=1,¢c=-6
5 a=06,b=5,¢c=1
6 a=2,b=2,c=1
7 a -1+4i b b=2,¢=17
g 3
9 ‘16
10 6 s -
11 k=2 and m = -2%2 =—/2 and m=2"32
12 a -2 b -26
13 a 24 b g>36
Exercise 4B

5 3 2
1 a -5 b e c -1 d ?
2 a -5 b -13 ¢ A7 d 169

n 216 1

3 a % b c —313 d 5
4 a=4,b=-12, c_11 d=-
5 a=2,b=-5,¢=22, d_—
6 a=16,b=-4,¢=-32,d=15
7 a af+fByv+ya=0, afy= L

16
b ia——ﬂ %,'}——l i 12
a of+ 3y +~a=15, m’i”;r— ,k=2(u-+f'3+";r'] b 9
9 a Yes-there are two other real rools, so o™ couldn't
also be a root.
b m=13,n=12, a =3
10 a -land3+i b -20
11 a=2andk=20ora=8and k=
12 a=1,c=32,d=12
13 a=—4,¢c=352,d=768

Challenge

If all three roots are real, then the three expressions

will clearly all be real, so assume there are two complex

conjugate roots, a + bi, and one real root, r.

a a+f+y=r+la+bi)+(a-bi)=r+2ack

b af+ 3y +~va=rla + bi) + (a + bi) (a - bi) + (a - bi)r
=2ar+a*+ bR

w0

¢ afy=rla+bila-bi)=ra®+b) ek
Exercise 4C
3 1 5 5
1 a — b 3 c 3 d 3
3 1
2 a -2 b -5 c 3
d 1 e 3
3 a -3 b 2 c 1
d e 16
4 a -$ b -2 c -2
4 27 !
d — ¢ 3
5 a=12,b=40,¢=25,d=-20,e=-12
6 a= 6,)——11 c=9,d=4,e=-2
7 a=72,b=-102,¢=-25,d=53,e=-12
8§ x=1,3,50r7
1 1
9 ¥=33350TG
10 a -3 b m=-60,n=45
228

11 a 2

12

a

b d=-494,¢ =420
u+x’-3+[3+i}+[3—i)—£=¢~4n+4’i+5:0
03[3+l)(3—1]— 10r13_—=>-4uﬂ T:=10

b -1,- 3+13—1p_llq 44
c Imn
I+i
1
-1 ™4 .
0 Re
3-i
1-3i 1-3i 1 - 3i 1-3i
s 0 o153 ofL53 (153 15
A 2 7)) +3(3 2
” -40=0
+ a3l 4
p 133,
c Ima
1+3i
z
. - =
-3 0 2 Re
1-3i
Exercise 4D
1 a3 b 9 c 10 d 28
8 9 19 [
2 a —g b 16 [ T d 1
3 32 8
3 a i b 2 c 3
4 a-3 b10 ¢ 38 d-7
8 59 87 1
b a — b Tz [ B 3
71 683 53 13 723
6 a b =5 ¢ 5 d 5 e 1600
7 a 2 b -1 c 16
3 7 64 823 51
8 a 5 b g C % d 5 ¢ 3
23 59
9 a 17 b =
10 a a+f3+v=6,a8+ 7+ =9,a3y=15
bi? i 18 iii 11 i
11 a a+d+v==-2, a8+ 37v+va=0,a8y= —%
b i4 i 283 fii -7
12 (a+ 3+ = [n +83+ '}][u‘ 3+ 4%+ 2(af + By + ya))
=o'+ ;33 + 7 + al@ + %) + Blo® + +7)
+ (e + ) + 2(a + F + Yad + 3y + ya)
(ev + 3+ N3 + Fv + ~a)
= a?8 + FPa+ iy + Yo + By + 28 + 3afy
= al# + 42 + Bla® + 43 + vla® + ) + 3ady
(a+8+4)P =+ F+9+ 3+ 0+ e+ By + ya)
- 3ay
o+ B ryP=(a+ 3+ =3a+ 7+ ad+ 3y + ya)
+ 33y
13a -12 b a+B+y=0,a8y=-Y c 12
14 a Ya=0,>a3=2,>afy=1,a83=3
b i ii -4 iii 7
15 a 2 b Zu- = —%, Zuﬁ =1 Zuﬁ‘y oo —% C %
16 {Zu E(a+fi’+fy+6}‘

=al+ F+P+ iz

=l + F+ 7 +62+2(ni+ﬁq+q6+rn+ 38 + ad)
{Zo —2af+ By +y5+av+ 36
+ cxd)

@ Full worked solutions are available in SolutionBank.



Exercise 4E

1 a w-10”+23w-9=0

b w-14w’+ 24w + 40 =0

a 3w+ 23w +52w+31=0

b 24w’ - 16 -10w+1=0

w -9 + 31w -79=0

w+ 11w +3w+9=0

w— 4w+ 11w -53=0

2wt + 120 — 45w?* + 54w - 81 =0
2wt + 120 + 19w + 12w + 2=0

w* + 4w - 12w* + 32w + 80 =0

w* + 10w?* + 33w* + 48w + 33 =0
w + bt — 12w - 27w + 27 =0

3w -Tw - +8w-2=0

=B S0 I S I

e TR oR

Challenge
a w-Tw + 17w -25w-34=0
b Im

Mixed exercise 4

1 a=250,6=325¢=110,d=-7,e=-6
2 a af+By+vya=37.a0y=52,p=-a-F—~v

b -10
3 a -2-i3 b -15
4 x=1,7,130r19
5 a
b d=7,e=-2
6 a (-2+i)+(-2-i)+7+6=-2=~v+5-2=0

(2+i-2-id=85=57=80=4-17=0

b Roots: -2 +i,1+4i;m=14,n=>58

c Ima 1+ 4i
-2 +1
Re
-2-i
1-4i
7 a 4(2-5i)¢-16(2-5ipF + 1152 -512 + 42 -5i)-29=0
b 2+ 5i, :%
c Ima
5 _________
1
|
I
|
i
] -
-0.50 :H 2 Re
|
I
I
N { (PR

Answers

8 a a+f+y= %, af +3y +ya = L afy = %
b il i -2 iii 1
9 a 7 b >a-= —%, Saf= %, Z‘uﬁ'}' = —% c %
10 a -30 b a+3+~=0,a8y= —% —:
11 2w + 9w + 39w - 104 =0
12 a 3w -2w-10w” + 28w + 64 =0
b 2w+ 14w* + 210* + 43w + 298 =0
Challenge
1 w-10w+w+1=0
2 w+dwr+w-1=0
3 wW-5w-1+1=0
CHAPTER 5
Prior knowledge 5
1 a 64 b 2 c I
9 64 b
3 e
3 [r-2?+Tx-6dx=12
Exercise 5A
1 a 6407 b & ¢ 487 d £x
2 2507
141
3 o
4 87
5 a (3,0 b 2,
6 597
279
T %
8 a=3
9 y=r, wL"rzdx = nlrzxl} = wreh
Challenge
35y
Exercise 5B
1 a %« b &r ¢ Ir d 14016
& 4
41y v .y 15037
2 ‘ﬂ'j; (?y2+l] dy == E+§+y]l= 50
3 2L b 104.21
4 a6 b 5%
5 257 3
4. .
6 a ¥-2x+l=y=y=@x-1)7
—x=y+1y>0=2=y+2/y+1
b 248xn
7 8 3
8§ 144 ) s
h ry .Y
=x=r=—"=x=
= h h?
wy b
b2 dy = T2 (i _ﬂ_n[y_"] e
9 Tl'j["x dy = hzij dy = 7713 0_37”'}1
Exercise 5C
1 a 2187 729
——3—‘K —E—ﬁf
¢ Rotation about x-axis: r = 13.5,h=9
V=1(13.5 x 9 = 287
Rotation about y-axis: r=9, h=13.5
V=1rx92x135="2;
2 a Substitute (2, 8) into both equations.
2272 128  _ 6752
b ST+ 57 = 05
3 a Solve the equations simultaneously to get x = 2,
y=4
B(4,0)
p 2048
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Answers

4 a A(-2,2)and B2, 2) p 167 127 28z
81 16 _ 65 3 3 3
5 HJm-gm=5T
6 %w
7 16r-67=10x
1947
8
15
9 a x=-2andx=y2 b 63.98
Challenge
%‘}T —%47: + 487 = Hbr
Exercise 5D
1 a 5<k<15 b %wkﬂn:‘

¢ The actual tent would probably not follow the exact
same shape as the model.

5 32768,
15
3 a 16x b 24r
¢ The solid formed by rotating about the x axis, as the
solid formed by rotating about the y-axis will have a
flatter, disc-shape which does not closely match the
shape of an egg
4 :r.—j:’gf dy=5x8=Db=6.25cm
5 a 193cm b 3162.8cm* ¢ 75.9cm?*
d 50.9% or 0.509
6 a 325.8cm®
b Yes. Volume of water at a height of 10 cm is

280.2 cm® With the extra 50 cm?, this is greater
than 325.8 cm?, so the water will overflow.

7 486w + 259.2r = 745.2xn
Challenge

159
5

Mixed exercise 5
4374

-

35
2 a % b %",T
3 a ¥+4dx+d=y=y=(x+2)
=x=y-2=x=4-4Jy+y
b i
567 ks
A0F; b 5

5
5 a 22+1)2=45
3x2+4x45 =24

b 1251‘:}97r + 87111' = %ﬂ'
6 a 17.6m-0.87=16.87cm?
b e.g. the shape of the holder is unlikely to exactly
follow the curve
%’m + 47 = L:,U’ﬂ'
3437w
16
Challenge

a R=xy’=alr?-x%
b V= f_:w(rz - 29 dx = 27 [5nlr? — 2% dx

= Zw[rzx - %‘]; =2a(r3 - &) = Zars

Review exercise 1

1 a 4-(5+pi b 5p+4pi ¢ _%_%1
2 a -2/3<k<2/3 b 0,1+/2i
230

o=l W

11

12
13

14

15

16

é i 13\-"§ é B i3v"§
2 22 2
x=3,y=-1
a 3 b -1
-1+i,-1-1,-3
a 21 b 2+3i,2
a (22-3z-4)(z"+2z+4)
b -1,4, -1+ i\-’g, -1-1i/3
3+i,3-1,1-2i,1+2i
a 1+i/3,1-iV/3,3 b -5,10
a ;-3
b Im 4
14
. Z* [g, i]
0 Re
14
. Z (?,—i]
\Tf o - o
c z= (cos(=76°) + isin(-76%)
P I 137 (cos76° + isin76°)
1.318 radians, 1.823 radians
a Ima
(-9,17) =
0 Re
b 2.06 c 1-2i
a zf=5+if=25+1=26 ‘
5 ;i |24
2o = -2+ 3iF =4+ 9= 13 =
p 37
4
a 2=(2-iP=4-4i+?=4-4i-1=3-4i
b 2-2iand-2
I Im
"
(-2,0) 0 Re
(2,-2)
Zl
d |z,-zP=/(F2-22+ (22 =2/5 e —%
a Im a
*Q
. P
0 Re

b |Zl| = 2\‘"5, |Z2| = \u"'_lﬁ, Pe) = V2

@ Full worked solutions are available in SolutionBank.



