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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

* Rigorous and consistent approach throughout

* Notation boxes explain key mathematical language and symbols

» Dedicated sections on mathematical proof explain key principles and strategies

» Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results
. : collect information
e Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and ] I
represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

* Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in

mechanics
Finding your way around the book Access an online
digital edition using
the code at the
i . front of the book.
Modelling with -
differential equations
Each chapter starts with “’“*““""""“"““Lm

a list of objectives

-+ pagis 18140

The real world applications
of the maths you are about
to learn are highlighted at
the start of the chapter with
links to relevant questions in
the chapter

= s 188190

The Prior knowledge check
helps make sure you are
ready to start the chapter




Chapees

Exercise questions
are carefully graded
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are #

available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise @ Find the point of intersection O

problems and consolidate your understanding graphically using technology.
using pre-made GeoGebra activities.

GeaGebrao

GeoGebra-powered interactives

Interact with the maths you are learning __—]
using GeoGebra's easy-to-use tools

Simutansous equations:
y=a"—Bx+1
2r+ly=3

Sohtions: (2,-1} =1, 8]

-
1T THNE THRER SHENCTHNAR Tewe. TRRED TEWA

Access all the extra online content for free at:

www.pearsonschools.co.uk/cp2maths

You can also access the extra online content by scanning this QR code:

Vi



Complex numbers

After completing this chapter you should be able to:

Express a complex number in exponential form -> pages 2-5
Multiply and divide complex numbers in exponential form -> pages 5-8
Understand de Moivre's theorem - pages 8-11
Use de Moivre's theorem to derive trigonometric identities - pages 11-15
Use de Moivre’s theorem to find sums of series - pages 16-19

Know how to solve completely equations of the form z" —a — ib = 0,
giving special attention to cases wherea=1and bh=0 -> pages 20-25

® Use complex roots of unity to solve geometric problems - pages 25-27

CIGITAL STORAGE OECALOSCOPE

Prior knowledge check

1 z=4+4iWV3andw= Z(COS% e isin%).
Find:

alzl barglz c |zw d arg(zw)

z 5
e ‘E f arg(w) « Book 1, Chapter 2

2 f(2)=z4+4234+922+ 42+ 8
Given that z =i is a root of f(z) = 0, show

all the roots of f(z) =0 on an Argand
diagram. « Book 1, Chapters 1,2 | =

The relationships between complex numbers
and trigonometric functions allow electrical
engineers to analyse oscillations of voltage
and current in electrical circuits more easily.

3 Use the binomial expansion to find the
n* term in the expansion of (2 + n)°.
< Pure Year 1, Chapter 8




Chapter 1

@ Exponential form of complex numbers

You can use the modulus—argument form of a m e eny

complex number to express it in the exponential a complex number is z = r(cos 6 + isin ),

o iff
form: z = re”. where r = |z| and 0 = arg z.
) ) . . ) <« Book 1, Section 2.3
You can write cos @ and sin # as infinite series of powers

of ¢
4 6 —1\r fer
cosg=1-2, 0 6, L Luer, M
2! 41 6l 2r)!
: 0 0> 0 (=1)r f2r+1
SIS = e =g et e )
I 3150 7! (2r+ 1)! @
e @ These are the Maclaurin series
poviers of expansions of sin #, cos @ and e~.
o= XXX X - Chapter 2
e¥=1+x+2 > + TR R R e

You can use this expansion to define the exponential
function for complex powers, by replacing x with a
complex number. In particular, if you replace x with
the imaginary number i6, you get

(i) (6 (i) (i0)>  (i0)°

i — H
ef=1+i0+ 2!+3!+4!+5!+6!

202 2@* 404 P05 (%96
=L ¥ T Y ter

+ ...
9>, 040> 6¢

02
=1+i0- | 3I+m+ﬁ—a

b A

_ 1_92 94 96+.“) (9 93 95

21 7 41 6l T

By comparing this series expansion with (1) and (2), you can write e as

This formula is known as Euler’s relation.
It is important for you to remember this result.

e’ =cosf +isinf

= You can use Euler’s relation, e = cos 6 + isin 6, m Substituting @ =  Into Euler’s

to write a complex number 7 in exponential relation yields Euler’s identity:
form: ik it g
gl
F=TE This equation links the five fundamental
wherer=|z]and @ =argz. constants 0, 1, 7, e and i, and is considered

an example of mathematical beauty.



Complex numbers

Express the following in the form re'’, where -7 < 0 < 7.

m i m T @ @ AT
a z—\/l_‘(cos l0+1sm 10) b z_S(cosg—lsm8 )

a z= v’2(c05% + i5‘m%) Compare with r(cos @ + isin 6).
Sor=+v2 and 8 = %
Therefore, z = V2 & z=relf

bz= 5(605% — isin %) Problem-solving
o m el T Use cos (—6) = cos # and sin (—=0) = —sin 6.
Fo= 5(605(—6) + isin (—g))
Sor=5andf= —% Compare with r(cos @ + isin 6).

Therefore, z = Se @ o il

Express z = 2 - 3i in the form re¥, where -7 < 6 < 7.

i Sketch the Argand diagram, showing the position
> of the complex number.
oN\e/ L. ée
I i 3
i Here z is in the fourth quadrant so the required
T argument is —cv.
r=lzl =22 + (=32 = V13
— Find r and 6.
! = argz = —arctan (%) =-0.2983 (3 s.f)
Therefore, z = v13e9-983, z =relf




Chapter 1

3Imi

Express z = v2e ¥ in the form x + iy, where x, y € R.

3mi

3T

z=V2e%,s0r=v2 and 8 = = Compare with re.
z.= v”?(cos;% + isin %) Write z in modulus-argument form.
) i ]
—T 4 w——— =
i ( V2 ‘Jz)
Therefore, z = =1 + i Simplify.

23ri
Express z =2e 5 in the form r(cos @ + isin #), where -7 < § < 7.

23w
z=2e5 ,s0°r =2a|r1d9=22Tr

E e By 5 2w = Problem-solving

cos# = cos (f + 2m) and sin @ = sin (¢ + 2m).

Compare with re”.,

<l is inthe range -t < 8 <7 e
S Subtract multiples of 27 from e until you find a

Soz= 2(cos%—ﬂ + i5in%) t value in the range -7 < 6 < .

Write z in the form r(cos @ + isin 6).

Use ¢ = cos § + isin § to show that cosf = 3(e* + e™).

e =cosf +isinf 4]
8_."9 = 8i{_3’1 = COS (_3) + isin {—8)

So e = cosf —isin (2) Use cos (—#) = cos # and sin (—#) = =sin 6.

e’ +e=2cosb

L Add (1) and 2).

if! —ifl
+ e
—F—— =cosl
5 05

_ _ L Divide both sides by 2.
Hence, cos 8 = 5(€? + ™), as required.



Complex numbers

1 Express the following in the form re'’, where - < § < 7. Use exact values of r and 6 where
possible, or values to 3 significant figures otherwise.

a -3 b 6i c -2/3-2i
d -8 +i e 2-5i f -2V3 +2i/3
g \@(COS% + isin%) h 8((:05% - isin%) i 2( cos% - isin%)

2 Express the following in the form x + iy where x, y € R.

wl il

a e’ b 4e™ c 3/2e#
i i sai
d 8e¢t e 3¢ 2 f et
. 3ai 4ni
g e™ h 3/2¢ 4 i 8¢ 3

3 Express the following in the form r(cos  + isin #), where -7 < < .

Lori 17xi _9ni
aeld b 4e 5 c 5e 8

® 4 Use el = cosf + isin 6 to show that sinf = % (e — ¢¥),

@ Multiplying and dividing complex numbers

You can apply the modulus—argument rules for multiplying and dividing complex numbers to
numbers written in exponential form.

Recall that, for any two complex numbers z; and z,,

[z122| = |Z1]]22]

* arg(zyz; =arg(z, +arg(z,
e ' : @ These results can be proved by
.| Izl considering the numbers z, and z, in the form
ol 1zl r(cos @ + isin @) and using the addition formulae

Fa

7 for cosand sin. <« Book 1, Section 2.3
arg (Z) =arg(z; —arg(zy

Applying these results to numbers in exponential form gives the following result:

m If z, = r;ei®: and z, = r,e'?, then:
m You cannot automatically assume
o 212y = ryrpeili b the laws of indices work the same way with
2, Py e complex numbers as with real numbers. This
‘LT “_ze G result only shows that they can be applied in

these specific cases.



Chapter 1

a Express 2¢° x V3¢’ in the form x + iy.
z=2+2i, Im(zw) =0 and |zw| = 3|z]
Use geometrical reasoning to find the two possibilities for w, giving your answers in exponential

form.

a 2eF x yBef = (2 x y3)el*3)
=2/3e

sas (coe% + i5in%) .—L

= 2V3(0 + i)
= 2iV3
3lz| = |w| =3

b |zw| =

2) -
arctan ( =i

argz =

I

=Qormw

e

Im(zw) = O s0 arg (zw

So argw = <

= i
4

I

lm &

.:=2+2f
-\,

-
A B
R W,

N
N_

i il
wy = 3e7* and w, = 3&™

m W w
2(005 — +18In —)

Express L = in the form re®.
= m i w
v2(cos? + 1sm?)

R
2(c05— + l51r1—)

212, = 1yr,e0é

Simplify.

Convert the complex number to modulus—
argument form.

2wl = |z[[w] = 32|

" " . 3w
wz lies on the real axis, so z is rotated T
™

4 anticlockwise when multiplied by w.

clockwise or

12 12 Dt Convert the numerator and denominator to
T o Em exponential form.
J2(6052+i5m5—ﬁ) Veee® p
G G
2 &%) 211 o)
= & _slEE] — =—pl"h
Vv % I I
=V2e *
i L Simplify.



Complex numbers

1 Express the following in the form x + iy, where x, y € R.

bl i 2xi

ae xe* b VSeif x 3¢3¥ ¢ V2e7 xe 7 x3e’

2 Express the following in the form x + iy where x, y € R.

I 3 s
2e? V3e7 V2e7F . mm
Vi b xv2e?

8e® de”

a

i
i

3 Express the following in the form re'.
a (cos 26 + isin 26)(cos 36 + isin 36) b (COSS{—T + isin ?—T)(cos?—? + isin ?—T)
m « . T m i e m
c 3(cosz+1smz)x2(005ﬁ+1smﬁ)
6 N Licin(=-E /3 T icinX
d \6(cos( 12)+1sm( 12))xv3(cos3+1sm3)

4 Express the following in the form re.

) I o sl 3 T o isinT

o COs50 +isin 50 ‘2(0052"'151“2) (0053 1511'13)
isi I i

cos 26 + isin 20 E(COSZ+151n ) 4(Cos%+i5in%)

5 zand w are two complex numbers where z = -9 + 3iV3, |w| = V3 and arg w = T—ﬁ

Express the following in the form re, where -7 < 0 < 7.

3z b w c zw d

® 6 Use the exponential form for a complex number to show that

(cos 96 + 1sin 96)(cos 46 + 1sin 46)

cos 76 + isin 760 = cos 6f + 1sin 60

7 z=1+1i/3, Re( w) =zl

Use geometrical reasoning to find the two possibilities for w, giving your answers in exponential

form. (4 marks)
8 a Evaluate (I + i)% giving your answer in exponential form. (2 marks)
b Use mathematical induction to prove that (1 +i)" = 2 e":] forn e 7+, (4 marks)
¢ Hence find (1 +1)'S. (1 mark)

® 9 Use Euler’s relation for el and e to verify that cos26 + sin2d = 1.



Chapter 1

Challenge

a Given that n is a positive integer, prove by induction that

(rei®)" = p"e™?

b Given further that z 7" = 21; forall z € C, show that
(rei"} i r—ne—inﬂ

@ De Moivre’s theorem

m You cannot assume

that the laws of indices will apply to
complex numbers. Prove these results
using only the properties
sl
5 N

=l ika)
2 rze 1

You can use Euler’s relation to find powers of complex numbers given in modulus—argument form.

(rlcos O + isin 0) = (rei)?
=re¥ x rel
= 2ei2t

= r2lcos 20 + isin 20)

Similarly, (rlcos @ + isin 0)* = r*(cos 30 + isin 36), and so on.

The generalisation of this result is known as de Moivre’s theorem:

= For any integer n,

(rlcos @ + isin 0))" = r"(cos nO + isin nO)

You can prove de Moivre’s theorem quickly using Euler’s relation.

(rlcos @ + isin )" = (rei?)"

= pneinf

This step is valid for any integer

= rcos nf + isin nd)

You can also prove de Moivre’s theorem for positive
integer exponents directly from the modulus—
argument form of a complex number using the addition
formulae for sinand cos.
1. Basis step
n=1;LHS = (r(cos @ + isin ) = r(cos @ + isin 6)

RHS = rl(cos 10 + isin 1) = r(cos @ + isin 6)
As LHS = RHS, de Moivre's theorem is true forn = 1.

2. Assumption step

Assume that de Moivre's theorem is true forn =k, k € Z*:

(r(cos 6 + isin 0))* = *(cos k@ + isin k)

exponent n. <« Exercise 1B, Challenge

m This proof uses the method

of proof by induction.
« Book 1, Chapter 8



Complex numbers

3. Inductive step

Whenn=k+1,

(r(cos 0 + isin 6))<*1 = (r(cos 0 + isin )~ x r(cos 6 + isin 6)
= r*(cos k@ + isin kf) x r(cos @ + isin @)
= r**1(cos k) + isin kB)(cos f + isin 6)
= r*+1((cos kO cos @ — sin kO sin ) + i(sin kO cos O + cos kO sin §))
= "+ cos(kd + 0) + isin(kd + )
= r+cos((k + 1)0) + isin((k + 1)0)

Therefore, de Moivre's theorem is true whenn =k + 1.

By assumption step

By addition formulae

4. Conclusion step

If de Moivre’s theorem is true for n = &, then it has been @ The corresponding proof

shown to be true forn=k + 1. for negative integer exponents is
left as an exercise.

As de Moivre's theorem is true for n = 1, it is now proven to s Exerclse 1€, Challenge

be true for all n € Z* by mathematical induction.

o332
COS 17 1511 17

( T 271')
cos 77 —1isin 17

o )-= Problem-solving

(COS?—; + isin<= 17 . .
You could also show this result by writing both

(co5T2—77,r - isin 12;:) numbers in exponential form:

Simplify

95145 Sl
(cos ?7 + isin ?_;r) (ETT_) = e:| — il F -8 2 g3niz ami=
= s (5] o7
(cos(~ZF) +isin( 25| =
RerTA =
P 457 R 457 —— cos (=#) = cos # and sin (—#) = —sin @
- 17 i
605(-16;) - iSiﬂ(-%T) | Apply de Moivre’s theorem to both the numerator

and the denominator.

457 ( @))Hm(%w ( e

cos( == = ===
7 17 17 17))'
,—1_cos (6, — 6,) +isin (6, — 6,)

= coe:?i_;r + |51n?—1,;r

=cos 3T +isin3w Simplify.

=cosm+ isinm

L Subtract 2 from the argument.

=-1+i0)
5
(cos ?7 + isin ?7)

" (conE o)



Chapter 1

Express (1 +iv3)" in the form x + iy where x, y € R.

First, you need to find the modulus and argument
: of 1 +1i/3. You may want to draw an Argand
| diagram to help you.

Im

@) y Find r and 6.

Write 1 + iv3 in modulus-argument form.

= L
(1+W3) = 2(co53 + 15|r13))
= 27(c05% + i5in%) Apply de Moivre’s theorem.
26(&35 + ising ) Subtract 27 from the argument.
2oz +1(7)

-

Therefore, (1 + W3 ) = 64 + 64iV3

Exercise @

1 Use de Moivre’s theorem to express each of the following in the form x + iy, where x, y € R.

a (cos0 + isin )" b (cos 36 + isin 36)* c (cos%+isin%)s
d (cos£+isin£)8 e c052—+1sm2—ﬂ) f (cosi—isini)15
3 3 5 5 10 10

2 Express each of the following in the form e,

q <08 50 + isin 50 (cos 26 + isin 26)’ . 1
(cos 26 + isin 20)? (cos 40 + isin 40) (cos 26 + isin 26)°
(cos 26 + isin 20)* cos 50 + isin 50 cosfl —isinf
cos 30 + isin 30)° ¢ (cos 30 — isin 36) (cos 20 — isin 26)
( )

10



Complex numbers

3 Evaluate the following, giving your answers in the form x + iy, where x, y € R.

T .. Tm? 3r .. 11x\? 47 . . 2w\’
cos 5 —isin cos - —isin—= cos 3~ —isin =
(cos£r+ isinﬁT)6 (cos 1om +1isin E)2 (cos 10w +1sin 43)4

13 13 7 7 3 3

4 Express the following in the form x + iy where x, y € R.

a (1+i) b (-2 +2i)8 ¢ (1-1)
d (1-i/3)s e (3-1iv3) £ (-2/3-2i)°
® 5 Express (3 + iv3)’ in the form a + biv3 where ¢ and b are integers. (2 marks)
i P 1
@ 6 w _2(0056 +1sm6)
Find the exact value of w*, giving your answer in the form « + ib where a, b € R. (2 marks)
— f3{cos 2T _isin )
® 7 g \/3(cos 7 ~isin%
Find the exact value of z°, giving your answer in the form a + ib where ¢, b € R. (3 marks)
1+ 1\,@
(E/P) 8 a Express - in the form re?, where r > 0 and -7 < 6 < . (3 marks)
-1y

b Hence find the smallest positive integer value of n for which (: = 1{%) is real
—iv

and positive. (2 marks)
9 Use de Moivre’s theorem to show that (a + bi)" + (a — bi)" is real for all integers n. (5 marks)
Challenge Problem-solving
Without using Euler’s relation, prove that if n is a positive integer, You may assume de Moivre's
(rlcos 6 + isin @)™ = r~"(cos (~n#) + i sin (~nd)) theorem for positive integer

exponents, but do not write
any complex numbers in
exponential form.

m Trigonometric identities

You can use de Moivre’s theorem to derive trigonometric identities.

Applying the binomial expansion to (cos # + isin )" allows you to express cos nfl in terms of powers of
cos 6, and sin nf) in terms of powers of sin 6.

m la+b"=a"+"Cra"b+"C,a"?b% + ... +"C,a""b"+ ... + b",neN
n!

where "C, = (f) « Pure Year 1, Chapter 8

T Hm—n

11



Chapter 1

Use de Moivre’s theorem to show that
cos 66 = 32cos®d — 48cos* @ + 18cos?d — 1

(cos@ + isinf)° = cos el + isinch Apply de Moivre's theorem.
= cos¢f + ¢C,cos° B(isinB) + ¢C,cos O(isin 0)?
+ ¢C5cos? B(isin0)® + ¢C,cos” f(isinB)*
+ ¢C5cosf(isinf)® + (isin6)°
= cos°f + Gicos® #sinfl + 1517 cos* #sin® 0
+ 20i2cos? fsin® 6 + 15i*cos? Osintd  ————— Simplify.
+ GiPcosflsin®f + i€sin© 6

Apply the binomial expansion to
(cos @ + isin 6)°.

= co5°f + Gicos®fsinf — 15 cos* fsin® 6
— 20icos?fsin38 + 15 cos? fsin § ———— Simplify the powers of i.
+ Gicosfsin®f — sin© 6

Equating the real parts gives

[ The real part of cos 66 + isin 68 is cos 60.
cos 6l = costf — 15 cost fsin®f

+ 15cos? @sintf — sin® @

= cos°f — 15 cos* B(1 — cos® B)

+ 15cos? (1 = cos?0)? = (1 — cos?8)

= cos°f — 15 cos* B(1 — cos? f)

Apply sin?6 = 1 — cos?#,
sin“f = (sin?#)? and sin®0 = (sin?6)>.

+ 15cos? 0(1 — 2cos? 8 + cos*6) Multiply out the brackets.
- (1 = 3cos? 8 + 3cos*l — cosc ) '—I_ o . .
I Apply a cubic binomial expansion.
+ 15cos? 8 — 30cos%8 + 15coscf L
— 14 3cos?0 - 3cos*f + costl Spandiicheces
= 32cos5°80 — 45cos40 + 18cos? 6 — 1 Simplify.
Therefore,

cosGl = 32coscl — 48costl + 18 cos2 6 — 1

You can also find trigonometric identities for sin” @ and cos” @ where n is a positive integer.
If z=cos@ +isind, then

% =z1l=(cosf+isinO)*
= (cos(—6) + isin(-0)) Apply de Moivre’s theorem.
=cosf —isinf Use cos ) = cos (—f) and —sin @ = sin (—6).

It follows that

z+ cosf+isinf@+cosfl —isin@=2cosf

S

cosf+isinf = (cos@ —isinf) =2isin@

(S

12



Complex numbers

Also,
By de Moivre’s theorem.

Z"=(cos @ +isin@)" = cosnl + isinnd

= =z"=(cosf+isinB)™
= (cos(—nf) + isin(—nd)) Apply de Moivre's theorem.
=cosnf —isinnf Use cos @ = cos (=) and sin (=) = —sin 6.

It follows that

z"+%=cosn9+ isinnf + cosnf — isinnf =2 cos nf
e

z”—%:cosn(ﬂ isinnf — (cosnf — isinnf) = 2isin nf

It is important that you remember and are able to apply these results:

"+ % =2cosf m oy l" = 2cos n@ m In exponential form, these results are
f equivalent to:
1 5 1 1
B7—-—= B —= ; . U i
-4 z 2isin@ Z P 2isin nf cosnfl = -;_(emf? a5 e—|n9] sinnfl = E{emﬁ i, e—lnﬂ]_

Express cos’ # in the form acos 50 + bcos 30 + ccos , where a, b and ¢ are constants.

Let z = cos 0 + isinf

5
(5*'%) = (2cos)p = 32cos” 0 — Usez+%=2cos€.

Apply the binomial expansion to

)+ () = (1)

+ (zla) ———— Simplify.

= (35 + ?) + 5(:»* + %) + 10(2 + %) — Groupz“and%terms.

=2cos50 + 5(2cos 30) + 10(2cos ) —— Use 2 + L = 2 cos nf
== :

So, 32co3°f = 2co5560 + 10cos 30 + 20cosd

= cos?f = 1zco5 56 + %COS 30 + %5053 . Thisisin the required form with a =%,

o OF =5
b=fandc=3

13



Chapter 1

a Express sin*f in the form dcos 460 + ecos 26 + f, where d, e and f are constants.

T

b Hence find the exact value of f sin* @ dé.
0

(=]

a letz=cos8 +isind
4
(Z - %) = (2isinf)* = 1G6i*sin* 0 = 165in* ——F—— Usez _%= 2isiné, noting thati¢=1

| 4'—3_1 41—2_12
e o ( Z) b ( Z) Apply the binomial expansion to

v, (2 + () -2

+ 42(—3%) + (;—4) Simplify.
224_4F2+€_zig+;_4
= (:4 + ;—4) - 4(22 + %) +6 Group z" and%terms.

=2cos40 — 4(2cos20) + &

L

e o
s e el B e Bl LR m

gy ot = alh 3
* sintd = gicosAd = zcos 20 £ This is in the required form with

=L =2
d=g e=—zandf=3

: .
b f sin“fdf = f (5cos48 - Scos 20 + 2)df ——————— Use the answer from part a.
0 0 .

- [gpsin40 - G20+ 3y ——— :
cos k@ integrates to = sin k6.

= (és‘m 2T — %51[‘11‘1’ + %(g)) -0
=O—O+13—;r
_3

16

Exercise @

Use de Moivre’s theorem to prove the following trigonometric identities:
(®) 1 a sin30=3sinf - 4sin’0 b sin 50 = 16sin30 — 20sin30 + Ssin 0
¢ cos70=64cos’ @ — 112cos’*H + 56¢cos’d — Tcos d costf= %(00549 +4cos20+3)

e sin®6 = 1¢(sin 50 — 5sin 30 + 10sin )

14



Complex numbers

a Use de Moivre’s theorem to show that

cos 50 = 16cos* — 20cos* @ + 5cos 0 (5 marks)

b Hence, given also that cos 30 = 4cos®# — 3 cos 0, find all the solutions of cos 50 + 5cos 30 =0
in the interval 0 < 0 < 7. Give your answers to 3 decimal places. (6 marks)
a Show that 32¢co0s®f = cos 60 + 6¢cos48 + 15¢cos 260 + 10. (6 marks)

T

b Hence find f6 cos®f df in the form an + b/3 where a and b are rational constants to be

found. 0 (3 marks)

a Show that 32cos20sin*# = cos 60 — 2cos 40 — cos 20 + 2. (6 marks)

b Hence find the exact value of f cos2fsin* 0 dé. (3 marks)
0

By using de Moivre’s theorem, or otherwise, compute the following integrals.

T

a fsin69d9 b fsin29c0549d9 c fsin39c0559d9
0 0 0

a Use de Moivre’s theorem to show that

cos 60 = 32cos®f — 48 cos* A + 18 cos2d — 1 (5 marks)
b Hence find the six distinct solutions of the .
: Problem-solving
equation

Use the substitution x = cos @ to reduce

6 _ 2_3_
= loareg=l) the equation to the form cos 66 = k.

giving your answers to 3 decimal places Find as many values of # as you need
where necessary. (5 marks) to find six distinct values of x.
a Use de Moivre’s theorem to show that sin 40 = 4 cos3fsin ) — 4cos fsin’ 6. (4 marks)

4tanf — 4tan3@
1 - 6tan?0 + tan*d

b Hence, or otherwise, show that tan 40 = (4 marks)

¢ Use your answer to part b to find, to 2 decimal places, the four solutions of the equation
X +4x3-6x21-4x+1=0. (5 marks)

15



Chapter 1

@ Sums of series

You can use results about the sums of geometric series with complex numbers.

®m Forw,z€C,

(ot w(z" — 1)
. Z WZ'=w+wi+wil+...+wzmls— These results match the

=0 gl corresponding results for real numbers.
e w . - - ¥,

e S W =W WD W A = Lzl <1 The infinite series Z_%wz converges only
o 1-z2 when |z| < 1. ”

4 Pure Year 2, Chapter 3

Given that z = cos % +isin %, where 7 is a positive integer, show that
2 n-1_— i T
l+z+22+ ... +2 _1+1cot( )
2n
P ] 1 s
T4+z+22+ .. +z71="2 _1 Use the result for > _wz" with w = 1.
Lo r=0
" {e%) -1 Write z in exponential form as z = e%', and
s substitute.
= Sﬁi -1 ( ﬂ]n
T o el =em=-1
en — 1 ’7
=2
g Problem-solving
_mi You know that sin nf = —lv(e‘"‘-‘ — g-inf),
= -2 2n 2i
= 8% e_él:r You can use this result to simplify an
e expression like e - 1 by writing it in the
= % form efle? - e7%) = e¥(2isin -g) In this case
(B=111 =
2n this is equivalent to multiplying the top
_ e 2n and bottom of the fraction by e o,
T, e S
51[‘1%
T T =08 i
i(coe:(—ﬁ) + isin(—ﬁ)) 2i
B sin——
2n
3 w 2% T
B 1(605(&1) - '5m(2n)) e~ = cos (=6) + isin (-6)
& a2 =cosf —isiné.
2n

16



Complex numbers

Can(Z) on(Z,)

i) as required ~———— Simplify.

=1 +icot(2n.

The series e/ + e2? + e3¢ + .. + e s geometric with first term e, common ratio € and »n terms.
eltlen® - 1)

e?-1
Converting the exponential form into modulus-argument form lets you consider the real and
imaginary parts of the series separately.

The sum of this series is given by S, =

= (cosf +isinf) + (cos20 + isin26) + (cos30 + isin30) + ... + (cosnf + isinnld)

= (cosf + cos 260 + cos30 + ... + cosnl) +i(sin@ + sin20 + sin30 + ... + sinnf)

Therefore,
0 anifl _
cosf+cos20 +cos30+ ... +cosnf = Re(e(eﬂ—ll})
el e
iB{anif _
sinf +sin260 +sin30+ ... + sinnfd = Im(e(i—ll))
el e

S=e+e2+¢e% + . +ed for #+ 2nm, where n is an integer.

a Show that S = e sl
sin >

Let P=cosf + cos20 + cos30+ ... + cos8) and Q =sinf +sin20 +sin30 + ... + sin 80

90 . 0 2 :
b Use your answer to part a to show that P = cos—5-sin4fcosec and find similar expressions for

2 2
Q and 2
P
eble?)? — 1) S'is the sum of a geometric series.
eil’!’ + 82“9 &+ e?ﬁil? T 85]3 = n-1 -1 _ :
e el — 1 Use ZIvz’=%with w=z=eandn=38.
r=0 i
_e¥e — 1)
- e
& 1 L {eig}s = egiﬁ'
_ ezled? — 1)
- W i " v _e
e —e = L Multiply the numerator and denominator by e™2

17



Chapter 1

it i a9
ez —e 2=2jsin=-
IS

Use the relationship
eBifl _ 1 = etif(p4it — a-4) to rewrite the

numerator.

e4it _ o-4ifl — 2jsin 40

_edlefit — 1)
T
2isin >
ez 44t _ o-4i)
B 2‘|5ing
2
_ e7(2isin 44)
g
2isin >
o e7 sin46
s, 55 SIHE
b P=Re(S)= Re(e‘%)
51!‘]5
B c05%951n49
SIHE

90 0
= cos—-sin 40 cosec >

0 = Im(S) = |m(78%5"”349)

SIIHE
B 51n%651n49
511‘1g
2
ot Ao 4
= 5in=5 5|n49c058c2
5]!‘19—85]1‘]49605662 5.”19_9
g= 2 2 = 2 =tan9—9
= c 59—9 in4é c ecﬁ c 5% 2
05755 osec 0575

Exercise @

® 1 Given z = e", where n is a positive integer, show that:

al+z+224 .. 422°1=0

. 12
® 2 Show thatif z=e3, then >_z"=1.
r=0

7
(P) 3 Show that > (1 +1i)"=-15i.
r=0

18

b 1+z+22+...+z”’=icot(1)

Simplify.

Problem-solving

By writing each term of S in modulus-
argument form you can see that P is the
real part of S and Q is the imaginary part
of S.

2n



Complex numbers

4 The convergent infinite series C and S are
defined as m The sum of an infinite geometric series with

C=1 +%0059+500529+%c0539+ first term @ and common ratlorlsS,,,=1_r

< Pure Year 2, Chapter 3

T 1. L e
S=73sinf +5sin20 +57sin30 + ...

a Show that C+iS= 3o (4 marks)
9 — 3cosd i :
b Hence show that C =v+—+——5, and find a similar expression for S. (4 marks)
10 — 6c¢cosf
5 The series P and Q are defined for 0 < 6 < 7 as
P=1+cosf+cos20+cos30+...+cosl20
Q=sinf +sin20 +sin30 + ... + sin 120
_ efif(e s — e~ 3
a Showthat P+i1Q=—F—— (4 marks)

er—pg 2

b Deduce that Q = sin 66 sinwcosec = and write down the corresponding expression for P.

2 2
) 0 _ g-if eif 4 g-if
You can assume the results sin ) = % and cos( = Y (4 marks)
¢ Hence find the values of #, in the range 0 < # < 7, for which P + iQ is real. (2 marks)

6 Series C and S are defined as

C=1+ (T)cos() + (;)cos 20 + (g)cos 30+...+ (ﬁ)cos no

S= (T)sinﬂ + (g)sin 20 + (g)sin 30+... + (g)sin n

n

a Show that C= (2 cos g) cos % (4 marks)
b Show that o = tan 7 (3 marks)
& 2.
7 a Show that (2 + ¢%)(2 + e ) = 5 + 4cos 6. (2 marks)

The convergent infinite series C and S are defined by
C=1-1cosf+1cos20—1cos30 + ...
Szésin() —%sin 26 +%sin 30+ ...

4+ 2cosd

b By considering C - iS, show that C = Sedcosl and write down the corresponding expression
for S. (4 marks)

19



Chapter 1

m nth roots of a complex number

You can use de Moivre’s theorem to solve an equation of the form z" = w, where z, w € C.
This is equivalent to finding the nth roots of w.

Just as a real number, x, has two square roots, vx and —/x, any complex number has n distinct nth roots.

® If z and w are non-zero complex numbers and n is a positive integer, then the equation z" = w
has n distinct solutions.

You can find the solutions to z" = w using @ D
m) =
de Moivre's theorem, and by considering the fact S e e

that the argument of a complex number is not unique.

® For any complex number z = r(cos 6 + isin 8), you can write z = r(cos (6 + 2kw) + isin (0 + 2km)),
where k is any integer.

a Solve the equation z* = 1.
b Represent your solutions to part a on an Argand diagram.

¢ Show that the three cube roots of 1 can be written as 1, w and w? where 1 + w + w? = 0.

alizs =i

22 =cos0 +isin0 Start by writing 1 in modulus—argument form.

(rlcos @ + isin)? =
Write z in modulus—argument form, and write the

0+ 2k isi O+2k,kez-——|
e RUHRE o general form of the argument on the right-hand

r3(cos 360 + isin36) = side by adding integer multiples of 2.
cos (0 + 2km) +isin(0 + 2km), k€ Z
S Apply de Moivre's theorem to the left-hand side
- of the equation.
30 = 2km
b0 == 0 sowrecosQuisn0 =y Compare the modulus on both sides to get r = 1.
2m
krnd =il Compare the arguments on both sides.
I :
S0 2; = 605( 3 ) ‘5 |5m( 3 ) =-zti5 Problem-solving
R 2n Choose values of k to find the three distinct
Sttt roots. By choosing values on either side of
o ( g) o ( &) oy ﬁ k = 0you can find three different arguments in
e S e T e the interval [-m, 7).

Therefore,
—j— «——— These are the cube roots of unity.

M| —

20!”..— >

na|—

Fimiim= =

20



Complex numbers

V3

Plot the po\i/%ts z=1z,=—3+ = and
—% - i? on an Argand diagram:
The points z;, z; and z; lie on a circle of radius

1 unit.

I3

The angles between each of the vectors z;, z; and

zy are 23—” as shown on the Argand diagram.

Notice that w* = w?.

m It can be proved that the sum of the nth
roots of unity is zero, for any positive integer
n=2.

® In general, the solutions to z” =1 are 7 = cos (%) + isin(znik) =efork=1,2,...,nand
are known as the nth roots of unity.
If n is a positive integer, then there is an nth root of unity w = e such that:
+ the nth roots of unity are 1, w, w?, -, w"?
* 1, w, w?, -+, w1 form the vertices of a regular n-gon

e l+w+wi+..+wml=0

21



Chapter 1

Solve the equation z4 = 2 + 2iy/3.

|mn

2 + 2iV3

modulus = /22 + (2V32 = V4 + 12 = 4

2J3)
2

argument = arctan( %

Soizhi= 4(c05% + isin%)

(rlcos 0 + isin 0))*

= 4((;05 (% + 2;’(%) + isin (% + Ekﬂ)), keZ

(cos 40 + isin 46)

= 4((;05 (% + 2;’(%) + isin (% + Ekﬂ)), keZ

Sort=4=r=V4=2

49=%+2k7r

7r i Ry,
f(—O=>9—12, Sou]—\f2(c0512+15m12
_ =7 . ( ki3
k=1=140 Tx soug—\-260512+|5|r1?2
103 s (-3 (3]
k=-1=0= 12" 50..-'3—\-2.605 12) Tisinl=15
k=-2=0= 11_7r, SO Z, = \-"'2(c05 (—H—ﬂ) + isin (—

12 _ 1
Orz=»28'7:i,Z:\ES%,:=\2E:_TOrz=\2e_'

22

To solve an equation of the form
z" = w, start by writing w in
modulus—argument form.

Now let z = r(cos @ + isin ¢), and
write the general form of the
argument on the RHS by adding
integer multiples of 2.

Apply de Moivre's theorem to the
(S5

Compare the modulus on both
sides to get r = 2.

Compare the arguments on both
sides.

When k =1, 49=§+ 2

2 Im
9=jl4~——=——
T

m Make sure you choose

n consecutive values of k to get n
distinct roots. If an argument is not
in the interval [-, w] you can add
or subtract a multiple of 2.

These are the solutions in the form
ek



Complex numbers

You can also use the exponential form of a complete number when solving equations.

Solve the equation z3 + 4/2 + 4iV2 = 0.

2 +4/2 +4W2 =0
23 = -4y2 - 4iy2

Im A

442 0

u

42 - 42

Oy
1]

modulus = Y{-4yZ P + (<4y2)° =32+ 32 =/CH =8

argument = - + arctan(j\\;g) = -7 + % = —%
(re)?® = gel-+2kd —‘ r
r3edt = gl 2 J
SorP=8=r=6=2
30= -5 + 2kn
L
k=O=>3=—%,SOH1=2€T ]
k—1:>9—?—;,50u2—2ee
k=-1=0= —1,]1—;, s0 23 =2e®
Or 2= 2(co5(—£) + i5in(—%)), Z = 2(cos?—; + isin ?—;)
orz= 2(c05(—T—2W) + ‘|5in(—111—?r)). 1

Find the modulus and
argument of —4y2 — 4iv2.

Write z = re and use

(re)n = r"e”"’. Remember

to write the general form of
the argument on the right-
hand side by adding integer
multiples of 2.

Compare the modulus on both
sidesto getr=2.

Compare the arguments on
both sides.

Choose values of k to find
three distinct roots. Either
choose values that produce
arguments in the interval
—r < 6= m, oraddor
subtract multiples of 27 as
necessary.

23



Chapter 1

1 Solve the following equations, expressing your answers for z in the form x + iy, where

x,yeR.
az-1=0 b z2-i=0 c 3=27
d 22+64=0 e Z*+4=0 f 23+8i=0

2 Solve the following equations, expressing the roots in the form r(cos # + isin 0),
where -7 < 0 = 7.

az=1 b z4+161i=0 ¢ 22+32=0
d 23=2+2i e z4+2i/3=2 f 2+32/3+32i=0

3 Solve the following equations, expressing the roots in the form re, where r > 0
and -7 < # =< 7. Give 0 to 2 decimal places.

a #=3+4 b 23=V11-4i c A=-/T+3i

® 4 a Find the three roots of the equation (z + 1)* = 1.
Give your answers in the form x + iy, where x, y € R.

b Plot the points representing these three roots on an Argand diagram.

¢ Given that these three points lie on a circle, find its centre and radius.

Find the five roots of the equation z5 - 1 = 0. Problem-solving

Give your answers in the form r(cos 0 + isin #), where -7 < 0 < . Use the fact that the

b Hence or otherwise, show that sum of the five roots
1 of unity is zero.

Ccos (2%) + COS(%) =i

©)

Find the modulus and argument of -2 - 2iy/3. (2 marks)

Q)

b Hence find all the solutions of the equation z* + 2 + 2i/3 = 0.
Give your answers in the form re*, where r > 0 and -7 < § < 7 and
illustrate the roots on an Argand diagram. (4 marks)

@ 7 Find the four distinct roots of the equation z* = 2(1 —iy/3) in exponential form, and show these
roots on an Argand diagram. (7 marks)

8 z=V6+1/2

a Find the modulus and argument of :z. (2 marks)

b Find the values of w such that w? = z4, giving your answers in the form re?, where r > 0
and -7 < 0 = 7. (4 marks)
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Complex numbers

9 a Solve th ti
® % Romelic equation Problem-solving

l+z+2+23+24+22+20427=0 _
ISPz z2 e e e o the slim

b Hence deduce that (z2 + 1) and (z* + 1) are factors of of a geometric series.

l+z+22+283+2%+25+26+ 27,

Challenge

a Find the six roots of the equation z6 = 1 in the form €',
where—r<f=m.

b Hence show that the solutions to (z + 1)¢ = z6 are

z:—%+%ic0t(%);k=l; 2 374, b0

@ Solving geometric problems

You can use properties of complex nth roots to solve geometric problems.

® The nth roots of any complex number « lie m
F S Th tre of
at the vertices of a regular n-gon with its S polygoﬁ icf:o;esi?je?e o
centre at the origin. be the centre of the circle that

The orientation and size of the regular polygon will passes through all of its vertices.

depend on a.

Ima

For example, the sixth roots of 7 + 24i form this

regular hexagon. Each vertex of the hexagon is

equidistant from the origin, which lies at the centre
Re of the circle passing through all six vertices.

@ Explore nth roots of complex

numbers in an Argand diagram using GeoGebra.

You can find the vertices of this regular polygon by finding a single vertex, and rotating that point
around the origin. This is equivalent to multiplying by the nth roots of unity.

® |f z, is one root of the equation z" =5, and 1, w, W?, ..., w™! are the nth roots of unity, then
the roots of z” = s are given by z,, z,w, ;w53 ..., Z;w™ L
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The point P(/3, 1) lies at one vertex of an equilateral triangle. The centre of the triangle is at the origin.

a Find the coordinates of the other vertices of

the triangle.

b Find the area of the triangle.

a The cube roots of unity are 1, w, w? where

w=e?.

V3 +i= 2(—3%

So the vertices are at:

-3 +i

_(e_) = 23% =2e7F = -2
So the coordinates of the vertices of the
triangle are

/3, 1), (=/3, 1) and (O, -2).

L

b VA
(-3, 1) /(\3 1)
0 X
(0, -2)
Area = 15 x base x height
= % * 2\-"'3 g s
=3/3

Exercise @

L]

Problem-solving

Consider the Cartesian coordinate plane as an
Argand diagram. The vertices of the triangle will
correspond to the cube roots of (V3 +i)%. You can
find these roots by multiplying v3 + i by the cube
roots of unity.

Use w=e™ to write down the cube root of unity.

|\/§+i|=23ndarg(\/§+i)=%

You know that one cube root of (V3 +i)3is V3 + .

Multiply this by the cube roots of unity to find the
other roots.

Write your answers as Cartesian coordinates.

® 1 Find the coordinates of the vertices of the following regular polygons with centres at the origin.

a Equilateral triangle with one vertex at (0, 4)

b Square with one vertex at (5, 0)

¢ Regular pentagon with one vertex at (-1, v3)

d Regular hexagon with one vertex at (2, 2)

at (3, =2).

26

Find the coordinates of the vertices of an equilateral triangle with centre (2, 3) and one vertex



Complex numbers

EP) 6

The triangle OAB in an Argand diagram is equilateral. O is the origin and A corresponds to the
complex number v3(1 - i). B is represented by the complex number b.

Find the two possibilities for b in the form re'?. Illustrate the two possibilities for O4B in a
sketch. (5 marks)

a Find the 4th roots of —12i in the form rei” where r > 0 and —7 < 6§ < . lllustrate these roots
on an Argand diagram. (6 marks)

Let the points representing these roots on an Argand diagram, taken in order of increasing 6, be
A, B, C, D. The midpoints of the sides of ABCD represent the 4th roots of a complex number w.

b Find w. (4 marks)

P is one vertex of a regular hexagon in an Argand diagram. The centre of the hexagon is at the
origin. P corresponds to the complex number 8 + 8i.

a Find, in the form « + bi, the complex numbers corresponding to the other vertices of the
hexagon, and illustrate these on an Argand diagram. (5 marks)

b The six complex numbers corresponding to the vertices of the hexagon are squared to form
the vertices of a new figure. Find, in the form a + bi, the complex numbers corresponding to

the other vertices of the new figure. Find the area of the new figure. (4 marks)
An ant walks forward one unit and then turns to the right by %ﬁ It repeats this a further
sin 4—?1')
9

three times. Show that the distance of the ant from its initial position is (6 marks)

anf3)

Mixed exercise o

® 1

EP) 2

a Useel” =cosf +isin 6 to show that cosf = %(ei"? + e-i9),
cos(A + B) + cos(A4 — B)
2

b Hence prove that cos Acos B=

Given that z = r(cos @ + isin f), r € R, prove by induction that z" = r'(cos nf + isinnf), n € Z*.
(5 marks)
(cos 3x + isin 3x)?

Express — in the form cos zx + isin nx where 7 is an integer to be determined.
COs X — isin x
Use de Moivre’s theorem to evaluate:
: 1

a (-1+i)? b
(3-%)

a Given z = cosf + isin #, use de Moivre’s theorem to show that z"+ % = 2cosnf. (4 marks)

3
b Express (zz o+ %) in terms of cos 6 and cos 26. (3 marks)

¢ Hence, or otherwise, find constants « and b such that cos?26 = acos 60 + bcos20. (3 marks)

T

d Hence, or otherwise, show that f6 cos320df = k3, where k is a rational constant. (4 marks)
0

27
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6 a Show that

EP 8

(E/P) 9

EP) 10

EP 1

28

cos’f = Lé (cos 50 + 5cos 30 + 10cos #) (5 marks)
The diagram shows the curve with equation y = cos’ x, -T < x<Z The finite region R is
. 2 2
bounded by the curve and the x-axis.
Yy
|
0 X
b Calculate the exact area of R. (6 marks)
a Show that
sin® @ = —%(cos 60 — 6¢cos46 + 15¢cos 20 — 10) (5 marks)
b Using the substitution a = (% - 9), or otherwise, find a similar identity for cos®d. (3 marks)
¢ Given thatf0 cos®@ +sin®Add =%, find the exact value of a. (5 marks)
Use de Moivre’s theorem to show that
sin 60 = sin 20 (16 cos*# — 16 cos?f + 3) (5 marks)
a Use de Moivre’s theorem to show that
cos 50 = 16cos* ) — 20cos? ) + Scos (5 marks)
b Hence find all solutions to the equation
16x°-20x3+5x+1=0
giving your answers to 3 decimal places where necessary. (5 marks)
a Show that
sin’ 0 = %(sin 50 — 5sin 30 + 10sin ) (5 marks)
b Hence solve the equation
sin50 — 5sin30 +9sinf=0for0=0<mw (4 marks)
a Use de Moivre’s theorem to show that cos 50 = cos §(16 cos* 6 — 20cos? 0 + 5) (5 marks)
b By solving the equation cos 56 = 0, deduce that cos? (l_?:)) = 2 +8Vf5 (4 marks)
¢ Hence, or otherwise, write down the exact values of cos? (%) cos? (Fi'—ﬂ) and
cos? ( ?—g) (3 marks)



Complex numbers

12 a Use de Moivre’s theorem to find an expression for tan 3¢ in terms of tan 6. (4 marks)
cot3f — 3coth
b Deduce that cot 30 = 300820 — 1 (2 marks)

13 The infinite series C and S are defined as
C=1+kcosO+k?cos20 + kicos30 + ...
S=ksinf + k*sin20 + ksin 30 + ...

where k is a real number and |k| < 1.

1 -kcosf

_ k? = 2kcos 6
expression for S. (8 marks)

By considering C + iS, show that C = s and write down the corresponding

® 14 a Express 4 — 4i in the form r(cos # + isin #), where r > 0, -7 < § = 7, where r and @ are

exact values. (2 marks)
b Hence, or otherwise, solve the equation z° = 4 — 4i, leaving your answers in the form z = Re"",
where R is the modulus of z and k is a rational number such that -1 < k < 1. (4 marks)
¢ Show on an Argand diagram the points representing the roots. (2 marks)
15 a Find the cube roots of 2 — 2i in the form re? where r > 0 and -7 < 0 < . (5 marks)

These cube roots are represented by points 4, B and C in the Argand diagram, with 4 in the
fourth quadrant and A BC going anticlockwise. The midpoint of 4B is M, and M represents the
complex number w.

b Draw an Argand diagram, showing the points 4, B, C and M. (2 marks)
¢ Find the modulus and argument of w. (2 marks)
d Find w® in the form a + bi. (3 marks)

16 An equilateral triangle has its centre at the origin and one vertex at the point (2, 1).
a Find the coordinates of the other two vertices. (4 marks)
b Show that the length of one side of the triangle is V15. (2 marks)

Challenge

Show that the points on an Argand diagram that represent the roots

6
of (2 "Z' 1) =1 lie on a straight line.
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Summary of key points

1 You can use Euler’s relation, e = cos § + isin 6, to write a complex number z in exponential
form:

10

30

z=reif

where r = |z|] and # = arg z.

For any two complex numbers z, = r,e: and z, = r,e'%,
" ZIZE - rlr2e|(91+82)
Lo Ton)
L
De Moivre’s theorem:
For any integer n, (r(cos @ + isin 6))" = r"(cos nf + isin nf)
-z+l=2c059 -z"+l=2cosn9
z e
. z-L-2ising R
z bl
Forw,zeC,
= . L wlz"=1)
YW =wH+wz+wzl+ ... Wzl ————
r=0 ) ].
= o - = __w
YW =wH+wz+wzl+...=——,|z| <1
r=0 l-z
If zand w are non-zero complex numbers and 7 is a positive integer, then the equation z" = w

has » distinct solutions.

For any complex number z = r(cos# + isinf), you can write
z=r(cos (@ + 2km) +isin (@ + 2kn))
where k is any integer.

In general, the solutions to z” = 1 are z = cos (%) +isin (Znik) =e®fork=1,2, ..., nand
are known as the nth roots of unity.

If n is a positive integer, then there is an nth root of unity w = e% such that:

« The nth roots of unity are 1, w, w?, ..., w"!

« 1, w,u? ..., w1 form the vertices of a regular n-gon

s l+w+w+ . +wrl=0

The nth roots of any complex number s lie on the vertices of a regular n-gon with its centre at
the origin.

If z, is one root of the equation z" =5, and 1, w, w?, ..., w" ! are the nth roots of unity, then the
roots of z" = s are given by z,, z,w, z,u4, ..., ZwW™ L,



Series

After completing this chapter you should be able to:

® Understand and use the method of differences to sum finite series
- pages 32-37

e Find and use higher derivatives of functions - pages 38-39

® Know how to express functions as an infinite series in ascending
powers using Maclaurin series expansion - pages 40-44

® Be able to find the series expansions of compound functions
= pages 44-48

1 Find the sums of the following series.
16

18
a > (99 - 4n) b > 13!

n=1 n=6

e ?
it LY T

¢ Pure Year 2, Chapter3 §&

a Show that

Z (1-2 -t Zr + 3) = %}1(2”2 + 9n o 25)
r=1

Physicists use Maclaurin series in special :
relativity to approximate the Lorentz . B Hence ind § (24 2r+3)
factor. The Lorentz factor relates time, 10
length and relativistic mass change for a ¢ Book 1, Chapter 3
moving object. Experiments with atomic Given v = sin 3x. find:
clocks have shown that time passes . E ' "

v )

more quickly for a stationary observer § b =Y
dx dx?

i than for one travelling at high speeds.
- Exercise 2D, Challenge ¢ Pure Year 2, Chapter 9

&




Chapter 2

@ The method of differences

You can use the method of differences to find the sum of a finite series.