¢ |z)P+PQF=8+2=10=|z) s0 20PQis a

right angle.
d -1+i
(cos2x + i sin2x)(cos9x + i sin9x)
(cos9x — i sin9x)(cos9x + i sin9x)

_ [cos2x cos9x - sin2x sin9x) + i(cos2x sin9x + sinZx cos9x)

05291 + sin?9x
_cosllxy +isinllx

n=11 5
18 a Im 4
7o
0 1 Re
7"2°¢
3
b maximum value of |z| is 3 + /5
minimum value of |z] is 3 - V5
19 a Im 4
2
2
0 Re
b 4
20 a Im 4
3
3
0 Re

Answers

21 Im 4

0 Re
(-3.-1)
22 a Im 4
0 Re
_______________ (B S—
(=3.-1) 2,-1)
1 1 1:
b 5 C —2—51
23 Im 4
by 2n

g=argz-1 =

24

25 ) (2r-12=) @ri-4r+1)=4) 12 -4 r+n
r=1 r=1 r=1 r=1

=%I3[-'1 +12rn+1)-2nn+1)+n z%nmnz -1
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Answers

26 D _r(rP-3)=Y _r'-3) r=1n2n+ 123+ 1)
r=1 r=1 r=1
=1+ 1)n - 2)(n + 3)

27 a Zn:r(Zr -1)= Zirz - ir
r=1 r=1 r=1

=3nn+1)2n+ 1) - gnn+ 1) = fnnr + D4n - 1)
b 17730

D (6r2+ar-5=6 r2+4> r-sn
r=1 r=1 r=1

=nn+1)2n+1)+2n(n+ 1) - 5n=n(2n*+ 5n - 2)
b 32480

Zr{r+ 1) =Zr2+ Zr
r=1 r=1 r=1

= +1)2n + 1) + znn + 1) = 3nn + 1)n + 2)

28 a

29 a

3n

n n-1
b D rr+D)= rr+1) - rr+1)
r=1 r=1

=13Bn)Bn+ 1)Bn +2) - Xn - Dan + 1)

= %n( 26n*+27n+7) = %n{Zn +1)(13n +7)
p=13.q=7

30 a p=3,g=-1,r=-2
b 23703950
30 w2 b 0,1 c 2
75 _3 9
32 a 4 b ety S C 16

33 w¥+3wr+1lw-23=0
34 a w'-3w-18w?+8lw+324=0
b w+ 2w -8uw+b6w+79=0
35 a 1 b 2T
36 5 13
37 24.7
38 a 20
b V=nx["100 - (y - 20 dy = x["40y - y* - 300 dy

] b
= x|2042 - % - 300y]

- Ti600? a7 6%~ 47 - 9006 — )

c £104.72
39 a 24 mm b 13.6 grams
¢ Any valid reason, e.g. the gold may have voids or
impurities, the actual dimensions may differ from
those modelled, answer is given to too great a
degree of accuracy.

Challenge
1 a
Im 4

b 3
2 a 2r+4

232

2n 2n n-1
b Zu, = Zu, - Zar
r=n r=1 r=1
=((2n)? + 5(2n)) - ((n - 1)2 - 5(n - 1))
=3n*+Tn+4=(n+1)3n+4)

3 w-6w-20w-200=0
CHAPTER 6
Prior knowledge 6
2 1) 3
1 b
8 (2 11 : _16)
2 ax=7,y=3 b x=-%Ly=2
Exercise 6A
1 a 2x:2 b 2x1 c 2x3
d 1x3 e 1x2 f 3x3
1 0 00
0100
2 0010
0001
a=6,b=2
‘8 -1 2 2 0 0o
a (7 7 x: —5) ¢ (o o
5 a Notpossible b (_g) c (1 1 4
d Not possible e (3 -1 4
I Not possible g (-3 1 -4
6 a=6b=3,c=2,d=-1
7 a=4,b=3,¢c=5
8 a=2b=-2,c=2,d=1,e=-1,/=3
7 2 -1 8§ 3 -7 -1 -1 6
9 a |3 1 4 b (-1 -7 8| ¢ 4 8 -4
1 4 -3 -1 -1 -4 2 5 1
di a=3,b=-5¢=6 ii a=8,b=-9,¢=-1
6 0 1 0 2
0 g
# (12 18) 2 =3 ¢ (L)
d A and B are not the same size, so you can’t subtract
them.
13 -4 2 _8
11 : b ( |
8 (—1 ()J 10 -12
11 =12 F 2
- E
¢ (5 Z6) g (s 2)
E
14 0 9 0 14 -8
12 a 7T 91 b 0 -6 -4
2 0 2 -1 7 6
_5oun 1
38 6 21 i 8 e
c |19 -27 1 d -2 -5 -
5 3 8 114
Z 6 3
13 k=3,2=-1
14 a=3,b=-35,c=-1,d=2
15 a=5,b=5,¢c=-2,d=2
16 k=3
17 a k=2 b p=13,¢=3,r=12
18 a=-6,b=-4,c=2,d=0,e=3,k=-2
Exercise 6B
1 a 1x2 b 3x3 c 1x2
d 2x2 e 2x3 f 3x2
3 -2 1
2 a [ b (% 7)
-3 -2 -1 1 -4
3 b (
A (3 3 0) 0 9)

@ Full worked solutions are available in SolutionBank.



4 a Not possible b (:(3) :;]
¢ Not possible d (g)
o 8) | £ 7 -7)
5 (3 %0 %)
6 (31{;2 3x0+ 2)
7 a (o ) o 13) ¢ (—1336 :ﬂ)
¢ a (3+k2 2k ) b (3;:2 kfﬂ] |
Y =
N I R
1a (3o b
-8 -14
0 o (_4 _7) b (16 29)
0 0
12 a (_11) b &2 2 A
=3
13 a (1 0)
0 1 .
B A L
'A=(0 )( ) (0:1 _0:3) (1 3) b
14 AB= (1 ¢)andAC=(} 2).soAB+AC=(; 1)

B+C=(5 _41)

so AB + C) = (g _2])(_51 —41)

w=f5 1l 1)=(6 7)

=(11 9)=AB+AC

13 10

2assi=(2 2+ (3 9)=(7 %)

6 20"\ 5/7\6 7
2a+c+1 be 2+c
16 1 2a+b+1 ac-1
ab + 1 2-b b+e
17 a=3,b=-2
_p 3\(qg 2\ (pg+12 2p+3g
18 AB—(6 p)(‘l' q)_(6q+4p 12+PQ’)
BA- (7 2\(P 3\ _(pa+12 2p+3q
v gl\6 p . bg+4p 12+ pg
19 p=2,¢9=-3
Challenge
0 1 1 1
a e.g. (0 0) b (—1 —1)
Exercise 6C
1 a 10 b 6 oo
d 0 e 21 f 4
i <3 b -5 c i

2

3 k=2-V3,k=2+V3
4 k=-4k=1

5 a detA=0,detB=0

00)
0 0

=
—

Answers

6 a 6 b -56 c 1 d 0
7 a 20 b 17 c 0
8§ 17
9 -8,-2
_,|0 4|_ ‘—2 4‘ |—2
10 a detA_le 8 5 3 8+3 3
=2(0-40)-5(-16 -12) + 3(-20-0) =
7 6 7
b |-2 -10 -4
13 7 12
_|-10 g -4| | -2 —1o|
¢ det{AB)J‘ 7 6‘13 2 +7‘13
=7(-120 + 28) - 6(-24 + 52) + 7(-14 + 130)
=0
0 a -b
oo o) -ofS, -y oy S
b - 0
=0+abc - abc=0 )
i 2 5 63 _ 63
12 Determinant = 2x* + 10x + 44 = 2|x + = —=>—
2 2
for x € R.
So determinant # 0, therefore matrix is non-singular.
13 -1,0,3 :
14 a 7 b k=-25 c [‘:123 ‘112'5)
d detMN=26+23=49, detMdetN=7x7 =49
2 4 6
15 a -35 b -4 c 3 9 14
-20 6 5
2 4 6
d det(AB)=| 3 9 14
-20 6 5
=-70=(-35) x 2 = detA x detB
Challenge
1 1) (—1 —l) (l 1) (-1 1)
» (1 g0 G 25 )
G 2 AHE AE D)
1 -1)/\-1 1701 -1/-1 -1
b (0 0) (1 0) (0 1) (0 0) (0 0)
0o o/ o/ o\t o0/l 1)
(1 1) (1 0) (0 1') (0 0) (1 1)
o o/\1 o/ 1/ 1/ 1
Exercise 6D
1 a Non-singular. Inverse:(; ?g)
b Singular ‘ ¢ Singular
d Non-singular. Inverse:(_35 21) e Singular
I Non-singular. Inverse = (_0‘.2 0.3 )
) 0.6 -0.4
2 a (—(2+a] 1+a)
1+ a -a
=1 =3
b ‘1‘ ‘21 (provided a # 0, b  0)
b b
3 a (A'AIBC=A"'= (B'B)C=B'A"'
= CA=B'YA'A)=B"
3 4
b (55
-1 -1
1 4
4 a B=A'C b ( J
4 =i i3
2 =3
= (-1
5 a A=C b (2 5)
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Answers

=]

-]

]

-]

4 —3)
1 2
1 3
-2 1
0 -1
1 (2.') —b] g = 2
T 3
2ab '\~4a 3al -1 3
A'B=ABA = AB=B = A*=BB'= A?=1

el e Yol §lmla 8

Hence a = d and b = ¢. .

ey 1 {1 3
k# -3 . . 3k+2(k —2)
%(—1 ‘5) b p=3
P-%\1 o2
k2+3k+12

2
Determinant = [k + %) +9.75 = 9.75, s0 non-
singular.

)
1 (Za —2)
2a°-6'-3 a
a:v’?,a:—»’?
10 0 100 1 0
2 1 1 3
0 5 -5/ b (030 c H
1 2 1 4
0 -5 3 00 3 =

=

=R
|
P

-1 0 1
0 1 0 b
2 0 -1

——— |
Pty | |
tnl 2 W= ww
" | |
el wirs W=

|
| )=
w5
]
-
| |
L w

= I

=
P =

1 1 2 1
302 To6\/-1 0 1 )
BA'=(0 -2 1 /lo 1 o]=[1 —
1 1 2 0 -1 2 1
3 Z % ER
= (AB)!

ol SF . |k 1
detA_Z‘] 479 1

ko1
+3‘1 1‘
= 2(4 = 1) + 3(k - 1) = 3(k + 1)

1 3 3 -3
e |1-4 5 3k-2

k-1 -2 2

a=-4,b=8,¢c=3

s |
Ty
-3 3 1
AT |
Af*=(4 -3 0)(
3 3 i

-3 4 3
b (-4 5 4
3 -3 .2

2
4
=3
-3 4 3\ /100
—454):(010)
3

-3 2

Ll wile O

Do W

-1 1 -3 4 3
-3 0]=|-4 5 4
3 i -3 -2

1 1 ;\y/1 1 0O 4 -2 1
a A= (3 -3 1)(3 -3 1) - (—6 15 —])
0 3 2/\- 3 2 9 -3 7
1 1 ;W4 -2 1 -2 13 0
Al = (3 -3 1)(—6 15 —1) = (39 -54 13)
0 3 2/\9 -3 7 0 39 11

13 13 0 15 0 0
13A-151={39 -39 13]-|10 15 0

0 39 26

-2 13 0

= (39 -54 l3)= A?
0 39 11

b 15I=13A - A% = 15A'= 13AA!' - APA' = 131 - A2

9 2 -1
(s 2 1)
-9 3 6

a detA:Z‘g _2‘+|3 §=2[—12+6)+{12—0)=0

-6 16 12
b (3 -8 -6

0 0 15

]
|._

w

-3 8 [
2 0 1yv/-6 3 -3
c AC"'=(4 3 —2)(]6 -8 8)
0 3 -4/\12 -6 6
-12+0+12 6+0-6 -6+0+6
=(—24+48—24 12 -24 +12 —12+24—]2)
0+ 48 - 48 -24 + 24 0+24 -24

a All values of k

]] 3-k 6-%k
b EO 5 5

1 o=l =i
. (2 6 +3
1 -3 12-p
ap-21
P 7 4p -9

¢c x=2,y=1,z=-3
d x:—g,y:g,z’_ 1
e 73 i 5
A(y):(:;o),whereAz 6 5 -7 detA=111.
2k a3 1 4 6

So A is invertible, there is a unique solution to the
set of equations and the three planes meet at a single
point, (1, 2, -2).

£1440, £1250, £310

500 brown, 250 grey, 1250 black

a a=2.
b Not consistent. The three planes meet in a prism.
1 4 g
3 -3 2 -3 2 3
sfos Seaf oo e
q -2 q -2 a q
g g -2

=(-6 + 3q) - 4(-4 + 3¢)+ g(2g - 3¢)
=-6+3¢g+16-12¢ - ¢*
=-g*-9¢ + 10
detM=0=—¢*-9¢+10=0=¢*+9¢-10=0
b i Consistent, infinity of solutions, planes meet in a
sheaf
ii Consistent, unique solution, planes meet in a point
iii Inconsistent, no solutions, planes meet in a prism

@ Full worked solutions are available in SolutionBank.



Mixed exercise 6
1 4 3
1 )

-1 1 -2
3 1
a “a S
2% 5 g b (3 )
b b
3 a X=BAB" b (6 2)
4 a=1,b=3 =4 B
5 8
2 0 0
6 %( —x 1 o)
x-6 -1 2 1 ik
a k=#+2/2 b k2—8(4 k)
a k-2k+6
b detB=(k-12+5=5,s0detB=0andB
non-singular.
¢ k=-3
o o m-vZm--z b —L(1m
10 a a:—%
1 (a;rl 113 —4§5a)
Ha+ 12\, 5q 11 3a-4
x 6 1 1 1
11 A(y):(_z),whereA=(1 ] 2),detA=26.
z 0 2 1 -3

So A is non-singular and has an inverse. There is a
unique solution and the planes intersect at a single
point, (2, 2, 2).
12 700 Hampshire, 1400 Dorset horn, 400 Wiltshire horn
13 a a=-3,b=13
b The three planes form a sheaf.

Challenge
LetA=(% b
5 [_c d

So detAdetB = (ad - be)(hl - jk) = adhl - adjk - behl + bejk
ah +bk aj+b
AB =
(Ch +dk ¢+ dﬁ)
det(AB) = (ah + bk)(cj + dl) — (aj + bD(ch + dk)
= adhl — adjk — behl + bejk = detAdetB

), B- (z J() detA = ad - be, detB = hl — jk

CHAPTER 7
Prior knowledge 7
0 1 (—5 —3)
toa ] 3) b liz s
-2 -1
2 a -10 b {75 )
5 -4 -2
3 -1 -2 41
1 5 -1
Exercise 7A
1 a Notlinear b Not linear
¢ Not linear d Linear
e Not linear f Linear
. 2 —l)
2 Line
a Linear (3 a
b Not linear (2y + 1 and x — 1 cannot be written as
ax + by)
Not linear (xy cannot be written as ax + by)
. 0 2) : (0 1)
d Linear (_1 0 e Linear 10

=]

oTeE o oDR S oR

=1

= --B ]

Answers

Not linear (x* and y* cannot be written as ax + hy)
—l) . 1 —l)
Line
0 ¢ Linear (] 1

: 0 0 : 1 0
Lmear(o 0) e Lmear(o 1)

1 2 1 : 0 -1
Lmear(o _1) b Lmear‘(tl 2)

(1, 1), (-2, 3). (-5, 1)

(3.-2), (14, -6), (9, -2)

(-2,-2), (-6, 4), (-2, 10)

(=2, 0), (0, 3), (2, 0), (0, =3)
(-1,-1), (-1, 1),{1, 1}, (1, -1)
(-1,-1),(1,-1),{(1, 1}, (-1,1)

(-2, -1), (-4, -1, (-4, -2), (-2, -2)
YA

4
¥

. 0
Line
inear ( 1

3]

|

=
|

T
(=
=Y

o
Rotation through 180° about (0, 0)
(2,0), (8, 4), (6, 8), (0, 4)

YA
8

0

0 2 4 6 g %
Enlargement, centre (0, 0), scale factor 2
(0, -2), (0, -6), (4, -6), (4, -2)

A

F4
L5

i

e

|

[=2)
|

=
|

%]
L]
=y

7 L
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Answers

¢ Reflection in y = x and enlargement, centre (0, 0),
scale factor 2

10 a (4,1),(4,3),(1,3)
b The transformation represented by the identity
matrix leaves T unchanged.

Challenge —
o k: ol k: x —
g &= (i ]3) £a T(kfx) - (? IBJ(k;) - ( kx + kyg)
=k 7))
b 7{{y2) + ()= 7l o)
(2 —3 (x- + xz) (le. +22) = 3y, + sz)
1 YitlY: X, +X,+ Y+ Y,

o le_Byl 2x2_392 T( ) )
N ox+y, x2+y2 I Y2

Exercise 7B

1 a ({1) _0)
; (5 —0)@) (13) soA’=(1,-3)
(é _0)@) (33)‘503’—(3 -3)
& 2)B)=(3)sc-6.-2
22 (5 5)
b (S SN wr=cron
(S o)) =(F) 0 @-eam
(% DB)=-(F)sor=c3.-2
G OR)-Gles-cra
OGS RN G S

=(-1,4),C=(-2,4)

3 11 43\ m_ly_ V3
b AJZ(_v___,___),B-:(—z-S——.2——),
7 "2 ™ 3 et 2

5 a P= 2JQ (3, -2), R =(3,-4),5 = (2, -4)
‘. _ 9@ n_ \"__5\:"?
b P =0, 2»2],-{?—(2, 2),
s V2 T2 . [ -~
R_(z, 2)9_{2 3/2)

6 a Arepresents a reflection in the x-axis. B represents
a rotation through 2707 anticlockwise about (0, 0).

b (3,-2) ¢c a=0,b=0
7 a Rotation through 225° anticlockwise about (0, 0)
A ol
b p=3,¢g=1 ¢ _"i j
V2 V2
d Rotation through 45° clockwise about
(0, 0); (=3,-1)

8 a Reflection in the line y = x

begy=xy=-xy=-x+1 . ((1) ?)
9 a a=-05
-0.5 -0.866
b 6=120%
(0.866 -0.5 )
-0.5 0.866
0 = 240°;
(—0.866 -0.5 )
0 -1 B ~
0a () ) b a=0,b=0
Challenge

‘y (COS 8, sin &)

s [—sin 9] \
/ cos f o P

] AN v
T
1
Rotatmg( )hyf}takpq it to (r?r:’g) and mtatmg( )hyetakm
it to ( sma), so the matrix for the rotation is (rf’qg —sme)_
cosf sind  cost
Exercise 7C
4 0 2 0 5 0
L & (o 1) b ( F (o 2) (0 0.5)
2 a 4 b 3 c 4 d 25
3 a (0,0) b 12
) i
4 a (_2 0) b ( c 2 0
0 1 0F

5 (g 2)(}:;) = (kfizxx); kax = k(ax), so this point lies on

y = kx and the line is invariant.
6 a Stretch parallel of the x-axis, scale factor 2 and
stretch parallel to the y-axis, scale factor -3

b k=4
7 a (3,9),(15,9),(15,6) b 18
8§ a (4,0),(8,0),(8,-15), (4, -15)
b 60
9 a Enlargement, centre (0, 0), scale factor 2/5
b a=lora=7
pr+p  p+ f;)
10 a g b p=-3,g=3
(pz +qp p+q° i ‘
8 0
1a (g 3)
b Stretch parallel to the x-axis, scale factor 8; and
stretch parallel to the y-axis, scale factor —8.
Or enlargement scale factor 8 and centre (0, 0) and
rPﬂPrtmn in th x-axis.
¢ k=gork=-
12 36
13 k=2
11
z 2 "5 4
a | b (0,0), {07»2](,2 E)
V2o 2
1 1 1 1
detM=—x — - (—— —=)=1-[3)=1
& i V2 * V2 V2 ) \-"2) 2 [ 2]
d 17.5
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Challenge

b Foranyzu. (%)= (T 9)5)- (%)

Y 0 0/t 0
The y-coordinate is 0, so all points (x, y) map onto the
x-axis.

Exercise 7D

13(

0 1), T
1 OJ’ Reflection in y = x
0 1y AE—

b (1 0), Reflection in y = x

c (_02 02); Enlargement scale factor -2, centre (0, 0)
1 0 . .

d 0o 1f Identity (no transformation)

e (g 2) Enlargement scale factor 4, centre (0, 0)

=]

N E A IR P

b i Reflection in y-axis
ii Reflection in y-axis
iii Rotation of 180° about (0, 0)
iv Reflection in y = —x
v No transformataion (Identity)
vi Rotation of 90° anticlockwise about (0, 0)
vii No transformataion (Identity)

a (g (B)J reflection in y = x with a stretch by scale
factor 3 parallel to the x-axis and by scale factor 2
parallel to the y-axis.

b (105 ? 0); stretch by scale factor 15 parallel to the

x-axis and by scale factor —10 parallel to the y-axis

c ( 05 (5)] enlargement by scale factor 5 about (0, 0)

and rotation through 2707 anticlockwise.

d (105 _? 0); stretch by scale factor 15 parallel to the
x-axis and by scale factor —10 parallel to the y-axis

e (_05 (S)J enlargement by scale factor 5 about (0, 0)
and rotation through 2707 anticlockwise.

f (100 105); reflection in y = x with a stretch by scale

factor 15 parallel to the x-axis and by scale factor
10 parallel to the y-axis.

d (2 0), B: (—2 0 ) C: (4 0')

0 3 0 =2 0 4
;=4 0N = 48 0 -8 0}
B (0 —6) i (0 12) i (0 _3)
iv(lﬁ 0_) ” (—16 0)
0 16 0 -24
Reflection in y-axis = M = (‘01 (13)

Reflection in line y = —x =N = ( 0 _1)

-1 0
Combined transformation = NM

:(—01 _01)(_(;1 ?)z(? _01)
(0 —1) = ((:0590" —sin90°]
1 0 \sin90°  cos90°

50 it represents a rotation through 907 anticlockwise
about (0, 0).