If the general term, u,, of a series can be expressed in the form
f(r) - f(r + 1)

You can also start with «, written in the form

Fen i 0= Z": (F() — F(r + 1)) fr + 1) —”f(r). After adding and cancelling,
r=1 r=1 you get ¥ u, = f(n + 1) — f(1)
so u,=f(1) - f(2)

u, = f(2) - f(3)
uy = £(3) - F(4)

u,=f(n)-f(n+1) Uy + U : ;ﬁ; : ;g; +f(2) - f3)

Then adding > u, = f(1) - f(n + 1) . The f(2) terms cancel.
r=1

By summing u; + u; + ... + u, all terms cancel except
the very first term, f(1), and the very last term, f(n + 1).

a
b

Show that 413 = r2(r + 1)> = (r — 1)%?
Hence prove, by the method of differences, that

i:ﬁ = %nz(n +1)?

r=1

a rir+ 12— (r—1°r Start with the RHS.
=reF2+2r+ 1) —(r2 - 2r+ Nre
=rt+2r2+r2-r4 4 2r3 -2 Expand and simplify the brackets.
= 413

n

b Consider Y (r2(r+ 12— (r — 12r2)

32

r=1

Let =1 12227 - (0)?1?
S All th 1 he first and |
the terms cancel except the first and last.
=3: 347 - (2T s
: m When using the method of
= el S e differences, be sure to write out enough terms
Sum of terms = n3(n + 1) to make it clear which terms cancel. When you
n cancel terms, make sure that they can still be
Then 4313 = n2(n + 17 clearly read. You could cross them out in pencil.
r=1
So Z; 2(n + 1) The same result could be proved by mathematical
induction. « Book 1, Chapter 8



: 1 1 1 ! 1 : :
Verify that A =r T+ and hence find rgl G+ 1) USing the method of differences.
1 1 _r+1-r : . :
e e e e Write as a single fraction.
— 1 e
=+ Simplify.
n 1 . n l 1
,Z:; Fr+ 1) :,=1(r T+ T)
Let r = % - %
ri=i2: % - %[
T %[ 2 % All terms cancel except the first and last.
- T
o 7!1_ n+1_|
n 1 B 1
Se X v e
_n+1-1 Put over a common denominator.
n+1
_ i
Tn+ 1

Find > . using the method of differences.

r=1 4!’2 = ].
[ 1 Use the difference of two squares to factorise the
4r2 =1~ 2r+ N2r = 1) denominator.
1 . | B : T : :
Cre@r—1 —2r+1 T 2r—1 Split the fraction into partial fractions.

« Pure Year 2, Chapter 1
A@Pr - 1)+ B2r + 1)
(@r + 12r - 1) L Add the fractions.

—_

S0 =A2r - 1)+ BZ2r + 1

) ]
Set numerators of both sides equal to each other.
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Let r = 3 ']=O+Bx2—’

, e Put values of rin to find 4 and B.
letr==-35 1=4x-2 J
1
=-3
1 mial BE
T 2
o A1 2r+1 " 2r—1
_ilifn 1
:2(2r—1_2r+1)
S R~ 1
e 214;-2—1_221(2r—1_2r+1)
Let r=1 %—%
r=2: %—% All terms cancel except the first and last.
. : 1 1l
r=3: %—;} Subsmutethe\afaluesc;frmto21'._1—ZH_1

only. The % is only required later.

If the general term of the series is given in the form f(r) — f(r + 2), you need to adapt the method of
differences to consider the terms f(1), f(2), f(n + 1) and f(n + 2).

¥ . . .
a Express TrDr+3) in partial fractions.

b Hence prove by the method of differences that

l ) n(an + b)
2 (r+ 1)(r+3) " 6(n+2)n+3)

r=1

where ¢ and b are constants to be found.

30,
¢ Find the value of > m to 5 decimal places.

r=21
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2 =

A B

r+0r+3) " r+1

+
r+3

. Alr+ 3) + Blr + 1)

Split into partial fractions.

Add the fractions.

= 2=Alr+ 3)+ B(r + 1)

o+ N0+ 3)

letr=-3: 2=-2B= B=-1

Let r = =1t

2=24=4=1

1 1

Therefore

2 o
r+Dr+3)"r+1 r+3

b Using the method of differences,

when r=1:
r=Z:
r=3:
r=n-1
r=n

30 2

-k

T W] o=
|
b=

-2 _
T 6

Compa re numerators.

Cancel terms.

1 1

Problem-solving

il(ﬂr) ~fr+2))=
) +f2) -fn+1)—fln+2)

Put these four terms over a

n+2 n+3

:5(rz+2)(n+3)—6(n+3)—6(n+2)

Gn+ 2)n+ 3)

=5HE+25n+3O—6n—18—6n—12

Gn+ 2)n+ 3)

5n? + 13n

T 6n+ 2)n+ 3)

n(5n + 13)

common denominator.

Factorise.

=G+ 2)n + 3)
Soa="5 and b =13,

20

o

2

20 30
Subtract Y from > _.

€ U+ Nr+3

30 2
)221 r + O + 3)

30(5 x 30 +13)

r=1

(r+ N+ 3)

20(5 x 20 + 13)

ek,

~ 1056

665

T 24288

565

T 630+ 2)(30 + 3)  6(20 + 2)(20 + 3)

r=1 r=x1

Evaluate.

759

= 002738 to 5 d.p.

Give answer to 5 d.p.
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1

36

a Show that r = 3(r(r + 1) — r(r - 1)).

b Hence show that }" r = %(n + 1) using the method of differences.

r=1

- 1 ] 1
Ve G+ D +2) = 2rr+ 1) 2(r+ D(r +2)

n 1 : ;
find r; GrDr+d) using the method of differences. (5 marks)

| ; .
a Express Hr+2) in partial fractions. (1 mark)
o ol 1 : :
b Hence find the sum of the series E i) using the method of differences. (5 marks)
1 . . .
a Express T+ +3) in partial fractions. (1 mark)

o ol 1 : ;
b Hence find the sum of the series §~ ———=———=~ using the method of differences. (5 marks)
L Grr+3)

r 1 1
a Show that CrDI= A" G+D) (2 marks)
n 7
b Hence find ‘; T+ D) (5 marks)
. 2r+1 1 1 " 2r+1
Given that RGEIE = GEDP find ‘; P+ 1 (6 marks)

where ¢ and b are

. - 1 n
a Use the method of differences to prove that r; Bre)0res) - m b

constants to be found.

b Prove your result from part a using mathematical induction.

L n(an + b
Prove that ) : ( )

LG Gr+9) = Gn + )Gn + 4) where ¢ and b are constants to be found.

(6 marks)

m This question can be answered using either the method
of differences or proof by induction. In the exam, either method
would be acceptable. If you use proof by induction, you will need
to substitute values of # to find the values of @ and b.

Prove that 3™ (r + 1)> = (r — 1)? = anln + 1), where a is a constant to be found. (4 marks)

r=1



ud 3 an
10 a Prove thatrg1 TP iy e where a, b and ¢ are constants to be found. (5 marks)

2n -
: 3 _ 3m+1)
b Hence, or otherwise, show thatZ;(Sr TDGr+4) - 200+ DBn+2 (4 marks)
5 : = 2r+1 1
11 Robin claims that; D) 1- —
His workings are shown below. Explain the error that he has made.
Using partial fractions:
er+1 _A, B
rr+1) " r r+1
Therefore 2r + 1 = Alr + 1) + Br
SoA=1and B=1.
Using the method of differences,
() =1+
f(2) =% +%
(3) =5 +7
fn-t=—1z+d
1
He) S
Sumring the differences: ) r?::1]} =1-—1
) (2 marks)
1 1 1 1 3 an + b
12 Show that 1 ><3+2X4+3><5+"'+n(n+2)_4_2(n+ l)(n+2),whereaandbare
constants to be found. (6 marks)
13 a Express m in partial fractions. (3 marks)
25
b Find the value Ofr;:s Grs10r 3 to 4 decimal places. (5 marks)

Challenge

30
a Given that Zln(l + -;_]1_—-—2-) = Ink, where k is an integer, find k.
r=1

: = g n(an® + bn + ©)
Given that = finda, band c.
b Glventthat ) = e e ) @ pende
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@ Higher derivatives

You need to be able to find third, and higher, derivatives of given functions.
You already know how to find first and second derivatives.

d
If y = f(x), the first derivative of f(x) is given by d—J; = f'(x), and the second derivative of f(x) is given

d% (dy) )
by dx?  dx\dx =T

d? d?y
Similarly, the third derivative is given by ) (

dx? ~ dx\dx?

You can find the nth derivative of f(x) by
differentiating n times with respect to x. m The nth derivative of y = f(x) is

Example o
d’y 1

e fmex).
Given that y = In(1 — x), find the value of O when x = =

) =f"(x), and so on.

written as =
dxn
2

dy 1 d 1 1 Use the chain rule.
dx ~ 1-xdx ’ 1 —x 1—x « Pure Year 2, Section 9.3

5 =-16 Substitute x = 3

f(x)=e*

a Show that f'(x) = 2xf(x).

b By differentiating the result in part a twice more with respect to x, show that:
1 Py =200+ 2%t (x) i () =2xf"(x) + 4f'(x)

¢ Deduce the values of {'(0), f"(0), and £"(0).

' b d oy S eee A\ — ol ' — u%
a tix) =e dx{x ) = 2xe If f(x) = e4, then f'(x) = e T
= 2xf(x)

L f) =e?

b i f(x)=2f(x) + 2xf'(x) | |

= 2xf"(x) + 4f'(x)
Differentiate again.
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c f(O)=el=1

HiO)=2 x 0% e? =0

f"(0) = 2f(0) + 2 x O x f'(0) Substitute x = 0 into f"(x).
=2f(0) =2

"0 = 2 x O x f"(0) + 4f'(0) Substitute x = 0 into f"(x).
=4f'0)=0

1

® 2

For each of the following functions, f(x), find f'(x), f"(x), f”(x) and f*)(x).
a e b (1+x) c xe* d In(1 +x)

dn
a Given that y = ¢’**, find an expression, in terms of y, for d_xJ:
W
b Hence evaluate — b when x =In (%)

Given that y = sin? 3x,

dy , , d’y dy d*y

a show that q" 3 sin 6x b find expressions for o2 I3 and o
dy T

¢ Hence evaluate ol when x = r3
f(x)=xe"
a Show that f"(x) = (6x — 6 — x2)e~. b Show that f""(2) = 0.
Given that y = sec x,

dZy 5 o3

o2 = 2secix —secx

diy T,
b show that the value of = when x = 7 is 11v2.
dx3 4

Given that y is a function of x,

& dy (dy)2
a show tha I = P E

d?y d3y ds

b Find an expression, in terms of y, 7= & G and = et for=—= P 5 (9.
Given that f(x) = In (x + V1 + x?), show that:
a4 Al Exr )=l b (1+x%)f"(x)+xf'(x)=0
¢ (1+xH)f"(x)+3xf"(x) +f'(x)=0 d Deduce the values of {'(0), f"(0) and "(0).
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@ Maclaurin series

Many functions can be written as an infinite sum of terms of the form ax”. You may have already
encountered series expansions like these:

1

——=1+x+x2+x3+..,|x] <1 . .
1-x al m The first two series expansions

x _ x% x3 shown here are examples of the binomial
s L% >~ gt [l <1 expansion. « Pure Year 2, Chapter 4

2 -3 4
XX

e=l+x++2+X 4 xeR

2 6 24

Given that f(x) can be differentiated infinitely many times and that it has a valid series expansion
of the form f(x) = ayg + a;x + a»x* + a;x3 + ... + a,x" + ..., where the g; are all real constants, show

that the series expansion must be

r! 0 2
f00) = £(0) + £/(0)x + —— ( L5

Write f(X) = ap + a\x + a-x% + azx> +

f(O) = ag

£0(0)x"
+—+

r!

oo AT s
The coefficient of 4, can be

Differentiating f(x) gives:

found by setting x = 0.

f'{.’C} =da + 2(?2.’C + 3(&33,\72 + ...+ }‘a,.x"‘ =+ —‘ Successive[y differentiate
fx)=2 X la, + 3 X 2azx + ... +rlr = Na,x™2 + ... with respect to x to obtain
f%m:3)(2XT%4m_+rU—UU—2MJ“3+“,J f'(x), f"(x) and " (x).

Continuing in this way by differentiating r times:

fx) = rla, + terms in powers of x

Evaluate each term at x = O:

Find the coefficients a,, a,,
ds,..., a,... by substituting

(0 = a, = a, = 'l0)
f"(OJ = 2!02 = ae = f (O;I
21
o)
(0) = 3las = as = ST
firl fO = Ha = a ff’}io]
Therefore fix) = f(O) + f(0)x + fé(lj)

40

2

x =0 into each result and
rearranging.

Substitute a, = f'(0),

; (0) f(0)
{1 ‘rJ o teds ot el
e N 2 ooy H3 =gy
3l ¥l
_fr0)
S



In this process, outlined in the worked example above, a polynomial in powers of x is being formed
step by step. The process focuses on x = 0; substituting x = 0 into successive derivatives increases the
power of the polynomial. For example, if you stop the process after finding f'(0) the polynomial is

’()

linear, f(0) + f'(0)x, after f"(0) it is quadratic, f(0) + f'(0)x + x’— after f(0) it is cubic,

f'(0) f"(0)
O EF O =gy 2 andse 0N Not all functions satisfy the
The above argument assumes that the function can condition that f(0), f'(0), f(0), ..., f(0) all
be written in the given form. This is only true if the have finite values.
given series converges. The above reasoning also only For example, when foy = Inx, f'oy =
holds if the function can be differentiated an infinite so f'(0)is undefined and therefore does not

number of times, and if f)(0) is always finite. have a finite value.

= The Maclaurin series expansion of a function f(x) is given by

f(x) =(0) + f'(0)x + —~ ’(0) +...+f'(r):T0)x"+...

The series is valid provided that f(0), f'(0), f(0), ..., f*2(0), ... all have finite values.

The polynomial f(0) + f'(0)x is a Maclaurin polynomial of degree 1.

The polynomial f(0) + f'(O)x + %(Ig)xz is @ Maclaurin polynomial of degree 2.

ﬂ@x2+ e Uil

The polynomial f(0) + f'(O)x + —— X" is a Maclaurin polynomial of degree r.

Even when f(0) exists and is finite for all r, a Maclaurin series expansion is only valid for

: ; . : : 1
values of x that give rise to a convergent series. For example, the Maclaurin series of ]
- X
isl+x+x2+x3+....

But when x = 2, the series gives 1 + 2 + 4 + 8 + ... which does not converge to 1—1—2 =-1

m The range of validity for some individual Maclaurin series is
given in the formulae booklet. If no range of validity is given in this
chapter, you may assume that the expansion is valid for all x € R.

a Express In(1 + x) as an infinite series in ascending powers of x.

b Using only the first three terms of the series in part a, find estimates for:
i In1.05 ii In1.25 iii In1.8

Comment on the accuracy of the estimates.

a fix)=In(1+x) = fO)=Ih1=0
P =i—=(0+0" =  f(0)=1
) = =01 + )72 = fioy=-1 Problem-solving
F'(x) = (-1)(-2)1 + x)7° = "(0) = 2 The term (~1)7 can be used in the general term of
F(x) = (=1)(=2)(=3)...(=r = D)1 + x)" alternating sequences, in which the terms are
= f9(0) = (1) ~(r — 1) alternately positive and negative.
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I
SomU+Aj=O+1x+§x2+%§x3+_1
+7{_1);- e mx’ o J
r!
e s i
|n{1+x}=x—?+§+,,.+(—1) B s
bi In105=005 29,005 _
3
= 0.0487216... This is correct to 5 d.p.
2 i 0.252  0.253
i Inii25i=i@25 == +—3 - ...
~ 0.223958... This is correct to 2 d.p.
S B8P 05
i In1.8=08 - > + 3 —_—

= 0.6506666...

a Find the first four terms in

This is not correct to 1 d.p.

the Maclaurin series of sin x.

Substitute the values for f(0), f'(0), f"(0)
etc. into the Maclaurin series for f(x).

@ This expansion is valid O

for -1 < x = 1. If you use a computer
to generate the graphs of the
successive Maclaurin polynomials
you will see that they converge to the
graph of In (1 + x) between x = -1
and x =1, but outside that interval
they diverge rapidly. Explore this
using GeoGebra.

The further away a value is from x =0,
the less accurate the approximation
will be and the more terms of the
series you need to take to maintain a
required degree of accuracy.

b Using the first two terms of the series find an approximation for sin 10°.

f) = 0, if nis even, and the cycle of

values 0, 1, 0, -1 repeats itself.

This expansion is valid for all
values of x.

m x must be in radians

a f(x) =sinx = fO) =sin0=0
t'(x) = cos x = (0) = cos 0 =1
f(x) = —sinx = F(O) = —sin0 =0
(x) = —cos x = F"(0) = —cos0 = -1
(%) = sinx = "Q0) =sin0 =0
Sosinx=x+ é—?x-” + éx’a + ;,—]x? + ...+ (25‘_1) 0 Xy
=x- éx‘a + %f - %x-? + ...
Ry WU N 0
b sin10° = sinyg ~ 15 - (1)
~ 0174532925 - 0.000886096

~ 0173646829

in expansions of trigonometric
functions.

This estimate is correct to 5 decimal
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places; even using sin x = x, the
approximation is correct to 2 d.p.



1

Use the formula for the Maclaurin series
and differentiation to show that:

m The binomial expansions of (1 + x)",

where n is fractional or negative and

a (1-x)'=l+x+xX2+...+X +... [x] < 1, are the Maclaurin series of the
x 2 3 function.
b \/1+x_l+2— g+t~

Use Maclaurin series and differentiation to show that the first three terms in the series

2
§ . X
expansion of es"¥are 1 + x + 5

a Show that the Maclaurin series of cos xis 1 — x B x + ...+ (=1) i o+
207417 @ "
b Using the first three terms of the series, show that it m This expansion is
gives a value for cos 30° correct to 3 decimal places. valid for all values of x.

Using the series expansions for e* and In(1 + x) respectively, find, correct to 3 decimal places,
the values of:

ae b ln(%)

Use Maclaurin series and differentiation to expand, in ascending powers of x up to and
including the term in x4,

a e¥ b In(1+2x) ¢ sin®x

Using the addition formula for cos (4 — B) and the series expansions of sin x and cos x,
show that

cos(x—z)—L(1+x—x—2—£+£+ )
4/~ \p 2 6 24

Given that f(x) = (1 - x)?In(1 - x),

a show that f"(x)=3 +2In(1 - x) (2 marks)
b find the values of (0), f'(0), £"(0), and £"(0) (1 mark)
¢ express (1 — x)?In(1 - x) in ascending powers of x up to and including the

term in x3, (3 marks)

a Using the series expansions of sin x and cos x, show that

. 3 17
3sinx —4xcosX + X =5X — 55X° + ... (5 marks)

3sinx—-4xcos x +x
3

b Hence, find the limit, as x — 0, of (1 mark)
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® 9 Given that f(x) = Incos x,

a show that f'(x) = -tan x (2 marks)
b find the values of f'(0), f"(0), f"(0) and £""(0) (1 mark)
¢ express In cos x as a series in ascending powers of x up to and including the term

in x* (3 marks)

d show that using the first two terms of the Maclaurin series for In cos x, with x = % gives a

2 2
value for In 2 of % (l -+ ;—6) (2 marks)

10 Show that the Maclaurin series for tan x, as far as the term in x°, is x + %x3 + %xs. (5 marks)

Challenge Problem-solving

The ratio test is a sufﬁcient condition for the convergence of an infinite

Ay

If lim|——| = 1 or does not

series. It says that a series Za converges if {|m
exist then the ratio test is

if llm‘—‘ = inconclusive.
r—eco a?’

Use the ratio test to show that
a the Maclaurin series expansion of e¥ converges forall x € R

b the Maclaurin series expansion of In (1 + x) converges for-1 < x <1,
and diverges for x > 1.

m Series expansions of compound functions

You can find the series expansions of compound functions using known Maclaurin series. In the last
exercise you found the Maclaurin series of simple compound functions, such as e3¥and In (1 + 2x).
However, the resulting series could also be found by replacing x by 3x or x by 2x in the known
expansions of e*and In (1 + x) respectively. When successive derivatives of a compound function are
more difficult, or when there are products of functions involved, it is often possible to use one of the
standard results.

® The following Maclaurin series expansions are given in the formulae booklet:

2 r
O O [t S0 S forall x
2! r!
eln(l+x)=x- E+%—...+(—1)”1x7r+... -1<x=<1
x3 x2r+1
sinx=x- 3 5, .+ (1) (Zr+1)' for all x
. cosx_l—?+4| e + (-1) (2 )| for all x
_ x3 IS l_x2:'+1 :
arctanx = x 3+ e + (-1) TR Rl 1sx=<1
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Write down the first four non-zero terms in the series expansion, in ascending powers of x,
of cos (2x?).

fo e R 2 35l (=

cos(2x?) =1 - A Rt~ e RTI y l7L 2x2 for x in the above series for cos x.

= 4

=1-2x%+ Zx% - =x12+ ...
3 45 m Make sure you simplify the
coefficients as much as possible.
ET G @
v1+2x

Find the first three non-zero terms in the series expansion of In (W), and state the values of

x for which the expansion is valid.

7 Using [n A = lna-Inb
'”(‘1(1-;32?' = InVT+ 2% = In(1 - 3%) [ (b)

=zIn(1+2x) - In(1 - 3x) Using Ina: = 11na

Zhn(l +2x) = %(2«\” e ——..), I<ax s =~ Substitute 2x for x in the
expansion of In(1 + x).

=x-x2+3x3 - .. S <x<% .
‘ Problem-solving
In(1 - 3x) = (-3x) — {_32”(}2 L (_3;)3 S You are substituting 2x into the

series expansion of [n (1 + x), so

= s %xe = _% g _l, the series is now olnly valldlfor
Sli=aZ UG

A e
26 !n% =(x-x?+ %,\‘3 - ...)
é Substitute —3x for x in the
—(-3x-2x2-9x3 - ) _% = _l, expansion of In(1 + x).
=4x+Zx2+3x3 4+ ..., doesi ol You need both intervals to be

- satisfied. This is the case for
—% == %
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Given that terms in x” with n > 4 may be neglected, use the series expansions for e* and sin x to

show that
2 44
;o X X
it ey L A X =
2 8
A s i Only two terms are used as the
SNX = et .
3! next term is kx>.
Sp esiny = 8[.\'—%1—...]
S0 Wi R Usees?=esxe

5! '1 X XD AT : ( X oL
e e R P s e e R j Substitute —~- for x in the

o X oXe o xSl expansion of e,
_1+_’c+2+6+24 c 6+,,,

%o ol S .
~1+x+ o E Simplify as much as possible.

® 1 Use the series expansions of e¥, In(1 + x) and sin x to expand the following functions as far as the

W

e

46

fourth non-zero term. In each case state the values of x for which the expansion is valid.

1 g2 x e¥
& b 5 Chin
e For part f, write 2 + 3x as
c: gpt> d In(l -x) ( 3x)
2| EE ==
e sin (%) f In(2+3y) :
a Using the Maclaurin series of In (1 + x), show that
1+x) X x )
ln(l_x)_Z(x+3+5+...,—1<x<l (4 marks)
b Deduce the series expansion for In } t i -1<x<1 (2 marks)

¢ By choosing a suitable value of x, and using only the first three terms of the series from

part a, find an approximation for In (%), giving your answer to 4 decimal places. (2 marks)
d Show that the first three terms of your series from part b, with x = %, give an approximation

for In 2, which is correct to 2 decimal places. (2 marks)
Show that, for small values of x, e** — e~ =~ 3x + %xz. (4 marks)
a Show that 3x sin2x — cos3x = -1 + %xz - Ss—gx“ - (5 marks)

3xsin2x —cos3x + 1
x2

b Hence find the hrn0 (1 mark)



Find the series expansions, up to and including the term in x*, of:

a In(l+x-2x?%)
b In(9+6x + x2) @ Factorise the quadratic first.

and in each case give the range of values of x for which the expansion is valid.

a Write down the series expansion of cos 2x in ascending powers of x, up to and including the
term in x8. (3 marks)

b Hence, or otherwise, find the first four non-zero terms in the series expansion for sin? x.
(3 marks)

Show that the first two non-zero terms of the series expansion, in ascending powers of X,
of In(1+ x) + (x — 1)(e* - 1) are px? and ¢gx*, where p and ¢ are constants to be found.

(6 marks)
a By considering the product of the series expansions of sin x and (1 — x)~2, expand (15111—;)2
in ascending powers of x as far as the term in x*. (6 marks)
b Deduce the gradient of the tangent, at the origin, to the curve with equation y = (IS iil ,f)?
(3 marks)
Use the Maclaurin series, together with a suitable substitution, to show that:
a (1-3x)In(1+2x)=2x-8x2+ 23—63:3 - 12x%+ ...
b e*sinx =x+2x2+ %x3 + x4+
¢ V1+xler=1 —x+x2—%x3 +%x4+
a Write down the first five non-zero terms in the series expansions of e_%1 (3 marks)

1 3
X i
b Using your result from part a, find an approximate value for f e 2 dx, giving your answer to
1

3 decimal places. (3 marks)
3(p*-3)

a Show that e”* sin 3x = 3x + 3px? + T:ﬁ + ... where p is a constant. (5 marks)

b Given that the first non-zero term in the expansion, in ascending powers of Xx,
of eP¥sin 3x + In (1 + ¢gx) — x is kx?, where k is a constant, find the values of
p.qand k. (4 marks)

f(x) =e*-bxginx, x>0
a Show that, if x is sufficiently small, x*and higher powers of x may be neglected,

2
f(xX)~1+x+ x? (5 marks)

b Show that using x = 0.1 in the result from part a gives an approximation for f(0.1) which is
correct to 6 significant figures. (2 marks)
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13 y=sin2x — cos2x

4
a Show that S—XJ; =16y (4 marks)
b Find the first five terms of the Maclaurin series for y, giving each coefficient in its simplest
form. (4 marks)
@ A light year is the
The Lorentz factor of a moving object, 4, is given by the formula distance light travels in
1 one year.

"}(:

W

1-p2
where 3= |s the ratio of v, the speed of the object, to ¢, the speed of
light (3 x 108 ms-1).
a Find the Maclaurin series expansion of v = in ascending
powers of 3 up to the term in 34 Vi-p

The theory of special relativity predicts that a period of time observed

as T'within a stationary frame of reference will be observed as a period

of time % in a moving frame of reference.

A spaceship travels from Earth to a planet 4.2 light years away. To an
observer on Earth, the journey appears to take 20 years.

b Use your answer to part a to estimate the observed journey time for
a person on the spaceship.

¢ Calculate the percentage error in your estimate.

d Comment on whether your approximation would be more or less
accurate if the spaceship was travelling at three times the speed.

Mixed exercise o

2 . . .
1 a Express L2+ d in partial fractions. (1 mark)
2 Tn? + 25n
b; Henceshowithat ,Z. r+20r+4 120+ 3)n+4) Rimarks)
. 2. & Bxpresss—————= . in partial fractions. (2 marks)
(4r — 14r + 3)
b Using your answer to part a and the method of differences, show that
4 4n
g (4r— 1dr+3) " 34n+3) (3 marks)
200 4
¢ Evaluate r ;u)(}m giving your answer to 3 significant figures. (2 marks)
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EP) 10

EP) 11

® 12

a Showthat(r+ 13 -G —-13=6r2+2. (2 marks)

b Using the result from part a and the method of differences, show that

> =%n{n +1D2n+1) (5 marks)

r=1

Prove that > _ . a0

Tt Do +3 = 3t 2ntd)’ where a and b are constants to be found. (5 marks)
r=1

n
Prove that ) _((r + 1)3 — (r — 1)3) = an® + bn* + cn + d, where a, b, ¢ and d are constants to
be found. ™" (5 marks)

dmy
a Given that y = ¢!2*, find an expression, in terms of y, for K

8

b Hence show that —J; at x=1n321s &
dx 4

a For the function f(x) = In(1 + ¢"), find the values of {'(0) and f"(0).
b Show that f"(0) = 0.

¢ Find the series expansion of In (1 + e*), in ascending powers of x up to and including the
term in X2,

a Write down the Maclaurin series of cos4x in ascending powers of x, up to and including the
term in x°. (3 marks)

b Hence, or otherwise, show that the first three non-zero terms in the series expansion of

. 16 128
sin? 2x are 4x2 - 3x* + 5 x5, (3 marks)

Given that terms in x° and higher powers may be neglected, use the Maclaurin series for e* and

_ o o
cos x, to show that e~ ~~ e(l -5+ F) (5 marks)
Given that |2x| < 1, find the first two non-zero terms in the series expansion of
In((1 + x)*(1 = 2x)) in ascending powers of Xx. (5 marks)

Use differentiation and Maclaurin series, to express In (sec x + tan x) as a series in ascending
powers of x up to and including the term in x°. (5 marks)

Show that the results of differentiating the standard series expansions of e*, sin x and cos x
agree with the following:

a % (e¥)=e" b % (sin x) = cos x ¢ % (cos x) = —sin x
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® 13 a Given thatcosx =1 —x—2+g— show that secx =1 +x—2+ix“+ (4 marks)
g 224
QR
b Using the result found in part a, and given that sin x = x — % - % - ..., find the first three
non-zero terms in the series expansion, in ascending powers of x, for tan x. (4 marks)

(E/P) 14 By using the series expansions of ¥ and cos x, or otherwise, find the expansion of
e*cos 3x in ascending powers of x up to and including the term in x3, (5 marks)

(E/P) 15 Find the first three derivatives of (1 + x)?In(1 + x). Hence, or otherwise, find the expansion of
(I + x)?In(1 + x) in ascending powers of x up to and including the term in x°. (5 marks)

(E/P) 16 a Expand In(1 + sin x) in ascending powers of x up to and including the term in x*. (4 marks)

T

[

b Hence find an approximation for f In (1 + sin x) dx giving your answer to
3 decimal places. b (3 marks)

3
17 a Using the first two terms, x + )L—, in the expansion of tan x, show that

2 3
etan_\':1+x+%+%+_" (3marks)

b Deduce the first four terms in the series expansion of e '#"~, in ascending powers of x.

(3 marks)
2 44
® 18 a Using Maclaurin series, and differentiation, show that In cos x = _x? - % + ...
b Using cos x = 2 cos? ( %) — 1, and the result in part a, show that
_ > ol
In(1 +cosx) = an—T—%+
19 y=e¥>—gX
dty
a Show that A= 81y. (4 marks)
b Find the first three non-zero terms of the Maclaurin series for y, giving each coefficient
in its simplest form. (3 marks)
¢ Find an expression for the nth non-zero term of the Maclaurin series for y. (2 marks)

Challenge

Given that the Maclaurin series of e* is valid for all x € C, show, using
series expansions, that el* = cos x + i sin x.
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Summary of key points

1 If the general term, u,, of a series can be expressed in the form f(r) — f(r + 1)

then 3 u = 3 () — fr + 1)).
=l r=1

so u, =f(1) - f(2)
u, =f(2) - f(3)
uy = f(3) — f(4)

u,=f(n) —fn+1)
Then adding > u, =f(1) - f(n + 1)
E=t

2 The Maclaurin series of a function f(x) is given by

) (r)
ro,, 0

f(x) = f(0) + f'(0)x + > ik

el

The series is valid provided that f(0), f'(0), f"(0), ..., f®(0), ... all have finite values.

3 The following Maclaurin series are given in the formulae booklet:

2 r
eralaxedy 2 a for all x
2! ¥l
2 3 r
ln(1+x)=x—x?+x?—...+(—1)’”x7+... -l<x=1
Nxsx_X 42 _ £ . kol
sinx =x -3+ e+ ( )(2r+1)!+"' for all x
G o BT
cosx-1—2!+4!—...+(—1) (2r)!+"' forall x
_ x3 x5 rx2r+1
arctanx=x 3 + G e+ (-1) St o 1=sx=1
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Methods in calculus

After completing this chapter you should be able to:

e FEvaluate improper integrals - pages 53-58
® Understand and evaluate the mean value of a function
- pages 58-62
® |[ntegrate rational functions using trigonometric substitutions
- pages 62-69
® |[ntegrate using partial fractions - pages 69-73

Prior knowledge check
1 Find:

b [x?evdx g [ICEX g
1+ 3sin%x

« Pure Year 2, Chapter 11

=

d
Find d—y in terms of x and y for the following:
X

a x?+y?=1 b 5x%2+xy+2y°=11

C x=tany « Pure Year 2, Chapter9 | /2 The lowest speed necessary
@% for an object to escape from a

@ gravitational field is called the

3 Express in partial fractions:

1 b 2x—1 ¢ x-¢ ~ — escape velocity. You can use
xbx+1) x2-4 2x%43x+1 B improper integrals to calculate
¢ Pure Year 2, Chapter 1 § escape velocities.

/(5714



Methods in calculus

m Improper integrals

If a function f(x) exists and is continuous for all values in the interval [«, b] then the definite integral

]
f f(x) dx represents the area enclosed by the curve y = f(x), the x-axis and the lines x =@ and x = b.

VA
y="flx)

m The interval [a, b] is all the real

numbers x satisfying the inequality a = x = b.

: A =J’}(x)dx ]

0 a b ‘j

In this section you will consider integrals where one or both of the limits are infinite, or where the
function is not defined at some point within the given interval. These are called improper integrals.
In these cases it is still possible for the function to enclose a finite area.

Vi Vi

Z L
! h o
ol 1 e 0
The area bounded by the curve y = 12, The function f(x) = i’f is not defined at x = 0. However, the
X W
the x-axis and the line x = 1 is finite. area bounded by the curve y = —=, the coordinate axes and

~—
VX

This area is represented by the improper
I Bt Ll the line x = 3 is finite. This area is represented by the

. i 3
mtegralfl ,\-Zd’\' improperintegralf %dx.
0 V.

b
® The integral fa f(x) dx is improper if either: m T ———————
* one or both of the limits is infinite is said to be convergent. If it does not exist it is

» f(x) is undefined at x = a, x = b or another said to be divergent.
point in the interval [a, 5].
You can determine whether improper integrals are convergent, and evaluate them if so,
oo I
by considering limits. To find 7 = fo e~*dx, you need to consider the integral fo e~*dx, for some finite

value ¢. If this integral tends to a limit as 7 — e then I is convergent and equal to that limit. If it fails
to tend to a limit, then 7 is divergent.
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=Y

0

As [ — oo,

I oa
fe‘-"dx—>f e*dx

0 0

13
f e~*dx=[-e™] =—e’+1

0

I

Since e~* — 0 as t — oo, the integralf0 eX¥dx — last— oo,

g fwe—-"dx is convergent and equal to 1. w You can use limit notation to write:
0

‘1: e*dx = lim Ie‘Jr dx= }Ln;(—e—f +1=1
S ET G o

f—seca
Evaluate each improper integral, or show that it is not convergent.

“1 “1
a f —dx b f —dx
1 X* X
= : T o
i J“ Ledx a2 “mf 1 o Replace the infinite limit by ¢, and take the limit
X =y as{ — oo,
T 4
= Jim [-}]]
: 1 1
= lim{— + 1 ——0ast— o
t—e=\ 4
=il
o 5 o infini
So f — dx converges and [ —dx =1 The area under the curve y = — from 1 to infinity
Xz J xe X
- & is finite and is exactly equal to 1.
b J; ;dx = ;li_’r[]“.1 ;d.x VA
= rl'|_'r(’1u[|n_>c]:

= r|'|r11f|r1£ —In1
= j‘|'|I‘1(’Lf|r1 t)

il
Nt — o0 a5 t — oo, sof ;dx does not
] w

converge. ' =
o g 5 b

m e flwé " O m Make sure you show the limiting

using GeoGebra. process clearly in your working. You can't just

writef —}lde= Inee = eo,
i

54



Methods in calculus

You need to use a similar limiting process if the function you are integrating is not defined at one or
more points in the interval.

Evaluate each integral, or show that it does not converge.

1
1
a f —dx b f ,—dx
0 xz v4 — 762
14 il
= =—is undefined for x = 0, so replace the lower
a f dt—llrré:\e M L p
11 limit with ¢ and take the limitas ¢t — 0.
= lim ——]
1—0 Xl
. Jﬂn('1 + t)

1
1
-1 +——>c>aa5t—>0,50f_2dxdoes

! ) x

1
i ast—0
not converge.

X o
b f.-i,d.r: Iimf,.idx et et _
W LU Y Sy y e is not defined for x = 2, so replace
= ]; the upper limit with z.

finy b= =
J@z(_“wf e

—iiml2infA=rg2
= lim(2 - V4 - 12) limia = 2) =0
=

2
i o] f > dx converges and
V4 — x
Sdx = 2
fO —

If both limits of an integral are infinite, then you need to split the integral into the sum of two

improper integrals. In other words, you write m -
f ) dx= f(f(x) dx +f f(x) dx for some value c. ROk writef fxd dx as

If both of these integrals converge, then the
original integral converges, but if either diverges,
then the original integral is also divergent.

a Find [xe~dx. b Hence show that f xe~*"dx converges and find its value.

Jim | f(x)dx. You must sp[it it into two separate

integrals to determine whether it converges.
- Review Exercise 1, Challenge Q3

i LepiF= fxe*

Consider y = e™* Try differentiating e—".

dy Sigeg

T o =

ax L— The —2x comes from differentiating —x2.
Sol=-3 e S

L— Use the reverse chain rule.
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# 0 i i : Problem-solvin
b Split f xe™dx up as f xe™dx + f xe*dx 5
—ea —ca (o]

You can choose any point at which to split
Consider I xe % dx: e theintegral up, but choosing a special
/3

o]

value like 0 will often make evaluating the
9 et 120 §io Honea integral easier.
I_IXS' dX:[—ES' ]_r:—§+§8I
o} ) ’ ’ j
So lim f xe™dx = m(-3 + e = -3 To find the integral between —o and 0, you
LU S .
_ should find the integral between — and 0
o - o] .
So Lﬁx €™ dx converges and L‘-’C e dx = —% and then let 1 — co.
i 5 —x? T

Similarly, consider ‘Lxe‘-"" dx: 1 — Use [xe¥dx=—z3e+¢

t t
—xZ 1 ige 1 __¢2 1
L-’CS' dx =[-3ef]o =3 +§ —H m You need to check that

. both the integrals converge before you
So II‘LnlL)c Bl IIm(—%e—fE + %] = ;— can determine that the original integral
converges.

s

So L xedx converges and L xE* dye %
To find the integral between 0 and e, you

- should find the integral between 0 and ¢
and then let 1 — co.

Since both integrals converge, we know that

I xe™ dx converges and

L Use [xe~'dx=—3e~ +¢

‘E_xe‘-"’? dx = Iixe‘-"" dx + ‘me e dx
=—3+3=0 t Apply | :f(x) dx=[ :f(x) dx + f “fx) dx

MBS

Exercise @

1
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Find the values of the following improper integrals.

a f]m%dx b f;x"%dx ¢ f:e—“dx

For each of the following, show that the improper integral diverges.

‘L Pl " 8x
a fue-dx b 1dex ¢ fn“_'_xzd)u

For each of the following, show that the improper integral converges and find its value.

3 In X
a fulv%dx b fn—vﬁdx ¢ fn i ef—ldx

For each of the following, determine whether the integral converges, and if so, find its value.

21 1 2
A f—l \,.-’?|dx o f_w’md" ¢ fntanxdx




EP) 10
EP 11

® 1

.
7 - 3x)?2

a Find f ( dx.

2

Methods in calculus

(2 marks)

1 .
b Hence show that f_m(’;_—h)z dx converges and m Make sure you show the

find its value. (3 marks)

a Find [x2ex dx.

1
b Hence show that f x2e* dx converges and find its value.

a Find f lnTxdx.

b Hence show that f1 %dx is divergent.

a Find [(Inx)?dx.
Hence show that:

1 5 :
b f (Inx)"dx is convergent.
0

¢ f(lnx)zdx is divergent.
0

2
Evaluate f dx.

6x
0 i’4—x2

L R A [ e
) \"'ll4 —_ Xz

Evaluate dx.

The diagram shows the curve with equation y = Inx.

Find the shaded area enclosed by the curve and the coordinate axes.
You may assume that xInx — 0 as x — 0. (5 marks)

a Explain why fo *tanx dx is an improper integral.

w

b Show that fu *tanx dx is divergent.

V4

limiting process clearly in your working.

(2 marks)

(3 marks)

(3 marks)

(3 marks)

(2 marks)

(2 marks)

(2 marks)
(4 marks)

(5 marks)

/: Inx

{ x

(1 mark)

(3 marks)
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13 A student writes the following working to evaluate L seeixidx:

fo sec?xdx = [tanx]]

=tanm — tanO

=0-0=0
a Explain the mistake that the student has made. (1 mark)
b Show that L sec2x dx is divergent. (4 marks)

14 Find all @ € R for which fm%ﬂ dx converges and find its value in the case when it
converges. 1 (7 marks)

k = -
15 a Show that fn ﬁ (M) Problem-solving

e r =1

k+1 When an integral is undefined at one or more
where k = 0. (4 marks) points within the interval of integration, you
need to split the integral and consider each part

b Hence find the exact value

separately.
1
of [23& a1 dx. (3 marks)

Challenge

Show that L e~*sin?x dx =§

@ The mean value of a function

You can find the mean of a finite set of values by adding them up, and dividing by the number of
values:

e A
Y=g+ yatys+...+1)

You can extend this definition to evaluate the mean value (or average value) of a function on a
given interval [a, b]. In this case, the function takes an infinite number of values, so you represent
their sum by integrating the function between a and b, and you represent the ‘number of values’ by
the width of the interval, b — a.

® The mean value of the function f(x) over the w The mean value of f(x)

interval [q, b], is given by El_a f f(x) dx, is sometimes written as f, y or y,,.
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You can think of the mean value geometrically by considering the area, 4, bounded by the curve
y = f(x), the x-axis and the lines x = @ and x = 4. If you were to draw a rectangle with its base on the

interval [a, b] and height f, then the area of the rectangle would be equal to A.
YA y="fx)

The area of the rectangle is (b — a)f. Setting this equal to the
area under the curve gives:

b —-a)f= f Y$iy dw

_ 1 b
e ff(x)dx
b—-a a

E

over the interval [2, 6].

N

Find the mean value of f(x) = % 4

+3x
1= [ i
f . dx = 4f (2 + 3x)2dx 1
2 V2 + 3x 2 Using the reverse chain rule, if y = 2 + 3x)*
e d 1
= %[(2 + 3X)2lg then—J”=3(2+3J«c}_z
: _ dx ?
= %(»-"'20 -V8)
=25 - v2) Simplify.

So the mean value of f(x) on [2, E] is

2
4 e e @
: Lidx:z{%(v’S—\-“E)]

cE—-2 V2 + 3x "
(/5 = VZ) ————— Applyz 1 f F9) d.

I
[IES

flx) =

1 +e*
9

e
a Show that the mean value of f(x) over the interval [In2, In 6] iST‘;

b Use the answer to part a to find the mean value over the interval [In 2, In 6] of f(x) + 4.

¢ Use geometric considerations to write down the mean value of —f(x) over the interval [In 2, In 6].

In&

a Integrate f - dx using substitution.

2 1+ e*
Llet u = e~
du_ . ., _du
a_e- = dx = =

x=|n2:>u=e'"2=2—|

Calculate the limits in the formu=....
x=1InG :>u=e"“c’=6j
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L:;i je-" = L:g(’] j u)(%)

Using partial fractions:
1 4 B

W+ u 1+u
So Al + ul + Bu =1
Whenu=0,4=1

Equating u terms, A + B= 0, so B = -1.
3
1

4[( 1+u cu

=4{In6 -In7)=(In2 = In3)) ———

=4|n%—|

=4|r1.% J

So the mean value of fon [In2, InE] is
9
T 4 |r17

L

2
me—mz 43 =13

Ing 4 G 4
k f (1+e‘+4)dx_f T+e‘dx+f “dx

InG

4 dx = [4x]'5
=4(n6 - In2)
=4In3

Calculating the mean value,

In&
sl 4\+4)d
gl W i

_LJWG f 4
=73 |, Trerar iz | e

In2
_4|r1.‘? i
e +El4 n3)
_4|n%+
T In3

c —f(x) is a reflection in the x-axis of f(x).

In2

The mean value of f(x) over the interval
2

4In=
(In2, InG] was n3

Therefore, the mean value of —f(x) over the

4|n

interval [In 2, InG] i5 ——— i 3

Transform the integral by substituting u = e~

and g—“ = e~ and substituting the limits.
X

6
To calculate Af du it is necessary to

1
2 (1+wu
use partial fractions.

Find the values of 4 and B.

Integrate with respect to u.
Evaluate the integral using the limits.

Simplify using the laws of logarithms.

b
Find p L af f(x) dx and use the laws of

logarithms to simplify.

The original integral can be separated.

L Calculate the new integral.

Problem-solving

Every value of f(x) in the interval has increased
by 4, so the mean value has increased by 4.

In the example above, you saw that geometric considerations can be used to find mean values of
transformed functions, if you already know the mean value of the original function on the same interval.
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If the function f(x) has mean value f over the interval [, 5], and  is a real constant, then:

® f(x) + k has mean value f + k over the interval [a, ] m Vi
ou cannot deduce
= /f(x) has mean value if over the interval [q, 5] the mean value of f(-x) or f(kx) in

® —f(x) has mean value —f over the interval [q, b].

this way.

1

—

e 06

|

For each of the following functions f(x), find the mean value of f(x) on [0, 1].

a f(x)=1 b f(x)=

] ¢ flx)=e"+1

Find the exact mean value of f(x) over the given interval.

__e¥ e et e L
a flx)= T [0, 2] b fix)=cos xssm X [0, 2]
¢ fexy=xe"%;[1; 3] i ==

(x+22x+ 1)’
e f(x)=(secx — cosx)?; [0, %]
fix)=x3=3x2-24x+ 100
a Find the coordinates of the turning points of f(x).
b Sketch the graph of y = f(x).

¢ Without calculation, state an upper and lower bound on the mean value of the function on
the interval [-2, 4], giving a reason for your answer.

d Calculate the exact mean value of f(x) over the interval [-2, 4].

Find the exact mean value of fix) = SIMXCOSX ver the interval [0, E]. (4 marks)
cos2x + 2 2

Find the exact mean value of fix) = xvx + 4 over the interval [0, 5]. (4 marks)

Find the exact mean value of f(x) = x sin 2x over the interval [0, %] (4 marks)

f X) = L

= - D)(x+2)

a Show that the mean value of f(x) over the interval [1, 5] is %ln% (4 marks)

b Hence, or otherwise, find the mean value over the interval [1, 5] of f(x) + In k where k is a
positive constant, giving your answer in the form pIn ¢, where p and ¢ are constants and
¢ is in terms of k. (2 marks)

fix) = x(x2 — 4)4
a Show that the mean value of f(x) over the interval [0, 2] is % (3 marks)

b Use the answer to part a to find the mean value over the interval [0, 2] of —=2f(x). (2 marks)

f(x) = In(kx), where k is a positive constant.
Given that the mean value of f(x) on the interval [0, 2] is -2, find the value of k. (4 marks)
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Prove that if f(.x) has mean value m on the interval [, b], then f(x) + ¢ has mean value m + c.

f(x) = L M This is an improper integral.

V2 -x
Find the exact mean value of f(x) on the interval [0, 2]. (6 marks)

Use geometric reasoning to explain why the mean value of f(x) = sin” x on the interval [0, 2] is 0.

fo) = —CO8X
T (2 +sinx)?
a Find [f(x)dx. (4 marks)

(3 +4V3). (2 marks)

b Hence show that the mean value of f(x) over the interval [O, %‘ is — 1 33())fr

, of f(x) + 3x. (3 marks)

: : 5
¢ Hence, or otherwise, find the mean value, over the interval [O,Tﬁ

a Sketch a graph of f(x) = 1 — 3x — 2x2, finding the coordinates of any turning points.
a+l
b Calculate f f(x)dx for a € R.

a

¢ Find the maximum possible mean value of f(x) on any real interval of length 1.

@ Differentiating inverse trigonometric functions

You can differentiate the inverse trigonometric functions implicitly.

d >
Show that dx (arcsin x) = ;g

1

L=lt Use y = sin (arcsin x) = x.
Leey=nay |7 Differentiate implicitly. You could also differentiate
then siny = x dy 1
x = siny with respect to y then use —=—
dy [] dx dx
cosy gy = 1 dy
i « Pure Year 2, Section 9.6
G T
= COS
- & . Divide by cos y.
= W =
V1 - sin?y Use cos? y = 1 — sin? y and that cos y = 0 when
but siny = x e Ayt L n
- yisinthe range of arcsin, ie. —— =y =
e 2 2
=10) _} = ,—1
o - — = -
@f_yl- Problem-solving
dy
Alternatively, since — = +———=you can
dx y1-x2
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conclude the sign is positive since the graph of
y = arcsin x shows that the gradient is positive at
all points x.



You can use similar methods to obtain the following standard results.

d s 1 =
[ QR = —
dx (arcsin x) o
a] 1 (arccos I) = _;
dx V1 —x2
d 1
| I S
2 (arctan x) =

dv

Given y = arcsin x?, find T
i

a using implicit differentiation

b using the chain rule and the formula for

a siny = x?

Methods in calculus

You should learn these results, but also be able
to derive them as in the example above.

Notice that d (arcsin x) = —i(arccos x).
dx dx

m Recall the domain and range of each of these

inverse trigonometric functions:

d ]
COSyd—’; =2X

Use sin (arcsin x) = x.

Differentiate.

Divide by cos y.

ay = 2x

dx " cosy

a _ 2

dx 1 —sinZy

but siny = x°

s0 gi _EX
dx 1= x4

b Let t =x2, then y = arcsint

o T
visin the range of arcsin, i.e. —Essy =

Function Domain Range
s 0T
arcsinx [-1,1] [_E’E
arccos x [-1, 1] [0, ]
w T
arctanx (—o0, o) (—-2~ . _é.)
« Pure Year 2, Chapter 6
d :
——arcsin x.
X

| Use cos? y = 1 —sin?y and that cos y = 0 when

if

2

Substitute ¢ = x? to get arcsin x2 in the form

1

arcsin x.

dt v1— 12

el Differentiate ¢ and y.

dt dy
Then i 2x and —
dy _dy
dx ~ dt X dx
st bR
V1 = x4

L Use the chain rule.
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. 1-x dy
Given y = arctan (—), find ——
I+x dx
1-x
tany = s Use tan (arctan x) = x.
s dy =1+ x)=101-x) : : : ; 1-x
Gl e a0 + x)? Differentiate using the quotient rule on g
2 S
= e Simplify.
d ]
So d—’: = 5622}__ x (_(1 +2xJ2) Divide by sec® y.
1 2 e
= +tan2yx L Use 1 + tan®y = sec?y.
_ 1 L e . =
= (1 # 1 _X)E X ( R +x]2) Subst|tutetany——1+x
14 x/
(1 + x)? 2
- 1+ x)2 + (1 - x)2 o (_“ T x}z] Cancel (1 + x)2.