Answers

10 {0 -1
6 T_(o Sandu=(3 )
) —1'(1 0)_(0 1)
UT = =
(1 0) o -1 1 0
‘1T 040 -1 0o -1
-(p Al o)=(G 9)=vr
b 2 9)-G o)
-4k 0
T .|
2 (o )
b Stretch by scale factor —4k parallel to the x-axis and
by scale factor 2k parallel to the y-axis.
k 0y/-4 0 -4k 0
c P=( ( ):( ):P from part a
Q 0 k) 0 2 0 2k Q( P )
9 0
5 2 (g 1)
0 16
b Stretch by scale factor 9 parallel to the x-axis and
by scale factor 16 parallel to the y-axis.
2
c (% fg);stretch by scale factor a® parallel to the
x-axis and by scale factor b* parallel to the y-axis.
0 -1
9 a ({ )
b Rotation of 90° anticlockwise about (0, 0)
¢ Rotation of 45° anticlockwise about (0, 0)
d ((1] ?) (Identity matrix)
10 a k=-3 b #=45°
11 3
_1 1 L
Z 7z 0 1 z 72
123_L_L h(10) C_L_L
V2 V2 V2 V2,
k*+3 0
13 a
( 0 3+ kz)
b Enlargement by scale factor &% + 3 about (0, 0).
; bifa b a’+b* ab-ba
1 Pl ) )= o
(b -a (b —a b-ba b*+a?|
z(nr,2+b}2 0 )
0 a® + b?
This represents an enlargement about the origin, scale
factor a® + b2
Challenge
2 _ [cosf —sinGJ (cosd —sinﬂ)
L _(sinﬁ cost (sin& cost
. (cnsz.‘) - sin’*f -2 sinf (:059) - ((:0529 —sin29)
2 sinf cosfl  cos*f — sin*f sin2f  cos24
b Two successive anticlockwise rotations about the origin
by an angle ¢ are equivalent to a single anticlockwise
rotation by an angle 26.
Exercise TE
-1 0 0 1 0 0 -1 0 0
1 a |0 10 b {0 -1 0 c 0o 1 0
0 01 0 0 1 0 0 -1
1 0 0
0 -1 0 00 -1 o 1 3
d {1 0 0 e (01 0 r 2 2
0 0 1 10 0 o 33 1
2 a Reflection in the plane z =0 % 8

b Rotation anticlockwise 90° about y-axis
¢ Rotation anticlockwise 135° about z-axis
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Answers

3 a Rotation anticlockwise 90° about x-axis
b (3,-4,-1) c a=2
X
o -3+v3 3/3+1 )
4 /
als 2 0 b ( 27 iz <l
2 2
0 0 1
k 3k )
—. Lk
# (2 2
-1 0 0 1 0 0
5 a A={0 1 0,B=(0 -1 0
0o 01 0 0 1
b (-a,b,c) ¢ (-a,-b,c)
6 a Rotation 210° anticlockwise about y-axis.
k3 k
b ( ,—k,—)
2 2
(L ol
V2 V2
7 a |0 1 0
=ty iy ol
V2 V2
b (V2,0,0),(/2,1,0),(0,2,3/2),(0,0,0)
c 1
Challenge 1 0 0
= B s el
a [0 -1 0 b V2 2
o 0 1 0 l_ l_
V2 /2
Exercise 7TF
1 a Rotation of 90° anticlockwise about (0, 0)
0 1
b (5 o)
-1 0

¢ Rotation of 270° anticlockwise about (0, 0)
2 a i Rotation of 180° about (0, 0)
. (-1 0)(—1 0)_(1+0 0+ 0 _(1 0
i _(0 -0 -1/ lo+0 0+1)‘ 0 1)
=1
iii Rotation of 180° about (0, 0)
b i Reflectioniny=-x

ﬁT2=(0 —1)(0 —1):(0+1

-1 0/\-1 0 0+0 1+0/ 0 1

0+ 0) _ (‘1 0)
=1
iii Reflection in y = —x
¢ detS = 1; the area of a shape is unchanged by a
rotation.
detT = -1; the area of a shape is unchanged by a
reflection (the minus sign indicating that it has been

reflected).
3 a ( 01) reflection in y = 0
b ( _01) reflection in y = 0
c ( 1 (1)) reflection in x = 0
d ( i 0) reflection in x =0
! 3 1
13 23) i 4
A ( 24 Bl o
2 2
238

-

=2}
-]

oo
—_—

=
10(

11 a

c

d

.

1 a

]

Enlargement, scale factor 4, centre (0, 0)

c (LY B3 B

i

1
> (24
o 1 a’p
b
Rotation of 330° anticlockwise about (0, 0)
p=-2,g=1
-1
2
- b, - 2a - 3b)
3
g _1
. 1 a=10,b=-6,c=-

1

El

2

01 0

(1 0 0); reflection in y = x
01
10

0 0); reflection in y = x
01

0 -1 0
-1 0 0] reflection in y = —x

0o 0 1
N=QP=Q'N=P=P'Q'N=I=P'Q!'=N"
0 -1 0
N'=|-1 0 0] reflectioniny=-x
0o 0 1
0.1 03 0.7
03 01 -0.1
0.2 -0.6 -04
Mixed exercise 7
0 -1 -2 3
b (3 )
(1 0 ) -1 2
(é 1) (Identity matrix); four successive
anticlockwise rotations of 90° about (0, 0).
(S 02) reflection in x-axis and enlargement s.I. 2,

B oo e

=

b

centre (0, 0)
1

( (2] ]); reflection in x-axis and enlargement s.f. %

2
centre (0, 0)

k 0

o
4

30° anticlockwise about (0, 0)

Ea + b _a - Eb

8 8 8 8

A represents a reflection in the line y = x;
B represents a rotation through 270° anticlockwise
about (0, 0)

(=p. q)
k=-28o0rk=1438

(_14 —32)(—%:)

point satisfies the equation of the original line.

el

5

k=-3 ¢c m=lorm=-1

-bx 5
5 ); (~5x) + 3(3x) = 0 so the

@ Full worked solutions are available in SolutionBank.



8 a Rotation 150° anticlockwise about the z-axis
3 ba b3
b (_m wl B v ‘_)
7 “22 27

1
- 0 :
a 4 7
) a a 1 (a’EJ
a
1 4
2. %
7. o | —f -
113(_32J b 7 c(_}_}‘i)
1 0 0 o
0 Y2 _2
12 2 2 lia=0,b=-v2,¢=0
/2 V2
0 Y= ..X=
2 2
119 11 = L&
13 a (_{_’ {1’(:) b sl -4 -1 2
-14 1 4
Challenge

10 0
1 00 -1
01 0

2 a Let the point be P(a, b): (0 ])(_b) (3:2)2(2]

So P'is (b, b); its x- and y-coordinates are equal, so
itisony=x
0 1

L (0 m)

¢ Ifc#0, then the line ax + by = ¢ does not go
through the origin. Hence the origin cannot be
mapped to itself, and the transformation is not
linear.

CHAPTER 8
Prior knowledge 8
1 a jnn+1) b
2 3n2-3n=3(9-1)=3"x8
( 5k 4 - 8k )

Ln+ D +2)2n + 3)

5k+5 -8k-14

Exercise 8A
1 Basis:Whenn=1:LHS=1; RHS = J(1)(1 + 1) = 1
k

Assumption: E r=gk(k +1)
r=1
k+1 &

Induction: Zr_ Zr +k+1) =gk(k+ 1)+ (k+1)
oo =Lk + Dk +2)

So if the statement holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all n € Z*.
2 Basis step: When n = 1: LHS=1; RHS:%{I]Z(I +1)2=1
k

Assumption: er‘ = 1k?(k + 1)?
k+1

Induction: Zr‘ = Zr‘ + (k +1)3 = 3k?(k + 1)?

r=1 r=1

+(k+1)°
= %(k + 1Ak + 4k + 1)) =
So if the statement holds for n = £, it holds for n =
Conclusion: The statement holds for all n € Z*.

1k + 12k + 22

k+1.

3

Answers

A+ 11-1)=

a Basis:n=1: LH% 0; RHS =

Assumption: Zr[r - 1) = Lkk + Dk - 1)
r=1
k+1

Induction: Zr(r -1-= Zr{r — 1)+ k+ Dk
ok + Dk - 1)+ Ktk + 1)
= 1k(k + Dk - 1 + 3) = 2k(k + DK + 2)
So if the statement holds for n = k, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z+.
2n+1
b D rr-1)=1@2n+1)(@n+1)+1)2n+1)-1)
- =4n@2n + Din+1)
a Basis:n=1:LHS=2; RHS = (1)%(1 + 1) =2
k

Assumption: Zr[3r - =kk+1)

krl

Induction: Zr{Sr -1)= Zr[Br -1}

+ (k + 13k + 2)
=kk+ 1)+ (k+1)3k+2)
=k + 103k + 2)
So if the statement holds for n = &, it holds forn = k + 1.
Conclusion: The statement holds for all n € Z*.
b n=15

a Basis:n=1:LHS = ‘
k

RHS=1 -

1. 1
2 2z

Assumption: Z— =1-4%
r=1
k1

Induction: Z% :Z_ %:1—%+%
=1

= 1 9* 1 m =1- %
So if the statement holds for n = &, it holds for n = k + 1.

Conclusion: The statement holds for all n € Z*.
b Basis:n=1:LHS=1x1!'=1;RHS=(1+1)!-1=1
k

Assumption: E rirM=Mm+1)1-1
r=1
k+1 I

Induction: Y _r(rl) = D _r(r!) + (k + 1)k + 1)!

o+ D=1+ k+ D + 1N
=k+DNEk+2)-1=(k+1)+1)1 -1
So if the statement holds for n = k, it holds for
n==k+1.
Conclusion: The statement holds for all n € Z*.
4__4 1x8 _4

¢ Basis:n=1: LHS=m=§; RHS:Z)< 33

k(3k + 5)
[k + 1)k + 2)

Assumption: Zr[r 2"
i

+1
4 4
Induction: Zr{r +2) Z,:r(r +2) k+ Dk +3)

__ kBk+5) | 4
T+ Dk+2) k+ Dk +3)

k(3k + 5)(k + 3)

4k + 2)

Tk + Dk + 2)(k + 3)

_ k(3k + 5)(k + 3) + 4(k + 2)
T (k+ Dk + 2k +3)

(k + Dk + 2)k + 3)
_(k+ 1)(3k + 8)

k + D3k + 1) + 5)

T (k+ 2)(k + 3)

Tk + D+ Uk +1)+2)
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Answers

So if the statement holds for n = &, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z*.

6 a The student has just stated and not shown that the
statement is true forn = k + 1.

b egn=2:LHS=(1+202=9;RHS=1?+2%2%9, 50

that LHS = RHS.

7 a The student has not completed the basis step.

b egn=1:LHS=1;RHS=4(1?+1+1)=3=1

Challenge
Basis: n = 1: LHS = (-1)'x1? = -1; RHS =%{ - 1)Y1)1 + 1)
=-1

ke
Assumption: Y (1)1 = X-1)%(k + 1)
r=1
k+1 *

Induction: Y _(~1)72 = Y _(~1)7% + (=1)*'(k + 1)2
r=1 r=1

= H-1%kk + 1) + (D)*(k + 1)
= 3(=DF(k + D=k + 2(k + 1)) = 3(-D*'(k + Dk + 2)

So if the statement holds for n = k, it holds for n = k + 1.
Conclusion: The statement holds for all n € Z-+.

Exercise 8B

1 a Letf(n)=8"-1wherene Z"
Basis: n = 1: f{1) = 8 —= 1 = 7 is divisible by 7.
Assumption: f{k) is divisible by 7.
Induction: flk + 1) = 8! -1 =8 x 8 - 1=8fk) + 7
So if the statement holds for n = k, it holds for
n=k+1.
Conclusion: The statement holds for al n € Z+.

b Letf(n) = 3% -1 where n € Z+.
Basis: n = 1: f{1) = 3 - 1 = 8 is divisible hy 8.
Assumption: (k) is divisible by 8.
Induction: flk + 1) = 3261 -1 = 3% x 32 -1
flk+1)-fE)=(3%%x32-1)-(3%*-1)=8 x 3%
So if the statement holds for n = &, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z+.
¢ Letf(n)=5"+9"+ 2 where n € Z*.

Basis: n=1:f{1) =5 + 9 + 2 = 16 is divisible by 4.
Assumption: f{k) is divisible by 4.
Induction: flk + 1) =51+ 9%*1 + 2 =5 x5+ 90

x 9k 4+ 2
flk + 1) = f(k) = (5 x 5%+ 9 x 9% + 2) — (5% + O
+ 2)
=4 x5+ 8 x 9*
So if the statement holds for n = &, it holds for

n=k+1.

Conclusion: The statement holds for all n € Z+.
d Letf(n)=2* -1 wheren e Z*.

Basis: n = 1: f{1) = 2* - 1 = 15 is divisible by 15.

Assumption: f{k) is divisible by 15.

Induction: flk + 1) = 2%+V -1 =16 x 2* -1

fk+1)-fk)=(16 x 2% -1)- (2% -1)
=15 x 2%

So if the statement holds for n = &, it holds for

n=k+1.

Conclusion: The statement holds for all n € Z+.
e Letf(n)=3*""1+1wherencZ*

Basis: n = 1: f{1) = 3°~' + 1 = 4 is divisible hy 4.

Assumption: f{k) is divisible by 4.

5

Induction: flk + 1) = 3%%+1-1 41 =32 x 3%*-1 41
flk+1)-flk)=(32x3%-1'+1)-(3%-1+1)
=8 x 3%-1!
So if the statement holds for n = k, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z*.

f Letf(n)=n®+6n*+ 8nwherenc Z*
Basis:n=1:f(1)=1% + 6 x 1> + § = 15 is divisible
by 3.

Assumption: f(k) is divisible by 3.
Induction: flk + 1) = (k + 1)0* + 6(k + 1)2 + 8(k + 1)
=k*+9k* + 23k + 15
flk + 1) - flk) = 3(k* + 5k + 5)
So if the statement holds for n = k, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z+.

g Letf(n) =n®+ 5n where n € Z+.

Basis: n = 1: f{1) = 1* + 5 = 6 is divisible by 6.
Assumption: f(k) is divisible by 6.
Induction: ik + 1) =(k + 1)* + 5(k + 1) = &% + 3k

+ 8k+ 6

flk+1)-flk) =3k2+3k+6=3k(k+1)+6

where 3k(k + 1) is divisible by 3, and one of k and
k + 1 must be even, so 3k(k + 1) is divisible by 6.
Therefore, if the statement holds for n = k, it holds
forn=4k+ 1.
Conclusion: The statement holds for all n € Z+.

h Letf(n)=2"x 3% - 1 where n € Z-.

Basis: f{1) =2 x 3 - 1 = 17 is divisible by 17.
Assumption: f(k) is divisible by 17.
Induction: flk + 1) = 2k+! x 32%+1 _ 1 = 18 x 2% x 3%
-1
flk+1)-flk)=(18 x 2t x 3% - 1) - (2t x 3% - 1)
=17 x 2k x 32
So if the statement holds for n = &, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z*.
a flk+1)=13**"-6'=13 x 13* - 6 x 6*
=6(13% - 6% + 7 x 13+ = 6f(k) + 7(13%)

b Basis:n=1:f{1) =13 - 6 = 7 is divisible by 7.

Assumption: f{k) is divisible by 7.

Induction: f{k + 1) = 61f(k) + 7(13%) by part a.

So if the statement holds for n = k, it holds for

n=k+1.

Conclusion: The statement holds for all n € Z+.

a gk+1)=5"0_pk+1)+8=25x5%-6k+2

= 25(5% - 6k + 8) + 144k - 198
= 25g(k) + 9(16k — 22)

b Basis: n=1:g(1) = 5° - 6 + 8 = 27 is divisible by 9.
Assumption: g(k) is divisible by 9.

Induction: g(k + 1) = 25 g(k) + 9(16k - 22) by part a.
So if the statement holds for n = k, it holds for
n=k+1.

Conclusion: The statement holds for all n € Z*.

Let f(n) = 8" - 37 where n € Z*.

Basis: n = 1: f{1) = 8 — 3 = 5 is divisible by 5.

Assumption: f(k) is divisible by 5.

Induction: flk + 1) = 85! - 3*+1 =8 x 8 - 3 x 3*

flk + 1) - 3f(k) = (8 x 8 -3 x 3% - 3(8- 39
=5x 8

So if the statement holds for n = k, it holds for

n=k+1.

Conclusion: The statement holds for all n € Z*.

Let fin) = 3*"*2 + 8n — 9 where n € Z*.

Basis: n = 1: f{1) = 3* + 8 - 9 = 80 is divisible by 8.

240 @ Full worked solutions are available in SolutionBank. #



Assumption: (k) is divisible by 8.
Induction: flk + 1) =3**+Y+2 + 8(k + 1) =9 =9 x 3%+2
+ 8k-1
fk +1)-flk)=(9 x32%%+2 4+ 8k - 1) - (3%+2+ 8k -9)
=8x3%+24+8=8(3%+2+ 1)
So if the statement holds for n = k, it holds for n = k + 1.
Conclusion: By induction, the statement holds for all
neiZ.
Let f(n) = 2" + 3*"-2 where n € Z*
Basis: n = 1: f{1) = 2° + 3"= 65 is divisible by 5.
Assumption: (k) is divisible by 5.
Induction: f(k + 1) = 26+ 1 4 326+ V-2 = 64 x 2664 9
% 32k—2
flk + 1) + (k) = (64 x 2%+ 9 x 32 7) + (2% + 3%-2)
=65 x 2% + 10 x 3%
So if the statement holds for n = k, it holds for n = k + 1.
Conclusion: The statement holds for all n € Z-+.

Exercise 8C

mnzlzLHS=RHS=(é f)

1 23 _(1 2k
0 1)_(0 1)
k+1 P k& i
~(§ Tl6 i=lg 2l )
_(1+0 2+2k)_(l 2[k+1))
0+0 0+1 0 1

So if the statement holds for n = k, it holds for n = k + 1.
Conclusion: The statement holds for all n € Z*.

Basis: 7 = 1: LHS = RHS = (3 —4)

Assumption: (

Induction: (1 2)

01

1 2y
k
mm(f :‘11) =(2kk+] _2_;;:1
on: (3 —4)_(3 43 -4
w(l _1) —(1 _1)(1 —1)
:(2k+1 -4k )(3 —4J
ko -2k+1/1 -1
:(6k+3—4k —8k—4+4k]
3k-2k+1 -4k+2k-1
_(2k+1+1 -4k +1) )
= i -2k +1)+1

So if the statement holds for n = k, it holds for n = k + 1.
Conclusion: The statement holds for all n € Z-+.

Basis: n = 1: LHS= RHS:(:I2 ‘13)
. 2 0\ 2 Q'
Ase pi :( ):( )
ssumption 1 1 26 _ 1 1
2 0 (2 02 0 26 0\(2 0
mduetion: (f )™ =(F 9 (7 9)=( )
DAUCHOn: |, 4 1 1) 1 1) e 1_(1 1)
_( 261 4 0+0)
“lowi_241 041
_( 21‘+] 0)
_‘2k+l_1 1

So if the statement holds for n = k, it holds for n = k + 1.
Conclusion: The statement holds for all n € Z*.

4 a m:::l:LHszRHs:(g —g)
(5 -8\ _[(4k+1 -8k
Assum tmn:( ) =
Assumption: (5 ~5) = *; 1—4k)

L5 -8\ 5 -85 -8
Induction: (2 —3) - (2 —3) (2 —3)
:(4k+1 —8k )(5 —8)

2k 1-4kll2 -3
= (zmc +5-16k -32k-8+ 24k)
10k +2 -8k -16k -3 + 12k
_(4[k+1}+1 ~8(k + 1) )
T\ 2k+1) 1-4k+1)
So if the statement holds for n = k, it holds for
n=k+1.

Conclusion: The statement holds for all n € Z-+.

b n=6 5 B
Basis: n = 1: LHS = RHS =

asis: n (0 1)

2t 5(2% - 1})

0 1

et g2 5) ~ (2* 5(2% - 1)) 25
M‘M{(}]_o 1 (01)

_ (2“' 5 x 2k 4 5(2% - 1}) _ (2f<+l 5281 - 1)

0 1 0 1

So if the statement holds for n = k, it holds for

n=k+1.

Conclusion: The statement holds for all n € Z-+.
b [2"‘ 5[2"‘—]))

.0 1

Assumption: M* = (
Induction:

Basis: n=1:LHS=RHS=(0 1 0
0 -1 4
. 3F-1

3!.
3 1 o 2
Assumption: {0 1 0] =|0 1 0
0 -1 4 1 -4+ 4t

Challenge (3 1 D)

0

0

131 0
01 0
0 -1 4

Induction:

3 1 0™ /3 1
0 1 0] =|0 1
0 -1 4 0 -1

3k -1
3+ 0
z 3 1
=fo 1 offo 1
1-4 4\ -1

Q nx—E
3

et 3k+—3*2‘ k i

= o o

——

= oo
B

3k+| _ 1

Jk+1 0

=l 0 1 0 =0 1 0

1 - 4t 1-4t1
o Iz g gegal Yo 1z e
3 * 3

Answers

)

So if the statement holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all n € Z-+.

Mixed exercise 8
1 Letfln) =9 -1 wheren e Z*.
Basis: f{1) = 9' - 1 = 8 is divisible by 8.
Assumption: (k) is divisible by 8.
Induction: flk + 1) =9%+1-1=9x 9% -1
flk+ D) -fk)=(9x9-1)-(9-1)=8 x 9

So if the statement holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all n € Z*.

10) g1 0)
2 a Bi- B=
" (o 9) 0 27

b wefh 2)
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Answers

¢ Basis: n = 1: LHS= RHS = (1 0)

0 3
Assumption: B* = (1 0)

0 3
: s i) 0N M1 0N O
Induction: B+ =By 3)=(5 2o 3)
_(1+0 0+0)_(1 0)
TW0+0 043817 lg 3k
So if the statement holds for n = &, it holds for
n=k+1.

Conclusion: The statement holds for all n € Z+.
3 Basis:n=1:LHS=3x1+4=T7;
RHS=1x1B3x1+11)=7
&
Assumption: ) _(3r + 4) = 1k(3k + 11)

r=1
k+1 k

Induction: »_(3r+4) = Y _(3r+4) + 3(k + 1) + 4
r=1 r=1

=1Kk(3k +11) + 3¢k + 1) + 4 = 1(3k2 + 17k + 14)

=1k + DB + 1) +11)
So if the statement holds for n = &, it holds forn = k + 1.
Conclusion: The statement holds for all n € Z*.

4 a Basis: n = 1: LHS = RHS =( 94 1?)
Assumption: Af = (Si;k] 11_6‘;;‘:)
Induction: :

{9 16 8k+1 16k |9 16)
Akl = Ak =
(—4 —7) ( 4k 1- 8k)(-4 -7

_ ( 72k +9 - 64k 128k + 16 - 112k)
\—36k — 4 + 32k  -64k -7 + 56k
_(8k+ 1)+ 1 16(k + 1)
‘( -4k +1) 1-8(k+ 1})
So if the statement holds for n = &, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z*.
1-8r -16n
B ( 4n 8n + l)
5 a filn+1)=5%+"-141=25x5""1+1
fln+1)-fin)=(25 % 527-1 + 1) - (52»-1 4+ 1)
=24 x 51 u=24
b Letf(n) =521+ 1 where n € Z*.
Basis: n = 1: f{1) = 5°~' + 1 = 6 is divisible by 6.
Assumption: f(k) is divisible by 6.
Induction: flk + 1) - flk) = 24 x 5% "' =6 x 4 x 53!
So if the statement holds for n = &, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z+.
6 Letf(n)=7"+4"+ 1 wheren e Z*.
Basis: n=1: f{1) = 7' + 4'+ 1 = 12 is divisible by 6.
Assumption: f{k) is divisible by 6.
Induction: flk + 1) = 751451 4+ 1 =T x T + 4 x4+ 1
fk+1) - =(Tx T +4 xdk+1 4+ 1) - (T + 4t + 1)
=0x 7"+ 3 x4t
where both 6 x 7¢ and 3 x 4% are divisible by 6, since 4
is even.
So if the statement holds for n = &, it holds for n = k& + 1.
Conclusion: The statement holds for all n € Z*.