- _Lﬂ Problem-solving
2+ 2x°

1 You could also use the chain rule and the formula
= a2 for-g—(arctan Xx).
dx

1

64

Use implicit differentiation to differentiate the following functions.

a arctanx b arccosx .
You can check your answers by using the
¢ arccos x’ d arctan (x* + 3x) chain rule as well as the results stated earlier in
. ( | ) the section.
e arcsin|y

Differentiate y = (arccos x)(arcsin x)

Differentiate y = % (4 marks)
f(x) = arccos x + arcsin x

By considering ff’(x) dx, prove that f(x) = % for all values of x. (4 marks)
Differentiate with respect to x:

a arccos2x b arctan% ¢ arcsin 3x d arcot(x+1)

e arcsin (1 — x?) f arccos x? g evarccosx h arcsin x cos x

i x?arccosx j carctanx



®
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Methods in calculus

d
6 Given that tan y = xarctan x, find é (4 marks)
7 Given that y = arcsin x, prove that
¢y dy
(1 —xz)m—xaz{) (6 marks)

8 Find an equation of the tangent to the curve with equation y = arcsin 2x at the point where

.
X=3

9 Find the derivatives of the following functions.
1

a (arctan x)’ arcsin x

¢ arctan (arctan x)

10 Sketch the graphs of the following:

a arcsin (arcsin x) b arccos (arccos x) ¢ arctan(arctanx)
11 Prove each of the following: m e
a sinarccosx)=v1 — x2 b cos(arctan x) = root, you should consider the
V1 +x2 definitions or graphs of the
1 — inverse trigonometric functions
€ sec(arccosx) =~ d sin(arcsecx) = VI' 1 - ? to determine the sign.

m Integrating with inverse trigonometric functions

You can use the results from the previous section to integrate functions of the forms
1

va? — x?2

at + x*
and

By using an appropriate substitution, show that N dx = arcsin (—) + ¢, where « 1s a positive
[ Y a
constant and |x| < a.
f""1 edxzju 1 —dx
Va2 — x | Y 2
faz(1 - (3)’)
= % , T dx
f x\7
-G
= f L du Use the substitution u =~ and du = 3%
V1= u? Ta T a

= arcsinu + ¢

| Recall that i{arcsin X)=—
= arc5in(§) il 4 i V1=xf
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The following two results are given in the formula booklet. You can quote them when calculating other
integrals, but you should also be able to derive them using substitution as in the example above.

1 1 x
u faz e dx-;arctan(z) +¢,a>0,|x|<a

1 _ i (X
n J‘M—_fdx_arcsm(a) +c

Findf al ~dx.
5+ x°

f i dx=4f T __dx
5+ x? 5+ x%

= 4(;arctan(:i)) +c Use [ L dx:larctan(ﬁ) +cwith a = /5.
V5 V5 a’+ x? a a
= %arctan(%) +c
S ET G @
1 g1
a Find f R SRS | b Evaluate f * —————— leaving your answer in terms of .
25+ 9x2 A 3-dx 8y
1 1 You need to write 25 + 9x2 in the form
a de = =% dx K + 32
25 + 9x 92 + x2) (a* + x7).
=% % arctan % oo 1
(g) (g) Use [_1 _dx=-=arctan (5) +ewitha=2
LEE g g 3
- Farctan( 3;) +c
b ITB %7 dx= IT S — dx Write 3 — 4x2 in the form k(a2 — x?).
_3 V3 —4x? 3 ‘.'M(% = ,Ce)
4 4
V3
_ 1]7 1
== b —— X
2 .
V. |'|| é — 2
= V(5 - ) Usef L dx=arcsin(£)+cwitha=£
RE} Va2 - x2 a 2
il o 2%
= 7 arc5tn(ﬁ)} _

T . i i
— = arcsinxy = =
2 2

= S (_i)
. 1; 12 soarcsin (1) =  andarcsin (1) = =2
"6
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. x+4
Find | ———dx.
f\f 1 —4x2
) Problem-solving
s T SR S _ _
V1= 4x2 TVl = 4x2 "1 - 4x? The integral can be split into a fraction which
e \ ; g can be integrated using the ‘reverse chain
o calevlate [ J1 = 4x2 el gl el rule’ and one that looks like those covered
s G above.
du = -&xdx
J‘ X g J‘ 1 Substitute for x and dx and adjust for the
—2 dx=-%|-—=du
V1 —4x2 v constant.
= —%fu % du
= —%ué +C
5. 5 Rewrite in terms of x by resubstituting
:—Z\,-'T—4x +C S Tl — et
= f; dx =4/ 1 dx
Ty T R T e L Write 1 — 4x2in the form kla? — x2.
Y / J4(% - x?
1
=2 [- dx
\% - x2
= 2arcsin2x + ¢ Use [ ! dx=arcsin(£) +ewitha=~
at — x° a 2
So f{xidx = 2arcsin2x — 41 — 4x2 + ¢
V1= 4x2
1 Use the substitution x = a tan 6 to show that f I _dx= larctan (E) +c
2+ x2 a a
2 Use the substitution x = cos # to show that J‘; dx = —arccos x + c.
1 - x?
3 Find:
af;dx bf4dx cf;dx df 1 dx
V4 - x2 54+ x? V25— x2 Vxz-2
® 4 Find f 3 13 5 dx, giving your answer in the form Aarctan (Bx) + ¢ where ¢ is an arbitrary
+ 3x
constant and 4 and B are constants to be found. (3 marks)
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Show that f S

V3 —4x?

dx = Parcsin (Qx) + ¢ where ¢ is an arbitrary constant and P and Q are

constants to be found. (3 marks)

Evaluate:

a f 2 5dx b fm;dx c JQ;dx
 I—x 02sV1 — 4x2 V21 = 3x2

m

— 1 . dx = o (4 marks)
Vva — 2

\"II3
Show that f s
X

2+ 3x
1+ 3x2

Show that [fix)dx = Aarctan (V3x) + Bln(1 + 3x2) + ¢ m Start by splitting the fraction
where ¢ is an arbitrary constant and 4 and B are into two separate integrals.

constants to be found. (4 marks)

fix) =

Find [f(x)dx, giving your answer in the form A arcsin (l) + By2 — x? + ¢ where ¢ is an

y
arbitrary constant and 4 and V2

B are constants to be found. (4 marks)
8x-3

fix) =

) 4 + x?2

Find [f(x)dx, giving your answer in the form A In(x2 + 4) + Barctan (%) + ¢ where ¢ is

an arbitrary constant and A and B are constants to be found. (4 marks)

f(.l} = g
V6 — 5x2

Show that [f(x)dx = P\6 — 5x2 + Qarcsin (\Ex) + ¢ where ¢ is an arbitrary constant

and P and Q are constants to be found. (4 marks)
fle) = xz-:: f6
a Find [f(x)dx, giving your answer in the form 4 In(x2 + 16) + Barctan (%) + ¢ where ¢ is

an arbitrary constant and A and B are constants to be found. (4 marks)
b Hence show that the mean value of f(x) over the interval [0, 4] is % (%an + % ) (3 marks)
¢ Hence write down the mean value of —4f(x) over the interval [0, 4]. (1 mark)
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® 13 Use the substitution x = %tan g to find f X dx.

9x2+4

1
: 2
® 14 By using the substitution x = %sin 0, show that J;ﬁ dx = ﬁ(Zn’ - 3V3).

Challenge

Given that x = 1, use the substitution x = secf to
find:

a f———l-——dx b f’xz_ldx
X

xvx2-1

@ Integrating using partial fractions

In your A level course you used partial fractions to integrate some rational functions.

Example @
REONefAk m Be careful not to confuse this result

1 _ 1 . ja+x _ 1 . .
faZ_x2 dx = 2aln|m| e with faz+x2dx=;arctan(z)+c

where « is a real constant.

(- 1 e Factorise the denominator in order to integrate
a2-x2 Ja+xa-x using partial fractions. ¢ Pure Year 2, Section 11.7
1 A 2
= +
a+ xja — xj @+ X a—Xx
A= PSRRI Split into partial fractions and calculate the
T values of 4 and B in terms of a.
2a
XxX=a= B= s
- T 2a .
1 = ek o g
fae_,czdr_ga a+xd‘+2afa—,\d’
= i|n|a + x| - L a — x| +¢ Integrate using the reverse chain rule.
2a 2a
1 a+x A : .
= Eln ‘ o _x‘ +c Simplify using the law of logarithms.
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If the denominator of a partial fraction includes a quadratic factor of the form (x* + ¢), ¢ > 0, you
cannot write it as a product of linear factors with real coefficients.

However, you can still write it in partial fractions,

where the partial fraction corresponding to the

quadratic factor has a linear numerator and quadratic denominator.

Bx+C
x2+1

. 20 A4
(x+3)(x2+1) x+3

20=A(x2+ 1)+ (Bx+ O)(x+3)

Setx=-3:20=104=A4=2

Find the values of 4, B and C by multiplying
both sides by (x + 3)(x% + 1).

Setx=-3sothat (Bx+ C)(x+3)=0

A+B=0=B=-2

Equate coefficients of x2 on each side.

3B+C=0=C=6

" 20 2
(x+3)(x2+1) x+3

6-2x
xZ+1

Equate coefficients of x on each side.

You can use the techniques from the previous section to integrate the second fraction on the right-

3

3) + ¢, where 4 and B are constants to be found.

Separate into partial fractions to

hand side.
Example @
2
Show thatf 1+ x dx = Aln( .1 ) + Barctan(
x3+9x x2+9
1+ X i 1+ x _I{4, Bx+C
FBpoyg fx{xg + 9}dx 2 f(x x2 + B)dx

Ax2+9)+ Bx2 + Cx=x + 1
Equate x2 terms: A + B=0
Equate x terms: C =1

Equate constant terms: 94 =1= 4 = é,B = -

facilitate integration.

Calculate the values of the coefficients

1 by equating like terms.

2
FRIpN (Fe- 13N
x3+9x J\9x x2+9
1 xi= 2
= [|=—— - —="—)dx
f(fﬂx Ox2 + 9])
sl ol x 1 Separate into 3 fractions and integrate
B fx e ‘fxe +9 e fxe +9 = each separately.
Lies %Infxe +9 X
=l 2 FogAleha (g) o Calculate the second integral using the
T 1 3 reverse chain rule.
) i 16 il 3 et (3) e Calculate the third integral using
ot L . 1 X . A LRI X T
= %2|nx - In(x2 + 9)) + garctan(g) + ¢ fa%x"’-dx_ aarctan(a) +cwitha=3.
(S 1 x
= + garctan |3 ) +
18 n(.xe + 9) i (3) . Simplify using the laws of logarithms.
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a Express as partial fractions.

X
x4+ 5x2+6
x4+ x

b Hence find | ——>—dx.
fx"’+5x2+6 *

Methods in calculus

s B e = e Rl )

Xt Bx+C+Dx+E

Start by factorising the denominator. Since
L X%+ 5x2 + 6 does not contain an x? term or an
x term, you can write it as u? + 5u + 6 where

C P+ X2 +3)  x2+2  x2+3

x4+ x = Alx2 + 2)(x2 + 3)
+ (Bx + O)(x%2 + 3) + (Dx + E)(x% + 2)

u=x2

The numerator and denominator both have
degree 4, so this is an improper fraction.
You will need a constant term, and terms with

denominators x2 + 2 and x% + 3.

— Equate coefficients of x*.

A=
B+D=0 —‘
3B+2D=1J

SoB=1and D = -1

54+ C+E=0 —‘

— Equate coefficients of x* and x.

Equate coefficients of x? and constant terms,

’7 and use 4 = 1.

6Ad +3C+ 2E=OJ
So C=4 and E=-9

x4  xED
xX2+2 x2+3

x4+ x

=5 x4+ 5x2+6 =

Problem-solving

There are other ways of determining the
coefficients. You could find 4 = 1 by writing

e b A S R
X4+ 5x2+6 X4 +5x2+6
DR X TG
X%+ 5x2+6

Methods such as this are often quicker than
using polynomial long division. You could also
substitute x =iy/2 and x = i3 to eliminate
terms.
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b Using the partial fraction decomposition:

x4+ x X%
— = _dx= [1dx+ X
f(x2+2J(x2+3de f1 s fx2+2d\
Split the integral up into different parts that

= X 9 ; S | .
+ f dx - f - dx — f dx can be integrated using inverse trigonometric
X2+ 2 X2+ 3 x2+ 3 . .
functions or the reverse chain rule.

X+ —1—|r1| x2 + 2| + ,iarctan(}i)
Ve,

o Ve
= In|f(x)| + ¢ and
—%|n|x2+3| —:.iarctan(;i) +o————— 1f( ) 1 Iy
V3 v fx2+a2dx=5arctan(5)+c.
=X+ l|r1 el - + 22 arctan L5
SR S (\2)
- 3V3 arctan(i) +c Simplify.
V3

1 Express the following as partial fractions.
P S b — L i 18
(x2+ Dix +3) (x2+2x -1 x(x2+7)

&P 2 Fmdf
2 +6(x+2

where A4 and B are constants to be found, and ¢ is an arbitrary constant. (4 marks)

dx, giving your answer in the form A4In|x + 2| + Barctan (\/%) +c,

3 fly=xt—x3-4x2-2x-12

a Given that (x + 2) is a factor of f(x), fully factorise f(x). (2 marks)

—20x24+4x-24
—x3—4x2-2x-12

b Hence find fﬁ dx, giving your answer in the form

A
In i—i-ilp + Darctan( 2) + ¢, where 4, B and D are constants to be found,

and c is an arbitary constant. (5 marks)

2

dx giving your answer in the form 4In (xjc 4) + Barctan (%) +c,

4 Fmdf

where A4 and B are constants to be found, and c¢ is an arbitary constant. (5 marks)

5 Find fﬁ—-"l dx, giving your answer in the form A + Barctan (23 ) + ¢, where A

and B are constants to be found, and c is an arbitary constant. (5 marks)
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EP) 6

@P 7

(E/P) 10

@&P) 11

E/P) 12

Methods in calculus

3 2 - 14
Show that fA N Gkl dx = ln% + Darctan x + ¢, where A, B and D are

x4-1 lx + 1]

constants to be found, and c¢ is an arbitary constant.

flxy=x3—-4x2+6x-24
a Given that f(4) = 0, fully factorise f(x).

2x2—-3x+24
x3—4x2+6x-24

b Express in partial fractions.

¢ Use your answer to part b and an appropriate substitution to calculate

2x2—-3x+24
x3-4x2+6x-24

1

= e 2ox D
a Calculate f fix) dx.
) 1 ;
b Hence show that f% mdx diverges.

x4+ 5x2+ 2x

————————— as partial fractions.
x4+ 10x2+24 P

a Express

x4+ 5x2+ 2x

b Hence find [-X-* X" +2x
AR fx4+10x2+24

x2+4x+ 10

dx, x
X3+ S5x

Use the method of partial fractions to find f )

2 2 1
Show that J[; mdx = 4(;"r +2In 2)
a Express '4—+l as partial fractions
P x(x2+2)2 p '

4
b: Heiicefinid f el e
X

(x2+2)?

Challenge Problem-solving

Find:

1 1
a |[——d b f"-——--—-—-—d
fx3—8x+8 % SRR

(5 marks)

(2 marks)

(2 marks)

(4 marks)

(3 marks)

(3 marks)

(4 marks)

(5 marks)

(4 marks)

(4 marks)

(4 marks)

(5 marks)

First complete the square in the denominator
and then use an appropriate substitution.
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Mixed exercise o

@ 1 a Using the substitution u = e*, find f%
gX e

b Hence show that f

0s X

® 2 Find the exact mean value of f(x) = l— over the interval [— -
sin?x 6*

@ 3 Show that the exact mean value of fi(x) = xsin 2x over the interval [0, %] is %
® 4 a Find the derivative of arccos x2.
b Hence, or otherwise, calculate f l63x dx.
\.." T

fix) = arctan(zx i 3)
x—1

1

how that f'(x) = ———
% Showiiart' () x24+2x+2

b Given that -2 = x =< 2, show that |[{"(x)| = 1

Explain what it means for an integral to be improper.

b Identify two features of f dx which make it an improper integral.

B S
l]v’?

¢ By differentiating arctany'x, or otherwise, show that f ﬁ
W

its exact value.

1+ 5x

flx) =
V1 = 5x2

Find [f(x)dx, giving your answer in the form 4v1 — 5x2

is an arbitrary constant and A4 and B are constants to be found.

t
a Show that fo *c21+ I dx = arctant.

b Hence evaluate:

74

5x2 + Barcsin (V5 x) + ¢ where ¢

(3 marks)

(3 marks)

(4 marks)

(4 marks)

(3 marks)

(1 mark)

(4 marks)

(2 marks)

dx is convergent and find

(4 marks)

(2 marks)

(2 marks)

(2 marks)



®11
(E/P) 12

(E/P) 13

@) 14

@EP) 15

Methods in calculus

) = 1+ 2x
=1+ ax2
a Find [f(x)dx, giving your answer in the form AIn (1 + 4x2) + Barctan (2x) + ¢
where ¢ is an arbitrary constant and 4 and B are constants to be found. (4 marks)
0.5
b Hence find the exact value of fn flx)dx (3 marks)
a Show that fﬁ dx = Parcsin Qx + ¢ where ¢ is an arbitrary constant and P and Q are
v4 —9x
constants to be found. (4 marks)
b Hence show that _£ —————dx=2 (3 marks)
V4 — 9x?2 6
T x4 (4r -7/3
Use the substitution x = sin § to show that f : AR (L )
0 v1—x2 64
%
Lk 1+ x*
1
a Use the substitution u = x2 to calculate fu fix)dx. (4 marks)
b Hence show that L f(x) dx converges and state its value. (3 marks)

3_9,2
Show that f2x i l?x ) dx = Aln|x| - L + D arctan (1) + ¢, where A, Band D are
x4+ 9x? X 3
constants to be found. (5 marks)
for) = x2-3x+ 14
T x3-4x2+2x -8
a Express f(x) in the form xf i 2.0 where P and Q are constants to be found. (3 marks)

b Find [f(x)dx, giving your answer in the form A ln |x — 4| + Barctan (i) + ¢ where

V2

A and B are constants to be found. (4 marks)
¢ Hence show that L wf(x) dx diverges. (2 marks)
fo) = X3+ x
a Find f fix)dx. (4 marks)
b Hence show that the mean value of f(x) over the interval [1, 2] is ln% (2 marks)
¢ Hence, or otherwise, find the mean value, over the interval [1, 2], of 2f(x) — %

(3 marks)
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Challenge

A function is said to attain its mean value on the interval (g, b] if there

b
exists a value ¢ € [a, b] such that f(c) =ﬁf f(x) dx.

a Show that the function f(x) = x® — 2x + 4 attains its mean value on
the interval [0, 2], and find the exact values of ¢ € [0, 2] for which

flo =1 ff(x) dx.

b Give an example of a function which does not attain its mean value
on the interval [0, 2], fully justifying your answer.

Summary of key points

b
1 The integralL f(x) dx is improper if either:
+ one or both of the limits is infinite

+ f(x) is undefined at x = @, x = b or another point in the interval [a, b].

2 The mean value of the function f(x) over the interval [a, &], is given by

b
1 ff d
b—aa (x) -

3 If the function f(x) has mean value f over the interval [g, b], and k is a real constant, then:

. f(x) + k has mean value f + k over the interval [a, b]
+ kf(x) has mean value kf over the interval [a, 5]

« —f(x) has mean value —f over the interval [a, b].

d . _ 1

4 a(arcsm = —
d _ 1
a(arccosx) = T
d 1
T (arctanx) = T

5 ;dx=larctan(£)+c,a>0,|x[<a
a?+ x? a a
1 i
. —dx:arcsm(—)+c
f‘.'az_xz a
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Volumes of revolution

After completing this chapter you should be able to:
e Find volumes of revolution around the x-axis - pages 78-80
® Find volumes of revolution around the y-axis - pages 81-83

® Find volumes of revolution for curves defined
parametrically - pages 83-87

® Model real-life applications of volumes of revolution
-> pages 87-89

Prior knowledge check

1 Evaluate:
a f3x2(3x3 — 6)2dx
0

b L “rost y il
5
G A

C fx e 2*dx & Pure Year 2, Chapter 11
0

B\ 2 Find the area of the region bounded
by the curve y = %sec‘*x, the x-axis, the
y-axis and the line x = 1.

4 Pure Year 2, Chapter 11

3 Theregion Ris bounded by the curve

¥ =4x°+ 5, the x-axis and the lines

x =2 and x = 4. The region is rotated

through 27 radians about the x-axis.

Find the volume of the object generated.
« Book 1, Chapter 5

Volumes of revolution can be used to
model objects with circular cross-sections.
By defining curves parametrically, you can
find volumes of a wider range of objects.

- Exercise 4D Q4



Chapter 4

m Volumes of revolution around the x-axis

You need to be able to find volumes of revolution
of more complicated curves. In this chapter you
might need to use any of the functions and
integration techniques you encountered in your
A level course.

m You have already encountered volumes of
revolution with simpler functions.
« Book 1, Section 5.1

= The volume of revolution formed when y = f(x) is rotated through 27 radians about the
x-axis between x =« and x = b is given by

Veliiiia= ﬂfﬁyz dx @ Explore volumes of revolution O
a around the x-axis using GeoGebra.
Example o

The region R is bounded by the curve with equation y = sin 2x, the x-axis and the lines x = 0 and
= g Find the volume of the solid formed when region R is rotated through 27 radians about

the x-axis.

_ b 7 .
fipis wfozsin22xd_t Use V= ﬂj; yédxwitha=0,b= % and y? =sin?2x.

L Use cos24 = 1 - 2sin?4
Rearrange to give sin?4 = ...

Note that 2 x 2x gives 4x in the cos term.

= Multiply out and integrate.

Exercise @

1 Find the exact volume of the solid generated when each curve is rotated through 27 radians
about the x-axis between the given limits.

2 [sinx_ i
LR Sy between x =0 and x =2 b y= T cons between x =0 and x = >
¥ secx B . _ [ - _
c y= »-fm between x =0 and x = 4 d y= i i2ai between x =0 and x =2
IIII : f
e y=\l£'\ between x=1and x =2 f y=cosec x + cot x between ngand x:%
2 The curve with equation y = cosxvsin2x, Yy

y =cosxVsin2x

0=x= % is shown in the diagram.

The finite region enclosed by the curve and the
x-axis is shaded. The region is rotated about
the x-axis to form a solid of revolution.

Find the volume of the solid generated. (6 marks) 0
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Volumes of revolution

3 The diagram shows the finite region R, which is bounded Va
by the curve y = Inx, the line x = 3 and the x-axis.
The region R is rotated through 27 radians about the
x-axis. Use integration to find the exact volume of the
solid generated. (7 marks)

Problem-solving

You will need to find the value of 4, &
where the curve crosses the x-axis
4 a Using the substitution x = 3sin#, or otherwise, find
the exact value of
21
J; ﬁ dx (7 marks)
The diagram shows a sketch of part of the curve with Va
. 9
equation y=——
b g x(9 = x2)a
The shaded region R, shown in the diagram, is bounded
by the curve, the x-axis and the lines with equations
= % and x = % The shaded region R is rotated 0
through 27 radians about the x-axis to form a solid of
revolution.
b Using your answer to part a, find the exact volume of
the solid of revolution formed. (2 marks)
Va
5 The curve with equation y2 = % is shown in . 4x+3
the diagram. : ) Ve G-
The shaded region R, bounded by the lines x = 1, x = 4,
the x-axis and the curve, is rotated 360° about
the x-axis.
Use calculus to find the exact volume of the o
solid generated. (6 marks)
6 The curve shown in the diagram has equation g
2y? = xsinx + X. 2% = xsin x + x
a Show that the coordinates of point A are
R
37 A
(7,0). (1 mark) O 3
The shaded region R is rotated about the x-axis to
generate a solid of revolution.
b Find the volume of the solid generated. (5 marks)
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. . 10 . . .
7 The curve with equation y = 35+ 20 is shown in the diagram.

The region R bounded by the curve, the x-axis and the lines
x =-1, x =2 is shown in the diagram.
The region is rotated through 360° about the x-axis.

a Find the exact volume of the solid generated.
(6 marks)

A (1 I
3(5 + 2x)

and the lines x = -1 and x = 2,

The region S, bounded by the curves y =

2
=36+ 20
is shown in the diagram. The region is rotated through
360° about the x-axis.

b Find the exact volume of the solid generated.

\\F\\H\H 10
| b=

R ]

0 2 X

. 20
).:

35+ 2x)
\

M

(3 marks) i
T T35+ 2%) .
-1 2 X
8 The region R is bounded by the curve with equation VA
y = xe~ and the line with equation y = %x, as shown e
in the diagram. R
y=ix

The region is rotated through 27 radians about

the x-axis. %)

Find the volume of the solid of revolution formed.
Give your answer correct to 3 significant figures.

(8 marks)
Challenge

The diagram shows the region R, which is bounded by the curve with

equation y = sinx, 0 = x = « and the line with equation y = %

YA
y= i
9 V2
y=sin\
0 Nox

Region R is rotated through 27 radians about the line y = %

Show that the solid of revolution formed has area %(-;r -3)
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Volumes of revolution

@ Volumes of revolution around the y-axis

You can apply A level integration techniques to volumes of revolution formed when a curve is rotated

about the y-axis.

Links JRVI¥SS you use this formula you are
integrating with respect to y. You might need to
rearrange functions to get an expression for x2 in
terms of y. « Book 1, Section 5.2

@ Explore volumes of revolution O

around the y-axis using GeoGebra.

The diagram shows the curve with equation y =4Inx - 1.

The finite region R, shown in the diagram, is bounded by the
curve, the x-axis, the y-axis and the line y = 4. Region R is
rotated by 27 radians about the y-axis. Use integration to show
that the exact value of the volume of the solid generated is
2m/e(e? - 1).

® The volume of revolution formed when
x = f(y) is rotated through 27 radians about
the y-axis between y = a and y = b is given by

Volume = n-f *x2 dy

y=4lnx-1

y=4lnx -1
y+ 1 S

Inx =

First rewrite x as a function of y.

X=e7 =¢gigs —

yoo1y2 1 = g 2 i = = = % %
V:wE[e#e'f,' d}’ZﬂS?J;:S?d}‘ — UseV rfa xedywitha=0b=4and x=eiex

. 1
= 2netled]

i L Integrate with respect to y.
= 2mezle? — e

= 2m/ele? - 1) Simplify and leave in the correct form.

1 Find the exact volume of the solid generated when each curve is rotated through 27 radians
about the y-axis between the given limits.

a x=e¢¥—-eVbetweeny=0and y=1 b x=ye’between y=0andy=1
V3 —Iny 1
€ x= ; between y=1and y=35 d x=——between y =¢e*and y = ¢’
. Jylny

2 Find the exact volume of the solid generated when each curve is rotated through 27 radians
about the y-axis between the given limits.

1 5.—2%"
a y=y—-1betweeny=0and y=1 b y= NI between y=—1 and y =1
¢ y=2e*betweeny=2and y=4 d y = arccos Vx between y=0and y = %

81



Chapter 4

3 The diagram shows the curve with equation x = 2+

The finite region bounded by the curve, the y-axis and the lines
y=1and y = b is shown in the diagram. The region is rotated
through 27 radians about the y-axis to generate a solid of

revolution. Given that the volume of the solid generated is %,
find the value of A. (5 marks) g o

4 The curve with equation x = /y siny is shown in the diagram.

VA

b x=+/ysiny

4
0 X

The finite region enclosed by the curve and the y-axis is shaded. The region is rotated through
27 radians about the y-axis.

a Find the value of b. (1 mark)

b Find the volume of the solid generated. (6 marks)

5 The diagram shows the curve with equation y = 3In (x — 1). VA

The finite region R, shown shaded in the diagram, is
bounded by the curve, the x-axis, the y-axis and the line
y = 5. The region R is rotated by 27 radians about the R
y-axis. Use integration to find the exact value of the
volume of the solid generated. (5 marks)

: : 0
m First rearrange the equation to make /

x the subject.

y=3ln(x-1)

L

6 a Express cos y + V3siny in the form Rcos(y — a), where R > 0 and « is acute. (4 marks)

The region R is bounded by the curve with equation x = %, the y-axis and the

P cosy +v3siny
3
b Using your answer to part a, or otherwise, show that the volume of the solid formed when

Ty
7-4;3 (6 marks)

linesy=0and y =

the region R is rotated through 27 radians about the y-axis is
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Volumes of revolution

a Using the substitution u = 27, or otherwise, find the exact value of

1 v
J; Qyi l]zdy . (6 marks)
The diagram shows part of the curve with equation x = 2;3_ 1 y o V2
+1
The shaded region R, shown in the diagram, is bounded by the P O
curve, the y-axis and the lines y = 0 and y = 1. The region is R
rotated through 27 radians about the y-axis to form a solid 0 X

of revolution.

b Using your answer to part a, find the exact volume of solid of revolution formed. (2 marks)

a By writing a suitable expansion for sin 56, or otherwise, show that

sin’f = %(10 sinfl — 5sin36 + sin560) (3 marks)

o Va

The curve shown in the diagram has equation x = sin? y/siny.
The finite region bounded by the curve, the y-axis and the line
& y i ) x =sin2yVsiny

. e u
y=ys shown in the diagram.

The region is rotated through 27 radians about the y-axis to
generate a solid of revolution.
P
553 3

15
(7 marks)

b Show that the volume of the solid generated is

@ Volumes of revolution of parametrically defined curves

When the equations of curves are given T T

parametrically, you can adjust the formulae for
volumes of revolution by using the chain rule.

given as a function of a parameter, .
« Pure Year 2, Chapter 8

The volume of revolution formed when the
parametric curve with equations x = () m After you have used the chain rule,

and y = g(#) is rotated through 2 radians you are integrating with respect to the parameter,
about the x-axis between x=acand x=bis t. Generally if x = a, then ¢ # a. You can evaluate
given by the definite integral by rewriting the limits of the

Volume = n-fﬁbyz dx=7

x=a

f‘=f’y21{dr integral in terms of «.
=g dt

The volume of revolution formed by rotating the same curve through 27 radians about the
y-axis between y = a and y = b is given by

B t=p _dy
Volume:wj:"’xzdy=wf xz_dr dr
=1 t=q
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Example o V1
The curve C has parametric equations x = #(1 + 1), y = ﬁ, &

t = 0. The region R is bounded by C, the x-axis and the lines
x =0 and x = 2. Find the exact volume of the solid formed
when R is rotated 27 radians about the x-axis. 0

o
=

1 . 1 : B dx
}_1+I=>) _—“+!J2 Find y and—dt
dx
5t 2 et SR
x_.f+r=>d[_1+2f

Find the limits in terms of ¢. You can ignore the
RSl ’— second solution to each quadratic equation as

ae= Pt the domain of 7 is given as t = 0.
U
V=“'f T+ 20dt :
o1 + 12 Use V=7rfqy2d—ldt withp=0,¢=1,
1L+2t - A B L » - dt
D= >+ e dx _
1+ 1+ 1+ ¢ ),_1 2andd—_1+233
1+2J=A+B(1+r)—‘ 0 !
=B=2and A =-1_]|

> — Use partial fractions.

. 1
50 V:ﬁfO(T T 1+ Ug)df
11 Substitute values of ¢ or compare coefficients.
=1'T[21r1|1 it +—
T+l
=n((2In2 +3) - (0 + 1)
=m(2In2 - %

Exercise @

1 The curve Cis given by the parametric equations x = £, y = £2, t € R. The region R bounded
by the curve, the coordinate axes and the line x = 8 is rotated through 360° about the x-axis.
Find the volume of the solid of revolution formed.

2 The curve Cis defined by parametric equations x =e’, y =\t - 1,1 = 1.
The finite region bounded by the curve, the
x-axis and the lines x = e? and x = e*is
rotated through 27 radians about the x-axis. Your answers to parts b and d should be

a Write down the values of ¢ corresponding the same. You can find a volume of revolution for
to x =e2 and x = &? a parametric curve by either integrating with

. . . ; dx

b Find the volume of the solid of revolution respect to the parameter using nyzadf, or

formed. by converting to Cartesian form and then using
¢ Show that a Cartesian equation of 7 [y?dx. If you convert to Cartesian form,

Cisy’=Inx-1. you must remember to convert the limits of
3 ks Tfe"(lnx D dx integration to values of x.

L A= Ay
el

84



4 The curve Cis given by the parametric equations x = tanf, y =sec®d, 0 = 0 <

Volumes of revolution

3 The curve Cis defined by the parametric equations x = V1 —sinf, y = cosf, 0 < § < 2.

y

a Show that a Cartesian equation of the curve is y2= 2x? — x*.
b Find the coordinates of the point P, where the curve intersects the x-axis.
The finite region bounded by the curve is rotated about the x-axis to form a solid of revolution.

¢ Find the volume of the solid formed.

E

5.

The region R bounded by the curve, the y-axis and the lines y = 1 and y = 8 is rotated through
27 radians about the y-axis.

a Find the values of # correspondingto y=1and y = 8.
b Find the volume of the solid of revolution formed.
¢ Show that a Cartesian equation of the curve is x> = y3 — 1.

d Use ?rfbx2 dy to verify your answer to part b.

le
® 5 The curve C has parametric equations x = sinfy/cosfl, y = cosf,0 < 0 < % C
The finite region R bounded by the curve and the y-axis is rotated through b
360° about the y-axis. 0 %
Find the volume of the solid of revolution formed.

6 The diagram shows the curve C with parametric equations x = 2¢, y = 2, =2 < ¢ < 2. The points

P and Q correspond to the points where ¢ = -2 and 2 respectively.

The region R is bounded by the curve and the line y = a. Region R is rotated about the y-axis
to form a solid of revolution.

Use parametric integration to show that the volume of the solid formed is 32x.
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7 a Find [cos20df (2 marks)

The diagram shows part of the curve C with parametric
equations x = cotf), y =4 sin20, 0 < 0 < % The finite region

R shown in the diagram is bounded by C, the lines x = %
J

x =3 and the x-axis. Region R is rotated through 2

radians about the x-axis to form a solid of revolution.

ng X

o M —

b Show that the volume of the solid of revolution formed 0
is given by the integral kfhcoszﬂ df, where a, b and k are
constants to be found. (5 marks)

¢ Hence find the exact value for this volume, giving your answer in the form pn2,
where p is a constant to be found. (3 marks)

8 The curve C has parametric equations x = %, y=In2t, t= %
o

The finite region R, shown in the diagram, is bounded by C,
the x-axis, the y-axis and the line y = a. Region R is rotated
through 27 radians about the y-axis.

2447 R

The solid of revolution formed has volume 19

Find the exact value of a. (8 marks) >

9 The curve C has parametric equations x = 2sint, y=2,0<t< 7. 7Ya

The finite region R, shown in the diagram, is bounded by C and
the y-axis. The shaded region is rotated through 27 radians

about the y-axis. Use calculus to find the exact volume of the c
solid generated. (6 marks)

Ie) X

10 The diagram shows the curve C with parametric equations x =2 -2¢, y=1-2, -1 st < 1.

yll
Qo
7\
P 0 ¥ %

C intersects the coordinate axes at points P, Q and S as shown in the diagram.
The region R is bounded by the curve and the line segments PQ and QOS.
Region R is rotated through 27 radians about the x-axis.

Find the exact volume of the solid of revolution. (8 marks)
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11 The diagram shows part of the curve C with parametric
equations x=¢’, y=e%, t € R.

The region R is bounded by the curve, the y-axis and the lines
y=1and y =6. Region R is rotated through 27 radians
about the y-axis.

a Use parametric integration to find the volume of the solid
of revolution. (6 marks)

The tangent to the curve at the point (1, 1) is shown on the
diagram. The region S is bounded by this tangent, the curve,
the y-axis and the line y = 6.

b Find the volume of the solid of revolution formed when the
region S is rotated through 27 radians about the y-axis.
(3 marks)

m Modelling with volumes of revolution

Volumes of revolution can be used to model real-life situations.

Volumes of revolution

3cm

The diagram shows a model of a goldfish bowl. The cross- 4
section of the model is described by the curve with / \
. . . T 17w )

parametric equations x = 2sint, y = 2cost + 2, S =r= S

where the units of x and y are in cm. The goldfish bowl is

formed by rotating this curve about the y-axis to form a solid

of revolution. >

(0] X

< 4cm >

a Find the volume of water required to fill the model to a
height of 3cm.

The real goldfish bowl has a maximum diameter of 48cm.

b Find the volume of water required to fill the real goldfish bowl to the corresponding height.
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dy
a x=2sint = \2—45”1 i Find x2 and — >
=2cost + 2 :\ — = —2sint
Find the limits in terms of ¢.
O=>2c05z+2 Oi=s ti=in
s ey B R _’?T_ ﬁ atch °'-|t The two possible values of # when

y =3 correspond to the two sides of the bowl.
Choose one of these, as you need to rotate half of
the bowl about the y-axis.

V= ?Tf%45'|r121(—25in!)d£

= —Sﬁf?sm"s!d!

5= . 7 _dy
= —E‘Bﬁi * sint(1 — cos?t)dt Use V="Tf xzd—}rdg withp=m, g= 53“,

»
- _ﬁﬁi?bim — sintcos?1)df x2=4sin2tand % = —2sint

= -7

1
—cost + —cos3t
3 &

. Using the identity sin?f + cos?t = 1 allows you to
5% i) =97 ; ;
= -8m (-605—3— +gcos” 5 integrate sin’z.

1 2 ))
—|—cosm + scos°m : : :
( 3 ! Integrate sint cos®z using the reverse chain rule.

1
= -&ﬁ((-g i %(é_]) = (T " %)) —— Substitute the limits.
- -61{-2) = om

-

Simplify.
b Linear scale factor = 12
Volume scale factor = 123 = 1728

Volume in actual tank = 1728 x 97
= 48900cm3 (3 s.f)

).‘
Exercise @ 120

. , , 2000
1 The diagram shows the curve with equation x = 20+ y=>0.

A volcano is modelled as the solid of revolution formed
when the region R bounded by the x-axis, the y-axis, the
line y = 120 and the curve is rotated about the y-axis.

The units of x and y are metres. o a

>

X

a Write down the diameter of the base of the volcano according to this model. (2 marks)

b Use this model to estimate the volume of the volcano. (6 marks)

2 The diagram shows the cross-section of a vase, which has a height of 30cm.
100y

10y2+ 17

0 =y = 30 through 360° about the y-axis. The vase is filled to a height of 20cm

with water. Find the exact volume of water in the vase in the form prlngcm?,

where p and ¢ are integers to be found. (6 marks)

The vase is formed by rotating the curve C with equation x2 =
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Volumes of revolution

3 a Prove that cos’d = %0059 + %cos 30 (3 marks)

The diagram shows the cross-section of a domed tent.

The tent can be modelled by a solid of revolution of a
curve C about the y-axis. Curve C has parametric

equations x = 50cos, y = 30sinf, 0 < 0 < % N

b Find the volume of the tent. (5 marks)

4 A scale model of a hot-air balloon is modelled as a solid of
revolution of a curve C about the y-axis. Curve C has

. ' e~ m .
equation x =siny/sin2y, 0 s y = 3 where the units of x
and y are in metres.

a Find the volume of the model hot-air balloon. (5 marks)

b The real hot-air balloon has a height of 67 metres. Find the volume of this balloon. (2 marks)

Va
5 The diagram shows the image of a silver earring, which has a height <
of 3mm. The earring is modelled by a solid of revolution of a curve C
about the y-axis. Curve C has parametric equations x = 2sin 26,
y=3sinf,0=0=<m.
0 X
a Show that a Cartesian equation of the curve Cis x2 = %yz(ﬁl -7 (4 marks)

Silver is melted down and cast into a mould to create each earring.

b Using the model, estimate the maximum number of earrings that can be manufactured from
300 mm? of silver. (6 marks)

¢ Give one reason why this might be:
i an underestimate
ii an overestimate. (2 marks)

Mixed exercise °

1 a Find f xcos2xdx. (5 marks)

b The diagram shows part of the curve C with )
equation y = 2xzsin x. The shaded region in
the diagram is bounded by the curve, the x-axis : &)

and the line with equation x = % This shaded

region is rotated through 27 radians about the
x-axis to form a solid of revolution. Using

N T

calculus, find the volume of the solid of 0 \ X
revolution formed, giving your answer in
terms of m. (4 marks)




Chapter 4

® 2 a Use integration by parts to show that YA
f ‘xsec?xdx = 1= %1112 (5 marks) 1 :
0 y=XxIsecx !
The finite region R, bounded by the curve E
with equation y = xzsecx, the line x = % and
R ]
the x-axis is shown. Region R is rotated |
through 27 radians about the x-axis. 0 %
b Find the volume of the solid of revolution 2
generated. (2 marks)
3 The diagram shows part of the curve C with equation y = a : 2, %=l
Ya
C
h
(1,3)
i , +2
. : PE
ol 1 N
2

The tangent 7 to C at the point (1, 3) meets the x-axis at the point (% 0). The shaded region is

bounded by C, the line x = % and 7, as shown in the diagram.

The region is rotated by 27 radians about the x-axis to generate a solid of revolution.

Find the exact volume of thyjis solid.

(10 marks)

e shaded region R, shown in the diagram, is bounde the curves y = secx — cos.x an
4 The shaded region R, sh in the diag is bounded by th ¥ d
y = cosecx — sinx, and by the x-axis. The shaded region R is rotated through 27 radians about

the x-axis to form a solid of revolution.
Va

) =Sec X — cos X
= cosec X — sin x

(0]

[SIE]

Find the exact volume of the solid.

5 The diagram shows part of the curve x = ez — 2

The region R is bounded by the curve, the y-axis and the lines y =

2 and y = 4, as shown in the diagram. Region R is rotated through
27 radians about the y-axis. Use integration to find the exact value
of the volume of the solid formed. Leave your answer in the form
m(Ae* + Be’ + Ce? + De + F). (6 marks)

90
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Volumes of revolution

The diagram shows the region R that is bounded by the curve C and r4
the line /.
Curve C has parametric equations x = 2sin?t,y =2 cost,0 <t < % z
Line / is the tangent to the curve C at the point P(%_, 1). & P
a Find the Cartesian equation of the line /.
The region R is rotated through 27 radians about the y-axis.
b Find the volume of solid generated. 0 x
This graph shows, for 0 = 7 = 2, the curve C with parametric equations
x=(t+1)2,y=38+3.
y
T R

S
The shaded region R is bounded by curve C and the lines x =1 and x =9.
a Find the area of the region R. (3 marks)
The region R is rotated by 27 radians about the x-axis.
b Use integration to find the exact value of the volume of the solid formed. (5 marks)

A point on the unit circle has coordinates (cost, sint). Use parametric integration to show that

the volume of the unit sphere is 4%
a Prove the identity sin’0 = %siné' - %sin39. (3 marks)

The diagram shows a rugby ball, which has a length of 30cm

and a height of 20 cm. ©
The curve C has parametric equations x = 15cosf), y = 10sinf,0 =0 =«

The rugby ball is modelled as the volume of revolution formed when the curve C is rotated by
27 radians about the x-axis.

b Find the exact volume of the rugby ball according to the model. (6 marks)

Part of the outline of a solid glass pendant is shown in the diagram. %
The outline is modelled by the curve with parametric equations
x=2sin2t,y=4cost, 0 == % The piece of jewellery is

formed by rotating the shaded region through 27 radians about

the y-axis. 0

Use the model to estimate the volume of glass contained in the pendant. (7 marks)
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Challenge

The curve Cis defined by the parametric equations x =2, y =2¢, t € R.
The diagram shows the finite region R bounded by the curve C and the
line with equation y = x.

A solid of revolution is formed by rotating the region through 27 radians
32T
15v2

about the line y = x. Show that the volume of this solid is

Summary of key points

1 The volume of revolution formed when y = f(x) is rotated through 2= radians about the x-axis
between x = a and x = b is given by

Volume = -,-rfbyzdx

2 The volume of revolution formed when x = f(y) is rotated through 27 radians about the y-axis
between y = a and y = b is given by

Volume = -,-rfbxzdy

® The volume of revolution formed when the parametric curve with equations x = f(7) and
y =g(1) is rotated through 27 radians about the x-axis between x = @ and x = b is given by

Volume=;-rfx_y2dx wf .Vzdx

® The volume of revolution formed by rotating the same curve through 27 radians about the
y-axis between y = @ and y = b is given by
dy

Volume = -,-rﬁ:bxz dy= f xzadt
. i
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® 1 Show that

cos2x +1isin2x
cos9x —1isin9x

can be expressed in the form
cosnx + isinax, where #n is an integer
to be found. )

« Section 1.2

a Use de Moivre’s theorem to show that
cos 50 = 16cos*f) — 20cos* + Scosf. (4)

b Hence find 3 distinct solutions of the
equation 16x° — 20x* + 5x + 1 =0,
giving your answers to 3 decimal places
where appropriate. (5)

« Section 1.4

a Use de Moivre’s theorem to show that
sin 50 = sinf(16cos*f — 12cos*f + 1)
4)
b Hence, or otherwise, solve, for
0<0<m,sin50 +cosfsin20=0. (5)

« Section 1.4

a Use de Moivre’s theorem to show that
sin0 = %(sin 50 — 5sin30 + 10sin6). (4)

b Hence, or otherwise, show that

[ sinsodo =% (6)
! « Section 1.4

a Given that z = cos@ + isin, show that

"+ z7" = 2cosnl. (2)
b Express cos®# in terms of cosines of
multiples of 6. 4)
¢ Hence show that
: S
] it U A0
L cos*0do =37 (6)

« Section 1.4

The convergent infinite series C and S are
defined as

C=1+cosf +cos20+ ... +cos(n—1)0
S=sinf +sin20 + ... sin(n—1)d
By considering C + iS, show that

1 —cos# +cos(n—1)0 — cosnfl

2 -2cosd
and write down the corresponding
expression for S. 4)

« Section 1.5

a Solve the equation
=4+4
giving your answers in the form
z = re*", where r is the modulus of z
and k is a rational number such that

0=k=2. 6)
b Show on an Argand diagram the points
representing your solutions. 2

« Section 1.6

a Solve the equation
2 =32+32/3i

giving your answers in the form re?,
where r > 0, —-m < 0 =< 7. 6)
b Show that your solutions satisfy the
equation
22+2=0
for an integer k, the value of which
should be stated. 3

« Section 1.6

Solve the equation z° = i, giving your
answers in the form cosf + isinf. 6)
¢ Section 1.6, 1.7
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Review exercise 1

a Find, in the form re?, the solutions to
the equation

25— 16-16iV3 =0 )

The solutions form the vertices of a
polygon in the Argand diagram.

b State the name of the polygon formed.
(0))

« Section 1.7

a Write down the five distinct solutions
to z° = 1, giving your answers in
exponential form, and show that their
sum is 0. 4

b The point (3, 0) lies at one vertex of
a regular pentagon. Given that the
pentagon has its centre at the point
(2, 1), find the coordinates of the
other vertices.

“@

« Section 1.8

Prove that

)
r‘;(r+1)(r+2)=nf-2

3

« Section 2.1

Prove that
n 9 n(an + b)
;(H D(r+3)  cn+2)n+3)
where a, b and ¢ are constants to be
found.

3

« Section 2.1

a Show that

r+l o . 1
r+2 r+l1  (r+ D(r+2)

rezZr
()

b Hence, or otherwise, find

n

| s %
;m, giving your answer

as a single fraction in terms of n.  (3)
¢ Section 2.1

2
()= G D& + 2=+ 3)

a Express f(x) in partial fractions.

b Hence find if(r).
r=1

2
©))

« Section 2.1

@ 16

@ 1

18

@

® 21

a Express as a simplified single fraction

1 1
r—1y2 1 @)
b Hence prove, by the method of
differences, that
Sar=l o g
;rZ(r_ 1)2_1 " . (3)
« Section 2.1
a Prove that
n 4 n(an + b)

Srr+2) (n+ )(n+2)
where ¢ and b are constants to be

found. 5)
100
b Find the value of r;ﬁ T +2) to
4 decimal places. 2)

« Section 2.1

Prove that

-}

& 2 1
Doy s S Py ®)
b Hence find the exact value of
20 2
r;1 477 - 1 @)

« Section 2.1

Given that for all real values of r,
Q2r+1y-Q2r-1y=4r*+B

where A and B are constants,

a find the value of 4 and the value

of B. 2)
b Hence show that
S =gn(n+ 1H(2n+ 1) 3)
r=1
40
¢ Calculate > (3r - 1)~ 2)
r=1

« Section 2.1

Prove that
21 1 n(an + b)
,Z:u r(r+ 1)(r+2) - cn+1)2n+1)
where a, b and ¢ are constants to be
found.

(6)

« Section 2.1

a Show that
F=-r+1
To+D =7

forr=0, -1.

|
r+1

1
b~

@



22
23

24

26

27

rP-r+
= or(r+ 1)
answer as a single fraction in its
simplest form.

b Find Y , expressing your

3

« Section 2.1

o 2r+3
Find 3 I+ 1)

(6))

« Section 2.1

Given that x is so small that terms in x*
and higher powers of x may be neglected,
show that

Ilsinx —6cosx+5=A4A+ Bx + Cx’

stating the values of the constants

A, Band C. (6)

« Sections 2.3, 2.4

Show that for x > 1,

In(x>-x+1)+In(x+1)-3Inx
_ 1 (Gl
v Sk v TR Sy P T (6)

« Sections 2.3, 2.4

Given that x is so small that terms in x*
and higher powers of x may be neglected,
find the values of the constants 4, B, C
and D for which

e2cosSx=A+ Bx + Cx* + Dx° (6)
« Sections 2.3, 2.4

a Find the first four terms of the

expansion, in ascending powers of x,
of

2x+3)", x| <3 3)
b Hence, or otherwise, find the first four
non-zero terms of the expansion, in
ascending powers of x, of

sin 2x

S I < 5)

« Sections 2.3, 2.4

a By using the Maclaurin series for cos x
and In(1 + x), find the series expansion
for In(cos x) in ascending powers of x
up to and including the term in x*. (6)

@29

@30

@31

® 32

(®) 34

Review exercise 1

b Hence, or otherwise, obtain the first
two non-zero terms in the series
expansion for In(sec x) in ascending
powers of x.

C))

« Sections 2.3, 2.4

Given that
f(x)=In(l + cos2x), 0<x< %
Show that:
a f'(x)=-2tanx )
b f‘rm(x) = _(fm(x) f:(x) o (fﬂ(x)z) (5)

¢ Find the Maclaurin series expansion
of f(x), in ascending powers of x, up
to and including the term in x*. 4)
« Sections 2.2, 2.3, 2.4

Evaluate f esinxdx

0

(C))

« Section 3.1

1 2
Evaluate f e dx 5)
LR 4 « Section 3.1
a Find f el 3)
x(x+3)
o
b Hence show that L — dx
converges and find its value. 3)

« Section 3.1

Show that f x*e™ dx converges and
1

find its exact value.

(6))

« Section 3.1

a Find f—l dx )
(5 -2x)
b Hence show that f m
diverges. 4)

« Section 3.1

Find the exact mean value of
f(x) = xcos2x over the interval [0, %] .