7 Basis:
n:l:LHS:le:S;RHS:%xlx2x[2+13)=5

&
Assumption: Zr{r +4) = %k[k + 12k + 13)

r=1

Challenge
a Basis: n = 1: LHS = RIS = (

k+1 k

Induction: ® _r(r + 4) = Y _r(r + 4) + (k + 1)(k + 5)

r=1 r=1

= %k{k + 1)(2k + 13) + (k + 1)k + 5)

= L2k + 212 + 49k + 30) = Lk + Dk + 2)(2(k + 1) + 13)
So if the statement holds for n = k, it holds for
n=k+1.

Conclusion: The statement holds for all n € Z*.

8 a Basis:in=1: LHS:]+4:5;RHS=%><1><3><5=5

2k
Assumption: ) r? = Lk(2k + 1)(4k + 1)
r=1

2(k+1) 2k
Induction: Y _rz= D _r +(2k + 1)? + (2k + 2)°
r=1 r=1

= %k{Zk + D4k + 1) + 2k + 1)® + (2k + 2)®

= 1(8k* + 30k? + 37k + 15)

= %(k + D2+ 1)+ D)4k +1)+1)

So if the statement holds for n = k, it holds for
n=k+1.

Conclusion: The statement holds for all n € Z*.

b Using a and the formula for Zr{

r=1
% x 2n2n+ 1)(4n + 1) = %kn{n +1)2n+1
2n(2n + 1)dn + 1) = kn(n + 1)(2n + 1)
16n* + 12n® + 2n = k(2n* + 3n* + n)
_2nBn*+6n+1) 22n+1)4n+1) 8n+2
T on@nt+3n+1)  @2n+Dn+1)  n+l

=>kn+k=8n+2=:-n(k—8]=2—k=>n=i_;8

a Basis: n=1: LHS = RHS = [206 i)

. 2F -1
Assumption: M* = c’*(ziL C )
0 1

Induction: M**! =M*(2€ 1)
0 ¢

. gk ik 1
= Ck(zi %)(206 ]) = ck+1(2" %)(2 E)
0o 1 € o 1 /\o 1

k | s E+lii
= c’”‘(zm %) = c**'(zm %)
0 1 0 1

So if the statement holds for n = k, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z+.

b Consider n = 1: detM = 50 = 2¢? = 50
So ¢ = 5, since ¢ is +ve.

cosf —sinﬂ)
sind  cosf
Assumption: M* = (COSM —sinke)

sinkd  coskf
Induction:

ME = Mt( -

cosd —sin.‘))_(coskﬁ —sinke)(msﬂ —sine)
sinfl  cosd sinkf  coskfl /\sinf  cosf

- (cosk& cosfl — sinkf sinf  —coskd sinfl — sinkd (:058)
sinkd cosf + cosk# sinf  —sinkd sinfl + cosk# cosd

_ (cosl(k + 1)8) —sin((k + 1)6)

- (sin{[k +1)6)  cosf(k + 1)9})

So if the statement holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all n € Z*.
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b The matrix M represents a rotation through angle 4, and
so M" represents a rotation through angle nf.

CHAPTER 9
Prior knowledge 9

T
1 a (F) v ()
-7
2 a 2/13 b \_ZE
3 a /29 b %{41—3j+2k]
4 (1,-1) !
Exercise 9A
(6) 2 2 1
1 ar=(5 +A(—3) b r=(5)+£(1)
-1 -1 0 1
-7 3 2 -3
: r=(6)+ﬂ(1) a r=(o)+,a(2)
2 2 4 1
()4s)
e r=(-11|+4 5
2 -2
2 ai 2+7j-3k il r=(3i-4j+2Kk+A2i+7j-3k
b i 2i-3j+4k Qi r=(2i+j-3K) +2i-3j+4k)
¢ i -3i-j-2k Qi r=(i-2j+4k) +A-3i-j- 2k
-5 3 -5
d i (4) ii r:(_])+i( 4)
-3 4 -3
¥ ()3
e i 4 ii r=1-2]+4 4
1 3 1
(3)-4o
3 ar=|-3|+40
8 1
)43 (2)-43)
4 a i r=[1]+4-2 ii r=[5]+4-3
9 -1 0 2
1 4 -2 14
i r= 1])+ (—2) iv r=(_3)+ﬂ(7)
—4 16 -7 2 4
x-2_Y¥- z-9 x+3 _Y- Zz
bi ==="%="g 55 =-"3 "3
x-1_Y-11 244 _ x+2 Y+3 247
M=Z=="% "% Y93 -7 7
5 a p=1,¢g=10 b p=-65q=-21
¢ p=-19,g=-15
-1 2 -1
6 Direction of /;: ( 2), direction of /,: (—4) N —2( 2),
4 -8 4
50 parallel
2\ _, (-2 2
7 Directinnof(,:(_g), B=(3)=—(_3),soparallel
4 -4 4
8 AB=(3),BC= 3)same direction and a point in
-3 -3
COMMon
()G (E)-(2)- ()
9 [-1]-|7|=(-8|=2(-4):{4 |-|7|=|-3
8 -2 10 5 0 -2 2

so not collinear

10 a=25,b=-2
11 r=(2i - 7j + 16k) + A(2i — 4j + k)

12 a a=14,b=-2

b X(9,9,-10)

13

14

17

AB=9

g

11
3
-2

(4,4, 8),(7,5,2)

a

c

(1)

weight

Exercise 9B
a r=i+2j+A2i-j-k)+u(3i+j+2k)
b r=3i+4j+k+A4i-6j-K) + pui-3j+ 3k
¢ r=2i—j—k+Ai+2j+3K +u2i+j+2Kk

d r=—i+j+3k+i(j+2k) + uli + 3j + k)
-x+3y+2z=2

1

e W

-1 &

a
a

7

i 2-6+5=1

o)

b -5

b n-=2i-3j+5k

a

2
r=| 3
-2

b t-2_Y-3_z+2

3

b

c

Answers

(84

r=|2]|+4l -1

3 1

r(l) -1

1 ,D(S)snPis midpoint
1 2

a A(10,9,8)
b Tightrope will bow in the middle with acrobat’s

2.5

ii 4+12-15=1

5 - -4
2=0,x=3,y=0,y=3,2z=0,z=3
All lie on plane with an equation

SR

A, Band C lie on plane with an equation

({33

b i=-1,u=-1gives B(1,-7,-1)

9
9 a (5
0
9 -8
¢ r=|(5|+4i-12
0 -1
_2
19
193
d C= —1—9
2
19
Challenge

A: 2i +6j +k lies on plane; i=-2, p=1
AB= 5i- Tj + 6k
B:Ti—j+ 7kliesonplane; i=1,u=2
So line lies entirely within plane.

Exercise 9C

1 2
5

2 a 2

3 a 55.5°
e 100.9°
a -10
d -2

5 a 32.9°

6 a 20.5°

b 17 c -6
b 94.8°
r 53.7°
b 5

e -Hor?2

c
g

d 20
87.4°
74.3°

C

117.8°
109.9°

pE

3

5

d 6

e 0
d 79.0°
h 70.5°

243



Answers

202

1\ /0
8 Use (3)(1) =3=110/22 + 1 cos 60°

0/ \A

9 a i+2j+k
10 64.7°, 64.7°, 50.6°
11 a [1B-=/33,[Bdl = 173
b 29.1°
12 a cosf =

b 3i+2j+3k ¢ 3i+2j+4k

26 1
it b area=§><9><3><27

13 LetOA=a, OP= p; then OB = b = -a and find scalar
product

i, =Ty e
14 a CA:(C-), CB:(s)
-4 6

b S»ZW
c (9,-6,-6),(1,4,6).(3,4,6)
d 3/101
— {3\ _ 2
15 a PQ= ( 6 ),QH = (_2); scalar product = 0
-2 9 —
b centre (0.5, 1, 0.5), radius = %
Challenge
1 a.b =|al/b| cosé, b.a = |b|lajcosf so a.b =b.a
2 a i a(b+c)=|alb+ ¢|cosd but costt = S,
soa.(b +¢) = |a| x PQ b +cl
ii a.b = |a||b| cosa, but cosa = —
so a.b = |a| x PR s
iiia.c = |a|c| cosd, but cosg3 = %: %

50 a.c = |a| x RQ
b a.b+c¢)=|a x PQ = |a| x (PR + RQ) = (ja| x PR)
+(ja| x RQ)=a.b + a.c; soa.(b+c¢)=a.b +a.c

Exercise 9D

1 a 795° b 407° ¢ 816° d 727° e 76.9°

2 a rRRi+j+k=0 b r5i-j-3k=0
¢ rii+3j+4k) =-10 d ri+j-5k=9

3 a 2x+y+z=0 b S5x-y-32z=0
¢ x+3y+4z=-10 d 4x+y-52z=9

4 nx+ny+nz=k

5 a=4.25(to3s.l)

6 o=43.1°(to 3s.f)

7 a=68.3°(to 3s.l)

8 o =40.2°(to 3s.1)

9 a Qlieson/,wheni=1 b 2

¢ (10,7,2)or(-8,1,2)

L 3
10 a liesononl 2=6_9*2_z+2_g4

-1 2 3
-15 =
liesnnnnlz:x;5=y_3 =z 13=4
b 69.1°
11 50.1°
12 a Points A, B and € lie on plane with equation

3 | 1
r= ( 5 ) + )1(—7) + y(_Z)

-1 5 1
but D does not.

b 63.0°

244

V53

13

Find equation of plane for any two faces in the form
r.n, = p, and

n,.n,
r.n, = p, and use cost = ‘ o

(1] |1,|
Let F(0, 0, 20), A(0. 8. 2), B(12, -5, 3). C(-2, 6, 5)
angle between FA and FB is 50.97

angle between FB and FC is 54.8°

angle between FC and FA is 7.4°

No not stable.

Exercise 9E

1

a The two lines do meet at the point (3, 1, 10)
b The lines do not meet.
¢ The two lines do meet at the point (0, 15, 43)

2 [l and [, meet when 1 =4 and p=-2
coordinates of point of intersection (-2, -4, 15)

3 No solution for 1 and p

21 1
4 a (2544 b (1,2,0)
2+ 1
5 a (3+2 | 1])=1give9=1/1ie.no solutions for 4
-2+ A/ \-2
b The line is parallel to, and not contained in, the plane.
a p=3 b (2.5, -3)
a (6,1,-1) b ms.‘):%

8 -3i=pand-1+51=1-2ugivei=-2andu=6,but
these are not consistent with 2 + 44 = -5 + 2u so the
lines do not intersect.