« Section 3.2
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Review exercise 1

9= a5
Show that the mean value of f(x) over
the interval [2, 5] is 3In g @)
b Use the answer to part a to find the
mean value over the interval [2, 5]
of f(x) + Ink where k is a positive
constant, giving your answer in the
form pln g, where p and ¢ are constants
and ¢ is in terms of k. 2)
¢ Section 3.2

fix) = 22(x*—1p

a Show that the mean value of f(x) over
the interval [1, 3] is 25> 3)

b Use the answer to part a to find the
mean value over the interval [1, 3] of
—2£(x). (0]

¢ Section 3.2
1
v3i—x
Find the exact mean value of f(x) on the
interval [1, 3]. 4)

« Section 3.2

flx) =

f(x) = Inkx, where k is a positive constant.
Given that the mean value of f(x) on the
interval [1, 5] is 3(9In 5 — 4), find the value
of k. 4)

« Section 3.2

(arcsin x)?,

2
dy)d B
dx) =
dy
P 2. (2

« Section 3.3

Given that y =

a prove that (1 — x°) 4)

N
b deduce that (1 — x*)— — x
dx*

a Given that y = arctan 3x, and assuming
the derivative of tan x, prove that

dy 3
dx ~ 1+9x2 ©)
b Show that

f 6xarctan3x = 3(47- 3V3) @)
« Sections 3.3, 3.4

@ 4

@«

43

f(x) = arcsin x

1
Ve

b Given that y = arcsin 2x, obtain é
as an algebraic fraction. 3)
¢ Using the substitution x = %sin 6, show
that

a Show that f'(x) =

x arcsin 2*c

U \h____ =56 - m/3). @)

« Sections 3.3, 3.4

Show that

fzf +1 dx = Aarctanx + Inx

AR +BlIn(x2+ 1) + ¢
where 4 and B are constants to be
found.

®)

¢ Section 3.5
3x2+ 5x
x?=3x?+5x-15
a Show that f(x) can be written in the form

A N B
x=3 x*+5

flx) =

where 4 and B are constants to be
found.

b Hence show that
[f(x)dx = Pln(x — 3) + Qarctan Rx + ¢
where P, Q and R are constants to be
found. 4)

« Section 3.5

@

Va

(0]

The figure shows the finite region R,
which is bounded by the curve y = xe*,
the line x = 1, the line x = 3 and the
X-axis.

The region R is rotated through 360°
about the x-axis.



@ 45

(®) 46

Use integration by parts to find the exact 47
volume of the solid generated. 8)

« Section 4.1

yis B i 2
)'-3sm2

0 2I,-‘J;l

1

The curve with equation y = 3 sin%,

0 =< x = 2, is shown in the figure. The
finite region enclosed by the curve and
the x-axis is shaded.

a Find, by integration, the area of the
shaded region. )

This region is rotated through 27 radians
about the x-axis.

b Find the volume of the solid
generated. (5)

« Section 4.1 48

ok ¥ =xysinx

0 T

w
The figure shows a graph of y = x/sinx,
O0<x<m.
The finite region enclosed by the curve
and the x-axis is shaded as shown in the
figure. A solid body S is generated by
rotating this region through 27 radians
about the x-axis. Find the exact volume
of S. (8)

« Section 4.1

Review exercise 1

The curve shown has equation x = -1

The finite region shaded is bounded by the
y-axis, the line y = 5 and the line y = a.
The region is rotated about the y-axis
through 360°.

Given that the volume of the solid

i 3
generated is T—E, find the value of .  (5)
« Section 4.2
Vi
\k
0 kS
X=ycosy

The curve shown has equation x = ycos y.
The finite region shaded is bounded

by the curve and the y-axis. The curve
intersects the positive y-axis at (0, k).

a Show that k = % )

The region is rotated through 27 radians

about the y-axis.

b Show that the volume of the solid
generated is an* + br*> where @ and b
are constants to be found. (6)

« Section 4.2
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Review exercise 1

=Y

The diagram shows the curve C with

parametric equations
x=lnt,y=-2,t>0

The finite region shown shaded is

bounded by the curve, the x-axis and the

lines x =In2 and x = b.

The region is rotated through 27 radians

about the x-axis.

Given that the volume of the solid

generated is 367 + 47 1n 2, find the value

of b. (6)

« Section 4.3

0 4 X

The shaded region above is formed by the
x-axis, the lines x =0 and x = 4 and the

curve C where the equation of Cis
5
V1 +4x

y:

A pottery vase is modelled by rotating
the shaded region through 360° about the
x-axis. Given that each unit on the axes
represents 2cm,

@ st

a show that the exact volume of the vase
can be written in the form amlnb where
a and b are integers to be found. 5)

b Suggest a reason why the volume of
the vase may actually be less than your
answer to part a. ()]

« Section 4.4

Va

=y

0

The diagram shows the curve with
equation
x=/y(3- %e'r)

a Show that the coordinates of the point
marked A where the curve crosses the
y-axis are (0, In6). 2)

The solid of revolution formed when

the shaded region is rotated through

360° about the y-axis is used to model a

prototype of a new type of orthopaedic

cushion. The prototype is 3D printed
using plastic filament.

Given that each unit on the axes is 1 cm,
b find, correct to 3 significant figures, the
volume of the prototype. (6)

¢ Suggest a reason why the amount of
filament used to print to model may
exceed your answer to part b.

)

« Section 4.4
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=
=

The diagram shows the curve C with
parametric equations

w

2

A jewellery pendant is made in the shape
of the solid of revolution formed when
the region marked R is rotated through
27 radians about the x-axis. Each unit on
the axes represents 0.5cm.

x=2sint,y=3sin2t,0 <t <

a Show that the volume of the pendant
can be found by evaluating the integral

O % .
3 J; sin®2¢ cos ¢t dt 4)

b Hence show that the exact volume of

the pendant is L cm’. (6)

3
Challenge

1 a Show thatif w=e¥, then

1" + " + (WA)" _ {1 if  is zero or a multiple of 3
3 1o otherwise

Let f(x) be a finite polynomial whose largest
power of x is a multiple of 3, so that

f(x) = ay + a,x + a,x* + ... + ay x*
wherea,€ R, ke N.
The sum S'is given by

ISi= LGN T +“3k=2“3,

« Section 4.4

b By considering a general term of f(x),

f(1) + f(w) + flw?

show that S = 3

¢ Hence, by considering the binomial
expansion of (1 + x)**, show that

(45) D227

r=0 3)" 3

« Section 1.6

Review exercise 1

2 The region bounded by the x-axis and the

graph of the function
X+3
fo =2
on the interval [2, «) is rotated through
360° about the x-axis.

Show that the volume of the described solid
is finite and find its value.
« Sections 3.1, 4.1

A continuous random variable, X, has
probability density function

e = i, xeR
1+ x?
where A4 is a constant.

a Given that fmf(x) dx = 1, show that
| i
=
T

The variance of a continuous probability
distribution which is defined over the real
numbers and is symmetrical about

x =0is given by

£ :xz f(x)dx

b Show that X has infinite variance.

The mean of a continuous probability
distribution which is defined over the

real numbers is given by £ “xf(y) .

¢ Show that

Lm[:l -fxz dxatfl’i‘U"q“fzal fxz dx

—a

and explain why the mean of X'is

undefined. « Section 3.1
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Polar coordinates

After completing this chapter you should be able to:

e Understand and use polar coordinates - pages 101-104
e (Convert between polar and Cartesian coordinates - pages 102-104
® Sketch curves with r given as a function of 6 - pages 104-109
® Find the area enclosed by a polar curve - pages 109-112

® Find tangents parallel to, or at right angles to, the initial line
- pages 113-116

Prior knowledge check

1 Find the exact value of

T
f sin?0 df « Pure Year 2, Chapter 11
0

Y =C0SX + sinxcosx
Find, in the interval 0 < x < 7, the values

of x for which d—J = (3}
dx

< Pure Year 2, Chapter 9

a On an Argand diagram, show the locus of
points given by values of z that satisfy

|z-3i|=3
b Find the area of the region defined by

g Polar coordinates describe positions in terms
the set of points, R, where

- of angles and distances. GPS navigation
R={z:|z-3i|<3}n {310 sargzs '2‘} systems use polar coordinates to triangulate
« Book 1, Chapter 2 the position of a ship or an aircraft.




Polar coordinates

@ Polar coordinates and equations

Polar coordinates are an alternative way of describing the position of a point P in two-dimensional
space. You need two measurements: firstly, the distance the point is from the pole (usually the origin O),
r, and secondly, the angle measured anticlockwise from the initial line (usually the positive x-axis), 6.

Polar coordinates are written as (r, ).
m When working in polar coordinates
r4 the axes might also be labelled like this:

_m
>

. P(x, ) or (r, 6)
r : J

! 0
o Initial line

"

(0]

The coordinates of P can be written in either Cartesian form as (x, y) or in polar form as (r, 6).

You can convert between Cartesian coordinates and polar coordinates using right-angled triangle
trigonometry.

From the diagram above you can see that:

™ ingosh =« m Always draw a sketch diagram

ESINgiEy to check in which quadrant the point lies, and
mp2=x%4)? always measure the polar angle from the positive

y X-axis.
0 = arctan (E)

Find polar coordinates of the points with the following Cartesian coordinates.
a (3,4) b (5,-12) c (=V3,-1)

Draw a sketch.

! §4
0 3 e
r=y32+42=5 Use Pythagoras’ theorem to find r.
6 = arctans = 0.927...
3 L

So the polar coordinates are (5, 0.927) Use trigonometry to find 6. Give your answer in

radians.
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r=452+(=12)2 =13

a= arctan% =1.176...

So @ =-1176
So the polar coordinates are (13, —1.176)

= \:."{_\__.-'3)2 i (_1}2 =2
= arctané = —g
n_7n

506:?1‘4——6—- 3

So the polar coordinates are (2._ Zﬁ)

=

Draw a sketch.

Use Pythagoras’ theorem to find r.

Use trigonometry to find 6, taking care to ensure
it is in the correct quadrant. You could also write
this point as (13, 5.107) since —1.176 + 27 = 5.107

The sketch shows that the point is in the 3rd
guadrant.

Use Pythagoras’ theorem to find r.

The point is in the third quadrant so use ¢ =%‘T
You could also use 6 = %T - 27 = _%’T

Convert the following polar coordinates into Cartesian form. The angles are measured in radians.

' 49 2
3(10°3) b(8’3)

W
-
1

rcostl = 1Oc<35—43‘—qT =-5

y=rsinfl = 1O5‘|r1ﬂ =-5/3

3
So the Cartesian coordinates are (=5, =5v3)
b x=rcosf = 8505% = -

y = rsinf = 8sin —23? =4y3

So the Cartesian coordinates are (=4, 4V3)

Polar equations of curves are usually given in the form r = f(#). For example,

r=2cosf
r=1+20
r=3

In this example r is constant.

You can convert between polar equations of curves and their Cartesian forms.
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Find Cartesian equations of the following curves.

ar=3 b r=2+cos2f

a

r=>5
Square both sides to get r? = 25

So a Cartesian equation is x% + y? = 25

Polar coordinates

¢ r2=sin24, 0<9£%

You need to replace r with an equation in x and y.
Use r2 = x% + 2. So the equation r = 5 represents
a circle with centre O and radius 5.

You need an equation in x and y, so use x = rcos#.

r=2+ cos2f —‘
r=1+(1+ cos28)
r=1+ 2cos?f J
Multiply by r?:

13 =12+ 2récos?f

(X2 + y2)7 = x2 + 32 + 2x2

This means first writing cos 26 in terms of cos 6.

Now use x = rcosf and r2 = x2 + 2.

m Polar coordinates often give rise to

Or (x2 + y2)z = 3x2 + )2

™

re=sin2, 0<60 < >
1 = 2sinflcosf
Multiply by r?:

r* =2 x rsinfl x rcosf

(x2 + y2)2 = 2xy

Find polar equations for the following:

a y?=4x b x2-y?=5

a y°=4x

complicated Cartesian equations, which cannot
be written easily in the form y = ...

Problem-solving

You need to use the substitutions x = rcos#é
and y = rsin@. Use sin20 = 2sinfcos@ and then
multiply by 2.

c yv’? =x+4

n Substitute x = rcosf and y = rsin .

résin?fl = 4rcoséf

rsin®fl = 4cosf
= ﬁEOTS—H = 4cotfcozech
sin®f

So a polar equation is r = 4 cotfcosect

XR-p=5

Divide by r and simplify.

Substitute x = rcosf and y = rsin.

r2cos?l - r2sin?f =5
r2(cos?fl — sin?f) = 5

rFcos20 =5

Use cos 26 = cos?6 — sin?f.

So a polar equation is r? = 5sec 26
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c W3=x+4

Substitute x = rcos# and y = rsin# and then try to

n3sinl =rcost + 4 o ; ) ]
simplify the trigonometric expression.

FW3sinf — cosf) = 4

1'(.%51."6‘ - é—cos;()) = :42-

rsin (H = %] =2 Use the sin(4 — B) formula.

)

So a polar equation is r = 2cosec (H -

Exercise @

1 Find polar coordinates of the points with the following Cartesian coordinates.
a (5,12) b (-5, 12) c (-5,-12)
d (2,-3) e (V3,-1)

(DIE!

2 Convert the following polar coordinates into Cartesian form.
a (6, 3) b (6, -1) N (6 3—”)

6 6 4
d (10%) e (2,m)
3 Find Cartesian equations for the following curves, where « is a positive constant.
ar=2 b r=3sect ¢ r=5cosect
d r=4atanfsect e r=2acosf f r=3asind
g r=4(1 - cos20) h r=2cos?0 i r»=1+tan?f
4 Find polar equations for the following curves.
a x2+)y’=16 b xy=4 e (x2+3y)=2xy
d x2+)?2-2x=0 e (x+y)9’=4 f x—y=3
g y=2x h y=-3x+a i y=x(x-a)

Challenge

Show that the distance, d, between the two points
(r1, 6,) and (r; 6;) in polar coordinates is

d=\[rt+r?—2rr,c05 (0, - 0,)

@ Sketching curves

You can sketch curves given in polar form by learning the shapes of some standard curves.
= r=ais a circle with centre O and radius a.

= 0 = « is a half-line through O and making an angle « with the initial line.

= = a0 is a spiral starting at O.
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Sketch the following curves.

3T
ar=5 h(}'_4

where « is a positive constant.

a H=§

5

Polar coordinates

c r=af

This is a standard curve: a circle with centre O

#=0

2 I’nitlal line

and radius 5.

b
This is another standard graph: a half-line. Notice
it is only ‘half’ of the line y = —x. The other half of
the line would have equation 6 = —% orf = %‘T
0. Initial line
c =7
i

#=0

Initial line

You can also sketch curves by drawing up a table
of values of r for particular values of 6.

It is common to choose only values of 6 that
give positive values of r.

This is another standard curve: a spiral. It crosses

the horizontal axis at —am, 0 and 2am and
: . am 3amw
the vertical axis at = and = The curve here

drawn for values of # in the range 0 = 0 = 2m.

m Some graph-drawing programs and

graphical calculators will sketch polar curves
for negative values of r so take care when using
these tools to help you.
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Sketch the following curves.

b r=asin30

a r=a(l +cosf)

a r=a(l + cosb)

0

SE]

F

b r=asin3f
Need to consider

gl

r=a(l + cosh)

¢ r=a*cos20

Problem-solving

When sketching polar curves it is useful to plot
points for key values of f. Make a table of values
for 6 at multiples of% to determine the points

at which the curve meets or intersects the
coordinate axes.

This curve is ‘heart’ shaped and is known as a

— =f0=mand

cardioid.

Since we only draw the curve when r = 0 you

4 = need to determine the values of @ required.

Choose values of @ which give exact values of r.
The values shown here define the first loop of

c 1° =d?cos20

You need values of # in the ranges

the curve. The values of r will be the same in the
other two loops.

Problem-solving

The curve given by r = asin 36 is typical of the
patterns that arise in polar curves for equations
of the form r = acosnf or r = asinnf. They will
have n loops symmetrically arranged around O.

Establish the values of # for which the curve exists.

SRS E

¥ =a’cos 20

OO

Draw up a table of values and sketch the curve.

@ Explore curves given in polar form O

using GeoGebra.



Polar coordinates

Curves with equations of the form r = a(p + gcos#) are defined for all values of 4 if p = ¢. An example
of this, when p = g, was the cardioid seen in Example 6a. These curves fall into two types, those that
are ‘egg’ shaped (i.e. a convex curve) and those with a ‘dimple’ (i.e. the curve is concave at @ = ).

The conditions for each type are given below:

‘egg’ shape when p = 2¢

dimple’ shape when ¢ = p < 2¢

m You can prove

these conditions by
considering the number
of tangents to the curve
that are perpendicular to
the initial line.

- Example 14

Sketch the following curves.
a r=a(5+ 2cosf)

a r=al5 + 2cosb)

W
=

0 @)

nol=
Ny

F Ja S5a 3a S5a

r=a(5 + 2cost)

=0
3a 7a Initial line
2d
b r=al3+ 2 co=sf)
Y 3T
6 O 2 I 2
r Sa 3a a 3a
=
fl = >
3a; r=a(3 + 2cosb)

\ #=0

A = i
a (): 24 nitial line

b r=a(3+ 2cosf)

Draw up a suitable table of values.

Since 5 > 2 x 2 there is no dimple".

Draw up a suitable table of values.

Since 3 < 2 x 2 there will be a dimple’ for 6 close
to .
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If the pole is taken as the origin, and
the initial line is taken as the positive real axis,

g then the point (r, #) will represent the complex
diagram. number re® « Section 1.1

You may also need to find a polar curve to
represent a locus of points on an Argand

a Show on an Argand diagram the locus of points given by the values of z satisfying
|z-3-4i|=5

b Show that this locus of points can be represented by the polar curve r = 6 cosf + 8sinf.
a Im a

5

This locus is a circle with centre 3 + 4i and radius 5.

b In Cartesian form, (x — 3) + (y — 4) = 25
(rcosf — 3)? + (rsinfl — 4)2 = 25 ————— Substitute for x and y in polar form.
r2cos?f — Greosf + 9 + résin?f
— Brsinfl + 16 = 25
r?(cos?f@ + sin?f) — Grecosf — &rsinf =0
r? = Greosf + &rsinf
r=Gcosl + &sinf

Exercise

;

1 Sketch the following curves.

S T
ar=6 b 0= 4 c 0= 7
d r=2secl e r=23cosect f r=2scc(9—%)
g r=asinf h r=a(l - cosf) i r=acos3f
i r=a(2+cost) k r=a(6 + cosf) 1 r=a(4 + 3cosh)
m 7 = a(2 + sinf) n r=a(6+sind) o r=a(4+3sind)
p r=20 q r2=a*sinf r r2=a?sin26
® 2 Sketch the graph with polar equation
™
r=ksec (Z - ())
where k is a positive constant, giving the coordinates of any points of intersection with the
coordinate axes in terms of k. (4 marks)
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® 3 a Show on an Argand diagram the locus of points given by the values of z satisfying

|z-12-5i|=13 (2 marks)
b Show that this locus of points can be represented by the polar curve
r=24cosf + 10sind (4 marks)
® 4 a Show on an Argand diagram the locus of points given by the values of z satisfying
|z4+4+43i|=5 (2 marks)
b Show that this locus of points can be represented by the polar curve
r=-8cosfl — 6sinf (4 marks)

@ Area enclosed by a polar curve

You can find areas enclosed by a polar curve using
integration.

T
2

= The area of a sector bounded by a polar curve
and the half-lines 8 = o and 0 = 3, where @ is
in radians, is given by the formula

153
Area:EL rzdé

Example o =1 ¢ >
0 I Initial line

Find the area enclosed by the cardioid with equation r = a(1 + cosf).

Problem-solving

Start by sketching the curve. You can simplify
r=a(l + cosb) your calculation by using the fact that the curve
is symmetric about the initial line. Hence you can
integrate from 0 to = and then double your answer.

Area

=

EREANE]

=0

Initial line

Use the formula for area. Remember to square

- the expression for r.
The curve is symmetric about the initial line

and so finding the area above this line and . . .
) You can use trigonometric identities for cos 26 to

integrate terms in cos?@ or sin?@:
1+ cos26
2

doubling it gives:

Area=2 x g— _[_‘:(1 + cos)?df

cos?f = < Pure Year 2, Chapter 11

= (.'ZI ;{1 + 2cost + cos?d)db
0

= (,«EL 2+ 2cos0 + 5 cos20)df m Unlike Cartesian integration, areas

= a2 LH + 256 + Lsin 26‘] ) in the third and fourth quadrants do not produce
(13 . B negative integrals. You could obtain the same

=a?((zm+ 0 +0) - O result by integrating between 0 and 27

_3a’r A (1 24 = 34’

= 2_]; a?(1 + cosf)2df = >
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Find the area of one loop of the curve with polar equation r = asin4f.

Find the values of @ which will give the beginning
’7 and end of a loop by solving r = 0.

r = asin46 will have one loop for

Gegel

4
. R PRy Use the area formula.
Area =7 | ‘rédf = -—I “sin® 40 df — 1
0 20
2 - . - - . .
o E.'_J‘ (1 - cos80)df Use the trlgonolmetnmdentlty for cos 26. In this
40 in249 = L= Cos80
; L case, sin“4fl = >
_a [9 _ sin 8_91
4 & Iy
T Remember sin 27 = 0.
S|

_atm @ Explore the area enclosed by a o

loop of the polar curve with the form
r=a sin @ using GeoGebra.

m r = sinnf) has n loops and so a simple way of finding the area of one loop would appear to be
= 2
to find %foz";@dﬁ and divide by n. This would give %“

The reason why this is not the correct answer is because when you take 2 in the integral you are also
including the n loops given by r < 0. You need to choose your limits carefully so that » = 0 for all values
within the range of the integral.

a On the same diagram, sketch the curves with equations r = 2 + cos# and r = 5cos#.
b Find the polar coordinates of the points of intersection of these two curves.

¢ Find the exact area of the region which lies within both curves.

A table of values would consider
T 3T
0=0— 7w, —

% 2

% 0=

T
e

r=2 +cosf

0=0 L This is the region required in

________ » part c.
Initial line

Form a suitable equation to find

b The points of intersection are given by 2 + cost = 5cost

the points of intersection.
So 4cosfl=2
0= i—g—
So the polar coordinates are (3) ii‘) L Solve for # and then substitute in
3/ r =5c0s6 to find the value of r.
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Remember that the area

formula gives areas of sectors.
So you need the sector formed
by the purple curve and the
0 sector formed by the blue

Initial line curve. Again you can use
symmetry about the initial line.

Area = 2 x —‘2— _[;:(2 + cosf)?dl + 2 x %f(b cos 0)? dfl

= J:"'"(4 + 4cosl + cos2l)di + _[_IEI'25 cos? fdb

b = Square and use the
trigonometric identity for
cos 26.

= f[: +4cosf + ﬂj—zﬁﬁ']dﬁ + [F22(1 + cos 26)df

L

sin 26]° 2.5[ sin 20
0+ >

E [39 + 4sinf + o |t

o]

el o (2T (o5 20 on
—(_ > +2V3 + 3 (O}+( . +O) oamae c p Usetheexactvalueofsm?
= ﬂéj =45

1 Find the area of the finite region bounded by the curve with the given polar equation and the
half-lines # = o and 0 = (3.

g=X - - I (= W L8 _ e g
a r_acosﬁ,m«._{),_d_z b r=a(l +sinfl), a = 2,_d > ¢ r=asin30, o 6,;.3 4
d r?=d*cos20, a =0, ,z’fz% e r’=d*tanf, a =0, _ﬁz% f r=2a0,a0=0,0=7
g r=a(3+2cosl),a=0,[ =
2 Show that the area enclosed by the curve with polar equation r = a(p + gcosf) is me?.
3 Find the area of a single loop of the curve with equation r = a cos 36.
® 4 A curve has equation r = @ + 5sinf), a > 5. The area enclosed by the curve is 182?71.
Find the value of a. (5 marks)
5 The diagram shows the curves with equations r = asin46 b=7%
and r=asin2l‘)for0$9£% :
The finite region R is contained within both curves. r=asin2f
Find the area of R, giving your answer in terms of a.
(8 marks) r=asin4f
0! Tuiitizl Tine
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6 The diagram shows the curves with equations r = 1 + sinf g
and r = 3sinf.

e

The finite region R is contained within both curves.
Find the area of R. (8 marks)

r=3sinf

r=1+sin#

-

0 Initial line

7 The set of points, A, is defined by
A= {z:—-}%argzéﬂ}ﬂ Z:z-4+3i| <5
a Sketch on an Argand diagram the set of points, A. (4 marks)

Given that the locus of points given by the values of z satisfying |z — 4 + 3i| = 5 can be
expressed in polar form using the equation r = 8 cos # — 6 sin 0,

b find, correct to three significant figures, the area of the region defined by 4. (8 marks)

8 The set of points, A, is defined by
A= {;:g <argz < ﬁ} N fz:|z + 12 = 5i| < 13}
a Sketch on an Argand diagram the set of points, A. (4 marks)
b Find, correct to three significant figures, the area of the region defined by 4. (8 marks)

9 The diagram shows the curve C with polar equation
;r=1+(:0539,0S(}£E B

+v2

2 :

Point A lies on C and point B lies on the initial line. : c A

Find, correct to three significant figures, the finite area m -

bounded by the curve, the line segment 4B and the 0 B Initial line
initial line, shown shaded in the diagram. (9 marks) '

At points 4 and B, the value of r is

10 The diagram shows the curves r = 1 + sinf and g :5
r=3sinf. !

Find the shaded area, giving your answer correct to
two decimal places. (8 marks)

0 Initial line

Challenge

The cross-section of a shell is modelled using the

curve with polar equation r = k6, 0 < 6 < 4w, where k
is a positive constant. The horizontal diameter of the |
shell, as shown in the diagram, is 3 cm. =5

a Find the exact value of k. iRl

b Hence find the total shaded area of the cross-
section.
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m Tangents to polar curves

If you are given a curve r = f(6) in polar form, you can write it as a parametric curve in Cartesian form,
using 0 as the parameter:

X =rcosl =f(0)cosb
y=rsinf@="f(@)sinb

By differentiating parametrically, you can find the gradient of the curve at any point:

dy When % =0, a tangent to the curve will be horizontal.
d_do
dx E dx

do When @ =0, a tangent to the curve will be vertical.

You need to be able to find tangents to a polar curve that are parallel or perpendicular to the initial
line.

d
= To find a tangent parallel to the initial line set EI% =0.

= To find a tangent perpendicular to the initial line set -:% =0.

Find the coordinates of the points on r = a(1 + cos /) where the tangents are parallel to the initial
line # = 0.

y=rsinfl = a(sinfl + sinflcos ) dy
dy : 5 Find an expression for y and then solve — = 0.
=0 =da(cost + cos?fl — sin® ) df
y

So O = 2cos?f + cosfl — 1 =
O =(2cos6 — 1)(cosf + 1)

cosf = é a e Solve the equations to find ¢ and then substitute
3 3 back to find r.
R oo {1y o
50 r=a(l +3) =

cosfl=-1 = (= m, andsor=0 _| Problem_solving (E, _‘IF)

So the.t;ﬂ@e,nt.ﬁ parallel to the initial line You can see these
are at (——@._ i’—‘) and (O, ). tangents on a
2 =
sketch of

v=a(l+ cosf)
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Find the equations and the points of contact of the tangents to the curve r = asin26,0 < <
that are:

a parallel to the initial line

el
2

b perpendicular to the initial line.

Give answers to three significant figures where appropriate.

a y=rsinfl = asinfsin20
dy
— = alcosfsin20 + 2 cos 260 sinb)
(
= 2asinf(co=?f + cos?f — sin?f)
dy —
—=0=s3n=0=0=0
dfl
or 2cos?f = sin?f = tanfl = £/2

= & =02955
So #=0o0r0955

and r=0orr —2({XL2—X—1—
V3 V3
2aV2 =
So the points are (0O, O) and —3— 0. 953)

The equation of the initial line is # = O and
that is the tangent through (O, O).
The equation of the tangent through

2aV?

_—5—0955J

is ‘_%1\-_’;2_)(‘___"“ _2ay2 V2 _ 4a
- T 8 /3 3/3

So the equation of the tangent is

4a
r=——=coseccl
W

b x=rcosfl = acosfsin2f
o = —asinflsin 260 + 2acosflcos 20
e

= 2acosf (—sin?h + cos2f — sin?h)
dx

—d—g—OZ}'COSH O=>t9—§

So the y-axis is a tangent.

Or cos?f - 2sin’8 =0 = tanf = i—___%
v
S0 #=0.615
and r —2ax;—x—1——%—\'ﬁ
V3 W3 3

The tangent is at —2%—2— 0.615 J

2{.*\ = 2ai2 V2 _ 4a

— X OB = —— X — = ——
3 3 V3 3 JE]

So the equation of the tangent is:
pE= —L@—f—&,cﬁ

3V3
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Form an expression for y and differentiate using
the product rule.

Use sin26 = 2sinf cos f and then take out the
common factor. Then use cos 26 = cos?f — sin2f

Choose values of @ within the range given in the
question.

If tana = v2 then drawing a triangle shows that

2
sino=""andosa=——

V3 V3
Use sin24 = 2sin A cos A to find r.

Use y = rsinf to find the equation of the tangent
and write it in polar form using r = ycosecé.

Form an expression for x and differentiate using
the product rule.

Use sin 26 = 2sinflcosf and then take out the
common factor. Then use a formula for cos 26.

1l ; ;
If & = — then drawing a triangle shows that
2 G

cosa = % and sina = i_
V3 V3

Use sin24 = 2sin A cos A to find r.

Use x = rcos@ to find the equation of the tangent
in the form r = xsecé.



Polar coordinates

The curve C has equation r = (p + gcosf), where p and ¢ are positive constants and p > g.
Prove that the curve is convex for p = 2¢, and has a dimple for p < 2g4.

8=7%

=0

2a l’nitial line

X =rcost = pcost + gcos?H
dx

= 0 = —sinfl(p + 2qcost)

This has =solutions

sinf=0whenfl=0ormw —‘

Problem-solving

If the curve is not convex then there will be
more than two tangents to the curve that are
perpendicular to the initial line.

Find an expression for x and differentiate.
el O = 0 =-psinf — 2gcosflsinf

p
and cosl = —— J
2q

If p < 2¢ then there will be two solutions
to this equation in the second and third
quadrants (the green tangents). In this case
the curve is not convex and has a dimple.

If p = 2q then the solution is § = 7 and so
there are only two tangents (the blue ones).
In this case the curve is convex.

If p = 2¢ then there is no solution to this
equation and only the two blue tangents are
possible. In this case the curve is convex.
Hence the curve is convex for p = 2¢, and

has a dimple for p < 24¢.

Solve the equation and consider all possible cases.

The two tangents at the two points represented
by these solutions have the same equation.

1 Find the points on the cardioid r = a(1 + cos ) where the tangents are perpendicular to the

initial line.

2 Find the points on the spiral r = ¢*?, 0 = # =< 7, where the tangents are

a perpendicular to the initial line

b parallel to the initial line.

Give your answers to three significant figures.
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&
4 2
the initial line, giving your answers to three significant figures where appropriate.

where the tangents are parallel to

3 a Find the points on the curve r = acos 20, —% =f=

b Find the equations of these tangents.

® 4 Find the points on the curve with equation r = a(7 + 2 cos f) where the tangents are parallel to
the initial line. (6 marks)

® 5 Find the equations of the tangents to r = 2 + cos# that are perpendicular to the initial
line. (6 marks)

® 6 Find the point on the curve with equation r = a(1 + tanf), 0 = f < X where the tangent is
perpendicular to the initial line. (6 marks)

(E/P) 7 The curve C has polar equation

r=1+3cosf, 029&%

The tangent to C at a point 4 on the curve is parallel to the initial line.
Point O is the pole.
Find the exact length of the line OA. (7 marks)

]

8 The diagram shows a cardioid with polar equation 0
r=2(1 +cosl)

The shaded area is enclosed by the curve and the
vertical line segment which is tangent to the curve
and perpendicular to the initial line.

r=2(1+ cosfl)

Find the shaded area, correct to three significant
figures. (8 marks)

>

Initial line
® 1 Determine the area enclosed by the curve with equation
r=a(l +3sinf), a>0, 0<6<2nr,
giving your answer in terms of @ and 7. (6 marks)
2 a Sketch the curve with equation r = a(1 + cos#) for 0 = 6 = 7, where a > 0. (2 marks)
b Sketch also the line with equation r = 2asecf for ~Z <9 <Z on the same diagram. (2 marks)

2 2

X meets the curve at 4 and the line with equation

2‘:
r=2asect at B. If O is the pole, find the value of cosa for which OB = 20A. (5 marks)

¢ The half-line with equation f = o, 0 < @ <

3 Sketch, in the same diagram, the curves with equations r = 3cosf and r = 1 + cosf and find
the area of the region lying inside both curves. (9 marks)

116



® 4

O,

F=)

@ 1

@n

Polar coordinates

Find the polar coordinates of the points on 1> = ¢?sin 260 where the tangent is perpendicular
to the initial line. (7 marks)

a Shade the region R for which the polar coordinates r, 6 satisfy

r=4cos2f for —% =0= 4 (2 marks)

b Find the area of R. (5 marks)

Sketch the curve with polar equation r = a(1 — cos#), where a > 0, stating the polar
coordinates of the point on the curve at which r has its maximum value. (5 marks)

a On the same diagram, sketch the curve C; with polar equation

s m
= 2¢0¢ ——<f0=-
I cos 20, A 0 A i
and the curve C, with polar equation 6 = 1_l2 (3 marks)
b Find the area of the smaller region bounded by C, and C.. (6 marks)

a Sketch on the same diagram the circle with polar equation r = 4cos# and the line with

polar equation r = 2 secf. (4 marks)
b State polar coordinates for their points of intersection. (4 marks)
The diagram shows a sketch of the curves with g=T

polar equations
r=a(l + cosf)and r = 3acosl,a = 0

a Find the polar coordinates of the point of
intersection P of the two curves. (4 marks)

Initial line

b Find the area, shaded in the figure, bounded
by the two curves and by the initial line # = 0,
giving your answer in terms of « and 7.
(7 marks)

Obtain a Cartesian equation for the curve with polar equation
a r2=sec20 (4 marks)

b r?=cosec 20 (4 marks)

a Show on an Argand diagram the locus of points given by the values of z satisfying
lz-1-i|=V2 (2 marks)
b Show that this locus of points can be represented by the polar curve
r=2cosf +2sinf (4 marks)
The set of points, A, is defined by
A= {z:%é argz = %} N {::|z -1-i]= v"f}
¢ Show, by sketching on your Argand diagram, the set of points, 4. (2 marks)

d Find, correct to three significant figures, the area of the region defined by A. (5 marks)

117




Chapter 5

® 12 The diagram shows the curve C with polar equation 9=

r=4cos20, US(J;E-Z—

At point A4 the value of r is 2. Point A lies on C and
point B lies on the initial line vertically below A.

Find, correct to three significant figures, the area of the m

finite region bounded by the curve, the line segment O - >

P . B Initial line
AB and the initial line, shown shaded in the
diagram. (9 marks)
13 The diagram shows the curve with polar equation = %

r = 4sin20. osas%

The shaded region is bounded by the curve, the initial

: AN : r=4sin2f
line and the tangent to the curve which is perpendicular
to the initial line.
Find, correct to two decimal places, the area of the
shaded region. (8 marks) N,
= Initial line

Challenge

The curve C has polar equation r = y26.
Show that an equation for the tangent to the curve at the point where

=%is 2(m — &)y + 2(m + &) x = 72

Summary of key points

1 Fora point P with polar coordinates (r, §) and Cartesian coordinates (x, y),
» rcosf=xandrsinf=y

o
o 2B 2 0= =
pE=iacs ok e 9_arctan(x
Care must be taken to ensure that @ is in the correct quadrant.
2 + r=aisacircle with centre O and radius a.

* 0 =qisa half-line through O and making an angle a with the initial line.
* r=afis aspiral starting at O.

3 The area of a sector bounded by a polar curve and the half-lines # = a and 6 = 3, where @ is in
radians, is given by the formula

18
I\rea:ij‘;E r2do

dv

4 « To find a tangent parallel to the initial line set d_i) =0

» To find a tangent perpendicular to the initial line set %3 =1,
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Hyperbolic functions

After completing this chapter you should be able to:
e Understand the definitions of hyperbolic functions

- pages 120-123
® Sketch the graphs of hyperbolic functions - pages 121-123
® Understand and use the inverse hyperbolic functions

-» pages 123-125

® Prove identities and solve equations using hyperbolic
functions - pages 125-129

e Differentiate and integrate hyperbolic functions
= pages 130-142

4

—

|

Prior knowledge check

N |

= des e
Solve the equation f(x) = 2.
« Pure Year 1, Chapter 14

Hyperbolic curves feature often in SHowthat

architectural modelling. A hanging chain cosl.zx —tan®x=1  « Pure Year 2, Chapter 6
might look like a parabola but it is actually a -

curve called a catenary which has equation Show thatf exsin xdx = %(1 +em.
y=acosh (%) = Mixed exercise Q23 ‘ ¢ Pure Year 2, Chapter 11
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@ Introduction to hyperbolic functions

Hyperbolic functions have several properties in common with trigonometric functions, but they are
defined in terms of exponential functions.

= Hyperbolic sine (or sinh) is defined as sinh x = e e

= Hyperbolic cosine (or cosh) is defined as cosh x = Ex—;e—_x
i : _ sinhx

= Hyperbolic tangent (or tanh) is defined as tanh x = e

You can use the definitions of sinh x and cosh x to write tanh x in exponential form.

sinhx _e¥—e™ 2 g¥—p
tanh x = = X — - = — .
cosh x 2 er+e™  e'+e

Multiplying the numerator and denominator of the final expression through by e* gives:

e*-1
ezr+1

s tanhx =

There are also hyperbolic functions corresponding to the reciprocal trigonometric functions:
1 2

cosechx = A = e LY You won't need to use these
i functions in your exam, but they
sechx =+ = _ 2 _ are useful to know, and if you are
cosh.x erhe confident with them you can use
cwothx = 1 . e¥+l them to simplify your working.

~ tanhx ~ e -1

Find, to 2 decimal places, the values of:

a sinh 3 b coshl ¢ tanh0.8
; e?—e3
a sinh3 = T =10.02 (2 d.p)
1 -1
b coshl=E Ee =154 (2 dp)
T o (B <l B L PRI
YT e i

Example o

Find the exact value of tanh (In4).

24 _q elnd® _ 1 _ee _ 1

tanh (In4) = :

2In4 4 1 s 6'”42 +1 - elné 4 1
_l-1_15 Ink —
T Use elnk = k.
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Hyperbolic functions

Use the definition of sinh x to find, to 2 decimal places, the value of x for which sinh x = 5.

(il = =5 = e — ™ =10
2 — Multiply both sides by e*.

e?* — 1 = 10e*

e®* - 10e*-1=0 | The substitution u = e* turns this into the

at=5 £FE quadratic equation «? - 10u—1=0.

=>e*=5+V26 L

So x = In(5 + V26) = 2.31 (2 d.p) e* cannot be negative.
You can sketch the graphs of the hyperbolic functions by YA e
considering the graphs of y=e¥and y = e™. "

. eX_eg=x e¥4 (—e™) y=sinhx
sinhx = =
2 2
so the graph of y = sinh x is the ‘average’ of the graphs of e
y=e*and y = -
y r=5j 9

For the graph of y = sinh x, T y=shha
+ when x is large and positive, e~* is small, so sinh x ~ %e"
+ when x is large and negative, e* is small, so sinh x ~ —%e—-‘f
= For any value g, sinh (-a) = —sinha ~ >

m f(x) =sinh xis an

odd function since f(—x) = — f(x).

Consider the graphs of y =e*and y = e™.
e¥+ e
coshx =————

so the graph of y = cosh x is the ‘average’ of the graphs of
y=e*andy=e™.

For the graph of y = cosh x,
« when x is large and positive, e=* is small, so cosh x =~ %e-"
+ when x is large and negative, e* is small, so cosh x ~ %e—-"

= For any value a4, cosh (-a) = cosha

f(x) = cosh x is an even

function because f(—=x) = f(x).

Q
=Y
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Sketch the graph of y = tanh x.

sinh x
tanhx = =" m Explore graphs of hyberbolic O

When x = O, tanhx = % S functions using GeoGebra.

When x is large and positive, sinhx = 5e* and |
coshx =~ %e-", so tanhx &= 1.

Consider the graphs of y = sinh.x and y = coshx
to work out the behaviour of y = tanh x as x — oo

and x — —oc.

When x is large and negative, sinhx ~ -—ée‘-"

and cosh x =~ ée‘-", so tanhx ~ =1

As X — oo, tanhx — 1 and as x — —cc,

tanh x — -1

For f(x) = tanhx, x € R, the range of fis
-1 < f(x) <1

y=-1and y =1 are asymptotes to the curve.

e =
________________________ 1| [
y=tanhx
. You should always include any asymptotes on a
g X sketch graph.
_______________________ B
1 Find, correct to 2 decimal places:
a sinh4 b cosh% ¢ tanh(-2)
2 Write, in terms of e:
a sinh | b cosh4 ¢ tanh0.5
3 Find the exact values of:
a sinh(In2) b cosh (In3) ¢ tanh(In2)

In questions 4 to 6, use the definitions of the hyperbolic functions (in terms of exponentials) to find
each answer, then check your answers using an inverse hyperbolic function on your calculator.

4 Find, to 2 decimal places, the values of x for which cosh x = 2.
5 Find, to 2 decimal places, the values of x for which sinh x = 1.
6 Find, to 2 decimal places, the values of x for which tanh x = —%
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Hyperbolic functions

7 On the same diagram, sketch the graphs of y = cosh 2x and y = 2 cosh x.

8 Find the range of each hyperbolic function.
a f(x)=sinhx,xeR
b f(x)=coshx, x € R
¢ f(x)=tanhx, xR

® 9 a Sketch the graph of y = 3tanh x + 2.

b Write down the equations of the asymptotes to this curve.

Challenge JEESTTaTo graphs of:

a y=sechx b y=cosechx ¢ y=cothx

@ Inverse hyperbolic functions

You can define and use the inverses of the hyperbolic functions.
If f(x) = sinh x, the inverse function f-1is called arsinh x.

The graph of y = arsinh x is the reflection of the graph of y = sinh x
in the line y = x.

The inverse of a function is defined only if the function is one-to-
one, so for cosh x the domain must be restricted in order to define
an inverse.

For f(x) = coshx, x =0, f-}(x) =arcoshx, x = 1

= The following table shows the inverse hyperbolic functions,
with domains restricted where necessary.

Hyperbolic function

Inverse hyperbolic function

y =sinhx

y =arsinhx

y=coshx,x=0

y=arcoshx, x=1

y=tanhx

y=artanhyx, |x| <1

(3 marks)
(2 marks)

s

L~y =arsinhx

] X

y=coshx, x=10
-

#

’
V=X

7 =arcosh x

X

arsinh, arcosh and

artanh are sometimes written as
sinh~!, cosh~! and tanh-L.
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You can express the inverse hyperbolic functions in terms of natural logarithms.

Show that arsinh x = In (x + Vx2 + 1),

Let y = arsinh x

Use the definition of sinh.

X =sinhy
ef —e?
X =
&
e’ —-e¥=2x

ez — 1= 2xe

e? —2xe’—-1=0
(@ -—xP-x*-1=0

e’ =x+Vx2 +1

e = x - Vx? + 1 can be ignored since vx2 + 1 > x,

and would give a negative value of e, which is not
possible.

So
y= |r1(,\‘ +Vx2 + T}

e’ =x+ vx? + 1

= arsinhx = In(x + Vx2 + 1)

Show that arcosh x = In (x +Vx2-1),x=1.

Let y = arcoshx

Xx =coshy
_&+e?
X =

2
e'+e?=2x

e + 1= 2xe¥

Multiply by e’.

Problem-solving

e2 —2xe’ —1=0is a quadraticin e”.
You can write it as (e”)? — 2xe’ — 1 =0 and
then complete the square.

Use the definition of cosh.
— Multiply by er.

Form and solve a quadratic in e’.

ez —2xe’+1=0

|

Note that both x + vx?—=1 and x —vx2-1

e-xF-x2+1=0
Soe¥=x+ Vx? -1

y =Inlx £ vxZ - 1)

are

positive.

arcosh x is always non-negative. For all values of

x>1x-vx2-1 <1 sothe value of

= arcoshx = In(x + Vx2 - 1)

In(x — Vx2 - 1) is negative.

You can use a similar method to express artanh x in terms of natural logarithms.

The following formulae are provided in the formula booklet and can be used directly unless you are

asked to prove them.
= arsinhx=In(x+/x2+1)

1+x
l—x)' ¥ <1

= artanhx= %in(
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Express as natural logarithms:

a arsinhl b arcosh?2 c artanh%

a arsinhl =In(1+v12+ 1) =In(1 + v2)

b arcosh2 =In(2 + V22 = 1) = In(2 + V3)

1+ y
c artanh%:%ln( :):%ln2=1n\f§ —— Usealnx=Inx

e
Exercise @

3
1 Sketch the graph of y = artanh x, |x| < 1.

w|—=

® 2 Sketch the graph of y = (arsinh x).

Hyperbolic functions

3 Prove that artanh x = %ln (l i x)? [x| < 1. (5 marks)

l-x
4 Express as natural logarithms:

a arsinh?2 b arcosh3 c artanh%

5 Express as natural logarithms:

a arsinh 2 b arcosh3 ¢ artanh0.1
6 Express as natural logarithms:
a arsinh (-3) b arcosh% ¢ artanh %
7 Given that artanh x + artanh y = In /3, prove that y = 23__21.

m Identities and equations

You can find and use identities for the hyperbolic functions that are similar to the trigonometric
identities.

S ET G o
Prove that cosh? A —sinh? 4 =1

A -4\2 A _ o—A\2
o5h3A—5'|r1h2AE(8 S ) __(e = )

LHS =¢ 5 5 Use the definitions of cosh and sinh.
:(82A+24"8_2'4)_(62‘4"2'{'6_2‘4) p
= 4 # L etxe1=521,
4 el
= p} =1 =RHS

(6 marks)
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Prove that sinh (4 + B) = sinh A cosh B + cosh A4 sinh B

RHS = sinh A cosh B + cosh A sinh B

e o

(S:HB + eA-B _ o—A+B _ e—A—B) ~ (S:HB,, eAd-B 4 =-A+B _ S—A—B)

4 4

26A+B bt 28—,4—3 6.4+B o 8—(A+B,‘|

4 == 2

= sinh(4 + B) = LHS

You can prove other sinh and cosh addition formulae similarly, giving:
= sinh (4 + B) = sinh A cosh B &+ cosh 4 sinh B
s cosh (4 &+ B) = cosh A cosh B & sinh 4 sinh B

Prove that cosh24 = 1 + 2sinh? 4

RHS =1+ 2sinh? 4

6"‘ . S—A' SA = e—A' i .
=1+ 2( 5 )( > ) Use the definition of sinh.

e2d _ 2 4 e—ZA)

24 4 8-2_4)
2

z1+2( E1-1+(

= cosh2A4 = LHS
Given a trigonometric identity, it is generally possible to write down the corresponding hyperbolic
identity using what is known as Osborn’s rule:
+ Replace cos by cosh: cos 4 — cosh 4
+ Replace sin by sinh:  sin 4 — sinh 4
However ...

+ replace any product (or implied product) of two sin terms by minus the product of two sinh terms:

e.g. sin Asin B — -sinh 4 sinh B
This is the implied product of two sin terms because

tan?4 — —tanh? 4 sin 4
tan?4 =

cos? A
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Hyperbolic functions

Write down the hyperbolic identity corresponding to:

tanA4 —tan B

a cos2A =2cos2A -1 b tan(A—B)Em

a cosh2A4A =2cosh2Ad -1

Implied product of two sin terms because
tanh 4 — tanh B

B S S e nATon e s
cos A cos B
Example @
Given that sinh x = %, find the exact value of:
a coshx b tanhx ¢ sinh2x
a Using cosh?x — sinh?x =1,
cosh2x — % = 1= cosh?x = 22
= coshx = Z) coshx=1,so0coshx = —% is not possible.
. _ sinhx
b Using tanhx = =
S o 3

tanhx=%3+7=%

¢ Using sinh 2x = 2sinhx coshx,

; e EC - <
silh2x =2 x x5 =3

You can solve equations involving hyperbolic functions.

Solve 6sinh x — 2 cosh x = 7 for real values of x.

TR R There is no hyperbolic identity that will easily
6(6 p— ) = 2(6 + e ) =7 transform the equation into an equation in just one

2 2
Bar _ Bar—pt— mE =T hyperbolic function, so use the basic definitions.

2er=7 —4e ¥ =0
2e - T7e*-4=0
(2e*+ e -4 =0

et = ,_%, e¥ =
et =4 There are no real values of x for which e¥ = —%
x=1In4
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Solve 2 cosh? x — 5sinh x = 5, giving your answers as natural logarithms.

Using cosh?x — sinh?x = 1,

2(1 + sink?x) — 5sinhx =5

2sinh?x = 5sinhx -3 =0

(2 sinhx + 1)(sinhx = 3) =0

So sinhx = __% or sinhx =3
Then,

x
X = arsinh —E) or x = arsinh 3
| ( Ll
= X =In ~2 +'1||.4
= x = In(—vl+ \;g) orx =1In(3 ++10)
= 2 e '

+1)orx=|n(3+\f9+1j=

Use this identity to transform the equation into
an equation in just one hyperbolic function.

Use arsinh x = In(x + Vx2 + 1).

Solve cosh 2x — 5cosh x + 4 = 0, giving your answers as natural logarithms where appropriate.

Using cosh 2x = 2 cosh®x - 1,

2cosh®?x—-1-5coshx+4 =0
2cosh?x —5coshx+3=0
(2 coshx — 3)(coshx — 1) =0

S0 coshx = % or coshx =1

3 ,n' B
=>,\=|n(§:i:\|.'zr*1)or,\—0
=>/\‘=|n(%:}:£22) orx=0

Exercise @

Use this identity to transform the equation into
an equation in just one hyperbolic function.

You can use arcosh x = In(x + vVx2 - 1), but

remember that both In(x + Vx? — 1) and

In(x — vVxZ = 1) are possible.

For any value of k greater than 1, cosh x = & will
give two values of x, one positive and one negative.