1 -3
Direction of /, is (_2) which is not parallel to ( 5 )
2 4
so lines are skew.
-1\ /g
9 a Solve| 3|[2]=0 b p=-2
2/ \-1
-1
c (4,14, -4) d |29
6

10 a k=2 b 2x+3y-z=2
¢ N4,1,9)

53 _ 86 132 o

11 a P -5 132 b 76.7

Exercise 9F

1 % or 2.81 (3 s.f)

2 \?)_

3 a Lines do not meet

Shortest distance = 3.61 (3 s.0)
b Lines do not meet

Shortest distance = 4.24 (3 s.0)
¢ 0.196

4 3.54(3s.1)

5 a 3 b 1

6 a 3 b | c 2 d 4

728
7 (333
2/6 54 13
% &5 b o533
9 a Shortest distance from line AB to birdwatcher is

0.45 km, which is less than 0.5 km so yes.
b In practice the bird is very unlikely to fly in a
straight line from A to B

@ Full worked solutions are available in SolutionBank.



40,29
10 a 29
2
b (-2]|5]=( 0 ||5|=0so perpendicular
-G
c 82.6°
11 a 132 p £-3_3+1_2-2

12

3 -31 20 0 -41

(4

Mixed exercise 9

1
2

3

10

11

12

13
14
15

16
17

18

19

a r=(i-j+3k)+3j-k)
x-7_y+1 z_2

4 ~ -2 -3
r=(2i+3j-4k) + A2j + 3K)
r-3_Y¥+2 z-1

I T | Y
71+ 4j — 5k lies on [ when 1 =2
9i + 3j — 6k = 3(3i + j — 2k) so parallel

(34

b (0, 8, 5) lies on  when 2 = 2

(()f

b 21x-3y-11z=23

(44

a 3i+4j+5k i+j+4k
—_—
ML-MN _ 27 9

b i+j+lk

a b=

pef~1
peltn

a=-

zlnn 5v2 32 10

{343

¢ 39.8°

{343

¢ 53.4° d

=

p=6,g=11

d %i+%j+4k

=

n=-3

5
a r.r, =0, therefore vectors are perpendicular
b b5i-k ¢ L:i=-3 d 1.5km
3V2 or 4.24
/6 or 1.91 3 s.f)
a rn(2i-9j+4k)=-15
b r2i-j+k=2
¢ rn(8i-5j+k) =22
-10x -2y + 16z =4

a —L (3i+5j+4k)
Vb0

b 3x+ 5y + 4z =30 c 3/2
a Vector is perpendicular to both j and i - k.
b *20r0.707 (t0 3 5.0)
—15i - 20j + 10k or a multiple of (3i + 4j — 2k)
3x+4y-2z-5=0

c x+z=1

o

20

21

22

23

Answers

(7

=]

3

¢ r=2i-2j+3k+2i-j+k

d (-1, 3 e 3.67(3s.f)
a intersect wheni=3, u=-2
7 -
b 4 ¢ 410
= 15
a a=11,b=7 b P(5,9,4) c /122

=
—
Sl
[ Ry |
—

24 a meetwheni=2,u=6,(7,0,2)
b 80.4°
¢ lieson/, wheni=1
d 242
= - 3J17
2.:f a 10 b 17
26 a intersectat (180,-5,7)
b pass through same point but not necessarily at the
same time
Challenge
1 a -2(-2x+y-3z2) =(-2) x (-5) gives 4x - 2y + 6z = 10

2

b matrix A is singular if detA =0
4(c + 3b) + 2(-2¢ + 3a) + 6(-2b —a) = ba - 6a + 12b
—-12b+4c-4c=0

¢c i a=2n,b=-n,c=30wherencE, n+3
iia=6,b=-3andc=9

Centre of circle (4, 0, 1), radius 4/2

Review exercise 2

1

o W

=2

9

10
11
12

a Does not exist: B doesn’t have 3 rows.
% (3f; 2q  pg )

9 4 3p+1
(éqwq)
3p + 25
d Does not exist: C doesn’t have 2 columns.
a a=-2,b=3
be — ad
a=4,b=-1
a % b -2 c 4
1 1 2 1 1
* s 5) b (3ﬂ+3 29+%) ¢
k=3.6
# 5 (—k 2 k—Z)
b ———— (9% 18 —k?
—k*+ 9k - 18 g Qb o
. 0 p+2 0
3 2p+2 6
3p+2)| “3p  3p
al(“' t.r) hL(P‘f 4'-?2)
Pg \3p 4p Pg \2p* 13pg
(1,2,0)

1060 Woolly, 900 Classic and 850 Suri
a p=-3orp=11
b p=-3: planes form a sheaf

p = 11: planes form a prism
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Answers

13

14

15

16

17

18

19

e o o

20

0

1

2
k

~ k-0 =

S 1

V2o 2

11

Nl

b TN 1

V2 V2 V2 V2

S S S | D S

V2 2 V2 V2

(1+1 & 3 22
(272 2 2 :(1 0)

1.1 1,1) Mo 1

2 2 2 2
a=3,b=-4,c=2,d=-3
(3 —4)(3 —4)= 9-8 —12+12):(1 0')
2 -=-3/\2 -3 6-6 -8+9, 0 1/
p=36,qg=25

-1 2)
(o 3

o0 3lloa) = (6
( 0 3/2x) \6
the equation of the original line.
A(2, 1), B(0, 5), C(-2, 4)

] 6x = 2(3x) so the point satisfies
23

A
B 110, 5)
C(-2,4)
24
A2, 1)
0 x
a1 ’1 —1‘
detA_S‘ ‘3 o +5] 1

=3(u—3]—(u+3]+5(1+l}=2(u—1}

1 ( u-3 -u-3 2 )
u+d 3u+d -4
2(u-1) 9 ot 5
=12,b=-04,c=0.2
a=-4
b=-3
c=0
-1
x=2y
2k +3k-3
-Zor2
Scale factor 3
45° anti-clockwise about (0, 0)
(P +q -p+ ‘-?)
32 32
x

o))

k—k+3x= 1x so the transformed point

25

26

satisfies the equation of the original line.

21

Basis: When n = 1, LHS = RHS = 4
&

Assumption: Y _r(r + 3) = Lk(k + 1)(k + 5)

@ Full worked solutions are available in SolutionBank. #
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r=1

k+1

Induction: Y _r(r + 3) = Zr(r +3) 4k + Dk +4)

r=1

r=1
=_lk(k + 1k +5)+(k+ Dk +4)
= (k + 1)[3k(k + 5) + (k + 4))
=3k + 1)k + 2)(k + 6)
So if the statement holds for n = &, it holds forn = k + 1.
Conclusion: The statement holds for all n = 1.
Basis: When n=1,LHS = RHS = 1

Assumption: ) (2r - 1)? = Lk(2k - 1)(2k + 1)
r=1
k+1

Induction: Z{Zr - Z{Zr— 12+ @2k +2 - 1)2

r=1

= 2k - 1]{2k +1) + (2k + 1)2

=2k + 1][ k(2k - 1)+ 2k + 1)
'(k + l]{2[k +1)-1)2k+1)+1)
So if the statement holds for n = &, it holds for n = k + 1.
Conclusion: The statement holds for all n € Z*.
Basis: S, =@, =6=5x1x(1+1)?x(1+2)
Assumption: S, _3k(k + 1)%(k + 2)
Induction:
Sear = Sp+ Qe s = sk + 12k + 2) + (k + 1)k + 2)(2k + 3)
=(k+ 1)k + 2](%k(k + 1)+ (2k + 3))
= Lk + 1)k + 20k + 3)
So if the statement holds for n = &, it holds forn = k + 1.
Conclusion: The statement holds for all n = 1.

Basis: When n _1 LHS=RHS =0

Assumption: Zrzlr -1= —k[k - Dk + D3k +2)

r=1
k+1

&
Induction: »_r#(r - 1) = D _rér - 1) + (k + 1)%k

r=1
£ %k(k =Dk + 1)3k + 2) + (k + 1%k
Lk + Dk + 2)(3(k + 1) + 2)
So if the statement holds for n = &, it holds forn = k + 1.
Conclusion: The statement holds for all n = 1.

r=1

a ﬁk + ‘1} . f{k] - 3-U.'+4 + 2-{-1.‘+ﬁ i 34k e 24k+2
=3%(3* - 1) + 2%+2(2* - 1) = 80 x 3* + 15 x 2%~+2
The first term is divisible by 15 since it is
clearly divisible by 3, and 5 divides 80. Therefore
flk + 1) — fik) is divisible by 15.

b Basis: Whenn=1,f{n)=3*+2°=145=5x 29
Assumption: (k) is divisible by 5.
Induction: From part a, f{k + 1) — f(k) is divisible by
15 and hence also by 5. Since {(k) is divisible by 5,
flk + 1) is also divisible by 5.
So if the statement holds for n = £, it holds for
n=k+1.
Conclusion: The statement holds for all n € Z*.

a 24x241n+|]+34(ﬂ+ll_24x24n 34n

b Basis: Whenn =1, f(n) =24 x 2* + 3* =465 =5 x 93
Assumption: f(k) is divisible by 5.
Induction: From part a,
flk + 1) — flk) = 24 x 2% +24 FHh=3 _ 24 x 24 — 33

=24 x 2%(2¢ - 1) + 3*43* - 1)

=5(72 x 2% + 16 x 3%)

So if f{k) is divisible by 5, fik + 1) is divisible by 5.
Conclusion: f(r) is divisible by 5 for all n € Z°.



27

28

29

30

31

32

Letfln) = 7"+ 4" + 1.
Basis: f{1) =7 + 4 + 1 = 12, which is divisible by 6.
Assumption: (k) is divisible by 6.
Induction: fik + 1) - fk) = 7++1 + 441+ 1 - T4+ - 1
=THT - 1D +444 - 1) =6 x T¢+ 3 x 4%
The first term is divisible by 6, and since 4*is even, the
second term is divisible by 6. So if fik) is divisible by 6,
then f{k + 1) is also divisible by 6.
Conclusion: {(n) is divisible by 6 for all n € Z+.
Let f(n) = 4" + 6n - 1.
Basis: When n =1, f(n) = 4' + 6(1) - 1 = 9, which is
divisible by 9.
Assumption: f(k) is divisible by 9.
Induction: flk + 1) - fik) = 4**' + 6k + 1) - 1 — 4" - 6k +1
=4 4-1)+6=34*-1)+9
4% -1 is divisible by 4 - 1 = 3.
First term has two factors of 3 so is divisible by 9 and
the second term is divisible by 9. So if f(k) is divisible
by 9, then f(k + 1) is also divisible by 9
Conclusion: {(n) is divisible by 9 for all n € Z*.
Letf(n)=3*-'+2%-'+5
Basis: f{1)=3*+2*+5=27T+8+5=40=10x 4
Assumption: (k) is divisible by 10.
Induction: fik + 1) — flk) = 3%+ 4 23+3 — Jak-1 4 pak-1
=3%-13 - 1)+ 2%-1(2* - 1) =80 x 3% -1+ 15 x 2%
This is divisible by 10: 15 is divisible by 5 and 2*-1is
even.

So if fik) is divisible by 10, then f{k + 1) is divisible by 10.

Conclusion: {{n) is divisible by 10 for all positive
integers, n.

A I _
Basis:Whenn:l,A':(l C):(l (2 1)8)
w = 0 2 0 21
L
Assumption: A* = ((1] (2 2k1}c)
. ks a1l ey _ (1 @F-1)\f1 ¢
Induction: A* '_A*(O 2)_(0 o )(0 2)
1 e+ 2e(25- 1)\ 1 (28 - 1)e
- 0 Pkl - 0 2kl

So if the statement holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all positive
integers, n.