1 Prove the following identities, using the definitions of sinh x and cosh x.

a sinh24 = 2sinh 4 cosh 4

¢ cosh34 =4cosh®*A4 -3cosh 4

b cosh(A - B) = cosh 4 cosh B - sinh 4 sinh B
d sinh 4 — sinh B = 2sinh (%) cosh(

A;B)

2 Use Osborn’s rule to write down the hyperbolic identities corresponding to the following

trigonometric identities.

a sin(4-B)=sinA4cosB-cosAsinB
A+ B

c cosA+cosBchos( p)

e cos2A4 =cos* A -sin* A4
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Hyperbolic functions

3 Given that cosh x = 2, find the exact values of:

a sinhx b tanhx ¢ cosh2x

4 Given that sinh x = -1, find the exact values of:

a coshx b sinh2x ¢ tanh2x

5 Solve the following equations, giving your answers as natural logarithms.
a 3sinhx+4coshx=4 b 7sinhx—-5coshx =1 ¢ 30coshx=15+26sinhx
d 13sinhx-7coshx+1=0 e cosh2x —5sinhx =13 f 3sinh?x-13coshx+7=0

g sinh2x - 7sinhx =0 h 4coshx + 13e~ =11 i 2tanhx =coshx

® 6 a Starting from the definitions of sinh x and cosh x in terms of exponentials, prove that

cosh2x =2cosh?x -1 (3 marks)

b Solve the equation
cosh2x — 3 coshx =38

giving your answers as exact logarithms. (5 marks)

® 7 Solve the equation
2sinh?x — 5coshx =5

giving your answer in terms of natural logarithms in simplest form. (6 marks)

® 8 Joshua is asked to prove the following identity:

1 + tanh?x

| —tanhZ =2cosh?x -1

His answer is below.

Z2x 2
1 J—r t:::e;\( S ief,c;chxgx (using sech 2x = 1 + tanh2x: same identity as the trig one)
2
= 56‘57“ -1 (splitting the fraction up and cancelling)
= 5ec2h 2y 1 (taking the reciprocal of both terms)

= 2cosh?x — 1

Joshua has made three errors. Explain the errors and provide a correct proof. (6 marks)
9 a Express 10 cosh x + 6sinh x in the form Rcosh (x + a) @ Use the identity
where R > 0. Give the value of « correct to 3 for cosh (4 + B).
decimal places. (4 marks)
b Write down the minimum value of 10 cosh x + 6sinh x. (1 mark)

¢ Use your answer to part a to solve the equation 10 cosh x + 6 sinh x = 11.
Give your answers to 3 decimal places. (4 marks)
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@ Differentiating hyperbolic functions

You can differentiate hyperbolic functions.

= d (sinh x) = cosh x
dx

m The rules for sinh x and tanh x are the

" d (cosh x) = sinh x same as the corresponding rules for sin x and tan x.
dx However, the derivative of cosh x is positive sinh x.

L] d (tanh x) = sech? x
dx

d 3
Show that dx (cosh x) = sinh x.

X + —X
coshx = % Use the definition of cosh x.
So %(aos;hx) — %(%)
: i Differentiate with respect to x:

- e¥ — g™ d
2 — (s

| | = (e}

L= =

2
L By definition.

So %(COS!’T X) = sinh x

Differentiate cosh 3x with respect to x.

% (cosh 3x) = 3 sinh 3x Use the chain rule.

Differentiate x2 cosh 4x with respect to x.

d
dx

= 2xcosh4x + x2 x 4 sinh 4x

= 2xcosh4x + 4x2sinh4x

L e % (x2) cosh 4x + x2S (cosh 4x)

P Use the product rule.
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Given that y = 4 cosh 3x + Bsinh 3x, where 4 and B are constants, prove that —)2 =9y.

d ]

d_{‘ = 34 sinh 3x + 3Bcosh 3x Differentiate y.
dy , . . .
opo 94 cosh 3x + 9B sinh 3x Differentiate again.

= 9(A4 cosh 3x + Bsinh 3x)

L Factorise.

:9}-‘
L y=Acosh3x + Bsinh3x

You can also differentiate the inverse hyperbolic functions.

d . 1

] e (arsinh x) = e

g (arcosh x) = ,x>1
dx vxz-1

Given y = xarcosh x, find —

dx
dy 1
—— = arcoshx + x X —— Use the product rule.
ax V2 -1
= arcosh x + — i
VX2 =1

2
d
Given y = (arcosh x)?, prove that (x2 — 1) (d_J;) =4y.

d—J; = Parcosh x x

Use the chain rule.

d: vx2 =1
———dy

= Vx? -1 d:\‘ = 2arcosh x Multiply by v'x2 — 1.
2 (dJ' )2 = 2 i

= (" = 1) gx) =4rcoshx) Square both sides.

But y = (arcosh x)?

dy 2
s0 (x° - T)(d__)x) = 4y

Hyperbolic functions
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d : 1
a Show that — (arsinh x) = ——
dx ( ) V14 X2

b Find the first two non-zero terms of the series expansion of arsinh x.

The general form for the series expansion of arsinh x is given by

. o, (=1 (2n)!) y2me!
arsinh x = Z( 22 (nl)? ) 2; i

r=l)
¢ Find, in simplest terms, the coefficient of x>.

d Use your approximation up to and including the term in x° to find an approximate value for
arsinh 0.5.

e Calculate the percentage error in using this approximation.

a let y = arsinhx
then sinhy = x

£ ax _ coshy — Differentiate.
ay
= y/sinh®y + 1 Use cosh? x — sinh2x = 1.

But sinhy = x,

X s ; :
Ele P Vet Take the reciprocal of both sides.

day 1 5 e . ;
therefore = Find the second derivative using the chain rule or

X Vx4

b f(x) = arsinhx = f(O) =0

quotient rule.

\VELONTTS Yo need to find the first two non-

e V1 + x? sl zero terms. f(0) = 0 and f(0) = 0 so there is no
: constant term and no x? term. Differentiate again
i) = ——>— = P(0) = 0 : : :
(1 + x2)? to find the x? term.
1 2)52 -1 1 . . . . . .
(x) = ﬁ = f(0) = -1 Find the third derivative using the quotient rule.
i e i
x3 1
arsinh x &~ x — % =x- gx-'ﬁ Use the standard Maclaurin series expansion.

« Chapter 2
c The x5 term will be when n = 2:

((—1)24!) B IRe4 W B g Problem-solving
=

aonz) 5§ & X
24292/ 5 JEexit i The general term contains (-1)” and a power

The coefficient of x° is j—o of x27+1 The non-zero terms will all have odd
1 3 _ powers of x and will alternate signs.
d arsinh0.5 ~ 0.5 - =(0.5)% + —(0.5)°
G 40
= @48515%:5
_ 0.486151... — arsinh 0.5
e % error = 2r5rhO.5 x 100

= 0.062% (3 dp)
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Hyperbolic functions

1

Differentiate with respect to x:

a sinh2x b cosh 5x ¢ tanh2x d sinh3x

th 4. F h2x ~*sinh
¢ comax seciox g crsimx @ For part e, use coth x = L

bt tanh x
h xcosh3x i j x%cosh3x 1
3x For part f, use sech2x =
cosh 2x
: ’ . : 3
k sinh 2x cosh 3x I In(coshx) m sinh x For part p, use cosech x = — 1
sinh x
n cosh?2x 0 ecoshx p cosechx
o
If y = acosh nx + bsinh nx, where a and b are constants, prove that e nZy. (4 marks)
Find the exact coordinates of the stationary point on the curve with equation
y = 12cosh x - sinh x. (7 marks)
. : d’y
Given that y = cosh 3x sinh x, find a2 (6 marks)
Differentiate:
a arcosh2x b arsinh(x + 1) ¢ artanh 3x
d arsech x e arcosh x? f arcosh3x
g x2arcosh x h arsinh % i earsinhx
j arsinh x arcosh x k arcosh x sech x 1 xarcosh3x
Prove that:
a i(z—.u‘cosh X) = l x>1 b i(z—.u‘tanh xX) = ldl=1
X = dx I
Given that y = artanh (%), prove that
4 — e s 2ex 6 k

(—e)dx_e (6 marks)

Given that y = arsinh x, show that
diy dzy dy
(l+x2)§+ 3“"@”@:0 (7 marks)
d?y

If y = (arcosh x)?, find ) (6 marks)
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Chapter 6

Find the equation of the tangent at the point where x = % on the curve with equation
y = artanh x. (3 marks)

Show that the equation of the normal at the point where x = 2 on the curve with equation
y = arcosh 2x can be written as y = ax + b + In¢, where a, b and ¢ are exact real numbers to

be found. (5 marks)
a Find the first three non-zero terms of the Maclaurin series for cosh x. (5 marks)
b Hence find the percentage error when this approximation is used to evaluate cosh().2.
(3 marks)

a Find the first three non-zero terms of the Maclaurin series for sinh x. (5 marks)
b Hence find an expression for the nth non-zero term of the Maclaurin series

for sinh x. (2 marks)
y=tanhx
a Use a Maclaurin series expansion to show that y =~ x — %,\‘3. (5 marks)

b Find the percentage error when the approximation in a is used to evaluate tanh 0.8. (2 marks)

y =artanh x
a Show that the first three non-zero terms of the Maclaurin series of y are

X+ %x3 + %x'—‘ (6 marks)
b Hence write down the general term for the nth non-zero term in the series expansion. (1 mark)
¢ Find the first two non-zero terms of the series expansion of cosh x artanh x. (5 marks)

y = sinh x cosh 2x
Find the first three non-zero terms of the Maclaurin series for y, giving each coefficient in its
simplest form. (7 marks)

y =cosx cosh x
dty
a Show that = 4y. (4 marks)

b Hence find the first three non-zero terms of the Maclaurin series for y, giving each
coefficient in its simplest form. N (4 marks)

¢ Hence write the series expansion for y in the form Y _f(r)x*, where f is function to be
determined. el (2 marks)

Challenge

Find the first three non-zero terms of the series expansion of sech x.
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Hyperbolic functions

@ Integrating hyperbolic functions

You can integrate hyperbolic functions.

= You should be familiar with the following integrals:

. fsinhxd.r =coshx +¢

. fcoshxd.r =sinhx + ¢

. 1 dx=arsinhx+c
V1 + x2

. ,l_dx=arcoshx+c,x>1
Vx2-1

Find fcosh (4x - 1)dx.
fcosh (4x — 1)dx = ﬁs‘mh “dx-1+c

Find f 245X 4.
x2+1

f@ g féd,\‘ 2 fi
VX2 + 1 VX2 +1 VX2 + 1

dx

. d .
since E(cosh x) =sinhx
since i(sinh x) = cosh x
dx
. d : 1
since —(arsinhx) =
dx V1 + x?
since i(arcosh x)= ,x>1
dx Vx2-1
Splitting the numerator gives two recognisable

integrals.

l

= f ([ 5fx(1 - xz)';'-'dx
VX2 + 1

This integral is of the form kff’ () (F(x))" dx.
z

= 2arsinhx + 5v1 + x% +

Find:
a fcosh'—‘ 2x sinh 2x dx

1

a fcosh5 2x sinh 2xdx = Ef(C,OSh 2x)3(2 sinh 2x) dx

1 r-
= Eco5h° 2x+c

L This is the standard result for arsinh x.

« Pure Year 2, Chapter 9

b ftanh xdx

Use f FO)VF () dox = (TB"; i

with f(x) = cosh2x and n = 5.
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Chapter 6

b ftanhxdx:fﬂd,\' Usef%dxﬂnmxnm
X,

cosh x

with f(x) = cosh x. Modulus signs are not

=lncoshx + ¢
necessary because cosh x > 0, for all x.

L] ftanhxdx: Incoshx + ¢

Find the following integrals.

a fcosh2 3xdx b fsinh3 xdx
a fcos:hz 3xdx = f% dx Use cosh 24 = 2 cosh? 4 — 1 with 4 = 3x.
= %(x + Lngé.’c) +c

1 1 .
=X + 35inh6x + ¢

TN N PRI 1 Cor e .
b meh Xxdx = meh Xsinh x dx Problem-solving

i f(cos:hgx SHEHE For small odd values of n, you can use
fsinh" xdx = [sinh"™!xsinh xdx.
= fcos;hz xXsinhxdx — fsmh xdx cosh” x dx, for odd values of n, can be found

: similarly.
=Zcosifx = coshxt ¢

Sometimes the exponential definition of a hyperbolic function can be used to find a given integral.

Find fezx sinh x dx.

fe'?-"smh Xelx= fea"( B *26_' ) dx Use the definition of sinh x.
= %f(e"ﬁ-‘ - e¥)dx
1 e3* . )
= E( 3 - e ) + ¢

i é{e.’«;.\- - 3eY + ¢

You need to be able to use hyperbolic substitutions to find the integrals of expressions of the forms

"1 dy and [—L1 _dx
gl VX2 +a?
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By using an appropriate substitution, find f —

As cosh?u — 1 = sinh?u. it follows that

a?cosh?u — a? = a® sinh?u

Use the substitution x = acoshu,

% .
ax = asinhu

du
50 dx can be replaced by asinhudu.

f 1 ax = f ! asinhudu
VX2 - a® Va? cosh?u — a?

f 1 geimudu

irTh u

u+c

= arco5h(’a£) + ¢

1 . x
m | ——= _dx=arsinh(=)+¢
f\fa2+x2 (a)

] f#dx:arcosh(%) +e,x>a

VxZ —a?
S ET G @
8
1 243
Show that L \/ﬁdx = ln( P )

[ av= [arcosn(3]]

= arcosh 2 — arcos;h[%)

=12 +v3) - In(3 +/2)

Hyperbolic functions

dx; x>=d.

This is similar to using the substitution x = asinu
< Section 3.4

to integrate
vaz—x?

X 2,5
x =acoshu=- coshu =g =u= arcosh (E)

1 :
Use the result for fi dx with a = 4.

VX2 —a?
Use arcosh x = ln (x + vx2 - 1).

Uselna—Inb=In (%)
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Chapter 6

Show that f\fl +x2dx = % arsinh x + %xv’] +x2 +e.

: dx
X =sinhu = = = coshu
du e

0 dx can be replaced by coshudu

fﬂ +x%dx= fv’1 + sinh® u cosh u du

= fcoshE u dit

1
=§(l{+ >

%(a + sinhucoshu) + ¢

%f(‘l + cosh 2u) du

sinh 2a) o

= %arsmhx - %,\‘\H + X2 + ¢

6
By using a hyperbolic substitution, evaluate f —
0o VX249

Use the substitution x = 3 sinhu

ax _
= 3coshu

x3

So dx can be replaced by 3 coshu du

[
x3

0 \f’)cz + 9

138

arsinhz2
dx = f @h—h% coshudu
o

3 coshu

arsinh2
= 27f sinh? u du

(o]

= 27[%605!’]3 i —cosh H];l's‘nhZ

5v5 = i ;
B 27( - e “'5)'27(5 =1
=18V5 + 18

L

Use cosh 2u = 2 cosh2u — 1.

You need to be able to use x = sinh i, so use

sinh 2u = 2 sinh u cosh u.

. e T e
u = arsinh x and coshu = V1 + sinh2 u.

dx.

You need to reduce x? + 9 to a single term.
Using x = 3 sinh u gives
9sinh2u +9 =9 (sinh?2u + 1) = 9 cosh?u

When x =6, sinhu=2 = u=arsinh 2.
When x=0,sinhu=0=u=0.

Use the method from Example 26.

Assinhu =2, cosh u=v1+ 22 = 5.



Find f S S b
V12x + 2x2

12x + 2x2 = 2(x2 + 6X) —‘

2(x +32-9) |

So [ 1 dx.= | = T = dx
Vvi2x + 2x2 Vve((x + 3)2 - 9)

Llet u = x + 3, then du = dx

e~ O, BRew
V12x + 2x2 ve [ Vu? -

= % ar’COSh(%) +c
W

D

- -’C+3) :
== arCOSh( 3 + ¢

Complete the square.

Use the substitution x = %(3 + 4 coshu) to find

= %{3 + 4 coshu) = % = %(4 sinhu) = 2 sinhu

50 dx can be replaced by 2 sinhu du

4x2 - 12x - 7 = 4(4(3 + 4 coshu))® - 6(3 + 4 coshu) - 7
=9+ 24coshu + 16 cosh®u — 18 — 24 coshu - 7
= 16cosh?u - 16

= 16 sinh?u

1 dx.
Vaxi-12x -7

5of - ] dx:f ,1 X 2 sinhudu
Vl4xZ2 —12x -7 4 sinhu

=%f‘]du

e .
=sU+C

= iarco5h( 2"64_ 3) + ¢

Hyperbolic functions

Choose the substitution.

Select the standard form.

Rewrite the answer in terms of x.

Use cosh?u — sinh2u =1

As x = %(3 + 4 cosh u),
2x—3)
4

coshu:(
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Chapter 6

Exercise @

1

11

12

140

Integrate the following with respect to x.

: 1 sinh x
a sinh x + 3 coshx b coshx - il €
Find:
a fsinh 2xdx b fcosh(%)dx
Find:
afl"'x dx bfx_3 dx
Vx2-1 V1 + x2
Find:
a fsinh3 x coshxdx b ftanh 4xdx c f\/cosh 2x sinh 2xdx
Find:
5 f sinhx 4y b fl+tanhxdx & fScoshx+25inhxdx
2 + 3cosh x cosh? x cosh x

Use integration by parts to find fx sinh 3x dx.

Find:

a fe" cosh xdx b fe—z" sinh 3x dx c fcosh x cosh3xdx

1
1 e ;
Evaluate | ————————dx, giving your answer in terms of e.
o sinhx + cosh x

Use appropriate identities to find:

a fsinhz xdx b fsinh2 x cosh? xdx c fcosh5 xdx

In2
Show that f cosh?(% Jdx = §(3 + In 16). (7 marks)
0

Use suitable substitutions to find:

af 1 dx b f;dx
Vxi-9 V4x2 + 25

Write down the results for the following:

af 3 dx bf 1 dx
vx2+9 V2 -2




13

14

15

@ 1

@
@ 21

® 22

Hyperbolic functions

Find:
a f+ dx b f#dx
4x2-12 VOx? + 16
X B
Evaluate | ———=dx.
f] V1 +4x?
Evaluate, giving your answers as a single natural logarithms.

a f [N b f g
0 VX2+16 13 VX2 - 144
Use the substitution x = sinh?« to find ,!xi I dx; %20, (6 marks)
¥ 9%
By using the substitution « = x2, evaluate dx. 6 marks

Use the substitution x = 2 cosh i to show that

fv.xz —4dx= %xx/xz -4-2 arcosh(%) +c (6 marks)
a Show that f 1 i dx can be written as f 2e* _dy. (3 marks)
2 cosh x — sinh x e +3
b Hence, by using the substitution « = ¢*, find f 1 i dx. (5 marks)
2 cosh x — sinh x
2 : cosh x
Using the substitution « = 5sinh x, evaluate | ——————=dx. (8 marks)
3
o Vdsinh?x +9
Find the following: Problem-solving
1 1 Complete the square in the denominator
o f o ST 12dx g fmdx to identify a suitable substitution.
. = L so the
g f 1 s d f 1 de V2—4x-12 [(x-27-16
2x2+4x+7 Ox2 - 8x + 1 substitution u = x — 2 will reduce the

integral in part a to a standard form.

Find:

dx

af 1 dx bf !
Vax2 - 12x+ 10 vaxi-12x+4

1
|
Evaluat —(
v uaefﬂ x2+2x+5 X
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3
24 Evaluate f ﬁd){, giving your answer as a single natural logarithm. (8 marks)
VX2 =2x+

25 Show that | ————dx = ln Tk
[ e or-dymes

26 The curves shown have equations
y=5coshxand y=7-sinhx.

a Using the definitions of sinh x and cosh x
in terms of e¥, find exact values for the
x-coordinates of the two points where
the curves intersect. (6 marks)

b Use calculus to find the area of the
finite region, R, between the two curves,
giving your answer in the form Ina + b
where a and b are integers. (6 marks)

(8 marks)
VA
v=>5cosh x
R :
y=7=sinh x
0 X

27 The region bounded by the curve y = sinh x, the line x = 1 and the positive x-axis is rotated
through 360° about the x-axis. Show that the volume of the solid of revolution formed is

g€ -42-1)

Challenge

1 Using the substitution x = 1 + sinh ¢, show that

f._,—l,_ dx___u—+c
2-2x+2f  VX2-2X+2

2 By means of a suitable substitution, or otherwise,
find:

o7
a |xcosh?(x?)dx b | ————dx
f e f cosh?(x?)

Mixed exercise o

1 Find the exact value of: a sinh(In3) b cosh(In5) ¢ tanh(ln %}
2 Given that artanh x — artanh y = In 5, find y in terms of x.

3 Using the definitions of sinh x and cosh x, prove that
sinh (4 — B) = sinh 4 cosh B — cosh A sinh B

142
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11

12

Using definitions in terms of exponentials, prove that

) 2tanh %x
sinhx = T
1 - tanh?5x

Solve, giving your answers as natural logarithms

9coshx - 5sinhx =15

Solve, giving your answers as natural logarithms

23sinhx - 17coshx+7=0

Solve, giving your answers as natural logarithms

3cosh?x + 1lsinhx =17

a On the same diagram, sketch the graphs of y = 6 + sinh x and y = sinh 3x.

Hyperbolic functions

(5 marks)

(6 marks)

(6 marks)

(6 marks)

(2 marks)

b Using the identity sinh 3x = 3 sinh x + 4 sinh? x, show that the graphs intersect where
sinh x = 1 and hence find the exact coordinates of the point of intersection.

a Given that 13 cosh x + 5sinh x = Rcosh (x + a), R > 0, use the identity
cosh (4 + B) = cosh A4 cosh B + sinh 4 sinh B to find the values of R and «, giving the

value of a to 3 decimal places.

b Write down the minimum value of 13 cosh x + 5sinh x.

(5 marks)

(4 marks)
(1 mark)

a Express 3 cosh x + 5sinh x in the form Rsinh (x + o), where R > 0. Give « to 3 decimal

places.

b Use the answer to part a to solve the equation 3 cosh x + Ssinh x = 8, giving your

answer to 2 decimal places.

¢ Solve 3 cosh x + 5sinh x = 8 by using the definitions of cosh x and sinh x.

: dy
Given y = cosh 2x, find P

Differentiate with respect to x:

a arsinh 3x b arsinh (x?)

Given that y = (arsinh x)2, prove that

Given that f(x) = 5cosh x — 3 sinh x, find:

a f'(x)

b the turning point on the curve y = f(x)

Differentiate arcosh (sinh 2x).

X
c arcoshi

d x?arcosh2x

(4 marks)

(3 marks)
(4 marks)

(5 marks)

(2 marks)
(4 marks)

(4 marks)
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Chapter 6

y =sinx cosh x

a Show that g _ -4y (4 marks)
dyt D

b Hence find the first three non-zero terms of the Maclaurin series for y, giving each coefficient
in its simplest form. (4 marks)

y = sinh 2x cosh x

Find the first three non-zero terms of the Maclaurin series for y, giving each coefficient in its
simplest form. (7 marks)

4x2+4x+17=(ax+b)*+c,a > 0.

a Find the values of @, b and c. (3 marks)
b Find the exact value of f : mdx (6 marks)
Find the following:

a fsinh 4x cosh 6x dx b fe"' sinh x dx

The diagram shows the cross-section R of an artificial ski slope.

VA

9

(L

(o]

The slope is modelled by the curve with equation

10
-1 _o<x<5
u= gy -

Given that 1 unit on each axis represents 10 metres, use integration to calculate the area of R.

Show your method clearly and give your answer to 2 significant figures. (6 marks)
Find f S S (7 marks)
[x2-2x+ 10
a Find . dx (6 marks)
sinh x + 2 cosh x
b Show that f \Tl dx=9(v2 - 1) + 2arsinh 1 (6 marks)
X+
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23 The diagram shows a hanging chain fixed to two vertical bollards fixed
on horizontal ground 7 metres apart.

@

X
3
a Find the acute angle that the chain makes with the right-hand

The chain is modelled by the curve y = cosh

bollard. Give your answer to 3 significant figures. (5marks) -3 O 4

b Use calculus to find, correct to 2 decimal places, the area of the finite

Hyperbolic functions

VA

=Y

region, R, enclosed by the bollards, the chain and the ground. (5 marks)

The curves shown have equations y = 3 cosh 2x

and y = 8 + sinh 2x.

a Using the definitions of sinh x and cosh x in terms of
e*, find exact values for the x-coordinates of the two
points where the curves intersect. (6 marks)

b Use calculus to find the area of the finite region, R,
between the two curves, giving your answer correct to

Ya
=28+ sinh 2x

3 significant figures. (6 marks) /

The diagram shows the cross-section of a loaf of bread.
Each unit on the axes represents 5 cm. The curved top of the loaf
is modelled using the equation

=Y

S >
P = -2 0 2 X
s Vx2+4
Given that the loaf can be modelled as a prism, with length 30 cm, find,
correct to 3 significant figures, the volume of the loaf. (8 marks)
The diagram shows the curve y = 3 — sinh x. YA

a Find the exact coordinates of the point where the curve
crosses the x-axis. (3 marks)

The shaded area is bounded by the curve, the y-axis and

the x-axis.

b Find the volume of the solid of revolution formed when
the shaded area is rotated through 360° about the x-axis.

y=3-sinh x

Give your answer correct to 3 significant figures.

(8 marks)
Challenge
24
The diagram shows the graph of
y=sechx. y=sech x
Show that the area bounded by the ) >

curve and the x-axis is .

]
e
=¥
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Summary of key points

1 - Hyperbolic sine (or sinh) is defined as sinh x = £

« Hyperbolic cosine (or

« Hyperbolic tangent (or tanh) is defined as tanh x =

= A e =

,XER

e*+e

cosh) is defined as cosh x = ,XER

Sl e |
coshx  e2+1

JXER

2 - The graph of y =sinh x: + The graph of y = cosh x:

Vi y=

sinh x YA

y=cosh x

For any value 4, sinh (-a) = —=sinh a.

=Y

For any value g, cosh (—a) = cosha.

3 The table shows the inverse hyperbolic functions, with domains restricted where necessary.

™~

Hyperbolic function

Inverse hyperbolic function

y=sinhx

y=arsinhx

y=coshx x=0

y=arcoshx x=1

y=tanhx

y=artanhyx, |x| <1

. arsinhx=Inlx+vVx2+1) « arcoshx=Inlx +Vx2-1),x=1 - artanhx:%ln(l"'i),

T ol

5 cosh?A-sinh2A=1
6 - sinh(A4 + B) =sinh 4 cosh B+ cosh 4 sinh B
« cosh(4 + B) = cosh A4 cosh B + sinh 4 sinh B
. i I - . d — i=] - d - 2
7 A (sinh x) = cosh x e (cosh x) = sinh x o (tanh x) = sech?x
d . o . d _ 1 . d o
a{arsmh 5= Vises e (arcosh x) _—vxz—l T (artanh x) = T
8 - fsinhxdx:coshx+c . fcoshxdx:sinhx+c
9 ftanhxdx: [ncoshx + ¢
1 : X 37
. - . . — = e
10 fvmdx arsmh(a)+c f\fxz_azdx arcosh(a)+c, 52
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Methods in

differential equations

After completing this chapter you should be able to:

e Solve first-order differential equations using an integrating

factor

-» pages 148-153

® Solve second-order homogeneous differential equations

using the auxiliary equation

-» pages 153-157

® Solve second-order non-homogeneous differential equations
using the complimentary function and the particular integral

-» pages 157-162

® Find particular solutions to differential equations using given

boundary conditions

Population growth can be modelled by a
differential equation. For example, the rate
of change of the population of bacteria in
a petri dish is proportional to the number
» of bacteria present, subject to the limiting
factor of the amount of space on the dish.

‘ P - ;
L £ il

-» pages 162-165

4 _‘
‘ o

Prior knowledge check .‘

1 Find the general solution to the differential

d &
equation az = xe*. « Pure Year 2, Chapter 11 [
X |

Find the particular solution to the

d -
differential equation bt - ) given that
dx ¥

y=0when x=2. & Pure Year 2, Chapter 11
Find:

af 3 dr
50 - 2¢

b ftan 4xdx € Pure Year 2, Chapter 11

s




Chapter 7

m First-order differential equations

If a first-order differential equation can be

d A . .
written in the form — = f(x)g(»), then you can @ This process is called separating the
dx variables. « Pure Year 2, Section 11.10

; gt 1
solve it by writing f—dy = [f(x)dx.
g() I

Find the general solution to the differential equation
dy »

dx X

and sketch members of the family of solution curves represented by the general solution.

f%dv = ‘f%d-" Separate the variables and integrate.
In|y| = -In|x| + ¢

5 Collect the In terms together and combine using
Injy| +Inlx| = ¢ .

the laws of logarithms.

In|xy| = ¢
|xy| = Aef' Problem-solving
y=*7, where 4 = e If ¢ is a constant of integration, then 4 = e can
Some solution curves corresponding to also be used as a constant. Writing the equation
different values of 4 are shown below. in this form helps you determine the family of

solution curves.

The graphs of y = :I:% form the family of solution

curves for this differential equation.

f m Explore families of solution curves O

using GeoGebra.

In this chapter, you will consider differential equations which cannot be solved by separating
variables. The following example uses the product rule ‘in reverse’ to obtain a solution.
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Methods in differential equations

Find the general solution to the differential equation

x3d—y+ 3x2y =sinx
dx =i

You can use the product rule
L el L e R -
udx + va_ dx(uv), withu=x*andv=y, to

ay 4
x3——+ 3x%y = sinx dy d
dx ise that 33— + 3321 = —(x37).
recognise that x dx+ X2y dx(x V)

iy sl
96 dx(x y) = sinx

Use integration as the inverse process of
differentiation.

= x3y = [sinxdx

=-co5X + ¢ L
g el ¢ Integrate each side of the equation, including an
& et et i x3 arbitrary constant on the right-hand side.
One side of the differential equation in the Make y the subject by dividing each of the terms
example above is an exact derivative of a on the right-hand side by x°.

product in the form
0 + () =S (Fo)
dx dx
You can solve some first-order differential equations by turning them into equations of this form.

Consider the differential equation

dy L3 _sinx

dx = P
The left-hand side is not a derivative of a product but if you multiply both sides by x* then the
equation becomes the same as that in Example 2:

xsj_y +3x2p =sinx w x? is called an integrating factor.

In general, if you can write a linear first-order differential equation in the form

dy > o
dx+ (x)y = Q(x)

where P(x) and Q(x) are functions of x, and the function P(x) can be integrated, then it is possible to
find an integrating factor which will convert the left-hand side of the equation into an exact derivative
of a product. Suppose that the integrating factor has the form f(x), then

d
f(x) d—J; + f(x)P(x)y = f(x)Q(x) ~————————— Multiply the equation by the integrating factor f(x).

In order for the left-hand side to be the derivative of the product f(x)y it must have the form

d
f(x) d—J; + f'(x)y. You can see that f(x)P(x) must be equal to f'(x), so:
) _ y . o
o dx = fP(x)dA Divide both sides by f(x) and integrate.

= Inlf(x)| = [P(x)dx

= f(x) = e/Pwox
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Multiplying every term in the original differential equation by this integrating factor,

e.l'P{.r)dx:—; + e/PRP(x)y = e [P Q(x)

d, ¢ yx
— (e [P)dx ;) = & [Plx)dx
28 - (et =elieig )

You can use the ‘product rule in reverse” on the LHS.

ej‘P{x)de - fe_{'P[x)d_r Q(x) dx The equation is now directly solvable
by integrating both sides.

Notice that the left-hand side is the integrating factor multiplied by y and the right-hand side is the
integral of the integrating factor multiplied by Q(x). This will always be the case.

= You can solve a first-order differential m : o .
dy You may write down this integrating
equation of the form 7P + P(x)y = Q(x) by factor without proof in your exam, but you must
R X . . show all the subsequent stages of your working
multiplying every term by the integrating clearly
factor e/Plidx, '

Find the general solution of the differential equation
dy
——4dy=e"

dx Find the integrating factor.

The integrating factor is e/P = eft-dx = g-4x Multiply each term by the integrating factor.

_\—\‘—‘

ay
8—4.\' }‘ i 46—4.\' y= 8.\'6—4.\'
dx d Express the LHS as the derivative of a product.
e —4x 1) = 2—3x
P (e™yl=e
- ey = [e3xdx Integrate to get the general solution.
= -%6'3"' +c
5 il Divide every term, including the constant, by the
o y=-3 i ceTr

integrating factor to make y the subject.

When you have integrated and found the general solution, you can let the arbitrary constant take
different numerical values, thus generating particular solutions.

In some questions you will be given a boundary condition, such as y = 1 when x = 0. You can use this
to find the value of the constant. Different boundary conditions will give rise to different particular
solutions.

dv

a Find the general solution of the differential equation cos x é + 2ysin x = cos? x.

b Find the particular solution which satisfies the condition that y = 2 when x = 0.
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a Divide through by cos x:

d
2 4 2ytanx = cos®x (1) S

Divide by cos x so that equation is in the form

dx
The integrating factor is

= + P(x) = Q(x)

S_J['P[.\'}rj.\' = 8-1[.2 tanxdxy — eEIn SECX — ein ssc,z.\'
Use properties of In to simplify the integrating

= sec?x

dy factor.
sec? x o + 2ysec?xtanx = sec? x cos® x

g4

So ;U sec? X) = cos X Multiply equation (1) by the integrating factor
e ysec?x = [cos X dx and simplify the right-hand side.
= ysec?x =sinx+c
=Y y = cos2 x(sin x + ¢) Integrate to get the general solution and multiply

through by cos? x.

b 2 =cos?0(sin0 + ¢)
= 0=
¥y = cos?x(sinx + 2) is the required

—

Substitute y = 2 and x = 0 into the general

particular solution. solution to find .

1

For each of the following differential equations, find the general solution and sketch the family
of solution curves.
dy dy
T 2x b e m You can solve all
dy 2y dy of these equations by
S qg T ? separating variables.
dy y
—i= —= . <Sx
e 4, =Cosx f dx yeotx, O0<x<nr
Given that k is an arbitrary positive constant,
a show that )2 + kx? = 9k is the general solution to the differential equation
dy —xy
A T A | <
dx 90— x2’ I <3

b find the particular solution, which passes through the point (2, 5)

¢ sketch the family of solution curves for k = é, %, 1 and include your particular solution in the
diagram.

Find the general solutions to these differential equations.
L - o )

a xg +y=cosx he-dx—e-y=xe c smxdx+ycosx=3

l d_y l X ) .-d_']) ' e d_y ) 2
d ;dx—x—zy_e e A~e-‘dx+2xe}_a f 4xydx+2y—_x

dv

a Find the general solution to the differential equation é +2xy=e™ (4 marks)
b Describe the behaviour of y as x — oc. (1 mark)
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a Find the general solution to the differential equation

dy
xza +2xy =2x +1

b Find the three particular solutions which pass through the points with coordinates
(—%, 0), (—%, 3) and (—%, 19) respectively and sketch their solution curves for x < 0.

a Find the general solution to the differential equation
. L.
x T x"(x+ Dx+2)

b Find the particular solution which passes through the point (2, 2).

Inx x>1

Find the general solutions to these differential equations by using an integrating factor.

s 2 x b & t 1
oty 4 Tycotx =
c d_y+ sin x = ee* d 2— = e

dx 7Y Bl dx V' =°
e d_y+ ytan X = XCcos X f 2+£—i

dx - dy X X2

dy x3 dy

2—— CYV = >— Ty —

g X TXY= 5, 2 h3xdx+y X
: dy . dy er
i (x+2)a—y=x+2 i xa+4y=;

5 , dy

Find y in terms of x given that Yot 2y =e¢*and that y = 1 when x = 1. (8 marks)

dv
Solve the differential equation, giving y in terms of x, where x3£ -x2y=1
andy=1latx=1. (8 marks)

a Find the general solution to the differential equation

(x+%) d—y+2y=2(:fc2 +1)?

dx
giving y in terms of x. (6 marks)
b Find the particular solution which satisfies the condition that y =1 at x = 1. (2 marks)

a Find the general solution to the differential equation

dy i T
cost+y=1, —5<x<5 (6 marks)
b Find the particular solution which satisfies the condition that y =2 at x = 0. (2 marks)

Find the general solution to the differential equation Problem-solving

dy You can use the substitution y = 2coshu
é =xyy2-4 (5 marks)

« Section 6.5

to integrate
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Methods in differential equations

a Find the general solution to the differential equation

dy

L cosh x (4 marks)
b Find the particular solution which satisfies the condition that y = e when x = 0. (2 marks)
a Find the general solution to the differential equation

dv

é =/1+)? (4 marks)
b Sketch the family of solution curves. (3 marks)

® 15 a Find the general solution to the differential equation

dy
cosx - + psinx =1 (6 marks)
b Find the particular solution such that y = 3 when x = 7. (2 marks)
¢ Show that the points (% l) and (%, —1) lie on all possible solution curves. (3 marks)
d
16 Find a general solution to the equation ad—i + by =0 in terms of @ and b. (6 marks)

@ Second-order homogeneous differential equations

A second-order differential equation contains second derivatives.

Find the general solution to the differential equation

i 12x
A m The general solution to this second-

order differential equation needs two arbitrary

aid SETR constants. If you wanted to find a particular
ax solution you would need to know two boundary
y=2x>+Ax+B conditions.

In this section you will look at techniques for solving linear differential equations that are of the form

d?y dy
w You sometimes see differential

a—+b—+cy=0
dxz Tdx Y
equations of this type written as
dzy

where a, b and ¢ are real constants. Equations
of this form (with 0 on the right-hand side) are y
called second-order homogeneous differential Gl il I T e I
equations with constant coefficients.

dy
Using the techniques from the previous section, the general solution ofad—i + by = 0is of the form

y = Ae**, where k = —g. Notice that k is the solution to the equation ak + b=0.
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This suggests that an equation of the form y = 4e¥* might also be a solution of the second-order

d?y dy
differential equation ad—}2 - bd—) + ¢y = 0. But it cannot be the general solution, as it only contains
X X

one arbitrary constant. Since two constants are necessary for a second-order differential equation,
you can try a solution of the form y = Ae** + Be#*, where A and B are arbitrary constants and 4 and u
are constants to be determined.

dy

— = AAe** + Buer~

dx #
ﬂ: Alceix + Buienx
dx? ,u

Substituting these into the differential equation gives
a(Ar%e* + Bu?er) + b(Ale™ + Bue”) + c(4e* + Berr) =0
aAi?e* + aBu’er* + bALle* + bBuet~ + cAe** + cBer* =0
Ae™al? + bA+ o) + Ber(au? +bu +¢) =0

This shows that the equation y = Ae** + Be#* will satisfy the original differential equation if both
Aand p are solutions to the quadratic equation am? + bm + ¢ = 0.

The equation am? + bm + ¢ = 0 is called the auxiliary equation.

= The natures of the roots « and 3 of the auxiliary equation, am? + bm + ¢ = 0 determine the
d? d

general solution to the differential equation ad—;; + bi +cy=0.

You need to consider three different cases:

» Case 1: b2 > &ac
The auxiliary equation has two distinct real roots « and 3. The general solution will be of
the form y = 4e“* + Be’* where 4 and B are arbitrary constants.

» Case 2: h? = &ac
The auxiliary equation has one repeated root «. The general solution will be of the form
» = (A + Bx) e®* where A and B are arbitrary constants.

" . h2
.f-:se % J?l' Sisae T —_— L @ Case 3 is equivalent to y = Ae** + Be?*
£ ARICH ALY SQUABION STAS WD COMPIGK with complex aand 3. - Exercise 7B, Challenge

conjugate roots o and 3 equal to p + gi.

The general solution will be of the form @ -
y = erx (4 cos gx + Bsingx) where 4 and B If the roots are purely imaginary (p = 0), the
are arbitrary constants general solution reduces to y = Acosgx + Bsingx

S ET G o
d¥y _dy

: : z Yy
a Find the general solution to the equation 2dx2 +35 i +3y=0.

b Verify that your answer to part a satisfies the equation.

A PHELEmM A3 =0 — Write down the auxiliary equation.

orm=

maj

Cm+3)m+1)=0=m=-
So the general solution is

y = Ae 3" + Be~* where A and B are 1.

arbitrary constants

=1
| Solve the auxiliary equation.

Write down the general solution.
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Methods in differential equations

b y=Ae3* + Be*

dy 5 i 8y % =
a = —EAS ¥ — Be
24y
d }2 = %Ae_g_\- 4+ Be Write down expressions for the first and second
e T e 2 derivatives.
2(3Ae2* + Be™) + 5(-5Ae™2* — Be™)
+ 3(Ae 2" + Be™)

= %Ae‘%—" - %Ae‘%—" + 3Ae3 - o ions f d?y dy T
+ 2Be—* — 5Be-% + 3Be~ |_ ubstitute your expressions for @,Ean yinto

= 0 as required. the differential equation, expand and simplify.

Example o
&y dy

Show that y = (4 + Bx)e’* satisfies the differential equation Py 65 +9y=0.

Let y = Ae3* + Bxe3¥, then

d i3
d}\‘ = 34e3" + 3Bxe>* + Be3*
d?y - ] s ) Differentiate the expression for y twice.
e 9Ae3* + 9Bxe3* + 3Be? + 3Be?
- A 3x + BJ- Sk o B 3x
e P ele Substitute into the left-hand side of the
d?y differential equation and simplify to show that

d ” . s
e gd__J; + 9y = 94e> + 9Bxe™ + 6Be™ the result is zero.
=aladesrr Sty He ]
+ 9(A4e3* + Bxe®n) =0 @ The auxiliary equation m? — 6m + 9 = 0 has
a repeated root at m = 3 so the general solution

So y = (A + Bx)e* is a solution to the equation. 5
is in the form you expect.

Example o
; : : ; . Y 4]

Find the general solution to the differential equation Fi + Sa + 16y =0.
m2+6m+16=0 Write down the auxiliary equation.

m+4)72=0=m=-4

L Solve the auxiliary equation. In this case there is a

So the general solution is y = (4 + Bx)e™~.
: i repeated root.

Example o
d>y  dy

Find the general solution to the differential equation o 65 + 34y =0.

Write down the auxiliary equation and solve it

m?—6m+34=0=m=3 %5i
So the general solution is using the quadratic formula or by completing
the square. In this case there are two complex

v =e3*(Acos5x + Bsin5x) :
conjugate roots.
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Find the general solution to the differential equation dsz

m2 +16 =0 = m = x4
So the general solution is
y = Acos4x + Bsin4dx

2

dv

+ 16y =0.
Write down the auxiliary equation and solve it.
In this case there are two purely imaginary roots.

This is in the form y = eP¥(4 cos gx + Bsin gx)
with p = 0.

1 Find the general solution to each to the following differential equations.

2 y;
y Ay d’y  dy
adx2+5dx+6) 0 bdxz—de+12y_0
d’y _dy ¢’y dy
c E+ZE—15JJ=O dm—?ya—ZSy:O
47 . =% o d’y _dy
T AR T dx2 " dx
d?y dy d’y dy
g4 i w0 h 155 -77--2y=0
2 Find the general solution to each of the following differential equations.
d? d? dy
ad—'z+10d—y+25y=0 de; 18d—J+81y 0
dy _dy dy  dy
C d—+2d—+y 0 dg—gd—+16y 0
d’y dy d?y dy
e 16F+8_+y 0 f Vi d—+_}’ 0
dy d d? d
g4d;2+20£+25y=0 hd—y+2v3d—y+3y 0
3 Find the general solution to each of the following differential equations.
d2 d2
ad—;+25y=0 bd—;+81y=0
d’y d?y
c dx2+y 0 d9F+l6y=0
dy d d? d
e d—+8d—y+1?y 0 f d—y 4d—y+5y 0
d? d d?y d
gd—;+20£+109y=0 hd—+\/3—y+3y 0
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Find the general solution to each of the following differential equations.

d?y dy d?y dy
dx? dx - dx? " dx 12y=0
d?y  dy dy _ dy
¢ TH+4+13y=0 S5 - 4 +9y=0
dZy dy d2y dy
e 97565+ 5y=0 f 675-5--2=0

Given the differential equation (3]2 .
a find the general solution to the differential equation in each of the following cases:
i k=3
k] <3
iii k] =3 (8 marks)
b In the case where k = 2,

+ Zk_t + 9x =0, where k is a real constant,

i find the general solution

ii describe what happens to x as 1 — oc. (4 marks)

Given that am? + bm + ¢ = 0 has equal roots m = a, prove that y = (4 + Bx)e*~ is a solution
dzy  dy

to the differential equation a2 % b—76 c=0.

Given that y = f(x) and y = g(x) are both solutions to the @ This result is known as the
dyy d rinciple of superposition.

second-order differential equation a dez - bd—J; +cy=0, e il

prove that y = Af(x) + Bg(x), where A4 and B are real constants, is also a solution.

Challenge

Let & and 3 be the roots of a real-valued quadratic equation, so
thata =p+igand 5=p —iq, p, ¢ € R. Show that it is possible to
choose 4, B € C such that 4e** + Be** can be written in the form
e (Ccosgx + Dsingx) where C and D are arbitrary real constants.

@ Second-order non-homogeneous differential equations

Second-order differential equations of the form You sometimes see differential

d?y  dy equations of this type written as
HF + bd— +cy= f( ) dy

2
oy
d
anyd

ay" + by' + cy = f(x) where y" =

dare non-homogeneous.

To solve an equation of this type you first find the general solution of the corresponding homogeneous

d

dZ dy
ifferential equation, a—= . i bé + ¢y =0.This is called the complementary function (C.F.).
e
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You then need to find a particular integral (P.l.), which is a function that satisfies the differential
equation. The form of the particular integral depends on the form of f(x).

This table provides some particular integrals to try.

Form of f(x) Form of particular integral
P A Use this form of the P.. for functions such as
p+gx A+ pux I 4xZor1-x2
P+ gx+rx? A+ pux +vx? =
pek Jekx Use this form of the PL. for functions such as
PCOSwX + ¢Sinwx ACOS@x + psinwx — I sin2xor5cosx.

= A particular integral is a function which satisfies the original differential equation.

Find a particular integral of the differential equation%— 5Q + 6y = f(x) when f(x) is:

dx
a3l b 2x ¢ 3x? d e e 13sin3x

d dZ i + .

a Let y =1 then oy ey A4 -0 When f(x)._ 3,' which is constant, choose
dax dx? Pl. = 4, which is also constant.

d?y dy
Substitute into —5 — 5— +6y=23:

dx? Differentiate twice and substitute the
O0-5x0+64=3 derivatives into the differential equation.
A L

: : |
S0 a particular integral is 3 Solve equation to give the value of 1.
dy d2y
b let y = Ax + u, then — =4 and =0
dx dx? When f(x) = 2x, which is a linear function of
de V d =
Substitute into —— — 5% + Gy = 2x: % choose Rl.=2x+p.

dx? dx
O-5x4+6(x+u=2x | Differentiate twice and substitute the
= (6p — 54) + 6Ax = 2x derivatives into the differential equation.
= 6u—-54=0 and 6i=2
=>l=3 and p=3 L Equate the constant terms and the coefficients

i . sl 5 o " ' v
So a particular integral is 3X + 5 of x to give simultaneous equations, which you

can solve to find 4 and p.
c lety=Ax2 + ux+v

d d?y
Then d_i = 2Ax + u and d 2 =24 As f(x) = 3x2, which is a quadratic function of
o2y - L xlet PL = Ax2 + ux + v.
Substitute into —= 5— + Gy = 3x2:

dx?
24— 5(2Ax + u) + G(AxXZ + px + v) = 3x° )
= (24 — 54 + Cu) + (€4 — 100 + GAx2 = 32 Equate the constant terms, the coefficients

of x and the coefficients of x? to give
= 24-5p+6y=0,64—10i=0and 61=3 o bl o
2 simultaneous equations, which you can solve

::wl:l,u:iandv:-]‘—
2 = 3¢ ) to find 4, u and v.
So a particular integral is %xe + é,\‘ + %
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245

As f(x) = &%, which is an exponential function

d Let y = le¥, then —— = Ae* and = le¥
of x let Pl. = e~
Substitute int dzy 501}’ Gy =e":
UE;IUSIT]Od)C;2 dJ\f+ )—8.

Ae* — Sle* + Gle* = et
= 2le¥=e" ]
ok % _ L Equate coefficients of e~ to find the value of A.
50 a particular integral is %8"'

e let y = Asin3x + ucos3x

W As f(x) = 13 sin 3x, which is a trigonometric
Then d_} = 31cos3x — 3usin3x function of x let PI. = Asin3x + ucos 3x, also
i a similar trigonometric function.

2

acy :
and 5 = —94sin3x — Sucos 3x
dx
d?y _dy .
Substitute into d—x 5—— + 6y = 13sin 3x:
—94sin3x — Qucos3x - 5(3)?.605 3x — 3usin3x)
+ 6(Asin3x + pucos 3x) = 13sin3x
= (=94 + 15u + 6A)sin3x +
(-9u - 154 + 6u)cos 3x = 135in 3x
o
e 9# 154+ 6# o Problem-solving
= 3= G and p =2 Equate coefficients of sin 3x and of cos 3x
and solve simultaneous equations.

; (T 5
So a particular integral is —z sin 3x + = cos 3x

d? d
= To find the general solution to the differential equation ad—J; + bé + ¢y = f(x),
X
dZ
+» Solve the corresponding homogeneous equation a— + b—y + ¢y = 0 to find the
dx2 dx
complementary function (C.F.)

» Choose an appropriate form for the particular integral (P.l.) and substitute into the
original equation to find the values of any coefficients.

» The general solution is y = C.F. + P.I.

2
Find the general solution to the differential equation % - 53) + 6y = f(x) when f(x) is:
a3 b 2x ¢ 33 d ¢ e 13sin3x

-5m+6=0
m-3)m-2)=0=m=3orm=2
Hence the complementary function is

Solve the auxiliary equation to find the
values of m.

y = Ae®* + Be®* where A and B are arbitrary

constants.
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The particular integrals were already found in

example 11 so the general solutions are:

a y=Ae> + Be? + %
b y=Ae? + Be? + %x + 3

1

G P dsabo Hels £ o0E ér + % ———————— The general solution is y = CF. + P

d y = Ae® + Be?* + Je

_ - 5
e y = Ae?* + Be?* — Zsin3x + Zcos 3x

You need to be careful if the standard form of the particular integral contains terms which form part
of the complementary function. If this is the case, you need to modify your particular integral so that
no two terms in the general solution have the same form.

For example, this situation occurs when f(x) is of the form pe*, and k is one of the roots of the
auxiliary equation. In this case you can try a particular integral of the form, Axekx,

: : ; : . d? d :
Find the general solution to the differential equation B A 6y = e**
dx? Tdx

As in Example 12, the complementary function is m The function 2e**is part of the
y = Ae3 + Be?~. C.F. and satisfies the differential equation

2
The particular integral cannot be Ae2*, %;2-].". - 5g_~_y_ + 6y =0, s0 it cannot also satisfy
as this is part of the complementary function. . dx

i b i
So let y = Axe?* e 5&; +6y = e,

dy !
Then 22 = 22xe?* + 1€
ax

and

it = 4Axe?* + 2)e?* + 24e2* = 4Axe®* + 4)e2x

dx? ' Let the PI. be Axe? and differentiate,
- i —

Substitute into ay . 5@ + 6y = e2x: substitute and solve to find 4.
b dx

4ixe?r + 4)e2 — 5(21xe?* + 1e?¥) + Glxess = e3¢
= —Je?r = g
= A=~

So a particular integral is —xe2*.
The general =olution is y = Ae®* + Be?* — xe®. —————— The general solution is y = CF. + PI.

When one of the roots of the auxiliary equation is 0, the complementary function will contain a
constant term. If f(x) is a polynomial, you will need to multiply its particular integral by x to make
sure the P.. does not also contain a constant term.
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Find the general solution to the differential equation

dy . dy 3
dx? dx
First ider th ti 0 il =0
Irst consider = SOILJS 1on dxe o d.’C = —

mZ —2m=0 —‘
mim—-2)=0

= m=0orm= 2J
So the complementary function is y = 4 + Be®~,

The particular integral cannot be a constant,
as this is part of the complementary function,
so let y = Ax.

dy d?y
Then —=dand —=0
dx dx®
Substitute int dzy 2d}’ =R
U5|ue|nodx2— rretad
C-21=3
=l = —%

; ; 54559
5o a particular integral is —3x

The general solution is y = A + Be?* — 5x.

Methods in differential equations

Find the complementary function by putting
the right-hand side of the differential
equation equal to zero, and solving this new
equation.

Write down and solve the auxiliary equation.

Try to find a particular integral. The right-
hand side of the original equation was 3,
which was a constant and usually this would
imply a constant P..

As the C.F includes a constant term ‘A’, the

Pl. cannot also be constant. A value of A
dy _dy

would satisfy e Za = 0 rather than
dy _dy
de fax

Multiply the ‘expected’ PI. by x and try Ax
instead.

3 L— The general solution is y = C.F. + PL.

1 Solve each of the following differential equations, giving the general solution.

4y
dx? “d

d_y+ 12y =36x
B

—+ y=25c0s2x
+4y=sinx
y ¥ = X
x+26} =¢

(6 marks)

d’y  dy d’y
ﬂm+6&+5}f—lo bm—
d2y dy 2 dy
c m+a—12y—12e dm'l‘
d’y _ody d’y
em— (E+l6_}—8x+12 fm
d’y 1% d’y
g m'l‘ 81_]) = 15e h m
. &y dy ) . Ay
1@—4&+5y_25x—7 i —
® 2 a Find a particular integral for the differential equation

45 de 4 2-3x+2
dx? Cdy TS

b Hence find the general solution.

(3 marks)
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3 y satisfies the differential equation

dy dy
R A, N
o2 6dx 2x2=-x+1

a Find the complementary function for this differential equation. (3 marks)

b Hence find a suitable particular integral and write down the m Try a particular integral
general solution to the differential equation. (7 marks) of the form Ax + px? + vx3.

4 Find the general solution to the differential equation

15 4dy 24x? 10 mark
o2 Ay =24y (10 marks)
5 a Explain why Axe* is not a suitable form for the particular integral for the differential equation
d’y . dy ;
i ZCE +y=¢ (2 marks)
b Find the value of 4 for which Ax%e" is a particular integral for the differential equation.

(5 marks)
¢ Hence find the general solution. (3 marks)
d¥y dy _

6 T 43 + 3y =kt + 5, where k is a constant and ¢ > 0.
a Find the general solution to the differential equation in terms of k. (7 marks)
For large values of ¢, this general solution may be approximated by a linear function.
b Given that k = 6, find the equation of this linear function. (2 marks)

Challenge

Find the general solution of the differential equation
d?y
E;E o y= bxes*

m Using boundary conditions

You can use given boundary conditions to find a particular solution to a second-order differential
equation. Since there are two arbitrary constants, you will need two boundary conditions to determine
the complete particular solution.

Example @
d2

d
Find y in terms of x, given that d_;; — y =2¢*, and that ﬁ =0andy=0atx=0.

2

pe y=0.

First consider the equation
Solve the auxiliary equation to find the

m—1=0= m==1
values of m.

So the complementary function is y = Ae* + Be™.
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The particular integral cannot be Ae*,

as this is part of the complementary function,

so let y = Axe~
2

dy _ _ d=y : : _
Then —— = Axe* + e and —= = Axe* + Ae* + Ae?
dx dx?

wa B G0N :

Substitute into —5 — y = 2e™:
dx?

Axe* + de* + Ae* — AxeX = 2e*

= A=1

50 a particular integral is xe*.

The general solution is

y = Ae* + Be™ + xe*

Methods in differential equations

Z:
As Ae~ satisfies —); -y =0, it cannot also
X
2

satisfy ﬁ -y =2e".

Substitute the boundary condition, y=0at x =

Sincey=0atx=0,0=4+ B
= A+ B=0

0, into the general solution to obtain an equation
relating 4 and B.

Differentiating y = Ae* + Be™ + xe* with respect

to x gives

dy

— = Ae* — Be™* + &% + xe*
dx

= A-B=-1
Solving the simultaneous equations gives

Substitute the second boundary condition,

d
—i: 0 at x = 0, into the derivative of the

d
Since d_} =0atx=0,0=4-B+1 .—[ general solution, to obtain a second equation
dx

relating 4 and B.

A:—-le-,aﬂdb-’:%

Solve the two equations to find values for 4 and B.

Soy= —%e-" - %s‘-" + xe* is the required solution.

Given that a particular integral is of the form Asin 2¢, find the solution to the differential

d2x

equation —— + x = 3sin 2¢, for which x = 0 and

de?

2

dt?

First consider the equation +x=0.

dx _ _
i 1 when r=0.

mZ+1=0=m==i
So, the complementary function is
x=Acost + Bsint.
The particular integral is Asin 21,
so let x = Asin 21

dx d?x '
Then — = 2Acos 2t and —— = =44 sin 21
dt de?

2
Substitute into 2% + x = 3sin 2t:
de?

—4lsin2t + Asin2t = 3sin 21
= 1=-1

Solve the auxiliary equation to find the values of m.

m Normally you would need to try a

particular integral of the form 4sin2¢ + ucos 2t
for this equation. However, in this case you are
told that there is a particular integral in the form
Asin2t.
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So a particular integral is —sin 2t. Use general solution = complementary function +
The general solution is ’7 particular integral.

x=Acost + Bsint — sin2t
Sinceix =0t i =10 = O

Differentiating x = Bsint — sin 2t with
respect to f gives

Substitute the initial condition, x =0 at r =0, into
the general solution to obtain 4 = 0.

%:Bcosf—-2c052.' o
e Substitute the second initial condition, - =1at
i —=1att=0,1=B-2 . . ’
Slnee dt R ¢ =0, into the derivative of the general solution,
= B=3 to obtain a second equation leading to B = 3.

And so x = 3sint — sin 21 is the required
solution.

® 1

® 2

a Find the general solution to the differential equation

dzy - _dy
=+ 5—+6y=12¢* (5 marks)
dx? o i
b Hence find the particular solution that satisfies y = 1 and vy 0 when x = 0. (4 marks)
a Find the general solution to the differential equation
L Zdy 12¢% 5 mark
dx2+ gy - 12e " (5 marks)

b Hence find the particular solution that satisfies y = 2 and d_fc =6 when x = 0. (5 marks)

dy )

Given that y =0 and é = % when x = 0, find the particular solution to the differential equation
¢y G 42y=14 10 mark
T2 dx A= (10 marks)

a Find the general solution to the differential equation

d2y
}, + 9y = 16sinx (6 marks)
dx? i
b Hence find the particular solution that satisfies y = 1 and vy 8 when x = 0. (6 marks)
a Find the general solution to the differential equation
4d2y 4dy 5 i 4 6 mark
dx2+ qx T Oy =sinx +4cosx " (6 marks)
b Hence find the particular solution that satisfies y = 0 and d_fc =0 when x = 0. (6 marks)
a Find the general solution to the differential equation
g% dx
E_SE+ZA:ZI_3 (6 marks)

b Given that x = 1 when ¢ =0, and x = 2 when ¢ = 1, find a particular solution of this

differential equation. (6 marks)

164



Methods in differential equations

® 7 Find the particular solution to the differential equation

d’x :
2 9x = 10sint
that satisfies x = 2 and % =—1 when r=0. (10 marks)
8 a i Find the value of A for which y = Ar’¢? is a particular solution to the differential equation
@?x 4 3
12 _4dt +4x =3te
ii Hence find the general solution to the differential equation. (6 marks)
b Find the particular solution that satisfies x = 0 and % =1 whent=0. (6 marks)
® 9 Find the particular solution to the differential equation
dix
ZSE +36x =18
that satisfies x = 1 and % =0.6 when 1 = 0. (12 marks)
® 10 a Find the general solution to the differential equation
a2y 5
iy +2x=2¢ (6 marks)
b Hence find the particular solution that satisfies x = 1 and % =3 whenr=0. (6 marks)
11 a Find the general solution to the differential equation
&y 3dy 2y = 3e2 7 mark:
—_—— L LX
o Jdx +2y=3e ; (7 marks)
b Hence find the particular solution that satisfies y = 0, é = (0 when x = 0. (6 marks)
12 Solve the differential equation
dy .
2 + 9y =sin3x
d
subject to the boundary conditions y = 0, d—J; =0 when x = 0. (14 marks)
d2x _dx B
EP 13 S+55 +6x=2e
Giventhatxz()and%:Zatt:O,
a find x in terms of ¢. = (8 marks)
b Show that the maximum value of x is % and justify that this is a maximum. (7 marks)
® 1 Find the general solution to the differential equation
dy -
(E+ytana = 2secx
giving your answer in the form y = f(x). (7 marks)
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® 2 Find the general solution to the differential equation
(1 —x2)2+xy=5x -1<x<1
dx ’
giving your answer in the form y = f(x). (7 marks)

® 3 Find the general solution to the differential equation

dy
X3 +x+y=0
giving your answer in the form y = f(x). (7 marks)

® 4 y satisfies the differential equation
dv 2
s }— =vx

dx x

Find y as a function of x. (7 marks)

® 5 y satisfies the differential equation

dy 5
gyt 2w=x
Find y in terms of x. (7 marks)

6 Find the general solution to the differential equation
d
x(1 - xz)d—i+ i-Apede, baxwel

giving your answer in the form y = f(x). (7 marks)

dy
7 Find the general solution to the equation 4y = Q(x), where a is a constant, giving your
answer in terms of ¢, when

a Q(x) = ke’ (k and A are constants). (6 marks)
Given that Q(x) = kx"e®*, where k and n are constants,

b find the general solution to the differential equation. (7 marks)

(E/P) 8 Find, in the form y = f(x), the general solution to the differential equation

dv
1:anx—J+y=2(:osxtanx,(}l<x<1 (6 marks)
dx 2
@ 9 a Find the general solution to the differential equation
dy i T i
a+ytanx =e*cosx, =5 p = b
giving your answer in the form y = f(x). (6 marks)
b Find the particular solution for which y = 1 at x = . (3 marks)
d
® 10 b 3y =sinx
%
Given that y = 0 when x = 0, find y in terms of x. (7 marks)
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11 a Find the general solution to the differential equation

i inh 4 mark:
gy = vsinhx (4 marks)
b Find the particular solution which satisfies the condition that y = 1 when x = 0. (2 marks)
® 12 2—x(4- 2)
dx >
Given that y = 1 when x =0, find y in terms of x. (7 marks)
2 )
® 13 Find the general solution to the differential equation (??J;+ ((i]_x +y=0 (6 marks)
; ) ; : . d¥y dy
® 14 Find the general solution to the differential equatlon@— 1 Tt 36y=0 (6 marks)
dy _,dy
@ 15 Find the general solution to the differential equation " 4= dx =0 (6 marks)

2
16 Find y in terms of &k and x, given that;]?{+ k*y = 0 where k is a constant, and y = 1

dy !
and - Fia latx=0. (8 marks)
d?y _dy :
® 17 Find the solution to the differential equatlona - 2d + 10y =0 for which y =0
dy
and — a =3atx=0. (8 marks)
® 18 a Find the value of k for which y = ke?* is a particular integral of the differential equation
dy d
2 1 = e (4 marks)

b Using your answer to part a, find the general solution to the differential equation. (5 marks)

(E/P) 19 Find the general solution of the differential equation
d?y

s = 4ex (7 marks)

2y
20 The differential equation 3?'} = 43) + 4y = 4> is to be solved.

a Find the complementary function. (3 marks)

b Explain why neither 1e>* nor Axe>* can be a particular integral for this equation. (2 marks)

A particular integral has the form kx2e?",

¢ Determine the value of the constant k and find the general solution of the
equation. (6 marks)

21 Find the particular solution of the differential equation
dzy 4y =5cos3
g2 H4y=5cos3t

d
which satisfies the initial conditions that when =0, y = 1 and d—J; =2 (12 marks)
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® 22 a Find the values of 4, u and k such that y = 1 + ux + kxe?* is a particular integral of the
differential equation

) de 2y =4 2% 5 mark
T2 qr Ty =dx+e (5 marks)
b Using your answer to part a, find the general solution of the differential equation. (5 marks)
d2y dv
23 a Find the solution of the differential equation 16—;2 + 8£ + 5y =5x + 23 for which y =3
dy :
and e Jatx=0. (8 marks)
b Show that y = x + 3 for large values of x. (2 marks)
: : . ; . dy dy . :
24 Find the solution of the differential equation gy 6y = 3 sin 3x — 2 cos 3x for which
y =1 at x =0 and for which y remains finite as x — oc. (8 marks)
25 x satisfies the differential equation
’% A%
——— Comihdt ] 2
472 +8dr + 16x=cosdt,t =0
a Find the general solution of the differential equation. (8 marks)

ta]—

b Find the particular solution of this differential equation for which, at t =0, x =

and e =0. (5 marks)
dr
¢ Describe the behaviour of the function for large values of z. (2 marks)

Challenge

1 Use the substitution z = y? to transform the differential equation

dy 1
A —— = —
2(1+x)dx+2xy ¥

into a differential equation in z and x. By first solving the transformed equation,
a find the general solution of the original equation, giving y in terms of x.

b Find the particular solution for which y = 2 when x = 0.

2 a Find the general solution of the differential equation
dy  dy
xX2——+4x— + 2y =lnx, seE ),
dx? dx Y
using the substitution x = e¥, where u is a function of x.

b Find the equation of the solution curve passing through the point (1, 1) with
gradient 1.
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Summary of key points

1

You can solve a first-order differential equation of the form ﬂ + P(x)y = Q(x) by multiplying
H H Px)dx dx
every term by the integrating factor e/Ptdx,

The natures of the roots a and 3 of the auxiliary equation determine the general solution
d?y dy

to the second-order differential equation a——+ b——+ ¢=0.
dx2  dx

You need to consider three different cases:

» Case 1: b% > bac
The auxiliary equation has two real roots « and 3 (a # (3). The general solution will be of the
form y = Ae>* + Be% where A4 and B are arbitrary constants.
» Case 2: b% = hac
The auxiliary equation has one repeated root . The general solution will be of the form
y = (A4 + Bx)e** where A and B are arbitrary constants.
* Case 3: b% < bac

The auxiliary equation has two complex conjugate roots o and 3 equal to p + gi. The
general solution will be of the form y = e?*(4 cos gx + Bsingx) where 4 and B are arbitrary
constants.

A particular integral is a function which satisfies the original differential equation.

d? d
To find the general solution to the differential equation ad—;; + bé + ¢y = f(x),
dzy dy

+ Solve the corresponding homogeneous equation aF + bd— + ¢y =0to find the
complementary function, C.F. . o

+ Choose an appropriate form for the particular integral, PI., and substitute into the original
equation to find the values of any coefficients.

+ The general solution is y = CF. + Pl
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Modelling with

differential equations

After completing this chapter you should be able to:

® Model real-life situations with first-order differential equations
-» pages 171-175

e Use differential equations to model simple harmonic motion
-» pages 175-180

® Model damped and forced oscillations using differential
equations -» pages 180-186

® Model real-life situations using coupled first-order differential
equations - pages 186-190

Prior knowledge check

1 Find the particular solution to the
; . _dy y
differential equation e 40 - =

given that y=0when x=0. « Section7.1

Find the general solution to the differential
ti oy de 6x=0 Secti
equation 5+ 5=~ 6x=0 « Section7.2

Find the particular solution to the
differential equation

d?y _dy | Population levels of predators and their

= tZm by =1cosx
dx? dx prey can be modelled using a pair of
coupled first-order differential equations.

d
given that d—J; =0and y =0 when x =0.

- Mixed exercise Q16




Modelling with differential equations

@ Modelling with first-order differential equations

First-order differential equations can be used to model problems in kinematics. You have covered
some of these contexts in A level mathematics and you have learned the following relationships
between displacement, velocity and acceleration:

_ds
dr

a=
dr

v

where s is the displacement of a particle, v is the velocity and a is the acceleration at time 7.

You can use these relationships to construct first-order differential equations which you can
solve using the standard methods of direct integration and separation of variables from A level
mathematics, or the method of integrating factors covered in Chapter 7 of this book.

A particle P starts from rest at a point O and moves along a straight line. At time 7 seconds the

acceleration, a ms=2, of P is given by

=(

= t
TR E

a Find the velocity of P at time ¢ seconds.

b Show that the displacement of P from O when ¢ =61is (18 - 12In2)m.

NPT

dt ~ (1t + 2)?

T —

Y= U+2)gdf— &t + )—df.—L

-1

1-':76“:2) +c

e .

. e e

Whent=0,v=20:

O:(:—%Z‘;‘('=3

The velocity of P at time t seconds is

[8-7ez)me
o w3755 [

"‘:J.(B_t+2)°“

=31-6ln(t+2)+d L
Whent =0, 5 =0:

O=-G6n2+d=d=¢6In2

s=3t-G6n{t+2)+&In2

Write the given relationship as a first-order
differential equation.

Integrate both sides with respect to ¢. Notice that
this equation can be solved by direct integration.

Remember to include the constant of integration.

Use the initial conditions to find the value of c.

Set up another first-order differential equation

Solve this differential equation, again using
standard methods, and include a second constant
of integration. You are told that the particle starts
from rest at the origin so your initial conditions
ares=0whent=0.
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When t = 6,
s=186-6CEh&+EIn2

=18-6h(§)=18-6In4
=18 -12In2

The displacement of P from O when t = &
is (16 = 121In2) m, as required.

Use the laws of logarithms to simplify your
answer into the form asked for in the question.
This can be done in more than one way. The
working shown here uses
In8—In2=1In($)=In4
and
In4=In2?=21In2.

A particle P is moving along a straight line. At time 7 seconds, the acceleration of the particle is

given by

a=t+?v,t20

Given that v = 0 when ¢ = 2, show that the velocity of the particle at time ¢ is given by the equation

v=ct3— 12

where ¢ is a constant to be found.

dv 3

a - TF = f

Integrating factor = elpdt = e-ll‘%d’
. 6_3“"
- eln.r'3
= [_3

So the coriginal equation becomes

2 dv -
37— -3ty =172
at 3
d "
= —{¢3y) = 12
dt
= [ZSv=—t"+c¢
=v=—12+cr3

Sincev=0whent =2,
O=-4+8c=c=-=+

2
So the velocity of the particle at time ¢ is
given by v = %{3 -1
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Write the differential equation in the form

‘é—‘; + Pv= Q where P and Q are functions of r.
To solve this differential equation, you need to

use the integrating factor method. ¢ Section 7.1

Find the integrating factor and use the standard
method to find the general solution.

Multiply through by ¢ to find v.



Modelling with differential equations

First-order differential equations can also be used to model other real-life situations involving rates
of change.

You might need to construct or analyse models based on situations other than kinematics in your exam.

A storage tank initially contains 1000 litres of pure water. Liquid is removed from the tank at a
constant rate of 30 litres per hour and a chemical solution is added to the tank at a constant rate of
40 litres per hour. The chemical solution contains 4 grams of copper sulphate per litre of water.

Given that there are x grams of copper sulphate in the tank after # hours and that the copper
sulphate immediately disperses throughout the tank on entry,

a show that the situation can be modelled by the differential equation
dx 3x
dr = 190-To0 7

b Hence find the number of grams of copper sulphate in the tank after 6 hours.

t=0

¢ Explain how the model could be refined.

a litres of liquid in the tank after £ hours is given by
1000 + 40t — 30t = 1000 + 10¢
Let x grams be the amount of copper sulphate in

Write down the amount of liquid in the
tank after ¢ hours.

Problem-solving

Work out the rate that copper sulphate
enters the tank and leaves it. The rate at
which the copper sulphate leaves the tank
will be dependent on the concentration of

the tank after ¢ hours.
Concentration of copper sulphate after { hours

= m grams per litre.

Rate copper sulphate in = 40 X 4
= 160 grams per hour

= N copper sulphate in the tank.
Rate copper sulphate out = 30 x et ST pp P
ot & rams per hour
100 + ¢ 3 P Write down the final differential
sl spe 5 i
BIEE D T100 + ¢ equation. - —is the rate of change of
i axsy it x =160 copper sulphate in the tank, so it is
dt 100 +¢ S equal to the rate of copper sulphate in
Integrating factor = el = eligo minus the rate of copper sulphate out.
= 23In(100+1)
- eln(lCCH}-‘-
=00 O Write the differential equation in the
So the oriji:al equation becomes Pt dx )
(100 + I)Bd_-! + 3(100 + 1)?x = 1600100 + 1)3 dr
= 2100 + 1°x) = 160(100 + 1)
= (100 + 1)3x = 40(100 + H)* + ¢

When t =0, x =0,

0 =4000000000 + ¢ = ¢ =-4 x 107
After & hours,

(106)3x = 40 x (106)4 — 4 x 10°

= x =882 g (3 sf)

Work out the value of ¢ from the initial
conditions.
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¢ The model could be refined to take into account You could give any sensible suggestion
here, but make sure it is in the context

the fact that the copper sulphate does not
of the model. For example, the rate at

disperse immediately on entering the tank. T
which liquid is removed could be made

to vary with the volume of liquid in the

z tank.

1 A particle P is moving along the x-axis in the direction of x increasing. At time ¢ seconds, the
velocity of Pis (zsinf)ms~'. When 7 =0, P is at the origin. Show that when ¢ = %r,
P is 1 metre from O.

2 A particle P is moving along a straight line. Initially P is at rest. At time ¢ seconds P has velocity
vms~! and acceleration ¢ m s~ where

g=—0t

2+ 13

Find v in terms of .

t=0

® 3 A particle P is moving along the x-axis. At time ¢ seconds P has velocity vm s~! in the direction x
increasing and an acceleration of magnitude 4e%% ms-2 in the direction x decreasing. When ¢ = 0,
P is moving through the origin with velocity 20 m ~! in the direction x increasing. Find:

a vin terms of ¢
b the maximum value of x attained by P during its motion.

® 4 A particle, P, is moving along the x-axis. At time ¢ seconds, the displacement of the particle from
O is xm, and its velocity is vms~!, where

3l =

p=gs
Given that the particle is initially at the origin, find x as a function of z.
5 A sports car moves along a horizontal straight road. At time ¢ seconds the acceleration,

in ms~2, is modelled using the differential equation

dv
P - 2vi=t¢

where v is the velocity of the car in ms-.

When 7 = 0, the car is travelling at  ms™!,

a Show that the velocity of the car at time ¢ seconds can be written as v = %(3 e” —1). (5 marks)
b Find the velocity of the car after 2 seconds. (2 marks)
¢ State, with a reason, whether the model is suitable when ¢ = 4 seconds. (2 marks)

6 A raindrop falls vertically from rest through mist. Water condenses on the raindrop as it falls.
You are given that the motion of the raindrop may be modelled by the equation
1+ D)L +4v=938(+4)

where 7 is the time in seconds and v is the velocity of the raindrop in ms-!.

O i s be found 6 mark
a ow that v = 25(: + 4)° where ¢ 18 a constant to be found. (6 marks)
b Find the velocity of the raindrop after 5 seconds. (2 marks)

¢ By considering the velocity for large values of z, suggest one criticism of the model. (1 mark)
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7 A gas storage tank initially contains 500 cm? of helium. The helium leaks out at a constant rate
of 20 cm? per hour and a gas mixture is added to the tank at a constant rate of 50 cm? per hour.
The gas mixture contains 5% oxygen and 95% helium.

Given that there is x cm? of oxygen in the tank after  hours and that the oxygen immediately
mixes throughout the tank on entry,

a show that the situation can be modelled by the differential equation

dx 2x

= 25- 50 + 37 (4 marks)
b Hence find the volume of oxygen in the tank after 4 hours. (5 marks)
¢ Explain how the model could be refined. (1 mark)

@ Simple harmonic motion

You can use second - order differential equations to model particles moving with simple harmonic motion.

= Simple harmonic motion (S.H.M.) is motion in which the acceleration of a particle P is always
towards a fixed point O on the line of motion of P. The acceleration is proportional to the
displacement of P from O.

The point O is called the centre of oscillation.
The minus sign means that the acceleration is
always directed towards O.

We write ¥ = —wlx

This can be shown on a diagram

- .
«L The constant of proportionality in this
PY equation is w?, where w is the angular velocity
o, v 3 of the particle. - FM2, Chapter 1
Given that ¥ = dv you can use the chain rule to

dt @ Explore simple harmonic motion O

derive a relationship between x, v and a which will using GeoGebra.
allow you to solve the second-order differential
equation for simple harmonic motion:

. dv dv dx You can use ‘dot’ notation to indicate
=g a9 ar differentiation with respect to time.
. dx . . = & and X = @. So if x is used to denote
Since —— = v, you can write acceleration as follows: dt de?
dt displacement, then x represents velocity and ¥
. k= vit represents acceleration.
T dx

A particle P moves with simple harmonic motion about a point O. Given that the maximum
displacement of the particle from O is a,

a show that v2 = w?(a? — x?), where v is the velocity of the particle and «? is a constant.

b show that x = a sin(w? + o), where « is an arbitrary constant.
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i . dv
a X=—w2x and X=v—

dx

So vdv =—-w?x

dx
f*. dv = —fw‘ X dx
%1’2 = —%mg,\‘2 +c
v=0 when x = a,
therefore O = —gw?2a? + ¢ = ¢ = 3w?a?
Hence %1-‘2 = —lewe,\‘z + %wgag
= v2 = w?(a?® — x?2) as required.

b X+ w?x =0

2y
d—p + wix
dt=

0

e+ w? =0 = m= +uwi
x = Acos wt + Fsinwt

= Rsin(wt + o) s

This has maximum amplitude R. Since the

maximum amplitude of the particle is &

X = asin(wt + o) as required.

You can see from the above example that the

path of a particle P under simple harmonic
motion is a sine wave with period %’T and
amplitude a.

If the particle is at its equilibrium position at time

t=0thena=0.

A
o 4

El
=Y

€|

—Flees s s e
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Write down the equation for simple harmonic
motion and use X = vi—; to write a differential
equation involving v and x only.

Separate the variables.

Integrate both sides and add a constant of
integration.

The velocity of the particle will be zero when the
particle is at maximum displacement.

This is a second-order linear differential equation.
IR ey
Write it in the form a— + b— + cx=0and
de? dt
then solve the corresponding auxiliary equation.

€« Secton 7.2

Problem-solving

You are given information about the maximum
displacement, so write the general solution in a
form where you can determine the amplitude.

The arbitrary constants become R and a, where

R?2= 42+ B?and tan o =%

The period of the motion is the time

the particle takes to complete one oscillation.

The amplitude of the motion is the maximum

displacement from the origin.

If the particle is at its stationary point, i.e. its
maximum displacement, when 1 =0, then o = %

noo

-1




Modelling with differential equations

A particle is moving along a straight line. At time ¢ seconds its displacement, xm from a fixed
2

X
2= —4x.

point O is such that

Given that at 7 = 0, x = 1 and the particle is moving with velocity 4ms-!,
a find an expression for the displacement of the particle after 7 seconds
b hence determine the maximum displacement of the particle from O.
d?x This is a second-order linear differential equation.

- +4x =0 d2 d
dt® Write it in the form a—2 + 5=Y + ¢ =0,

2
m2+4=0=>m==x2i dx dx

x=Acos2t + BsinZt

Write down and solve the auxiliary equation.
x=1Twhent=0=>4=1

V= —i—: =—-2sin2t+ 2Bcos 21t

Write down the general solution. There are two
purely imaginary roots so the general solution is
o bt v e S 5 in the form y = 4cosgx + Bsingx < Section 7.2

RS AEE N 0SB S SR Substitute the initial condition for x:
b x =V5sin(2t + 0.4636..) LU 0)

Hence maximum displacement is ‘

Differentiate x to find an expression for v and use
the initial condition for v: 4 = =2 sin(0) + 2B cos(0)

Write your solution to a in the form Rsin(f + a).
Example o

A particle, P, is attached to the ends of two identical elastic springs. The free ends of the springs
are attached to two points A4 and B. The point C lies between 4 and B such that 4 BC is a straight
line and AC # BC. The particle is held at C and then released from rest.

At time ¢ seconds, the displacement of the particle from Cis xm and its velocity is vms~'.

V5 metres.

The subsequent motion of the particle can be described by the differential equation x = —25x.
a Describe the motion of the particle.

Given that x=04and v=0when ¢t =0,

b solve the differential equation to find x as a function of ¢

¢ state the period of the motion and calculate the maximum speed of P.

a The particle moves with simple harmonic motion.

b X+ 25x=0
m?+25=0=>ms= 151—| Write down and solve the auxiliary equation.
x = Acos5t + Bsin5t J Then write down the general solution.
x=04whent=0=>4=04 —‘
x = -5Asin5t + 5Bcos 5t Find the values of 4 and B.
v=0whent=0=B=0 J

Hence x = 0.4 cos 5t
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. .. 2m
¢ Feriod of motion is — seconds

5

X = —2sin51, so maximum speed = 2ms™.

Exercise

® 1

A particle is moving along a straight line. At time ¢ seconds its displacement, x m, from a fixed
B

. : dex
point O is such that ar = -9x.

a Describe the motion of the particle. (1 mark)
Given that at 1 = 0, x = 2 and the particle is moving with velocity 3ms-!,
b find an expression for the displacement of the particle after ¢ seconds. (7 marks)

¢ Hence determine the maximum distance of the particle from O. (2 marks)

A particle is moving with simple harmonic motion. After ¢ seconds its displacement, xm from a
fixed point O is such that ¥ = — 16x.

Giventhatat =0, x=5and x =2,
a find an expression for the displacement of the particle after ¢ seconds. (7 marks)

b Hence determine the period of motion and the maximum distance of the particle
from O. (3 marks)

A particle moves along a straight line. The particle moves such that its acceleration, in ms=2,
acts towards a fixed point O and is proportional to its distance, xm, from O.

a Describe the motion of the particle. (1 mark)
Given that the acceleration of the particle is —-5ms=> when x =1,

b write down a differential equation to describe the motion of the particle. (2 marks)
If the velocity and displacement of the particle at time 7 = 0 are 6ms~' and 5m respectively,

¢ find an expression for the displacement of the particle after ¢ seconds. (7 marks)

d Hence find the maximum distance of the particle from O. (2 marks)

A particle moves along a straight line such that its acceleration, in ms~2, acts towards a fixed

point O and is proportional to its distance, xm, from O.
: e d?x
The equation of motion is given as 0 kx,t=0

where k is a constant.

Given that the acceleration is —=7ms-2 when x = 2,

a write down the value of k. (1 mark)
b Use your answer to part a to find x as a function of 7 given that x = 6 and x = 1 at

time 7 = 0. (7 marks)
¢ Hence find, correct to 2 decimal places, the period of the motion. (2 marks)
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5 A small rowing boat is floating on the surface of the sea, tied to a pier. The boat moves up
and down in a vertical line, such that the vertical displacement, x m, from its equilibrium point
satisfies the equation

d2x
dr?
Given that the maximum displacement is 1.3 m and it occurs when 7 = 2 seconds,

=-225x,t=0

a find an expression for x in terms of 7 in the form x = Asinwt + Bcoswt where A, B and w are

constants to be found. Give 4 and B correct to three decimal places. (7 marks)
b State the time elapsed between the boat being at its highest and lowest points. (2 marks)
¢ Criticise the model in terms of the motion of the boat for large values of . (1 mark)

6 A particle P is attached to one end of a light elastic spring. The other end of the spring is fixed
to a point 4 on the smooth horizontal surface on which P rests. The particle is held at rest with
AP =0.9 m and then released. At time ¢ seconds the displacement of the particle from A4 is xm.
The motion of the particle can be modelled using the equation X = —200x.

a State the type of motion exhibited by the particle P. (1 mark)
Given that x = 0.3 and the particle is at rest when ¢ = 0,

b solve the differential equation to find x as a function of ¢ (7 marks)
¢ find the period and amplitude of the motion (3 marks)
d calculate the maximum speed of P. (2 marks)

@ 7 A particle P is attached to one end of a light elastic spring. The other end of the spring is fixed

to a point O on the smooth horizontal surface on which P rests with OP = 2.6 m and then

released. The motion of P can be described using the equation X = —%,\‘, where xm is the

displacement of P from O at time ¢ seconds.
Given that x = 1 and the particle is at rest at time 7 = 0,
a solve the differential equation to find x as a function of ¢ (7 marks)

b find the period of motion. (2 marks)

@ 8 A smooth cylinder is fixed with its axis horizontal. A piston of mass 2.5kg is inside the cylinder,
attached to one end of the cylinder by a spring of natural length 50 cm. The piston is held at rest
in the cylinder with the spring compressed to a length of 42cm. The piston is then released. The
spring can be modelled as a light elastic spring and the piston can be modelled as a particle.

The motion of P can be described using the equation X = —320x, where xcm is the compression
of the spring from its natural length at time 7 seconds.

Given that x = 8 and v =0 when 1 = 0,
a solve the differential equation to find x as a function of ¢ (7 marks)

b find the period of the resulting oscillations. (2 marks)

9 A pendulum P is attached to one end of a light inextensible string. The other end of the string
is attached to a fixed point 4 on a ceiling. The pendulum hangs in equilibrium at a point B
vertically below A.

The pendulum is then moved through a horizontal distance of 15cm and released from rest.
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The subsequent motion can be modelled using the equation X = —@x where xcm is the
horizontal displacement from the vertical at time ¢ seconds and ¢ = 0.

a Solve the differential equation to find x as a function of 7. (7 marks)
b Find the period and amplitude of the motion. (3 marks)

Anton says that since the pendulum describes simple harmonic motion, the model suggests that
the pendulum will stay swinging forever.

¢ Suggest a refinement of the model in light of this statement. (1 mark)

@ Damped and forced harmonic motion

You can refine the model for simple harmonic motion by adding an additional force which is
proportional to the velocity of the particle. When this force acts so as to slow the particle down it is
known as a damping force, and the motion of the particle is known as damped harmonic motion.

= For a particle moving with damped harmonic motion m Vol could Sleomntte
dx  ,dx, this as ¥ + kx + w?x =0
F +k & +wex=0

where x is the displacement from a fixed

point at time 7, and & and w? are positive

constants. m This is an example of a second-order
homogeneous differential equation. You can solve
equations like this by considering the auxiliary
equation. <« Section 7.2

There are three separate cases corresponding to
the auxiliary equation having distinct real, equal
or complex roots.

When k? > 4w? there are two distinct real roots for the auxiliary equation. This is known as heavy
damping. In this case there will be no oscillations performed as the resistive force is large compared
with the restoring force.

When k? = 4w? the auxiliary equation has equal roots. This is known as critical damping. Again there
will be no oscillations performed.

When k? < 4w? the auxiliary equation has complex roots. This is known as light damping and is the
only case where oscillations are seen. The amplitude of the oscillations will decrease exponentially
over time.

For heavy and critical damping the exact nature of the motion will depend on the initial conditions
given.

For light damping the period of the observed oscillations can be calculated.

A particle P of mass 0.5kg moves in a horizontal straight line. At time ¢ seconds, the displacement of
P from a fixed point, O, on the line is xm and the velocity of P is vms~!. A force of magnitude 8xN
acts on P in the direction PO. The particle is also subject to a resistance of magnitude 4vN.
When ¢ =0, x = 1.5 and P is moving in the direction of increasing x with speed 4ms-'.

dx

2
a Show that % + SE +16x=0 b Find the value of x when 7 = 1.
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a —»p ¥
8x + 4y Draw a diagram to show the situation.
O{——x<—:
F=ma
—(8&x + 4v) = 0.5%
05X+ 4x+8x=0 The auxiliary equation has equal roots.
d?x i 8@ LGy = This means that the general solution is in
dr? dt the form x = (4 + Br)e®, where « is the
b Auxiliary equation: root. ¢ Section 7.2
m?+ 8m+ 16 =0
(m+4)°=0 Use the initial conditions given in the
m= -4 question to obtain values for A and B.

General solution is x = (4 + Bt)e™

[=ob) =il = 5] Problem-solving

dx
i Bar# Al LB This is an example of critical damping:
t=0,v=4=4=B-44 VA

B=4+44=4+4x15=10
So x = (1.5 + 101)e~*
t=1=2x=1lbet=0210:...
Whent =1, x = 0.211 (3 s.f)

0 %

m Explore damped harmonic O

motion using GeoGebra.

A particle P hangs freely in equilibrium attached to one end of a light elastic string. The other end
of the string is attached to a fixed point A. The particle is now pulled down and held at rest in a
container of liquid which exerts a resistance to motion on P. P is then released from rest. While the
string remains taut and the particle in the liquid, the motion can be modelled using the equation

d2x dx 5 ; s
F + 6k§ + 5k?x =0, where k is a positive real constant
Find the general solution to the differential equation and state the type of damping that the particle

is subject to.

Auxiliary equation: m? + Gkm + 5k® = O
(m+ 5k)im+k)=0

m = -5k or -k If the auxiliary equation has distinct real
General solution is x = Ae~5k + Be k! roots « and (3, then the general solution is
The auxiliary equation has two distinct real in the form x = 4e® + Be/

roots so the particle is subject to heavy
damping.
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One end of a light elastic spring is attached to a fixed point 4. A particle P is attached to the other
end and hangs in equilibrium vertically below 4. The particle is pulled vertically down from its
equilibrium position and released from rest. A resistance proportional to the speed of P acts on P.
The equation of motion of P is given as

d2x dx
entii it Dnp —
a7 +2kdt +2k*x=0

where k is a positive real constant and x is the displacement of P from its equilibrium position.

a Find the general solution to the differential equation.

b Write down the period of oscillation in terms of k.

If the auxiliary equation has complex roots
a Auxiliary equation: m* + 2km + 2k® = p * gi, then the general solution is in the form
_ 2k £VA4k? — 4 x 2k? X =er(Acosqt + Bsingt)
B 2
So x = e*(Acoskt + Bsinkty (4 coskt + Bsinkt) can be written as Rcos (kt + €)

= -k + ik

m

b Pefioy = 2X to give a period of%

k
Problem-solving

This is an example of light damping:
4

W NS
VYT

The displacement of the particle will oscillate with
a reducing amplitude.

You can investigate the motion of a particle which is subject to the same two forces as above but
is also forced to oscillate with a frequency other than its natural one. This type of motion is called
forced harmonic motion.

= For a particle moving with forced harmonic

motion m This is an example of a second-order
d2y dx . non-homogeneous differential equation. You will
arz k G T = f(r) need to find the solution to the corresponding

homogeneous equation, then add a particular
integral, the form of which will depend on f(z).
<« Section 7.3

where x is the displacement from a fixed
point at time 7, and k and w? are positive
constants.
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A particle P of mass 1.5kg is moving on the x-axis. At time 7 the displacement of P from the
origin O is x metres and the speed of P is vms~'. Three forces act on P, namely a restoring force of
magnitude 7.5x N, a resistance to the motion of P of magnitude 6v N and a force

of magnitude 12sin7N acting in the direction OP. When ¢ =0, x = 5 and e =2,

dr
2 .
3; + 4(3]—); + 5x =8sint. b Find x as a function of ¢.

¢ Describe the motion when ¢ is large.

a F=ma , m Explore O

a Show that

L7 O G dx + 12sint = 1‘5ﬂ forced harmonic motion
e dr? using GeoGebra.
EX | 5x+ 495 = geing
de? at
% + 4% + 5x = Bsint
b Auxiliary equation: m? + 4m+ 5 =0
4 +V42 -4 x5 -4 +i/4 _ This is the general
= > = @ o ot solution to the
Complementary function: x, = e (4dcost + Bsint) corresponding
Particular integral: try x = psint + gcost homogeneous
% =pcost — gsint differential equation.
dEx ;
e —psint — gcost
So (—psint — gcost) + 4(pcost — gsint) + S(psint + gcost) = 8sint General solution
(—=p — 4¢ + 5p)sint + (—q + 4p + 5q)cost = Bsint __ = complementary
Equating coefficients of cost: 4p+4g=0=p+4=0 function + particular
Equating coefficients of sint: —4g+4p=8=p-qg=2 integral

Sop=1and gq=-1

So the particular integral is x = sint — cost and the general solution ——  Use the initial

is x = e 2 (Acost + Bsint) + sint — cost conditions given in
t=0,x=5=5=A-1s04d=¢€ the question to obtain
x=e?(Acost + Bsint) + sint — cost values for 4 and B.
j”: = —2e 2 (Acost + Bsint) + e 2(=Asint + Bcost) + cost + sint
f:O,%§=2=>2=-2A+B+15oB=2+12—-1=13

So x = e 2(Gecost + 13sint) + sint — cost

c Ast — o0, e =0 1 :
Write sint — cost in the

form Rsin(f — )

S50 x — sint — cost = Rsin(t — o)
R=V1+1=42,

g
t _1 —_—
anoa =1=uoa >

x = V2 sin (I - %) |
For large values of t, the motion is S.HM. with amplitude v2
and period 2.
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A particle P is attached to end A of a light elastic string 4 B. Initially the particle and the string lie at
rest on a smooth horizontal plane. At time ¢ = 0, the end B of the string is set in motion and moves
with constant speed U in the direction 4B, and the displacement of P from A is x. Air resistance acting

on P is proportional to its speed. The subsequent motion can be modelled by the differential equation
d2x dx
12 +2kdt + k2x =2kU

Find an expression for x in terms of U, k and ¢.

Auxiliary equation: m? + 2km + k* = O

(m+ k=0

m= -k
Complementary function: x = (4 + Bt)e ™ The right-hand side of the differential equation
Particular integral: try x = a is constant, so try a constant for the particular
Xx="%=0 integral.

T

Sokfa=2kU=a= 2"{}
k

General solution is x = (A + Bt)e™™ + 2?

=t meny e G=d4 &»":, B et Use t.he initial conditions given in the question to
: k k obtain values for 4 and B.

x=—k(4 + Bt)e™ + Be™*

(=0=x=U

U=-kA + B

B=U+kA=-U
T
s0x= (2L _ pr)en 20
=i k

Exercise @

1 A particle P is moving in a straight line. At time ¢, the displacement of P from a fixed point on
the line is x. The motion of the particle is modelled by the differential equation
d2x dx
12 +4dt +8x=0

When 7 = 0, P is at rest at the point where x = 2.
a Find x as a function of r.

b Calculate the value of x when ¢ =%

¢ State whether the motion is heavily, critically or lightly damped.

2 A particle P is moving in a straight line. At time ¢, the displacement of P from a fixed point on
the line is x. The motion of the particle is modelled by the differential equation
d’x  _dx
12 +8dt +12x=0
When 7 = 0, P is at rest at the point where x = 4.

Find x as a function of ¢.
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Modelling with differential equations

A particle P is moving in a straight line. At time ¢, the displacement of P from a fixed point on
the line is x. The motion of the particle is modelled by the differential equation

d’x .dx
12 +2$+ 6x=0

When ¢ =0, P is at rest at the point where x = 1.

a Find x as a function of ¢. (6 marks)
The smallest value of ¢, 7 > 0, for which P is instantaneously at rest is 7.
b Find the value of T. (2 marks)

A particle P is attached to one end of a light elastic spring. The other end of the spring is
attached to a fixed point 4 and P hangs freely in equilibrium vertically below 4. At time 1 =0, P
is projected vertically downwards with speed u. A resistance proportional to the speed of P acts
on P. The motion of P can be modelled using the differential equation

d?x dx
o 4k§ +4k’x =0
where x is the displacement of P from its equilibrium position at time ¢ and k is a positive
constant.

a Find an expression for x in terms of u, ¢ and k. (6 marks)

b Find the time at which P comes to instantaneous rest. (2 marks)

A particle of mass 2kg moves in a horizontal straight line. At time 7 seconds, the displacement
of P from a fixed point O is x metres and the speed of P is yvms~!.

A force of magnitude 6x N acts on P in the direction PO. The particle is also subject to a
resistance of magnitude 2vN. When 7 =0, x = 1 and P is moving in the direction of increasing x
with speed 2ms~!.

a Show that X + x + 3x =0. (2 marks)
b Solve the differential equation in part a to find x as a function of . (8 marks)
¢ Find the value of x when 1 = 2. (2 marks)
d Describe the motion of P for large values of . (1 mark)

A particle P is attached to end A of a light elastic spring 4B. The end B of the spring is
oscillating. At time ¢ the displacement of P from a fixed point is x. When ¢ =0, x =0 and

dx k& 2 : i : : ;
= =~ where k is a constant. Given that x satisfies the differential equation

dr 5
d?x
a2 +9x = kcost
find x as a function of . (8 marks)

A particle P is attached to end A of a light elastic spring 4 B. Initially the spring and the particle
lie at rest on a horizontal surface. The end B of the spring is then moved in a straight line in the
direction 4B with constant speed U. As P moves it is subject to a resistance proportional to its
speed. The extension, x, in the spring can be modelled using the differential equation

dZx dx p
472 + Sk 7 +6k>x=5kU
Find an expression in x in terms of . (8 marks)
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8 An engineering student is designing an oscillating piston that is attached to a vertical rod. The
piston is to be released from rest from a point half way up the rod so that it oscillates in a vertical
line. The vertical displacement, x metres, of the top of the piston below its initial position at time
t seconds is modelled by the differential equation,

2";2 + 3‘(’1—’;”: 100 cosz, £ = 0
a Show that a particular solution to the differential equation is x = 30 sinz — 10 cos¢ (3 marks)

b Hence find the general solution to the differential equation. (5 marks)

¢ Use the model to find, to the nearest centimetre, the vertical distance of the top of the piston
from its initial position 5 seconds after it is released. (4 marks)

@ Coupled first-order simultaneous differential equations

In some real-life situations rates of change of two variables are connected. For example, in a predator-
prey model, the rate of change of the population of bears might be dependent on both the number

of bears and the number of fish in a river. Simultaneously, the rate of change of the number of fish
might be dependent on both the number of bears and the number of fish. In this case, you have two
dependent variables, the number of bears and fish, and one independent variable, time. You can set up
two first-order differential equations to model the rates of change of the numbers of bears and fish.

Letting the number of bears at time ¢ be x and the number of fish at time ¢ be y, you can write:

X
=ax+ by +f(t
y+ 1) m If f(z) and g(¢) are both zero, the

dt
dy system is said to be homogenous.
E =cx+dy+glf)

These equations are called coupled first-order linear differential equations and you can solve
them simultaneously to find x and y as functions of ¢.

= You can solve coupled first-order linear differential equations by eliminating one of the
dependent variables to form a second-order differential equation.

At the start of the year 2010, a survey began on the numbers of bears and fish on a remote island
in Northern Canada. After ¢ years the number of bears, x, and the number of fish, y, on the island
are modelled by the differential equations

dx
E_O.Sx+ 0.1y (1)
dy
P =0.1x + 0.5y 2)
d2x dx
a Show that a2 0.8 P +0.16x=0.

b Find the general solution for the number of bears on the island at time .
¢ Find the general solution for the number of fish on the island at time .
d At the start of 2010 there were 5 bears and 20 fish on the island.
Use this information to find the number of bears predicted to be on the island in 2020.
e Comment in the suitability of the model.
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Rearrange equation (1) to make y the subject.

@ pelpo s e M

d dt

2 = TC}d_Z-E = 3ﬂ — Differentiate both sides with respect to 1.

dt ar? dt

d?x _ gdx _ ax _ 5. d

o8 o g =i 0'5(10 dt 3") Substitute your expressions for y and d_J: into
10@ - 8% +16x=0 equation (2) to form a second-order differential
5 9 equation in x and .

d°x dx o

a1 -—O.&dl + 0.16x =0 L

Rearrange into the correct form.
b m2-08m+ 016 =0=>m=04

Hence x = Ae%* + Bte®#

J

Write down the auxiliary equation and solve it.

¢ 2% - 0.44e%4 + 0.4B1e0O + BeOH
dt i Use the general form of the solution of a
y=10-— S from cquation (1) differential equation with a repeated root.
y = 10(0.44€°# + 0.4Bte®4 + BeO4) -
— 3(4e%% + Bre®#) Problem-solving
y = Ae# + 10Be®# + BreO# You do not need to go through the whole process

to find an expression for y in terms of «. If you

dAtt=0,x=5=>4=5 "] differentiate your answer to part b with respect

At1=0,y=20=B=15 |

%= Se T S
B bime e i = BabadELd o fHES terms of 7 only. You can substitute these into

equation (1) and simplify to obtain the answer.

to ¢ you will have expressions for x and 3—’: in

The model predicts there will be 1022
bears on the island by 2020.

— Use the initial conditions to find 4 and B.
e The model predicts the number of bears

(and the number of fish) will grow without Substitute ¢ = 10 into the equation for x. Round
limit so it is unlikely to be realistic. to the nearest whole number.

Two barrels contain contaminated water. At time ¢ seconds, the amount of contaminant in barrel
A is xml and the amount of contaminant in barrel B is yml. Additional contaminated water flows
into barrel 4 at a rate of Sml per second. Contaminated water flows from barrel 4 to barrel B and
from barrel B to barrel A through two connecting hoses, and drains out of barrel 4 to leave the
system completely.

The system is modelled using the differential equations
dx

q =Sty -Tx (1)
dy 3 4
Pl Ll 4 2
dzy dy
Show that 630 + 370+ 28y = 135.
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dy 4 3 .

T + G- —70,\ from equation (2)
70dy 280 _ :
= + o7 )= (3) Rearrange (2) to make x the subject.

dx _70d%y 2804y |, N
dt =3 arz * 27 at (4)*——71_ Differentiate (3) to find &=

— (als
704% 2804y __ 4 _1(70dy 280
B gl @ .9 pBar: PrY
d?y ay dy
70 é+%—)=15+%}’w10—'—%y
dé at d Substitute (3) and (4) into (1), simplify
6301‘; T 250% =135 + 12y — 902_-: - 40y coefficients and remove fractions.
gl 6302?; T ,;_i:? + 28y = 135 as required. Write your answer in the form required in the

question.

Exercise @

@1

Find the particular solutions to the differential equations

9% _ .o
de,— T
dy

dar - X7

giventhat x=1and y=2at¢=0.

a Find the general solutions to the differential equations

dx
R
dy
[Tl

b Given that at time 7 =0, x = 1 and y = 2, find the particular solutions.