Basis:
ﬁn:]}\l:(g 1)=(2><1+1 1 J
, 4 -1 “4x1 -2x1+1

Mmr&*=(2f:k] _2kk+ 1)

Induction:

e ai 3 1) (2k+1 k)31

A=y 3 S il 1)
_(6k+3—4k 2k+l—k)
“\-12k+ 8k -4 -4k+2k-1
_(2[k+1}+1 k+1 )
T\ 4+ 2k+ 1) +1

So if the statement holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all positive

integers, n.

a He has not shown it true for k = 1

b Letfln)=2%-1
Basis: Whenn=1,fn)=2*-1=3
Assumption: f(k) = 2% - 1 is divisible by 3.
Induction: fik + 1) = 226+1 _ 1 = 4f(k) + 3
So if f(k) is divisible by 3, then f{k + 1) is divisible
by 3.
Conclusion: {(n) is divisible by 3 for all positive
integers, n.

33
34

36

Answers

5/14

1 2
a=3,b=13,r= (_1) s 1(4) or any equivalent
3 5
y 1
a % 5= 1 b [1]oranyequivalent ¢ 0

0
a As the solution 1 = -2, y = -3 satisfies all three
equations, the lines do meet.

b (3, 1,-2) is point of intersection.
c %»'_3_
37 a a=18 b=9
b (6,10, 16)
c 14/2
38 a al4i+j+2k).i-5j+3k)=al4-5+6)=>5a
b BA = a(2i - 10j + 6k)
sin9=|. : [.2+.§0+1,8J J-1
[/ZZ+ (—10)7 + 62 x V12 + (=59 + 32
Therefore BA is perpendicular to the plane.
¢ 22.3° (nearest one tenth of a degree)
39 a k=-10
b —x+2y+z=-10
13 11 5
¢ (F-33)
40 a (3.-2.-1) b 1.061
41 a 5/2 b r=i-j+3k+a(3i+4j-5k
T 5\"_2_
—_— kS ko
¢’ 6 2
41715
42 a 1.066 b (11248
43 a Lines do not intersect.
b Unlikely that the shark will not adjust course to
intercept flounder.
Challenge
o 0o -1
1 0 -1 0
-1 0 0
1 1) .13
2 ( 5 1,5), radius = =
3 Basis:Whenn=1,r=2 =>2[1)52$%[12+1 +2)

Assumption: 2k < r < (k2 + k +2)

Induction:

Lower bound — all lines pass through a single point,

r. =2k

One more line added = two more regions.
Fea=2k+2=2(k+1)

Upper bound - lines do not pass through the
intersection of any other pairs of lines, r, = 3k? + & + 2).
One more line added = & + 1 more regions.

Tisi= %{k2+k+2]+k+ 1 =%{k2+3k+4]

=k + 12+ (k+1)+1)

So if the statement holds for n = &, it holds for n = k + 1.
Conclusion: The statement holds for all positive
integers, n.

Exam-style practice

1

-3+ 54
General pointAon [y is| -1 |
5+4

10 + 6u
General point Bon [, is | -1 - 2u|.
15 + 4u

247



Answers

If [, and [, intersect, then there is a solution to the

system

-3 +51=10+ 6y 1)
A=-1-2u 2
5+4=15+4pu 3)

Substituting (2) into (3) gives 2 = -8 and u = -3
These are not consistent with (1), so /, and /, do not
meet.

2 a detM=k+14

b Equations do not form consistent system. Planes
form a prism.
3 w-1Tw-20=0.p=1,¢g=0,r=-17,5s=-20

a Basis: When n = 1, LHS = RHS = 1.
&

Assumption: Zﬁ = 1k2k + 1)
r=1

Induction:

k+1

k
D= Palk+ 1)P=Lkk+ 12+ (k+ 1)

r=1 r=1

= (k + 1%k + k + 1) = 1k + 1)k + 202

So if the result holds for n = k, it holds for n = k + 1.

Conclusion: The statement holds for all positive
integers n.

b anz.r‘(r +1)= Zzn:rz + Zzn:r
r=1 r=1 r=1

=2 x%n[n+ 1][n+2]+2><%n(n+ 1)
=2n(n + Dn + 2)

¢ nXn+17=2nn+1)n+2)
=3nt+4n* -3n’-4n=0
=nn-1)n+1)3n+4)=0
Son=0,1,-1or -3
The only positive integer that the result holds for is
n=1.
5 a 3+ 2iand 3 - 2i are roots, so
(z-(3 + 2i))(z - (3 - 2i)) is a factor of f(z).
(z-=(3+ 20z -(3-2i)
=z2-(3+2i+3-2i)z+ (3 +20)(3 - 2i)
=z -6z + (3% + 6i - 6i - (2i)%) = 22 -6z + 37 - (—-4)

=z2-6z+13
So z2 — 6z + 13 is a factor of f(z).
b -206

¢ z=3-2i,3+2i,4-iord4+1i

T
2
P
/'/ A
b 10 “\:-1»...__ 4 Re
- ~
2
1]
V6
6 a _T(} b (-2, -1, 2); 0.65 radians
J
2
V6

7 a £2680.83
b e.g. Doesn’t account for a hole through the middle

of the bead.
8 a b b Rotation 135° anticlockwise
(—a +b —a- b)
52 ' 572
9 Im 4

arglz—2 + 1) 53?:

A
N

10 a Yes: closest point is 5.6...m from the origin.

b e.g. The car would be unlikely to drive in a perfectly
straight line.

248 @ Full worked solutions are available in SolutionBank.



addition
complex numbers 2, 18
matrices 95-6
series 45-9
alternating signs, rule of 112
angles
between lines 184-5
between planes 187
between two vectors 178-82
complex numbers 21
rotations through 133-4,
145-6
area scale factor 137
arg z 20
Argand diagrams 17-42
addition and subtraction
18-19
axes 18
loci 28-33
modulus and argument 20-7
regions 36-7
vectors 18-19
argument 20-7
arrays see matrices
associative property 101
assumption step 156

basis step 156

Cartesian coordinates 18§
Cartesian equations
line 170-1
plane 176-7
circles 28-31
coeflicients, relationship between
55-60
cofactors 112-14
collinear points 173
columns, matrices 95, 99
completing the square 4
complex numbers 1-16
addition 2,18
Argand diagrams 17-42
argument 20-7
complex conjugates 6-7, 8-9,
18
division 7, 25-7
format 2
modulus 20-7
modulus—argument form 23-7
multiplication 5, 25-6
polynomial equations 1012,
54-70
simplification 35
square roots 6
subtraction 2, 18-19
conclusion step 156
cones, volume 78-9
conjugate pairs 67, 8-9, 18
cubes, sums of 47, 49, 63
cubic equations 10-11, 57-8,
62-3, 65
curves
rotation around x-axis 72-3
rotation around y-axis 76
cylinders, volume 78-9

definite integration 72
determinants 104-6
notation 104
direction vectors 168
discriminant 2
divisibility 160-1

division, complex numbers 7,
25,27
dot product 179

elements, matrices 95
enlargement 136-7
equations
Cartesian form see Cartesian
equations
complex roots 3-4, 8-11
polynomial 10-12, 54-70
quadratic see quadratic
equations
simultaneous linear see
simultaneous equations
vector form 168-72, 175-7

formulae, sums of series 44-9
half-lines 32-3

i (imaginary number) 2, 5
see also complex numbers
identity matrix (I) 95
images 127-9
imaginary axis 18
imaginary numbers 2
imaginary part 2
induction see mathematical
induction
inductive step 156
integration, definite 72
intersection 37, 189-90
invariant lines 131-32, 137
invariant points 131, 133, 137
inverse matrices 108-10, 112-15
linear transformations 148
simultaneous equations and
116-18

linear transformations 126-54
area scale factor 137
enlargement 136-7
matrix representation 127-8
and origin 127
properties 127, 130
reflection 131-2, 137, 144-5
reversing 148
of roots 65-6
rotation 131, 133-4, 137,

145-6
successive 140-1
in three dimensions 144-6
in two dimensions 127-41
lines, vector equations 168-72
locus of points 28-33

mathematical induction 155-66
divisibility 160-1
matrix multiplication 162-4
steps 156
sums of series 156-8
matrices 94-125
addition 95-6
additively conformable 95
area scale factor 137
determinants 104-6
enlargement 136-7
identity (I) 95
inverse 108-10, 112-15
linear transformations
using 126-54
multiplication 99-101, 140-1,
162-4

multiplicatively
conformable 99
non-singular 104, 108-9
notation 95
powers of 1624
product 99-101, 140-1
reflection 131-2, 137, 144-5
rotation 131, 133-4, 137,
145-6
scalar multiplication 96-7
self-inverse 115
simultaneous equations and
116-20
singular 104-6, 118-19
size 95,99
square 95, 104
subtraction 95-6
transpose 112
zero (0) 95
minors 1046, 112-14
modelling, with volumes of
revolution 834
modulus 20-1, 25-6
modulus—argument form 23-7
multiples of series 45
multiplication
associative property 101
complex numbers 5, 25-6
matrices 96-7, 99101, 140-1,
162-4

natural numbers, sums 44, 47,
156-8
non-singular matrices 104, 108-9
normal vectors 176
notation
complex numbers 2, 20
determinants 104
maltrices 95
sigma (¥) 44-5
origin
Argand diagrams 20-1
linear transformations
and 127

perpendicular bisectors 29,
312
perpendicular distance 193-200
perpendiculars 193-200
planes 118-20, 175-7
reflections in 1445
vector equations 175-7
polynomial equations 10-12,
54-70
position vectors 168
powers
ofi5
of matrices 162-4
products of 62
principal argument 20
principal square root 6
products
of powers 62
see also multiplication
proof by induction
see mathematical induction

quadrants 21
quadratic equations
complex roots 3, 8-9, 10-12,
54-70
conjugate pairs 8-9, 11
discriminant 2

quartic equations 11-12, 59-60,
62-3, 65

real axis 18
real part 2
reciprocals 62
reflection 131-2, 137, 144-5
roots of polynomials 34, 10-12,
54-70

linear transformations 65-6
rotation 131, 133-4, 137, 145-6
rows, matrices 95, 99
rule of alternating signs 112

scalar product 178-82, 185-6
scalars 96, 168
scale factors 137
self-inverse matrices 115
series 43-53
addition 45
cubes 47, 49
multiples 45
polynomial 47-9
sigma notation 44-5
squares 47, 155
summation formulae 44-9,
156-8
sigma (¥) notation 44-5
simplification, complex
numbers 35
simultaneous equations, solving
using matrices 116-18
singular matrices 104-6, 118-19
size, matrix 95, 99
skew lines 190
square matrices 95, 104
square roots, complex numbers 6
squares, sums of 47, 62, 157
stretches 136-8
subtraction
complex numbers 2-3, 18-19
maltrices 95-6
sums of series 44-53
first m natural numbers 44
proof by induction 156-8
sigma notation 44-5

transformations see linear
transformations
transpose, of matrix 112

unit vectors 131, 144

vectors 95, 167-208
Argand diagrams 18-19
direction 168
normal 176
parallel 179
perpendicular 179
position 168
unit 131, 144

volumes of revolution 71-88
adding 78-80
around x-axis 72-3
around y-axis 76
modelling with 83-4
subtracting 78-80

z* 6-7
|z] 20
zero matrix (0) 95
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