A system of differential equations is given as

(3]—):=2x—3y—2
dy .
dt_"\+y_

Given that x =0 and y = 1 when ¢ = 0, find the particular solutions to the system of differential
equations.

At the start of 2012, a survey began on the number of sand foxes and the number of meerkats
on a remote desert island. After ¢ years, the number of sand foxes, x, and the number of
meerkats, y, on the island are modelled by the differential equations

dx

4, =02x+0.2y

3y 0.5x+04
q = ~0-5x+0.4y
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dx

d2x
a Show that an 0.65 +0.18x = 0. (3 marks)

b Show that the general solution for the number of sand foxes at time ¢ is
x =e*(A cos 3t + Bsin 5t)
where o and 3 are constants to be found. (4 marks)

¢ Find the general solution for the number of meerkats at time 7.
Give your answer in the form y = Pe®(Qcos 8t + Rsin 3t) where P is a constant to be found

and Q and R are functions of 4 and B. (3 marks)
d Given that there were initially 3 sand foxes and 111 meerkats on the island, during which

year does the model predict that the meerkats die out? (5 marks)
e How many sand foxes will there be when the meerkats die out? (1 mark)
f Use your answers to parts d and e to comment on the model. (1 mark)

5 A tank of water contains two different types of chemical that react with each other. The rates of
change of each chemical can be modelled using the differential equations

dx

m Ix+2y

dy

e 2x +y
where x is the number of litres of chemical X and y is the number of litres of chemical Y at time
¢ hours.

Initially there is one litre of chemical X and two litres of chemical Y in the tank.

a Show that the solutions to the differential equations can be written as

x = Pe!
y= Qe
where P and Q are functions of ¢ to be found. (8 marks)
b Find, correct to three significant figures, the amount of each chemical at time 7 = 2 hours.
(2 marks)
¢ Use the model to describe what happens to the amount of each chemical as ¢ gets large.
(2 marks)

6 A freely hanging pendulum oscillates in both the x and y directions. At time ¢, the rates of
y ging p J

change of the x and y displacements are given by the differential equations
dx

E — —4)’
dy
ar= 4x
a Show that the pendulum describes simple harmonic motion in the y direction. (3 marks)

Given that the initial displacement of the pendulumis x =4 and y = 5,

b find the particular solutions to the system of differential equations. (6 marks)
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Joanna is investigating how a harmful substance from pollution is absorbed by the human body.
She finds that the substance enters the body in the bloodstream and is transferred between the
blood and the bodily organs. The harmful substance is then expelled from the body through, for
example, sweat.

The amount of the substance in the blood, xmg, and the organs, ymg, at time ¢ days, can be
modelled using the differential equations

?]—): =-0.03x+0.01y + 50
dy
T 0.01x — 0.03y
a Show that d’x + 0.06g + 0.0008x = 1.5 (6 marks)
de? dr
b Hence find the general solutions to the system of differential equations in the form
x =1(1)
y=g(t) (8 marks)
¢ Describe what happens to the amount of the substance in the blood and the organs as 7 gets
large. (2 marks)

A biologist is examining the rates of change of nutrients in both tree roots and the surrounding
soil. Nutrients pass from the tree roots into the soil and from the soil into the tree roots.
Nutrients also enter the system through both the roots and the soil and escape from the system
in the same way.

The biologist believes that the amount of nutrients in the roots, x, and the amount of nutrients
in the soil, y, at time t hours, can be modelled using the differential equations

iij—): =-2x+y+1

dy

Fra dx+y+2
a Show that 3—; + g—f —-6x=1. (4 marks)
b Find the general solutions to the system of differential equations. (6 marks)
¢ Using your answers to part b, comment on the suitability of the biologist’s model. (2 marks)

m A population is stable when its rate of

A closed environment supports populations of owls growth is zero.

and field mice. At time ¢ months, the sizes of each
population are x and y respectively. The situation is

modelled by the pair of differential equations
&

dy Yy
a:Zy— 6000 — 60x
dx

T =002y — x

Find the number of owls and the number of field
mice such that the population of both is stable.
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Mixed exercise o

® 1 A particle P moves along the x-axis in the direction of x increasing. At time ¢ seconds, the velocity
of Pis vms-! and its acceleration is 20 fe~"ms-2. When ¢ = 0 the velocity of P is 8ms-!. Find:

a vinterms of ¢ (4 marks)

b the limiting velocity of P. (3 marks)

® 2 A particle P moves along a straight line. Initially P is at rest at a point O on the line. At time

. . 18 .
¢ seconds, where t = 0, the acceleration of P is e il s~* directed away from O.

2t+3
Find the value of ¢ for which the speed of P is 5.4811'1 :—‘. (5 marks)
® 3 A car moves along a horizontal straight road. At time ¢ seconds the acceleration of the car is
(2:-0'_05)21115‘2 in the direction of motion of the car. When ¢ = 0, the car is at rest. Find:
a an expression for v in terms of ¢ (4 marks)
b the distance moved by the car in the first 10 seconds of its motion. (4 marks)

® 4 A particle P is moving in a straight line with acceleration cos?/ms= at time 7 seconds.
The particle is initially at rest at a point O.

a Find the speed of P when ¢ = 7. (4 marks)

b Show that the distance of P from O when ¢ = if

® 5 A particle P is moving along the x-axis. At time 7 seconds, P has velocity vms~! in the direction

is o (72 + 8)m. (4 marks)

: . : 4 2143 : e i .
x increasing and an acceleration of magnitude 1 ms~ in the direction x increasing.

When ¢ =0, P is at rest at the origin O. Find:
a vinterms of ¢ (4 marks)
b the distance of P from O when 1 = 2. (4 marks)

6 A colony of bacteria reproduces in a laboratory jar. At time ¢ = 0, the volume of bacteria is 1 cm?.

Scientist Steve suggests that the rate of growth of the bacteria can be modelled using the
differential equation

(:1—:/ =2t+3V+5
where ¢ is the time in hours and V is the volume in cm?.
a Show that V= At + B+ Ce* where A, B and C are exact constants to be found. (6 marks)
b Find the volume of bacteria after 2 hours. (2 marks)
¢ Give one criticism of Steve’s model and suggest one refinement he could make. (2 marks)

7 A fluid reservoir initially contains 10000 litres of unpolluted fluid.
The reservoir is leaking at a constant rate of 200 litres per day.

It is suspected that contaminated fluid flows into the reservoir at a constant rate of 300 litres per
day and that the contaminated fluid contains 4 grams of contaminant in every litre of fluid.
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It is assumed that the contaminant instantly disperses throughout the reservoir upon entry.

Given that there are x grams of contaminant in the reservoir after ¢ days,

a Show that the situation can be modelled by the differential equation
dx 20 2x

azl ~ 10017 (4 marks)

b Hence find, correct to three significant figures, the number of grams of contaminant in the
reservoir after 7 days. (5 marks)
¢ Explain how the model could be refined. (1 mark)

A particle P is attached to one end of a light elastic string of natural length 1.2m. The other
end of the string is attached to a fixed point 4. The particle is hanging in equilibrium at the
point O, which is vertically below A.

The particle is now displaced to a point B, vertically below 4, and released from rest.

The subsequent motion while the string remains taut can be modelled using the equation
X =-49x, where xm is the displacement of the particle from O at time 7 seconds.

a Describe the motion of the particle while the string remains taut. (1 mark)

b Solve the differential equation and hence find the period of the motion. (6 marks)

A particle P of mass 0.6kg is attached to one end of a light elastic spring of natural length
2.5m. The other end of the spring is attached to a fixed point 4 on the smooth horizontal table
on which P lies. The particle is held at the point B where AB = 4m and released from rest.

The motion of the particle can be described using the equation ¥ = —5—30x, where xm is the
displacement of the particle from A4 at time 7 seconds.
a Describe the motion of the particle. (1 mark)

b Solve the differential equation and hence find the period and amplitude of the motion.
(7 marks)

A fisherman’s float bobs up and down on the surface of the water. The float moves up and
down in a vertical line, such that the vertical displacement, x cm, from its equilibrium point
satisfies the equation

d?x

—=-025x,t=0

dr?
Given that the maximum displacement is 4 cm and it occurs when ¢ = 2 seconds,

a find an expression for x in terms of 7 in the form x = Asinwt + Bcoswt where A, Band w

are constants to be found. Give 4 and B correct to three decimal places. (7 marks)
b State the time elapsed between the float being at its highest and lowest points. (2 marks)
¢ Criticise the model in terms of the motion of the float. (1 mark)

A particle P of mass m is moving in a straight line. At time 7 the displacement of P from a fixed
point O on the line is x. Given that x satisfies the differential equation

% + 2k(3]—f +n*x=0
where k and » are positive constants with k < n,
a find an expression for x in terms of k, n and ¢. (6 marks)
b Write down the period of the motion. (1 mark)
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A particle P of mass m is attached to one end of light elastic spring. The other end of the
spring is attached to a fixed point 4 and P is hanging in equilibrium with A P vertical.

The particle is now projected vertically downwards from its equilibrium position with speed
U. A resistance of magnitude 2mkv, where v is the speed of P, acts on P. At time ¢, 1 > 0, the
displacement of P from its equilibrium position is x.

The motion of the particle is modelled by the differential equation

d*x dx -

a2 +2kdr +2k2x=0
a Show that P is instantaneously at rest when k7 = (n + %)?r, where n € N. (9 marks)
b Sketch the graph of x against . (3 marks)

A particle P of mass m is attached to one end of a light elastic spring. The other end of the
spring is attached to the roof of a stationary lift. The particle is hanging in equilibrium with
the spring vertical. At time ¢ = 0 the lift starts to move vertically upwards with constant speed
U. At time ¢, t > 0, the displacement of P from its initial position is x.

The motion of the particle is modelled by the differential equation

d2x
+nix =n2Ut
dr?
a find an expression for x in terms of ¢ and n. (8 marks)

At time ¢ = T, the particle is instantaneously at rest. Find:
b the smallest value of T’ (3 marks)

¢ the displacement of P from its initial position at this time. (1 mark)

A theme park ride designer is designing a new ride where the passengers will be in an enclosed car
attached to a horizontal bar. The car will be released from rest from a point half way along the
bar so that it oscillates in a horizontal line. The horizontal displacement, x metres, of the centre
of the car relative to its initial position at time ¢ seconds is modelled by the differential equation,

d2x dx
472 + 45 +3x=150cost,t =0
a Show that a particular solution to the differential equation is
x=230sint + 15cost (3 marks)
b Hence find the general solution to the differential equation. (5 marks)
¢ Use the model to find, to the nearest metre, the horizontal distance of the centre of the car
from its initial position 10 seconds after it is released. (4 marks)
. . . . s e D :
a Find the general solution to the differential equation d2 + 25 + 10x =27cost — 6sint.
: (8 marks)

The equation is used to model water flow in a reservoir. At time ¢ days, the level of the water
above a fixed level is xm. When ¢ = 0, x = 3 and the water level is rising at 6 metres per day.

b Find an expression for x in terms of 7. (2 marks)

¢ Show that after about a week, the difference between the lowest and highest water level is
approximately 6 m. (3 marks)
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At the start of 2008 a survey began on the number of hedgehogs and the number of slugs in a
closed ecosystem. After ¢ years, the number of hedgehogs, x, and the number of slugs, y, in the
ecosystem are modelled by the differential equations

dx
i 2x +y
o 2x+4
dr — “;; Y .
X X
a Show that T 6 Pl 10x =0. (3 marks)

b Show that the general solution for the number of hedgehogs at time ¢ is
x =e*(A4cos 3t + Bsin 3t)

where o and /3 are constants to be found. (4 marks)
¢ Find the general solution for the number of slugs at time 7. (3 marks)
d Given that there were initially 10 hedgehogs and 20 slugs in the ecosystem, during

which year does the model predict that the slugs die out? (5 marks)
e How many hedgehogs will there be when the slugs die out? (1 mark)
f Use your answers to parts d and e to comment on the model. (1 mark)

A sealed tank of bionutrient contains two different types of organism that interact with each
other. The rates of change of each organism can be modelled using the differential equations

dx

Pl -4x+3)
Y 3ii2

—_—= = ?
T xX+2)

where x is the number of organism M and y is the number of organism N at time 7 days.
Initially x = 10 and y = 20.
a Show that the solutions to the differential equations can be written as

x=Ate "+ Be™'

y=Cte™' + De™!
where 4, B, C and D are constants to be found. (8 marks)
b Find, correct to the nearest organism, the number of each organism at time 7 = 2.1 days.
(2 marks)
¢ Use the model to describe what happens to the numbers of each type of organism as ¢
gets large. (2 marks)

An industrial process consists of two linked tanks, 4 and B, containing a chemical solution. The
solution is free to pass between the tanks but it flows from A4 to B at a different rate than it flows
from B to A. The solution also enters both tanks, and flows directly out of tank B. The situation
is modelled using the differential equations

d%_ .- 1. T
a2ty G
dy 1 2

W 2)

where x litres is the amount of solution in tank A and y litres is the amount of solution in
tank B at time # minutes.
d: dy

Y )
a Show that 6@ + ?a +y=9 (6 marks)

b Given that both tanks initially contain 8 litres of solution, find x and y as functions of .
(7 marks)
¢ State, with a reason, the approximate amount of solution in each tank after the system has
been running for a long time. (2 marks)



Challenge

a Three water tanks are positioned as shown in the diagram.

b A second identical tap is attached to tank X, which is filled to
the brim. Tanks Y and Z are emptied, and all three taps are

Water flows from tank X to tank ¥, and from tank Y to tank X

Z, by means of identical taps. Each tap allows water to flow at —r
a rate of r gallons/hour, where r is the amount of water in the

corresponding tank in gallons. y

Initially, tank X contains 300 gallons of water, tank ¥ contains
200 gallons of water, and tank Z contains 100 gallons of water. T
The taps are opened.

)
i

Show that after ¢ hours have elapsed, the amount of water 7
in tank X is 300e~* gallons.
Find the number of minutes after which tanks X and Y
contain the same amount of water.
i Find an expression for the amount of water in tank Z after
{ hours.

pened. L
Show that the amount of water in tank Y'is at a maximum
after 42 minutes have elapsed, to the nearest minute. y
Find the exact time elapsed before the amounts of water in
tanks Y and Z are equal.

Summary of key points

1

Simple harmonic motion (5.H.M.) is motion in which the acceleration of a particle P is always
towards a fixed point O on the line of motion of P. The acceleration is proportional to the
displacement of P from O.

X = v2

T dx

For a particle moving with damped harmonic motion
gEeRn iy e
T +k T +w?x=0

where x is the displacement from a fixed point at time ¢, and k and w? are positive constants.

For a particle moving with forced harmonic motion

(T -
dr2+kdr+w =it

where x is the displacement from a fixed point at time ¢, and k and w? are positive constants.

You can solve coupled first-order linear differential equations by eliminating one of the
dependent variables to form a second-order differential equation.
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Relative to the origin O as pole and
initial line # = 0, find an equation in polar
coordinate form for:

a a circle, centre O and radius 2

(0))

b a line perpendicular to the initial line
and passing through the point with
polar coordinates (3, 0) 2)

¢ a straight line through the points with
polar coordinates (4, 0) and (4, %) 2)

« Section 5.2

-}

Sketch the curve with polar equation
r=acos3f,0=0<2xw 2)
b Find the area enclosed by one loop of
this curve. (6)
¢ Sections 5.2, 5.3

-}

Sketch the curve with polar equation
r=3c0s20, -%sw% 2
b Find the area of the smaller finite
region enclosed between the curve and
the half-line 0 = % (6)
¢ Find the exact distance between the
two tangents which are parallel to the
initial line. (6)
« Sections 5.2, 5.3, 5.4

-}

Sketch, on the same diagram, the
curves defined by the polar equations
r=aand r=a(l + cosf), where a is a
positive constant and -7 < # = 7. (4)
b By considering the stationary values of
rsin @, or otherwise, find equations of
the tangents to the curve r = a(1 + cosd)

which are parallel to the initial line. (6)
¢ Show that the area of the region for
which a < r < a(l + cosf) is
(m + 8)a’
SR ©)

« Sections 5.2, 5.3, 5.4

5

Review exercise

The curve C has polar equation

r=3acosh, —% =0 < % The curve D has

polar equation r = a(1 + cosf), -7 = 0 < 7.

Given that « is positive,

a sketch, on the same diagram, the
graphs of Cand D, indicating where
each curve cuts the initial line.

The graphs of C and D intersect at the
pole O and at the points P and Q.

b Find the polar coordinates of P
and Q. 3)
¢ Use integration to find the exact value

of the area enclosed by the curve D
and the lines § = 0 and 0 = % (6)

The region R contains all points which lie
outside D and inside C.

C))

Given that the value of the smaller area

enclosed by the curve C and the line 6 =%
is

3a?

6 2w - 3V3),
d show that the area of R is wa”. (6)

« Sections 5.2, 5.3, 5.4

=

Show on an Argand diagram the locus
of points given by the values of z
satisfying
e dopedi|=5 @)
b Show that this locus of points can be
represented by the polar curve
r=6cosf — 8sinb.
The set of points A4 is defined by

aw .
A_{A.-E <argz < 0}ﬂ{z.|z—3+41|£5}

C))

¢ Find, correct to three significant
figures, the area of the region defined
byt @)

<« Sections 5.2, 5.3
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® 10

a Sketch the curve with polar equation
r=c0529,—%£9£% 2)

At the distinct points 4 and B on this
curve, the tangents to the curve are
parallel to the initial line, 6 = 0.

b Determine the polar coordinates of 4
and B, giving your answers to
3 significant figures.

(6)

« Sections 5.2, 5.4

a Sketch the curve with polar equation

2

At the point 4, where A is distinct from

O, on this curve, the tangent to the curve
kis

2

b Determine the polar coordinates of the
point A4, giving your answer to
3 significant figures.

r=sin29,0£95%

is parallel to 6

(6)

« Sections 5.2, 5.4

The curve C has polar equation

r=6t:os€,—%$6‘<E

2
and the line D has polar equation
m T 5w
r=35ec(§—9),—g£9<F

a Find a Cartesian equation of C and a
Cartesian equation of D. 4)

b Sketch on the same diagram the graphs
of C and D, indicating where each cuts

the initial line. 4)
The graphs of C and D intersect at the
points P and Q.
¢ Find the polar coordinates of

Pand Q. 3)

<« Sections 5.1, 5.2

ik
9_2:

0: Initial line

12

Review exercise 2

The figure shows a sketch of the curve C
with polar equation

q s w
P =a*sin20,0<=0 < 3
where « is a constant.

Find the area of the shaded region
enclosed by C. (6)

« Section 5.3

m

i Initial line

The figure shows a curve C with polar

%_, and a

line m with polar equation 0 = % The

equation r =4a cos 20,0 = 0 =

shaded region, shown in the figure, is
bounded by C and m. Use calculus to
show that the area of the shaded region

is 3a%(m — 2). (6)

« Section 5.3

=F
l9_2

r=all + % cost)

—0.5a 1.5a

Initial line

The curve shown in the figure has polar
equation

rza(l +%c056‘),a>0,0<9$2¢r.

Determine the area enclosed by the curve,
giving your answer in terms of « and 7.

(6)

« Section 5.3
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Review exercise 2

r=sin2f

o Initial line
The figure show the half-lines # =0, § =

and the curves with polar equations

s
2 k]

r=sin29,0s6‘£%
a Find the exact values of 6 at the two
points where the curves cross. (€)]

b Find by integration the area of the
shaded region, shown in the figure,
which is bounded by both curves.  (6)

« Sections 5.2, 5.3

Initial line

The curve C, shown in the figure, has
polar equation 16

r=a3+vV5cosf),-r<0<m
a Find the polar coordinates of the

points P and Q where the tangents to
C are parallel to the initial line. (6)

The curve C represents the perimeter
of the surface of a swimming pool. The
direct distance from P to Q is 20m.

b Calculate the value of a. 2)
¢ Find the area of the surface of
the pool. (6)

<« Sections 5.2, 5.3, 5.4

-

Initial line

Z ] Y
The figure shows a sketch of the cardioid C
with equation r = a(l + cos ), -7 <0 < .
Also shown are the tangents to C that are
parallel and perpendicular to the initial line.
These tangents form a rectangle WXYZ.

a Find the area of the finite region,
shaded in the figure, bounded by the
curve C. (6)

b Find the polar coordinates of the
points A and B where WZ touches the
curve C. (6)

¢ Hence find the length of WX. 2)

Given that the length of WZ is 3?“,

d find the area of the rectangle WXYZ. (2)
A heart-shape is modelled by the cardioid
C, where a = 10cm. The heart shape is cut
from the rectangular card WXYZ, shown

the figure.

e Find a numerical value for the area of
card wasted in making this heart
shape. 3

« Sections 5.3, 5.4

Initial line

The figure is a sketch of two curves C,
and C, with polar equations
C:ir=3a(l —cosl),-r=0<nw
and Cy:r=a(l +cosf), —-r =0 <



The curves meet at the pole O and at the

points 4 and B.

a Find, in terms of «, the polar
coordinates of the points 4 and B. (2)

b Show that the length of the line AB

3"2"3 a. 3)

The region inside C, and outside C, is
shaded in the figure.

is

¢ Find, in terms of a, the area of this
region. (6)

A badge is designed which has the shape

of the shaded region.

Given that the length of the line 4B is

4.5¢cm,

d calculate the area of this badge, giving
your answer to 3 significant figures. (3)

« Sections 5.2, 5.3

RN

r=a(5-2cos#)

r=a(3 + 2cosf)

B |4 Initial line

A logo is designed ‘which consists of two

overlapping closed curves.

The polar equations of these curves are
r=a(3+ 2cosfd), 0=0<27w and
r=a(5-2cosf), 0=0<2rm

The figure is a sketch (not to scale) of

these two curves.

a Write down the polar coordinates of
the points 4 and B where the curves
meet the initial line. 2)

b Find the polar coordinates of the points
C and D where the two curves meet. (4)

¢ Show that the area of the overlapping
region, which is shaded in the figure, is
%(4% - 48/3) 6)

« Sections 5.2, 5.3

® 18

® 19

® 20

® 23

® 24

Review exercise 2

Find the value of x for which
2tanhx-1=0,

giving your answer in terms of a natural

logarithm. 4)

« Section 6.1

Starting from the definition of cosh x in
terms of exponentials, find, in terms of
natural logarithms, the values of x for
which 5 = 3cosh x.

(C))
« Section 6.1
The curves with equations y = 5sinh x and
y = 4cosh x meet at the point A(Inp, g).
Find the exact values of p and gq. 4)
« Section 6.3

Find the values of x for which
Scoshx —2sinhx =11,

giving your answers as natural

logarithms. (5)

« Section 6.3

By expressing sinh 2x and cosh 2x in terms

of exponentials, find the exact values of x

for which

6sinh2x + 9cosh2x =7,

giving each answer in the form %ln P,

where p is a rational number. 5)

« Section 6.3

Given that

sinhx + 2coshx =k,

where k is a positive constant,

a find the set of values of & for which at
least one real solution of this equation
exists 4)

b solve the equation when k = 2. 3)

« Section 6.3

Using the definitions of cosh x and sinh x
in terms of exponentials,

a prove that cosh?x — sinh’x = 1 3)
: 1 2
b solve the equation sinhx  tanhx = %
giving your answer in the form kIna,
where k and « are integers. (5

« Section 6.3
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® 25 a From the definition of cosh x in terms
of exponentials, show that

® 27

200

b Sketch the graph of y = artanh x.
¢ Solve the equation x = tanh(Inv6x ) for

cosh2x = 2cosh?x — 1. 3
Solve the equation

cosh2x — S5coshx =2,
giving the answers in terms of
natural logarithms. 5)

« Section 6.3

Using the definition of cosh x in terms

of exponentials, prove that
4cosh’x — 3coshx =cosh3x. (4)

Hence, or otherwise, solve the equation
cosh3x = 5coshx,

giving your answer as natural

logarithms. 4)

« Section 6.3

Starting from the definitions of cosh x
and sinh x in terms of exponentials,
prove that

cosh(A4 — B) =cosh Acosh B

—sinh4sinhB. (4)
Hence, or otherwise, given that
cosh(x — 1) = sinh x, show that
_ o et+1
tanhx = R p— (5)

« Section 6.3

Starting from the definition

sinhy = ¢ —2e—J',

prove that, for all real values of x,

arsinh x = In(x + /(1 + x%)).

Hence, or otherwise, prove that, for

0<O0<m,
arsinh(cotf) = In (cot g) 5)

« Sections 6.2, 6.3

“@

Starting from the definition of tanh x
in terms of e¥, show that

if:) Ix1<1 (5
(2)

artanh x = %ln(

0<x<l. (5)

« Sections 6.2, 6.3

®30a

31a

32a

® 33

Show that, for0 < x =1,
- (1—x2)) (1+\/(1—x2)
n\——=— HT.

%
2
Using the definitions of cosh x and

sinh x in terms of exponentials, show
that, for0 < x < 1,

pa—
arcosh(%) = ln(%) 3
Solve the equation
3tanh’x —4sechx + 1 =0,
giving exact answers in terms of
natural logarithms. @)

« Sections 6.2, 6.3

Express cosh 36 and cosh 56 in terms
of cosh 6. 4)
Hence determine the real roots of the
equation

2cosh5x + 10cosh3x + 20cosh x = 243,

giving your answers to 2 decimal
places.

(6)

« Section 6.3

Show that, for x = Ink, where k is a
positive constant,

e @
Given that f(x) = px — tanh 2x, where

p is a constant, find the value of p for
which f(x) has a stationary value at
x =1In2, giving your answer as an
exact fraction.

cosh2x =

(6)

« Sections 6.1, 6.4

The curve with equation

y=-x+tanh4x, x =0,

has a maximum turning point A.

a

b

Find, in exact logarithmic form, the

x-coordinate of A. 5)
Show that the y-coordinate of 4 is
12V3 - In(2 + V3)). A3)

« Section 6.4



® 34 y =sinh2xcosh2x

a Find the first three non-zero terms of
the Maclaurin series for y, giving each

36

38

coefficient in its simplest form. N

b Find an expression for the nth
non-zero term of the Maclaurin series
for y. 2)

« Section 6.4

f(x) = cos2xcoshx

a Find the first two non-zero terms of the
Maclaurin series for f(x), giving each
coefficient in its simplest form. (6)

b Hence find, correct to two significant
figures, the percentage error when
this approximation is used to evaluate
f(0.1). 3)

« Section 6.4

Use the substitution x = _hB’ where a is

a constant, to show that, for x > 0, a > 0,

[

= —1 arsmh( ) + constant.

(6)

« Section 6.5

a Prove that the derivative of artanh x,

-l<x<l,isT——

C))
C))

« Sections 6.4, 6.5

1
1 - x?
b Find fartanhxdx.

Starting from the definition of sinh x in
terms of e*, prove that
arsinh x = In(x + vVx*+ 1).

b Prove that the derivative of arsinh x
is (1 + xH)™.

2

“4)
¢ Show that the equation

2 d.}
(1“2) A AW T

dx? dx
is satisfied when y =

C))

(arsinh x)*.

d Use integration by parts to find

1
f arsinh x dx, giving your answer in
1]

terms of a natural logarithm. 5)

« Sections 6.2, 6.4, 6.5

® 39

(®) 40
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Review exercise 2

4 +4x+5=(px+q)P +r
a Find the values of the constants p, ¢

and r. (2)
b Hence, or otherwise, find
1
f I+ ax+ 59 @)
¢ Show that
f o Bm s oSy
Vax?+4x + 5
=In(2x+ 1) +vVax?+4x+5)+ k,
where k is an arbitrary constant.  (5)

« Section 6.5

@)

« Section 6.5

Find f %dx
Va4xt+9

. 1
Show that f —————dXx = arsinhk,
x?—4x+8

where k is a rational constant to be
found.

(6)

« Section 6.5

0 5 9

The figure above shows a sketch of the
curve with equation

y=xarcoshx, 1 =x=2.

The region R, shaded in the figure, is
bounded by the curve, the x-axis and the
ling x =2,

Show that the area of R is

An(2 +V3) - % ®

« Section 6.5
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iew exercise 2

The diagram shows the cross-section of
a new greenhouse. Each unit on the axes
represents 1 m.

The curved top of the roof of the
greenhouse is modelled using the equation
10

VX249

y:

=Y

Given that the greenhouse can be
modelled as a prism, length 55m, find,
correct to three significant figures, the
volume of the greenhouse.

@®)

« Section 6.5

Find, in the form y = f(x), the general
solution to the differential equation

dy 4
a+§y:6x—5,x>0

®)

« Section 7.1

Solve the differential equation

d ?
d—i - )I = x>0
giving your answer for y in terms of x. (5)

« Section 7.1

Find the general solution to the
differential equation

dy 1
(x+ ])a+ y=%x>0

giving your answer in the form
y = f(x). (©)

« Section 7.1

Obtain the solution to
il +yt = e 0sx<Z
qx Fytanx =e*cosx,0 < x <3
for which y = 2 at x = 0, giving your
answer in the form y = f(x).

(6)

« Section 7.1

() 48

(®) 49

® st

® 52

Find the general solution to the
differential equation

d ,
—J;+2ycot2x=sinx,0<x<%

giving your answer in the form
y =f(x). ®

¢ Section 7.1
Solve the differential equation
dy :
(1 +x) dx— Y= Xe=

given that y=1at x =0. (6)

« Section 7.1

a Find the general solution to the
differential equation

d—y+(' )y = cos’
COSXdX SN X))y =Cos X

®

b Show that, for 0 < x < 2m, there are
two points on the x-axis through
which all the solution curves for this
differential equation pass.

¢ Sketch the graph, 0 = x = 27, of the
particular solution for which y = 0 at
¥=0: 3)

« Section 7.1

“

a Find the general solution to the
differential equation
dy

ot =X ®)

Given that y =1 at x =0,

b find the exact values of the coordinates
of the minimum point of the particular

solution curve, 3)
¢ draw a sketch of the particular
solution curve. 2)

« Section 7.1

a Find the general solution to the
differential equation
% = ysinh x
b Find the particular solution which
satisfies the condition that y = e when
x=0, 2)

« Section 7.1

“
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Given that @ satisfies the differential

equation
40, 499 L 59-¢
de* dt
and that, when t =0, # = 3 and % = -0,

®

« Sections 7.2, 7.4

express f in terms of ¢.

Given that 3xsin2x is a particular

integral of the differential equation
d2 :
dx

where k 1s a constant,

=kcos2x

3

a calculate the value of &

b find the particular solution of the
differential equation for which at x = 0,
y =2, and for which at x = %, J= % 8)
¢ Sections 7.3, 7.4

Given that a + bx is a particular integral
of the differential equation
&y, dy
dx? = dx
a find the values of the constants

+4y=16+4x

and b 3)
b find the particular solution to this

differential equation for which y = 8

dv
andd—i=9atx=0. (8)
) ¢« Sections 7.3, 7.4

ey, .4y .
e 2+4d—+5y— 65sin2x, x >0

a Find the general solution to the
differential equation.

®

b Show that for large values of x this
general solution may be approximated
by a sine function and find this sine
function.

2

« Section 7.3

a Find the general solution to the
differential equation

d»»y _dy

de? " T dr

+2—+ 2y =2 8)

@
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Review exercise 2

b Find the particular solution to this
differential equation for which y = 1

dy
andazlattzo. (2)
« Sections 7.3, 7.4

Find the general solution to the
differential equation

d2x dx
dr? 2dz

b Gwenthatx—land%—latt_o

find the particular solution to the
differential equation, giving your
answer in the form x = f(¢).

=]

+5x=0 8)

(2

¢ Sketch the curve with equation x = f(7),
0 = t = 7, showing the coordinates, as
multiples of =, of the points where the
curve cuts the r-axis. 2)

&« Sections 7.2, 7.4

Find the general solution to the

differential equation
dy _dy

2t 7 at 3y=

b Find the particular solution to this

differential equation for which y = 1

=]

2 37+ 11¢

®

and d—J; =1whent=0. (2)

¢ For this particular solution, calculate

the value of y when ¢t = 1. 2)
« Sections 7.3, 7.4

Find the value of 4 for which
Axcos3x is a particular integral of the

differential equation
2

J;+ 9y =-12sin3x

=1

. 3)

b Hence find the general solution to this
differential equation. (6)

The particular solution of the differential

dv
equation for which y = 1 and ol 2 at

dx
r=0 e pseix)

¢ Find g(x). (2)
d Sketch the graph of y = g(x),
Osx=m. 2)

« Sections 7.3, 7.4
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dy _dy

de2 T de

a Show that Kt?e* is a particular integral
of the differential equation, where K is

+9y=4e",t=0

a constant to be found. 3)
b Find the general solution to the
differential equation. (6)

Given that a particular solution satisfies
T o e
y=3and y-=1whenz=0,

¢ find this solution.

Another particular solution which satisfies

y=1and 0 when ¢ = 0, has equation

dr
y=(1-3t+2t)e* 2)
d For this particular solution, draw a

sketch graph of y against ¢, showing
where the graph crosses the z-axis.
Determine also the coordinates of the
minimum point on the sketch graph. (4)
¢« Sections 7.3, 7.4

a Find the general solution to the
differential equation

dx  =dx
2dt3+55+2x=23+9 (8)
b Find the particular solution of this
differential equation for which x = 3
and ‘(’]_’jz-l when 7 = 0. )

The particular solution in part b is used
to model the motion of the particle P on
the x-axis. At time ¢ seconds (1 = 0), P is
x metres from the origin O.

¢ Show that the minimum distance
between O and P is %(5 +In2)m and
justify that the distance is a minimum.
(C)

« Sections 7.3, 7.4, 8.3

@ &

65

Given that x = Ar?e ™ satisfies the

differential equation
dix . s dx _
@ + 23 +XxX=

a find the value of 4.

b Hence find the solution to the

differential equation for which x = 1
dx

andaz()att:().

¢ Use your solution to prove that for

=0 v=

e—:

©))

)

2
¢« Sections 7.3, 7.4
Given that y = kx is a particular solution
of the differential equation
d?y
dx*
a find the value of the constant k. 3)
b Find the most general solution to this
differential equation for which y =0
atx=0.

+y=3x,

©6)

¢ Prove that all curves given by this
solution pass through the point (7, 37)
and that they all have equal gradients

Q)

el
when x = 3
Find the particular solution to the
differential equation for which y = 0 at
(0]

L ik
)L_Oandatx_2.

e Show that a local minimum value of
the solution in part d is

3 arocos(%) - %\/71‘2 -4 4)
« Sections 7.3, 7.4

During an industrial process, the mass of

salt, Skg, dissolved in a liquid,  minutes

after the process begins, is modelled by

the differential equation
B2 =L 0<r<120

Given that S =6 when =0,

a find S'in terms of ¢

©6)
b calculate the maximum mass of
salt that the model predicts will be
dissolved in the liquid at any one time
during the process. 3)

<« Section 8.1
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A fertilized egg initially contains an
embryo of mass m, together with a
mass 100m1, of nutrient, all of which is
available as food for the embryo. At time
t, the embryo has mass m and the mass
of nutrient which has been consumed is
S(m — my).
a Show that, when three-quarters of
the nutrient has been consumed,
m = 16m,. 3)
The rate of increase of the mass of the
embryo is a constant y multiplied by the
product of the mass of the embryo and
the mass of the remaining nutrient.

b Show that 92 =

T Sum (2lmy,—m). (4)
The egg hatches at time 7, when
three-quarters of the nutrient has been
consumed.
¢ Show that 105 um, T = In 64. (5)

« Section 8.1

a Find the general solution to the
differential equation
r%%’ —-v=£4t>0
and hence show that the solution can
be written in the form v=t(In 1 + ¢),
where ¢ is an arbitrary constant. (5)
b This differential equation is used to
model the motion of a particle which
has speed vms™ at time ¢ seconds.
When ¢ = 2, the speed of the particle is
3ms™. Find, to 3 significant figures, the

speed of the particle when 1 = 4. 4)

<« Section 8.1

A particle P moves in a straight line.

At time ¢ seconds, the acceleration of P is
e’ms2, where r = 0. When r =0, Pis at
rest. Show that the speed, vms~', of P at

time 7 seconds is given by
v=3(e*—1)

(€))

« Section 8.1

@ o
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A particle P moves along the x-axis in the
positive direction. At time ¢ seconds, the
velocity of P is vms~' and its acceleration
is %e‘é‘ms*. When 7 = 0 the speed of P is
10ms™.
4)
b Find, to 3 significant figures, the speed
of Pwhen =3. 2)

¢ Find the limiting value of . 2)
« Section 8.1

a Express v in terms of ¢.

A particle P moves along the x-axis.

At time 7 seconds its acceleration

is (=4e2)ms2 in the direction of x
increasing. When ¢ = 0, P is at the origin
O and is moving with speed 1 ms™ in the
direction of x increasing.

a Find an expression for the velocity of
P at time ¢. 4)
b Find the distance of P from O when P

comes to instantaneous rest. (2)
« Section 8.1

A water droplet falls vertically from rest
through low cloud. Water condenses on
the droplet as it falls. You are given that
the motion of the water droplet may be
modelled by the equation

(t+ 3)% +3v=9.8(t + 3)

where ¢ is the time in seconds and v is the

velocity of the droplet in ms™'.

49(t+ 3)' + ¢
20(r + 3)°

a constant to be found.

where ¢ is

(6)
b Find the velocity of the water droplet
after 6 seconds. 2)

a Show that v=

¢ By considering the velocity for large
values of ¢, suggest one criticism of
the model.

(1)

« Section 8.1
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72 A water bottle initially contains 400 ml
of distilled water. The water leaks out
at a constant rate of 30 ml per minute
and a mixture is added to the bottle at a
constant rate of 40 ml per minute. The
mixture contains 10% acid and 90%
distilled water.

Given that there is xml of acid in the
bottle after r minutes and that the acid
immediately disperses on entry,
a show that the situation can be
modelled by the differential equation
dx 3x
dt =TT 40+t @
b Hence find the amount of acid in the

bottle after 7 minutes. 5
¢ Explain how the model could be
refined. (n

« Section 8.1

A particle, P, is attached to the ends of
two identical elastic springs. The free ends
of the springs are attached to two points
A and B. The point C lies between 4 and
B such that ACB is a straight line and

AC # BC. The particle is held at C and
then released from rest.

The subsequent motion of the particle
can be described by the differential
equation ¥ = —49x.

a Describe the motion of the particle. (1)
Given that x =03 and v=0when r =0,

b solve the differential equation to find x
as a function of . 7

¢ State the period of the motion and
calculate the maximum speed of P. (2)
< Section 8.2

206
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A small boat is floating on the surface
of a river, tied to a jetty. The boat moves
up and down in a vertical line, such that
the vertical displacement, x m, from its
equilibrium point satisfies the equation

dx

de?
Given that the displacement is zero and
the boat is moving at a velocity of 1ms
at time ¢ = 0 minutes,

=-1.6x,t=0

1

a solve the differential equation and
hence find, correct to three significant
figures, the maximum displacement of
the boat. ()]

b State the time elapsed between the boat
being at its highest and lowest points.

(0]

¢ Criticise the model in terms of the

motion of the boat for large values

of 1. 1

« Section 8.2

A particle P moves in a straight line.

At time ¢ seconds its displacement from
a fixed point O on the line is x metres.
The motion of P is modelled by the
differential equation

2 -
3—t§+ 2% +2x = 12cos 2t — 6sin2¢

When ¢ =0, Pis at rest at O.

a Find, in terms of ¢, the displacement

of P from O. 8)
b Show that P comes to instantaneous
rest when ¢ = % )

¢ Find, in metres to 3 significant figures,
the displacement of P from O when

t=7 @)

d Find the approximate period of the
motion for large values of . 2)
¢ Section 8.3
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A particle P of mass m is suspended from
a fixed point by a light elastic spring.

At time ¢ = 0 the particle is projected
vertically downwards with speed U from
its equilibrium position.

At time ¢, the displacement of P
downwards from its equilibrium position
IS

79

The motion of the particle can be
modelled using the differential equation
dx dx
—+2w=—+2w’x=0
e “Yar T
Given that the solution to this differential
equation is x = e™(A coswt + Bsinwt),

where A and B are constants,

a find 4 and B. 8)
b Find an expression for the time at
which P first comes to rest. 2)

<« Section 8.3

A particle P is attached to one end A4 of a
light elastic string 4B and is free to move
on a horizontal table.
At time ¢ =0, P is at rest and the end B of
the string is forced to move horizontally
away from P with speed V. After ¢
seconds the displacement of P from its
initial position is x metres.
The motion of P can be modelled by the
differential equation

d*x 4 2k 9X 4 10k2x = 10k212

de dr
Find an expression for x in terms of ¢, k
and V. (8)

<« Section 8.3

80

A particle P is attached to one end of a
light elastic string. The other end of the
string is fixed to a point vertically above
the surface of a liquid. The particle is
held on the surface of the liquid and then
released from rest. At time ¢ seconds, the
distance travelled down by P is x metres.
Given that the motion of P can be
modelled using the differential equation

d’x , ~dx L
a7 + 65-'- 8x=24

Review exercise 2

a find x in terms of ¢ 8)
b show that the particle continues
to move down through the liquid
throughout the motion. 2)

« Section 8.3

Colonies of angler fish and angel fish live
in an ocean cave sealed off from the rest
of the ocean by a thick wall of seaweed.
After ¢ years the number of angler fish,
x, and the number of angel fish, y, in

the cave are modelled by the differential

equations
%:0.1“0.1); (1)
dy
P 0.025x + 0.2y (2)
d?x dx
a Show that —-03—"—+0.0225x =0
dr? d¢

3)
b Find the general solution for the number
of angler fish in the cave at time 7.  (4)
¢ Find the general solution for the number
of angel fish in the cave at time z.  (4)
At the start of 2010 there were 20 angler
fish and 100 angel fish in the cave.

d Use this information to find the
number of angler fish predicted to be

in the cave in 2017. 4)
e Comment in the suitability of the
model. (1)

« Section 8.4

An industrial chemist is examining the
rates of change of gases in two connected
tanks, 4 and B. Gas passes between the
two tanks. Gas also enters the system into
both tanks and escapes from the system
in the same way.

The chemist believes that the amount of
gas in tank A, x litres, and the amount of
gas in tank B, y litres, at time ¢ hours, can

be modelled using the differential equations
dx

a=2x+y+1 ()
L 4 1 2
dr ~ X—y+ ()

207
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2 -
3{"’2‘-‘(’1—’;-6;::2 )
b Given that tank 4 initially contains
20 litres of gas and tank B initially
contains 60 litres of gas, find
expressions for the amount of gas in

each tank at time 7 hours. 8)

a Show that

The tanks have a maximum capacity of
500 litres.

¢ Comment on the suitability of the
model after one hour. 2)
« Section 8.4

208

Challenge

1 Giventhatn € Z*, x € R and

M= ( cosh?x cosh"—x)
—sinh?2x  —sinh?x/’

prove that M* = M. « Section 6.3

2 a Asystem of differential equations is

given as
dy dx_
[T Tt

Given that y=0and x =1 when =0,
show that y = sinhz and x = cosh.

b Another system of differential equations
is given as

d—t=P—f}

dg
§~P+q
dr _
a-p+2q+r
Given that p =¢=r=1when =0, show

that

r=¢e!(3sint—cost+2). & Section8.4

3 The diagram shows the curve C with polar
equation r = f(#). The line /is a tangent to
the curve at the point P(r, 0), and « is the
acute angle between / and the radial line
at P.

Initial line

« Section 5.4
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Further Mathematics
A Level
Paper 1: Core Pure Mathematics

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 The diagram shows a section of a curve C with parametric VA
equations

x=t+thy=t-t*+1, 0=x=3.75

The curve is rotated through 360° about the x-axis and the

volume of revolution formed is used to model a clay /"\
pottery vase. :

Y

Given that each unit on the axes represents 10cm, o
a find, correct to three significant figures, the volume of

the vase (7)
b give one criticism of the model used. (1)

2 The plane I, has vector equation
r.2i+3j-k)=10
a Show that the perpendicular distance from the plane I7, to the point (1, 4, 7) is aV14
where « is a rational constant to be found. 3

The plane I7, has vector equation
r = A(i — 3j + 2k) + p(ai + 2j — 3k)
Given that the vector 5i + j — k is perpendicular to the plane I7,,
b find the value of a (2)

¢ find, in degrees correct to 1 decimal place, the acute angle between I, and I7,. 3

3 a Prove by induction that for all positive integers 7,

1 2 2\ /1 2n 2n?
01 2]=(0 1 2n (6)
0 0 1 0 0 1
1 k 4
b M=(2 -2 0 |wherek is an integer.
3 -1 1
i Find the value of k for which M~ does not exist. 2)
ii Given that M is non-singular, find M~ in terms of k. 4)
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A complex number z has argument # and modulus 1.
a Show that z” - zi" =2isinnf,n € Z* 2)
b Hence, show that 8sin*# = cos46 — 4cos 260 + 3 (8]

An oil vat initially contains 500 litres of pure corn oil. The oil drains out at a constant rate of
15 litres per minute and a corn oil and sugar mixture is added to the vat at a constant rate of
30 litres per minute. The mixture contains 25 grams of sugar per litre of oil.

Given that there is x grams of sugar in the vat after  minutes and that the sugar immediately
disperses throughout the vat on entry,

a show that the situation can be modelled by the differential equation
d 3x

X

PPt TV @
b Hence find the number of grams of sugar in the vat after 10 minutes. 5)
¢ Explain how the model could be refined. (1

a Show that the locus of points given by the values of z satisfying

[z+ 12451 =13
can be represented by the polar curve with equation
r=-2(12cosf + 5sinf) @)
b Show on an Argand diagram the set of points 4 defined by
A={z:|z+ 12+ 5| <13 Nfz:—r < argz < -F @)
¢ Find, correct to three significant figures, the area of the region defined by A. 5)

A scientific experiment looks at the concentration of glucose, dissolved in water, on either
side of an osmotic membrane. The glucose solution passes through the membrane in both
directions and also enters the system through a tube on the left side.

A researcher believes that the concentration of glucose on the left side of the membrane, x,
and the concentration of glucose on the right side of the membrane, y, at time 7 hours, can be

modelled by the differential equations
dx

F Pia 03x+02y+1
d
d—J: =-02x+ 0;3y
a Show that 100 3; - 60 (31—); +13x+30=0. 3)
b Find the general solution for the concentration of glucose on the left side of the membrane
at time 7. (6)
¢ Hence find the general solution for the concentration of glucose on the right side of the
membrane at time ¢. 3)

At time ¢ = 0, the concentration of glucose on the left side is 10 and on the right side is 5.
d Find the particular solutions to the system of differential equations. 3)

e By considering the concentrations on each side on the membrane predicted by the model
after 3 hours, comment on the suitability of the model. 2)



Exam-style practice

Further Mathematics
A Level
Paper 2: Core Pure Mathematics

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 a Prove that
: 1 npn + q)
A +2)r+4) 24(n+3)(n+4)
where p and ¢ are constants to be found.

b Prove that, for all positive integers n,
f(n) - 2n+2 + 33n+|
is divisible by 7.

2 f(x)=z+az’+30x7+ bz + 85
where a and b are real constants.
z=1+4iis aroot of the equation f(x) = 0.
a Write down another root of the equation f(x) = 0.
b Hence solve the equation f(x) completely.

¢ Show the roots of f(x) = 0 on a single Argand diagram.

3 The diagram shows the curve C with polar equation

r = 6sin20 ans"g

The line segment A B is tangent to the curve at 4 and
perpendicular to the initial line.

The finite region R, shown shaded in the diagram, is

bounded by the curve, the initial line and the line
segment AB.

o} B Initial line

Find, correct to three significant figures, the area of the
shaded region R.

4 f(x)=cosxsinh2x
a Find the first three non-zero terms of the Maclaurin series for f(x), giving each coefficient
in its simplest form.

(6)

(1)
(6)
(2

(&)

®)

b Hence find, correct to four significant figures, the percentage error when the approximation

is used to evaluate (0.1).

(2
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=l

T
ATy 3)

Prove that f -
(S

A triangle 7 has vertices at (0, 2), (k, 0) and (0, 8). Triangle 7 is transformed onto triangle 7"
by the matrix

53

-3 5

The area of triangle 7" is 456 units?, find the value of 4. 5)
x4+ 2x+ 2

a Find the mean value of f(x) over the interval [-1, 1], giving your answer correct to
3 decimal places. (6)

b Hence find the mean value of f(x) + 2 on the same interval. (1
x=3 V=2 z-1

-1 =2 3
The plane IT has equation 2x — y + 3z = 4.

The line /, has equation

Point 4 on /, has x-coordinate x = 4.
Line /, is reflected in the plane /T and the image of point 4 is 4".
Find the exact distance AA4’. 7

The differential equation

d'x . L
a2 + 25 +3x =21+ 15cost
is used to model the flow of water through a pump. x is the volume of water, in litres, at time

t seconds.

a Show that a particular solution to the differential equation is

x=T+ %(sint +cos?) 3)
Given that the initial flow is two litres and the initial rate of change of flow is three litres per
second,
b Find the solution to the differential equation. 8)
¢ State what happens to the flow of water as 7 gets large. (1



Answers

CHAPTER 1 6 (cos9¢ + isin96)(cos 46 + isin 44) _ et _ Sissi0-Tio
Prior knowledge check - cosTO+isin7d g
1a 8 b % ¢ 16 =e" = cos 6 + isin 6
7 2e, 27
d % e 4 [ % 8 a 20t
2 Ima b n=1LHS=(1+0)'=1+i
. 9 RHS = 2%’ = \-"5((:0:",% + isin%) = »"E(IL_ + 1L_)
sig o V2 v2
As LHS = RHS, the equation holds for n =1.
1+ Assume the equation holds for n = k, k € Z+.
ie. (1+i)k= 2%
” With n = k + 1, the equation becomes
5 4 0 1 2 Re L+D* =1+ xL+i)= 2% x (1 + 1)
= 2% x 27
-1+ =2%+%e%+?:2%e¥
Therefore, the equation holds when n =k + 1.
If the equation holds for n = k, then it has been
. -2 shown to be true forn =k + 1.
As the equation holds for n = 1, it is now also true
3 4032 for all » € Z* by mathematical induction.
s c 256
Exercise 1A - 9 e"=cos# +isind, e™ = cos# — isind
1 a 3e" b 6e So e¥e™ = (cosf + isin)(cos# — isinf)
c 48_% d V65 92'”_*‘ LHS = gt = a0 = 1
e /2010 f 2v6e s RHS = cos2f - iZsin2f = cos?f + sin?@
g 236 b e ® Hence cos2f + sin2f = 1
i 25 Challenge
2 a4 1,v3, b -4 a n=1;LHS = (re")! = re”
2 2 RHS = r'e” = re¥
c 3+3i d 43 +4i As LHS = RHS, the equation holds for n = 1.
e -3i f V3 . {issum.e the equation holds for n =k, k € Z+.
2 2 i.e. (re)k = rkgit
g -1 h -3-3i With n = k + 1, the equation becomes
i -4+ 41\@ (re)s! = (re)* x rei= pkait? x poit= pkelgikind - pkelgitkelin
3 a cos(—&) N isin(—&) Therefore, the equation holds when n = k + 1.
13 13 If the equation holds for n = k, then it has been shown

to be true forn =k + 1.

As the equation holds for n = 1, it is now also true for

b 4(608(—3%) - isin(—%))

& 5(COS(E) iy isin(k)) all n € Z* by mathematical inducti(;n. .
) 8 8 b Givenn € Z*, we have: (re’)" = ——=——_ =g’
4 e =cosd + isinf (1) (re)"  rogin

e = cos(—0) + isin(-0) = cosd — isind (2) Exercise 1C
(1) - (2): € - e = 2ising 1 a cos6f + isin6e b cos126 +isin126
l il _ a-if) = gf 9 _E l _l E
21{e @ ]1 sin c 5+l d Rk
= sinf = —{e" - e¥) (as required) e 1 £
2i 2 a e b ez c -6
—if 11i@ Hifl
Exercise 1B &2 = £ b
77, i I = = 3al b -1 c 1
1 a (:05;E + 15;1[1E 3v5cos4d + 3ivHsindd 4 a (1+if=-4-4i b (-2 + gi)a = 4096
¢ 32 c % —i)"_=]§i N d (1-i/3) =064
= I e (2-1/3i)7=81i/3
2 a -1 b 30052% 4 i¥35in 37 e s .
4 £="g 4= 7 f (-2/3 - 2iF = 512/3 - 512i
& = L o 5 (3 +/3if = -432 + 144iV3
3 a e b e c be: d 3/2e" 6 =i BILa
4 a e b 2/2e¢° c %e'% 7 974
5a 6/3e? b 3et ¢ 18e7% d 6e' 8 a e b 3
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Answers

9 Write a + bi and a - bi as r(cosé + isinf) and
r(cosé — isin#) respectively.
Then by de Moivre’s theorem,
(a + bi)* + (a — bi) " = r'(cos nf + isinnd)
+ r"(cosnf — isinnt)
= 2r*cosnf

which is always real.

Challenge
Given n € Z*, we have:

- 1 1
2086 + i = =
bisosi il (rlcos® +isin))®  r"(cosnf + isinn#)

by de Moivre’s theorem for positive integer exponents.
1. cosnt — isinnfl
" r(cosnf + isinnf)  cosnf — isinnd
cosnt —isinnf  cosnfl —isinn#
r(cos?nfl — i2sin?n6) ~ r'(cos?nf + sin®nf)

=r(cosnf — isinnd) = r"(cos(-nf) + isin(-nd))

Exercise 1D
1 a (cos# + isinf)® = cos30 + isin3f
= cos?d + 3icos*fsind + 3i®cosfsin®d + i*sin®f
= cos?d + 3icos*Osind — 3 cosfsin®f — isin®#
= ¢0s3# + isin30 = cos*# + 3icos*dsinf
— 3cosfsin®d — isin®f
Equating the imaginary parts:
sin3f = 3 cos?#sinf — sin®#
= 3sinf(1 - sin®#) - sin®d
= 3sin# — 4sin®*#
b (cos# + isinfl)® = cos5H0 + isin5f
= cos”f + Hicos*dsing + 10i%cos*@sin?f
+ 10i*cos?fAsin*f + 5i*tcosfsintd + i°sin®#
= c0s5f + is5in56 = cos®f + Sicos*#sinf
— 10cos*fsin?f — 10icos?#sin®d
+ beosfsin?d + isin®f
Equating the imaginary parts:
sin5f = 5cos*dsing — 10cos®sin®d + sin®#
=5(1 - sin®#)*sinf — 10(1 - sin®#)sin*H + sin®f
=16sin°# - 20sin®*# + 5 sinf
¢ (cos# + isinfl)” = cos70 + isin7f
=cos’ @ + Ticos®Osind + 21i*cos”fsin®fd
+ 35i%cos*Asin®d + 35i*cos?#sin*d
+21i°cos®*Asin®d + 7i°cosdsin®f + i"sin @
= cos7# + isin78 = cos” 8 + Ticos®fdsinf
— 21cos”fsin?f — 35icos*Asin®d + 35 cos®#sinf
+ 21licos?#sin®f — 7 cos#sin®f — isin’#
Equating the real parts:
cos7# = cos™@ — 21 cos®fsin?f + 35 cos?@sin*f
— Tcosfsin®f = cos™@ — 21 cos®6(1 — cos®#)
+ 35c0s*0(1 - cos*@)?* - 7cosf(1 - cos?d)?
=064cos™0 - 112c0s°@ + b cos?# — 7 cosh
d Letz = cos# +isinfl
(z+1)" = (2cos0)* = 16cos*d
=z + 4z + 622&] + 4z{%) + %
=24 +2—1,] +4(zz+%) +6
= 2cos4d + 4(2cos20) + 6
16cos*d = 2cos4f + 4(2cos2) + 6
= 2(cos4f + 4cos2 + 3)
= €0s*0 = £(cos4f + 40s26 + 3)
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6 a

Let z = cosf + isinf
(z-1)" = (2isind)® = 32i%sin°6 = 32isin®4
=254 5241 + 102% (=) + 1022(-1)’
4 ]
+52(-3)" 4 (-})
=25-520+10z-24+ 5 _ L
. = z = \
= {zﬁ - zi} - 5(z* - %) +10(z - 1)
= 2isinbf - 5(2isin34) + 10(2isind)
32isin"f = 2isin58 — 10isin30 + 20isind
= sin’f = %[sinSﬁ' — 5s5in36 + 10sinf)
(cos# + isin#)® = cos 57 + isin 56
= cos’# + °C, cos*@lisind) + °C,cos*#(isind)*

+ ', cos?f(isinf)® + °C,cosd(isind)? + (isind)®
= cos’# + Sicos*d sinfl — 10cos*Asin®d

-10icos*fsin*# + 5cosfsin*f + isin®#
Equating the real parts gives
cos b = cos 0 — 10cos?*fAsin®d + 5cosdsin*f
=cos*# — 10cos*8(1 — cos?f) + Scosd(1 — cos?#)?
=cos*# — 10cos*8(1 — cos?f)

+ 5cosd1 - 2cos28 + cos*)
=16¢c0s"0 — 20cos*d + S5cosf
0.475,1.57, 2.67 (3 s.f)

Let z =rms€ + isin#, then 2cosf = z + %
(z - %J = (2cosh)® = 64 cos"f
=z6+ 62"’(1J + 15z4( 1 ) + 2023( 1 )

z P z?

o) vae ) 4

o (z" +%) - 6(z‘+ %) + flS(z2 s i) + 20

= 2cosb0 + 6(2 cos4f) + 15(2 cos2d) + 20
64 cos"0 = 2 cosbf + 6(2 cosdd) + 15(2 cos2d) + 20
32¢0s"0 = cosbd + beosdd + 15c0s2d + 10

W i T )
,:"] cos 9d9_96 +64»3
If z = cosf + isin#, then 20039=z+%and
2isinf =z - L
. e 147, 14
So, 22cos20 x (2i)*sin*d = (z + ?) (.z - EJ
\ Wy 2 v 2 2 y 2
1 1 1 1 1
=((Z+EJ(Z‘EJ)(Z‘EJ=(Z2—;) (-2)
:(Z4_2+L](zz_2+1)
Z 25
=z"—22‘*—z?+4—i,—£+1

zZ z* 2z
=(z"+%)—2[z“+%)— (zz+%)+4

=2c0s60 — 2(2cos4f) - 2cos20 + 4

So, 64 cos?fsintd = 2cosbf — 4cosdf — 2cos20 + 4
= 32cos?fsin*f = cos6f — 2cos4d — cos 2 + 2

A

48

Btis T 1 &7
Rall b —+— o
32 64 48 6143
(cosf + isinf)® = cos6f + isin 6

= cos®# + °C, cos®H(isind) + *C,cos*H(isinf)?
+ L cost#(isind)® + °C,cos?#(isinf)*
+ " cosf(isind)® + (isinf)®

= c0s®d + bicos®@sind — 15 cos*#sin®f
- 20icos*#sin®# + 15 cos®fAsintd
+ bicosfsin® — sin®d

@ Full worked solutions are available in SolutionBank.



Equating the real parts gives

cosbf = cos"H — 15c0s*0sin®d + 15cos?#sin*d — sin"d

=co5"# - 15cos*A(1 - cos?d) + 15cos*A(1 - cos?#)*
— (1 - cos?0)?

=cos"f — 15cos*f(1 — cos?d) + 15cos20(1 — 2cos?d
+ cos*d) — (1 = 3cos?# + 3cos*f — cos®H)

=32c0s"0 — 48cos*# + 18cos?d - 1

5w T
b co ﬁ 0.985, cos—— 18 = 0.643, (:osﬁ = (0.342,
11x 137 17%
("U‘;W = -0, 342 PUQW -0. ()43 COQE = —(.985

7 a cos4f + isindd = (cosf + ising)*
=cos*f + 4icos?fsinf + 61%cos*@sin®e
+41%cosfsin®g + i*sinte
=cos*f + 4icos? 6 sinfl — 6cos®Hsin?0
— 4i cosfisin®@ + sin*#
Equating the imaginary parts:

sind# = 4 cos*# sinf — 4 cosfsin g

b Equating the real parts:
cosdf = cos*d — beos?0sin?d + sin*g

sind#d 4 cos®f sind — 4 cosfsin®f

i = c0s46 ~ c0s*6 — 6cos?Hsin?f + sind

L 3 H = . 3
(60849)(‘1‘005 6 sind — 4 cosfsin’f)

)[(:0349 - beos?dsin?f + sintd)

( 1
cos*f

= 4tanf — 4tan*#
1 - 6tan®d + tan*#
¢ x=0.20,1.50,-5.03, -0.67 (2d.p.)

Exercise 1E 20

1 a l+z+...+zz""=zzn_]=m
z-1 eﬁ—i_l
2ei _ = ’
=er ]=1“-. ]=0
en-1 e"-1 e
b 1+z+ +z”:z"+l_1={ei] =
z-1 v _1
- . f o« —2008—
:ewu—ﬂ—_1:_83_1:_8%_82": 2n
et -1 ei-1 oh_gie 2isin—
N m
icos—
2n . T
= =icot—
sin—— 2n
[“_illi
2 1SR f ey Floiob,,
z-1 e i-1
8 8ni - ez -1
3 z8=2%7 =2%"=16
fl+z+...+z’=zﬁ_]—716_1 —£=—15i

z-1 (1+D-1
4 a C+iS=(1+3cos0+5c0820+...)
+i{%sin9+%sinz.‘9+,.,]

=1+ %[msﬁ' + isin#) +%((:0528 +isin26) + ...

=14loreLgay = 1 _ 3
’ 32 1 _leiﬁ‘ 3—e"
3
3 33 -e™) 33 -e¥)

3 - e - (3 -e")(3-e) - 10 - 3(e¥ + &)
_ 33 - (cosf -~ isind)) 9 — 3¢cos0 + 3ising

10 - 3(2cos6) 10 - 6cosf
9 - 3cost 3sinf
o 10 - 6cosd A= 10 - 6cost

Answers

5 a P+iQ=(1+cos# +cos20+ ... +cosl2d)

+ i(sinf + sin260 + ... +5in126)
=1+ (cosf + isind) + (cos 26 + isin20) + ...
+(cos 1260 + isin12#)

=1 +eif ¥ 4 4 l%f— (e -1
e —1 ) _
_el_1 e 11.1) B (e""”[e'l% —e )
eif.l — 1 |f.l(()z 3 P 2 PEI ) 9 u
. ) 136 . 130
13ig _M J{m’.‘ : St y blﬁ‘- ol il
" e"""(ez i ):P (2isin 5 ]_P sin >
i |6’ L. 9 . 9
Z _ 2isin— sin—
eZ—g?2 i 5 i 5
(cos 6@ + isin 6A) qm%
- 9
sin—
2

. 136 f 136 f
_(:036951117(:05805 mméﬂmnTrqurE

So, P = coqﬁaqm%mqerg () = sin6d %m%mqpcg

2r w# 47 7™ 6r m 8r 27 107 5w 12’1’
13'6’13°3°13°2°13' 37 137 6

6a C+iS=1+ (T)[cos.‘) +1sind) + [z)mosze + isin26)

+ ... (n)[romen:;inns]
( )P"’ ( )sz . )emi
( ) |f.|+( [Plﬂ)z ( ][elﬂ]n

=(1 +P“’]”—( ?J Lﬂ+9 2)} = PT(qug)

"

f nt . 2} né
= (2 cosg) cos? + 1(2 cos 2) ‘;m?
So,C = (2 cos 9) mqn—'q

2 2
9) ne ne
2cos—| sin— bl
h£=( 2/ My om
no ne 2

9. n nf
(20055) (:os7 cos 5

7a 2+e¥2+e®)=4+2ef+2e®+1=5+2(e?+e™
=5+ 2(2cos6) =5 + 4cosf
b C-iS5=1- %[(:osﬁ +isinf) + %((:0529 + isin 26)
- +(cos30 + i sin36) +

1

=1-e"+ze% - teW 4 .

] %eiﬂ + %(ein]z o %[eiﬁ‘]:s %
_ 1 _ 2 _ 22+e™
T 14ler 2+4e¥ (2+6)2+6™
_2(2+e™)  2(2 + (cosd - isind))
T 5+4cosf 5 + 4cosf
_4+2cosfl — 2isind

5+ 4cosd

4 + 2cosf 2sinf
So,C= S =
9 5+ 4cosf

5+ 4cost "

Exercise 1F

1a z=1,i,-1,-i

1. V3

El —7"—51 -i
c z=3.—%+3‘£3i, —%——3‘2’3i

d z=2+2i,-2+2i,2-2i,-2-2i

b z=%+
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Answers

e z=1+1,-1+1,1
f z=v3-12i-/3-1i

-i,-1-1i

2 a z=cos0+isin0, mq27—7r + 1(;1n27—"r
47 47 [ O
('m;7 + 1‘;1117 rm7 + mm7
2 27 4 see 4
('m( —7) - 1‘;111(—7), ('0:;(—7) + 13111(—7),
67r) 6~r)
ms( =+ 1‘;111( =

b 2= feo(§) s )
{3 (3 ) )
o5 a5

c z=2(cos%+isin‘§),2(m‘;35 +1:;m35)

2(cosw + isin), 2((:05(—1) + isin(—%)),

5
2((:05( 357) + mm( 357))
d z= v2(rmﬁ+ mmlz) ﬁ(mqa—“+ 1‘;1111—7)
ar R
e z= v2(rn‘;(—ﬁ) + isin( %))
ﬁ(mq( ) + mm(?g ) v@(m (%) + mm(%))
ﬁ(mq(—{—z + mm )
f z= 4((:05( ?g) + mm( ?g))
4(('0(;({8) + mm(ig)) 4(('0@(—%) + isin(—%))
3 a z= 548[’-23", 5%8””", Hag-1a4 5%8‘2-““
b z= V-"’ge—t].zf}i’ V3 @l 80 V3e-2i
¢ z=2er ,Z= \‘,’282.141‘ Z_: \;'Ee-l.imi, z = /2e2T
4a z=-14 ?3 —2,—%—"731
b _% +§i Im 4
-2 ;. < 0  Te

¢ centre (-1, 0) radius 1
5a z=1, cm(zg')ﬂqm(‘z—r) cns(%]+mm(4"r)

5 5
cns(—%.] + mm(—%) cns(—%) + 1%1n(—45—"r)
b zy+z,+z3+2z,+2;=0

1 +co%ﬁ+mmz
5 5

2 47 4
+ mm(—?) - mq(—?J + mm(—?) =0

+cos3T 4 isindT 4 mq( 27)
5 5 5
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27 27 47 47
=1+ cosZE +isin=E + cos—= + isin—
5 5 5 5
27 27 £ 4
+cos( T) isin T) + €08 T) isin T) 0
5 5 5 5
27 47
=1+2c0s=Z + 2cos—==0
n L)
cos 2% + cos 3T = -1
5 5 4
27
6 a r=40=-°2
P :3— i dei o 2qi
b z=/2e76,/2e3,/2e¢, 23
Im )
st ¥
v2e?
I“ “\
’ -
" “
i .
I ﬂ f' “
[ a
V2e o s .
. Al
1] 1
: L
\ . Re
) i
N -
% 2 3
* *
- ’
- -’
“ "
\."'?P 3
Txi — Bmi . 11xi
7 V2e '2,\.2912,\-2 12, y2e12
Im 4 -
I ﬂ
V2e12
"" ““
- A
" “
V2eT o % T \
H 2 '
1 L] =-
' KL T : Re
[ 2 E el
. T
! S 2e 12
. -
Al ’
t‘ "
-'2 T

8 a r=/8, 9:%

2xi
b w 49" w= 49‘1 w= 49 i

9 a 94 i, 94 —1,e4,—1,e4
b Expressing as a product of the linear factors:

V2 2 V2o V2,
(z+ 1)z -i)z+ 1)(2 Y —71)(z -5t 71)

V2 V2, V22,
(“T?)(“T?')

=(z+1z2+ z2-V2z+ DzZ2+V2z+ 1)
={z+1)z2+ 1z*+1)
Therefore (z2 + 1) and (z* + 1) are factors.

Challenge

a lesede

2o e
mi
3,e 3,3"
v 6

b Rewrite the equation as (l + %J =1

kst
Then1+%=e3 for some k € Z, by a.

kxi
So, Lo e’ -1
Z

@ Full worked solutions are available in SolutionBank.



1 1
z= Kemi = kxif ks ki)
e3 -1 etles —¢¢)
_kai —i(msk mmﬁ)
- 1 __iers .. A\ 6 6
i km kr . kw
6 ki 2sin—— 2s5in=—
e (21:;1116) i 3 i 3
smk—r+1mqﬁ
Y. 6 __1_1jeutkn
Tk 273 6
2sin~——
6k
= —%+—1mt(—%)

so take k to be -1, -2, -3, -4, -5.

Exercise 1G
1 a (04), [—Z\u"lg, -2), (2\"?, -2)
b (5.0, (-5.,0), (05) (0, -5)

c (ZCosﬁ 2q1n ) (-1,43), (Zrmﬁ 2s8in—+
15 15 15

227 5 sin

(Zm T 15

2271') (ZFOQZST 2i n28—r

15 15

Fis 7
d @2, (azmqﬁ 2»2@1;1]2)

(2»,2('0(;”7r 2 2:;1n]]"r)
12 12
157 157

(2v2 m‘;ﬁ 2»2:;11?]
197 197

(2v2 m‘;ﬁ 2»2:;111?

(2» 2 c0s 23T, 2/Z sin 237)
12" 12

2 (3.-2), (33 + 5/3), 3(11 + V3)), (3(3 - 5¥3), 3(11 - V3))

T=i

3 \()9” Ve 1z
Imy

4
Im A
V12e 8
o"’ “*v
l" “I
4o et #" “.
V12e 5 % T '
H 2 5
] ] kg
E sz ! Re
O‘ 2 2 R
"‘ S V12e 8
* *
- ’
% 7
4 _Bm
v12e 8
b 3i

167
15

)

Answers

5 a -8-8i,4(-1+3)-401 +/3)i,
4(1 - 3) + 401 + V3)i, 401 +V3) + 4(1 - V3)i,
—4(1 +v3) - 4(1 - /3)i
Im 4

4(1 - v3) + 401 + V3

T4 + V3 - 401 + VI

b 128i, -64(/3 +1), 64(/3 - 1), Area = 12288/3

6 Let the position of the ant be denoted by a + bi, where a in

the number of units forward and b is the number of units
to the right from its initial position.

In this notation, walking forwards one unit at an angle of 6 to
the right corresponds to adding e to its position.

Since the angles are 0, 2— 47 ang O , the final position of

the ant is: 97 9’
2i)
2ri Ari i 2ri { 2wy 2qi| 3 { q] i
: e 1
l+e? +e% +e% =1+e? +(MJ +1(ﬂ} =
[} _1
42l q 4
8xi It 4 e"(Zisin—“) sino&
_e%—-1_ iP“—P‘?)_ 9/ _ 9 d
S - = Ssink ©
e? -1 ’[21%m9J sty
sin 4w

So the distance from its initial position is

sin—
9

Mixed exercise 1
1 a e¥=cosf+isinf, e =cosf —isin#

e + e = 2cosf, 50 cos = 3(e" + e)
b cosA cosB = ge" + e ) x 3(e™ + o)
=He" + eM)(e? + &)
- %[e HA+B) 4 ilA-B) | gilB-A) | g-ilA+Bl)
1 A+ —iiA+ ilA- —ifA-
= 1[{8“ B 4 grieBl) 4 (gilA-B) 4 g-itt m}]
=12cos(A + B) + 2cos(A - B))
_ cos(A + B) + cos(A - B)
N 2

2 n=1; LHS = ricos# + i sinf)

RHS = r'(cosf + isin#) = r(cosd + isinf)
As LHS = RHS, the equation holds for n = 1.
Assume the equation holds forn = k, k € Z+.
ie. z8 = r¥(coskf + isin k#)
With n = k + 1, the equation becomes:
=y
= rf(coskd + isink#) x r(cosf + isind)
= r*!(coskfcosf — sinkfsind) + i(sinkfcosd + coskdsind))
=r*!(cos(k + 1)0 + isin(k + 1)8)
by the addition formulae.
Therefore, the equation holds when n =k + 1.
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Answers

If the equation holds for n = k, then it has been shown to
be true forn =k + 1.
As the equation holds for n = 1, it is now also true for all
n € Z* by mathematical induction.
3 cos7x +isin7x
4 a 16
b 256
5 a Letz=cosf+isinf
z" = (cosf + isinf)" = cosnf + isinnd
% =z = (cosf + isind)™ = cos(—n#) + isin(—n#)
= cosnf — isinnd
= z"+ % = cosnd + isinn# + cosnd — isinnf = 2 cosnf
a
b [zz +%) = 2cos6f + 6eos 20
Z

el B3
c a__4,b_4

d fcos-‘Zfi‘dB=félcns69+§(:0529}d9
1]

= [24 sin6f + £ sin 29] =43
6 a Ifz:cnse+isin9,then2msﬁ'=z+%

]

So 2%cos”f = (z & %J

1y, 1

- .;['“ J{“ rJ s it

=2+ g+ )+ o) + G o
=z%+52% +l(]z+£+£+1,
z a Zi

(z‘+l)+5(z + 1)+10(z+ 1)

Zz? z
= 2¢0s50 + 5(2cos30) + 10(2cost)
S0 32cos°8 = 2c0s 50 + 10c0s38 + 20cosd
€086 = 1-(cos 50 + 5¢0s 30 + 10 cosf)

b 1&

15
7 a Ifz=cosf +isind, then 2isind = z - %
&
So (2i)°sin®d = (z - 1|
s _ 6 5L L6 1 o 3 L)
z0 — (ClZ' (EJ + ‘sz4(;) o ‘C:;Z‘(;)

+ "C4zz[l§) - “Cﬁz(l,) + l{
z 2o 2 :

—62% + 1522 - 20+£—£+i

zt ozt

(z" +i) - 6(z4 +i] N 15(22 +i,] ~20
z6 24 22

= 2cos6f — 6(2cos4d) + 15(2cos 24) - 20
So, —64sin®fd = 2cos 68 - 12 cos4d + 30cos 20 — 20

b costd = ﬁ[msﬁﬁ' + bcosdf + 15c0s26 + 10)
™

° 3

8 (cosd + isinf)® = cos6f + isin6d
= cos"f + °C, cos’Aisind) + °C,cos* d(isinf)*
+ %C,cos*@(isin#)? + °C,cos*#(isind)*
+ “C cosd(isind)’ + (isind)®
= c0s%f + bicos #sind — 15cos*fsin?f — 20icos*Asin® g
+ 15 cos?fsin*d + bicosAsin®d — sin®d
Equating imaginary parts gives
sin6f = 6ecos®d sind — 20 cos*Asin®d + 6 cosfsin®d
= 2sinfcosf3 cos*d — 10 cos?#sin®f + 3sin*6)
=sin28(3 cos*f — 10cos?*d(1 - cos®H) + 3(1 - cos?d)?)
= sin2d(3 cos*# — 10cos®A(1 — cos?d) + 3(1 - 2cos*0 + cos*f))
=sin28(16cos*d — 16.cos?d + 3)

9 a (cosf +isin#)® = cos 56 + isin 50
= cos’# + °C cos*0(isind) + *C,cos*f(isinf)?
+ 08 0(isinf)® + °C,cosf(isind)* + (isind)”
=c0s”f + Sicos*dsind — 10cos*dsin?f — 10icos*fsin®d

+ beosdsintd + isin®f
Equating real parts gives
cos b = cos 0 — 10cos*Asin®d + 5cosdsin*f
=cos*# — 10cos*8(1 — cos?f) + Scosd(1 — cos?d)?
=cosf — 10cos*#(1 — cos?d) + 5cosd(1 — 2cos?d +
cos*f)
=16c0s°f — 20cos*d + Scosf
b -1,7(1 +/5) = 0.809, 1(1 - V5) = -0.309
10 a Letz=cosf +isinf

(z - %) = (2isind)’ = 32i%sin36 = 32isin*g

z5 4 524(—%) + l(]z:‘(—%)z
+ 10z2(—1)3 + SZ(—1)4 + (—%)5
o

z% - 5z* +102—%

(z-" - ZL] - 5(23 - %) +10(z-1)
= 2isinb# - 5(2isin34) + 10(2isind)
So 32isin®g = 2isin5# - 10isin3# + 20isinf
= sin’# = %(sin 56 — 5sin3# + 10sin#)
T 57
h 0, g, ?
11 a (cosf + isinfl)® = cos5f + isin5#
= cos?f + dicos*fsing + 10i%2cos*dsin?f
+ 10i%*cos®*Asin®f + Hi*cosfsin*f + i°sin° @
= c0shHd + isinh# = cos® 0 + bicos*#sinf
- 10cos?*#sin®# — 10icos*fsin®f
+ beosfsin*d — isin’#
Equating the real parts:
cosdf! = cos®# — 10 cos?dsin®f + 5cosfsin®f
= cosfcos*d — 10cos?8(1 — cos?f) + 5(1 - cos?#)?)
=cosf(16cos*d — 20cos2d + 5)
b If coshd =0, then cos#(16cos*d — 20cos2d + 5) =
If x = cos#, then x(16x* — 20x? + 5) = 0 which has
i I
20;2\-80 _ 5 igh},hy the

1
pr

solutions x = 0 and x2 =

guadratic formula.

Since 8 = - is a solution to cos56 = 0, x = cos——
10 10

must be a solution to x(16x* - 20x* + 5) =0
5445
8

Since x # 0, cnsz(%) =x2= , for some choice
of sign. '

To find which, note that # = % gives another

solution and cns% = cns?—g by looking at the graph.

Hence 6 = 1—"[} corresponds to the larger of the two

solutions and (:032(%) _5 +8¥!§
¢ asfl= S5 ey 25
12 a tan3é s%

218 @ Full worked solutions are available in SolutionBank.



1 - 3cot?24

3 tand — tan*d  3cot'f — col*f
_ cot?d — 3cotd
T 3cot?f-1

b cot3f = 1 -3tan’f _

13 C+iS

=1 + kl(cos# + isind) + k*(cos 20 + isin 24)
+ k*(cos360 + isin3f) + ...

=1+ ke¥+ k%2 + k%™ + .= 1 + ke + (ke¥)?
+ (ke)? + ...
1 . ,
== ggv Since lke®| = |k| < 1.
1-ke" 1- ke

T - ke —ke®) 1+k%-kle” +e")

_ 1 - klcos@ —isinf) _

1+ k? - 2kcosf
ksind

1+ k% - 2kcoséd

1 - kcosf

So((=———"""+—

1+ k* - 2kcos#

__ 1-kcos#
1+ k% - 2kcosé

= ksinf
T T 1+ k- 2kcoso

14 a 4»"'?((:05(—%]+isin(—§))

16

Tai Dai 17xi

o om o Tni 3k O 17
b z=y2e2, /2%, 2e4,/2e 0, /2¢ @

¢ Ima
Z,
ammeleea 2
23."‘ 'l.\‘
- -
+ .
+ *
L *
L Al
L .
1 .
\ 0 bz, Re
I‘ '!
- *
ZS‘\\ o"’
Bt PO P L
4
= -iz _ Tiz Jix
a J2e1Z,y2elZ 2e 12
b Im
,,*". \\ ‘“'“
. bt ® 0%
l' .\ M “
; ‘\ %
i 21 ﬁ “‘ S
: F\3 \ .
S — >
; 27 o Re
' 3 ) A
L] r
\‘ ‘J
L3 *
[ ':'
V2 T
r=—,0==-
.2 4
1
d =L
8 —
3 i -
a (—1 +\—,—l—\-" ), (—] _v_, V3 —l)
2° 2 2 2

If z, and z, are the two vertices above respectively,

then z, - z, =3 - 213

So the length of this side of the triangle is

Challenge :
: ; 15
Rewrite the equation as (1 + E) =il
Then 1 + % = esf;_i for some k € Z, since it is a sixth root of
unity.
1_ i
So Z =g 1 ,
e B 1 - 1 ___ie6
ek_f;' -1 ekf:_] e‘%l - e"%f B%(Zisin%) ZSiIl%
- i[(:os%r - isin%) i sin’%7r + icns% 1 limtﬁ
25;ink—_7r 25;inE g & 6
6 6
So the points lie on the straight line z = —% + it for t € R.
CHAPTER 2
Prior knowledge check
1 a 1098 b 10761619.5
2 a Use the following:
Z":’z _ nn+1)2n+ 1)
r=1 6
Z":rz - nin+1)
r=1 2
and simplify to get the answer.
b 10073

2
3 a %=3c053x b %:—9sin31

Exercise 2A

Answers

1a 3r+)-rr-1))=302+r-r2+n=32r=r

b ir:%ir[r+ 1) - %ir[r— 1)
r=1 r=1 r=1
r=1 ix1x2-1x1x0

] z
r=2: %x2x3—%x2x1
w4 1
r=3: EXSX4_EXSX2
r=n-1: ix@-1m-1n-1n-2)
r=n: gn+1)-inn-1)

When vou add, all terms cancel except %n(n +1)

Hence > r= %n[n +1)
r=1

2 nin + 3)
din + 1)in + 2)
5 a 1 n(3n + 5)
2r 2(r+2) 4(n + 1)(n + 2)
1 e Al
48 Gidr+9 r+2 r+3
b n
3(n+3)
5 a 4. 1, . JArFli=pt, dleal=d). . ¥
rl (r+ 1) rlir+ 1) rlic+ 1) (r+ 1)
1
=@+
nin + 2)
g (n+1)
7 a Method of differences vields 10" 2@+ 5 which

simplifies to ,50a=10and b = 25.

"
10n + 25
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Answers

b Forn:1,L=;,Assumetmeforn=k.
5x7 10+25
Letn =k + 1, then
*i' 1 ko 1
Si2r + 3)2r +5) T 10k + 25 (2k + 5)(2k + 7)
2k + Tk +5 k+1

T2k + D2k +7) 10(k + 1) +25
Therefore true for all values of n.

- I T L L)
8 Method of differences yields 3[3:‘ el

n(lbn + 17)

——— — soa=15and
(3n+1)(3n+4)

which simplifies to
b=17.

9 Method of differences yields (n + 1)* + n* - 1* - 0*
=2n?+2n=2nln+1lsoa=2.

: ; 3n
10 a Method of differences yields CTEEET

soa=3,b=12and c=16.
bn  3n-3
24n+16 12n+4

11 The general term g
r r+1

b Simplify:

is a sum, not a difference,

so the terms will not cancel out, and the method of
differences cannot be used in this case.

: e 1
12 Recognise this is gr[r T2 and apply method of
: : e e L | 1
differences. Simplify = + = — + ) to
MY 5t 2ln+1) 20n+2)
obtain3 - —_2n*3 _ qatinga=2and b= 3.
4 2(n+1n+2)
1
13 8 ori1 2r+5
b 0.0218
Challenge
8 k=11 b a=11,b=48,c=49

Exercise 2B
1 a f(x) = 2e™, {"(x) = 4e™, {"(x) = 2% = 8e*,
f[nl[x] = 2nplr
b (x) = n(1 + x)* %, "(x) = n(n - 1)(1 + 2)*-2,
"(x) = n(n - 1)(n - 2)(1 + 2)*% {"(x) = n!
¢ [(x) = e + xe”, I"(x) = 2e* + xe”, {"(x) = 3e* + xe?,
{"(x) = ne* + xe*
d flx) =01 +x)" f(x) = =(1 + 2)72, "(x) = 2(1 + x)%,
fil(x) = (=1)"-Un - 1)(1 + x)—
d"y A 2+3T n 2
2 a i 3rg?in = 3ry b e
3 a d_y= 3 x cos3x x 2sin3x
dx

= 6sinxcosx = 3sinbx
3 4

2 3
d_xyz = 18cosbx, d—‘f{ = -108sin6x, % = -648 cosbx
648
4 a [(x)=2xe* - x2e-*
f(x) = (2e—~ - 2xe—*) — (2xe~* — x2e-¥)
=e (2 - 4x + x?)
"(x) = e (-4 + 2x) — e (2 — 4x + x?)
=e (-6 + bx — x?)
b "x)=e "6 - 2x) — e (-6 + bx — x?)
=e (12 - 8x + x9)
sof(2)=e2(12-16+4)=0

d
5 a Given that y = secx, d—y = secxtanx
: x
d? .
b = secx(sec?x) + (secxtanxitany

dx2
= secx(secix + tan?x) = 2sec’x — secx
dsy 5
b PP = bsec?x(secxtany) — secxtanx
P

= secxtanx(bseciy — 1)

a
Whenx =2 Lt 2 V2l - 1 =11/2

4" dx2 5
dz, d( dy) dzy (dy)
6 a L= 2yY)=2,5% oY
8 Gt S g\ ) = H g v
A3y _dy dzy)
k 2@@* %
7 a f@)= 1 x(1+ x ): 1
x+41 + a2 V1 + a2 V1 o+ a2
Sovl+a2flx)=1

b Differentiating this equation w.r.t. x,

VT +22P(0) + —2—f(x) = 0

V1 o+ x2
= (1 +x9)Mx) +2f(x) =0
¢ Differentiating this equation w.r.t. x
(1 + x2) () + 2xf(x)) + (P(x) + 2f"(x)) = O
= (1 +x23)0(x) + 32f"(x) + f(x) =0
d 0)=1,0) =0,1"M0)=-1

Exercise 2C

1a flx)=(1-2)" = f0)=1
fle)=-11 -2)23-1)=(1-2)2 =Ff0)=1
f{x) =-2(1 - 2)3(-1)=2(1-2)3 =) =2
flx) ==(3 x 2)(1 — x)-4-1) = (3 x 2)(1 - x)-*
= (0) = 3!
General term:
fO(x) = r(r - 1)...2(1 = )1 = pi(1 - x)-tr+D)

= f(0) = r! . 5
Using f(x) = (0)+ P(0)x + z[ro]xz - rfo]xr ;..
A-xFt=1+x+2a024 . + D0y

2! rl

=4 +x+x.2+ T 1
b f)=T+x=(1+2: =1f0)=1
f(x) = 3(1 +x) =f0)=1
Px) = 3(-3)(1 + 2)% = (0) = -3
Px) = 3-3)-3)1 + 2% = O =3

Using Maclaurin’s expansion,

Trx=1+1x —(_%xz @x:’ =
R T TS
A .
2 16
2 ﬁx] = gsinx = f[o] =1
f(x) = cos xesint = f(0)=1

{"(x) = cos?xes™ — gsinxesi™r = (0) =1
Using Maclaurin’s expansion,

: 1 :
e =l+xaoat.. =1 + X+ 522

3 a flx)=cosx =1M0)=1
f(x) = -sinx =f(0)=0
f"(x) = —cosx = f"(0) = -1
"x) =sinx = {"0)=0
f"(x) = cosx =1"0)=1
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The process repeats itsell every 4th derivative.

Using Maclaurin’s expansion,

1 1 [—1)
cosx =1 +2—x2 - 4—|x4 [2 A &+
_ £2.ix =1),
=1- 2|+4r +(2erf

b Using cosx =1 R with x = I,
2' 4! 6

2
cosx=1-2—+ = 0.86605... which is

72 3]]04
correct to 3 d.p.
e=2718(3d.p)

In (£)=0.182(3 d.p.)

9.3, 27 .4
2x+8x+.

=2 -

l+3x+%x2+

—

22 - 207 + 8x% — dx* +
x4
3
T m i T
cos(x = —) = COSXCOSY + sinxsin™
4 4 4

¢ x2-—

= L_[msx + sinx)
V2

| x?  at x® 25 |
_5((1_E+H_m)+(x_3_+a ])

1

f 2 ] 4

=%{l+x—%—%+%—...)

a flx)=(1-272In(1 -2

f’[x]:[l—x]zx . +2[]—x][ 1) In(1 - x)
=x—1—2(1—x]1n{1—x}

f'lx)=1- 2([1 -x) % 1_1 +(-1)In(1 - 2)

=3+2In(1 -x)
b flo)y=0,f'(0)=-1, £(0) = 3, "(0) = -

3,2 _ 1.2
C —x+gx —ﬁx
aE An TR TR TR
a sinx=x §+§ i =k E;1:?+m:c
2 4
cosx=1- ;1 il—...zl—%x*+2'—4x4—
3sinx — 4xcosx + x
13 1 .5 \ Toog slizs
_f[x—gx + %% = ) - 4lx - 37+ pat -
=343 _ 17 05
;2x‘ izt +
b 3
Flx) = mr;xx[ sing) = —tanx
£(0) =0, f0) = =1, £"(0) = 0, £"(0) = -
—x? ot
¢ e
2 12

d ln(cos%) =In24) = —JIn2

And by the Maclaurin series we have also

6 6

In{cos7) ~ 5=~ 75
In2 = E(l + ;—;)

flx) =tanx = f0) =0

f(x) = sec?x = F(0) =1

f'(x) = 2sec?x tanx = "(0) =

f"(x) = 4sec®xtan®x + 2secx = {(0) =

f"(x) = 16sec*xtanx + 8sec’xtan®xy = "(0) =0

Answers

"(x) = 16sec’xtan*x + 88sec*xtan®x +16sec’x
= (0) = 16

So the Maclaurin series is

0+12+ 424 243 +£x4+ﬁx‘

2! 3! 41 5!
=x+%x3+%x"'+.,.
Challenge
a 9*—l+x+x—2+£..+£+
20 3l rl
r r+l
arzx_; Uy = *
r! (r+ 1)
r+l X
Tim| %! = lim|-* « Ul — lim Gl =1
== a, =10 x| TEr el
_ _x2 x:‘}_ i r+|x!
b Inll+xl=x ?+? e+ (=1) e
- 1r+lx_ i 1r+£x
=0 g, = 1”1
Q| L |1t r |_
h—rg a, —ll_ILl r+1 {_]}r+]xr| llIBL.».{. ‘]|
= lim|—=—| = i
h +l
r

So In(1 + x) converges for -1 < x < 1 and diverges for x > 1.

Exercise 2D
2 3
1 a l—x+%—%+,., valid for all values of x
b l+4x+8x2+¥+ valid for all values of x
¥z oyl | .
c e(l +x+?+?+ J valid for all values of x
d —x—%z—%—%—... -l=sx<1
X x x® X7 g
e 5~ 48 T 3830 645]20 .. valid for all values of x
f ln2+3—x—%+%+.,. —%{xs%
2 a In(1+2)= %2+’;_3—%4+x;—,.,, d<xs1
ln(l—x]:—x—x—z—x—a—x—4+x—5—,.,, -l=sx<1
2 3 4 B
ln(1+x)=h1[1+x]—ln[1—x]= x+£+£+ )
1-x 3 5

As x must be in both the intervals -1 < x = 1 and
-1 =x < 1, x must be in the interval -1 < x < 1.
b (x+£+£+ ) -1l<x<1
3 5
c x= —3; -0.0027% (4 d.p.)

l+§
d lnl °| =3In(4) = In(2)

ad
5

and the series from b gives

G

3
e + 0.6
5 3 5 s
Which is In2 correct to 2 dp
2 3 3
3 e¥=1 +2x+[21) +(21] +...=1 +2x+2x2+4i+.,.
2! 3! 3
a2 ST ; :
es=1 —x+[ %) +[ %) =1 —x+£—£+
2! 3! 2 6
Soe* -—e” =3x+ }xz if terms in x* and above may be
neglected.
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10 a

11 a

=

12 a

222

Answers

Jxsin2x = 31(21: “5 +.

4x? )

9% 27zt

oszn= (1- 20, 202 )

cos 3x oy
So we get that

2 4
9x? 27x ke

3xsin2:c—(:053x=6x2—4x4—(1 _7+ 3

=-1+2a2-Fye s
21
25
5x% Tt 17x*

=4 = _-"=

1
2 3 2 +.,.,2

2x 22 1t

2In3 + 2% 2% _
ety 9 = 81 162

- 2xt d4xt 24
L -
T3 745 315
4 il 8
PN A R i
3 45 315

<r=

s2og e 1
= i=ag

x+ 227 +
1

(1 -3x) In(1 + 2x)

= (1- 3222 - 202+ BE gty )

=2x-8x2+%Px3 - 1224 + .,

17x% | 11x?
+
6 ' 3

82
3

efrginx

=(1+2x+

(22)7  (2x)* (22)* ( x3
TR T +{

Y . .
(1 + 2x + 2x2 +4Tx ZTx + )(x -+ ]
=x+2202+Lad b pt s
T+aZe*=(1+x2)e"

[xJ

=(il+%;t:2 + (335 o )(il—:c+‘;;2 2—:+

ikt 4% )(_ xf_ad at
_(1+2 8+...”1 J:+2 6 24+.,..]
=l-x+x2-2xd+lats

R 58T ic U i

2 8 48 384

1.711 (3 d.p.)

1-

errgin 3x
2 3 E

= (1 + px + %) + () + )(31 _(Ba) + )
2! 3! 3!

= pix®  pixd ) Ox? :
_(1+px+ g =k e thies (.31:—7+...)

3(p? - 3)x?
_

=3x + 3pa® +
g=-2 p=% k=-1}

gr-lny — ax P—[nx =gt x e =2

; efsinx
= pt-lnrgipy = —2——

2 3 2
(l +x+%+%+,.,)(1 —x—.+,.,)

2
=1l+x+ % ignoring terms in x* and above

x4

E+

1sin0.1
0.1
Using the approximation in part a,
fl0.1)=1+ 0.1 + 0.00333333 =1.103333....
This result is correct to 6 s.f.
4

diy ;
13 a @zlé[stx—costJ_lﬁg

b y=-1+2x+2x%- —x*

b fi0.1)= =1.103329...

2
3+
Challenge

a y=1+38+3p

b 19.6 years (3 s.[.) ¢ 0.0027%

d As j3is larger, the error in ~ is larger, so the
approximation would be less accurate.

Mixed exercise 2

2 1 1
1a r+2ir+4 r+2 r+4
I 2 = 1 |
b rg;‘[r+2]l(r+4] ,gr+2 r+4)
_1,1 11
3 4 n+3 n+4
_ Tn*+ 25n
T 12(n+ 3)n+4)
4 1 1
2 8 (4r - U@dr+3) 4r-1 4r+3
b3 4 _1__1 _4n+3-3
Sdr-14r+3 3 4n+3 34n+3)
_4n
" 3(4n + 3)
¢ 0.00126

Ja (r+1)PF-(r-1)
=(r*+3r2+3r+1)-(r*-3r*+3r-1)
—6r2+2

b Z[6ﬁ+2} ()Zr’3+22 2n® + 3n%+ 3n
r= r=1
5062r2+22=62r2+2n=2n-+3n +3n

r=1 r=1 r=1

So Girz =2n*+3n*+n=n2n*+3n+ 1)

r=1

=nln+12n+1)
So irz =tnln + 1)2n + 1)
r=1

n 4 n 2
4;[r+l)(r+3} rgr+1 r+3
22,2 2 2 _ nn+13)
2 3 n+2 n+3 3n+2n+3

5 3+ 17 - (r - 1) = n(2n? + 3n + 3)

r=1

Calculate

(2n)(2(2n) + 3(2r) +3) - (n - 1)(2(n -1V + 3(n-1) + 3)
Which gives thata =14, b=15,¢=3,d =2

du
6 = [=2)rp1-2x
B o = (-2)"e
dﬂy -2ln +n32-=
h dxﬂ - (_Zlﬂel 2In32 _ 2566' In32

= 256(e1)|e"T071) = 2569 _e

024 4
7 a f(0)=1r0)=1
) 2pr _ prx )pr x| — pr
b () = (1 +e9) Tl +i§£1 +efer _ eilll+ Pga}
fr.l.l(o)zo i i
xZ

c ln2+§+§+...

@ Full worked solutions are available in SolutionBank.



8 a 1-8x%+32xt_ 20y,
b cos4x=1-2sin?2x
$0 28in?2x = 1 — cos4x = 8x? - 221 Box6+.
$0sin?2x = 4x? - Pt 4 Wy

T2 axd ot

9 Usinge*=1+x+"7+=—+-—+..and

2 6 24
x?  x*?
cosx=1-"—+"—-— ..
2 24
poosr ell_xf*'ﬂ_l et e—% >, ei_‘t'

12z . x i
me(t-Gafr e gye ) =e-F )
10 —3x2-2x% - ...
3
11 x+x—6'+.,.
12 a d#dx(e*]

d xZ x? x4 xr xHI
dx(1+x+2f TR TR T P T T )
= O 2x 3x'3+4_x‘+ (r+ 1)x"
217 3 41 (r+ 1)
x2  x® o .
=1+x+§+§+.,.+ﬁ+...=e
a 5
b Y _i( L

de Sdzi” 3" Bl

IZH-I

T

322, i [_])r(Zr + Dx®r
3! 50 7 [ r+1)!

TR T ],{2 !

d 1
c E(cosx] = E(] - E

7E [_1}r+l

2x | 4x®  6x° i
-2 AN e
(@r + 2)x2
_1 e 3 B ettt N

D

x'i 5 p IZH-[
(I 31+5l bl e

cosx:]—(%z ;; )

secx =1+ (- 1}( (g—ﬁ))
B2 -5) -

;
—1+lx2+z'—’x“‘

=COsX

+(-1 JJ[Zr]‘

x4
ST —.
T 2rs2
eri2 )
2rx2r—|
@)

) —sinx

13 a

-1

b x+x—+1—,x + .
3
14 l+x—4x‘—T3x-‘+

15 f(x)=(1 +2)(1 + 2In(1 + x))

fx)=3+2In(1 +x)
2
ffff =
W =1
(1+22In(1 +x) =z + 327 + 1x* +
16 a x_x_+x_‘_x_4+
2 6 12

b 0.116 (3 d.p.)

+o)

Answers

2
r+io+

17 a flx)=etswr=p""3 = gt x pd
xZ xi x:‘}
1 +x+§+§+ ](1 +?+ )
X2 3
=l+x+5++
2 2
h ] xz xﬂ
X+ E = ? +
18 a flx) = lncpsx fi0) =
f'lx) = _Cf)l;lxx = —tanx f'(0) =
f"(x) = —secix f10)=-1
f"(x) = -2sec?x tanx =0
f"(x) = —2sectx — 4secixtanxy ["(0) = -2
Substituting into Maclaurin,
Incosz = (-1 + (-2 4. = _2,
2! 2. A2

b Using 1 + cosx = chszg

In(1 + cosx) = lnzquz =ln2+2 lnmqg

2 4 k
soln(l+cosx]=ln2+2(—%(g) —]'—Z(gJ —)
2 4
:]_[12_35__1‘-__
4 96
dy d*y
‘19 a — = 3(e¥ e—3.1"_I=983.1' e—fix‘
e (e* + ]dxz (e%* + o)
d:‘}y d-ty
=27(e™ + e™), — = 81(e™ - e™) = 81
P ( : }dx ( ) y
b y=6x+9x® +Ex-"+,.,
{3}2:1 bel]
(2n - 10
Challenge .
w 2 PEE 2’
g = x e s s
TEY 26 T 24T 120
o, @
e T T
1 ) .Z .x.i x# x!’:
S e - e T e taat 120
x? gzt
cosx=1-—+— -
2 24
. x‘ x;.
sinx =x — et 120r_
NUR A
isinx =ilx - et 120

Match up the items to show e = cosx + isinx

CHAPTER 3
Prior knowledge check

1a 5/3+x2+c b (x2-2x+2)e+¢

¢ ¢In(1 + 3sinx) + ¢
10x

2 a _£ b _—+y c L

Y x+ 4y sec?y

3.1 1 5 . 3 5 7
r x+1 4x+2) 4x-2) r+1 2x+1
Exercise 3A
1a 3} b V2 ¢ 3

2 a [Te'dr=lim[ e"dx = lim(e' - 1)

and e’ — eo as t — eo, s0 the integral diverges

223



10
11
12

13

Answers

=

f —dx = l1mf dx = llm(2;£ -2)
1 »x

and VI — o as :', — oo, 50 the integral diverges

f 8% dx- l1m dx = l1m[8v t7+1-8)

0 1+ a2 '“‘”Hl+xi

and V12 + 1 — e as t — oo, 50 the integral diverges

f—dx hmfl—dx_hm[Z»x],—hm{Z 2/t)=2
Jx

R #0

i
—dx = | ____dx_l -2/2 3
L VZ- 3z aglf[. JZ irp [-5 34,
22 2'———) 2\2
231

( 3 3

In3 T In3 n:
f I,_e_dleimf ClJS—llmIZ\p‘—l]H
1  Jer-1

=lim(2v2 - 2/6°-1) = 2/2

Integral converges; 2(1 +2)
Integral converges; 0
Integral diverges

s enlle g

3(7 - 3x)

f%dx_hm

| 73 = “[3(7 3% )] ‘hm §_21 —95)25

5 ST
387 +¢C

flxze"’dx = lim [%e"’]: S lim(E - %e'“) =%

Lo

(Inx)? Ve

2
(In¢)
flnxdx lim fln;t:':i __m( r12.-:)

and (Int)* — e as { — eo, 50 the integral diverges
2((Inx)? - 2Inx + 2) + ¢
_Ll(lnx]zdx = lim [(Inx)*dx
= lli_rEl[Z - (lnt)* - 2Int + 2)=2
since t(Int) — 0 and ¢(In¢)* — 0 as t — 0, so the
integral converges
Split Lw[hlx)zdx up as Jf'][lnx)zd:c + flw[lnx}zdx
and show the second integral diverges.
Jfm(ln:t:]2 dx = lim ['(Inx)*dx
= l}_mm (tillne)* -2 1Int + 2) - 2)

and (Int) — oo, t{Int)* — oo as ¢ — oo, so the integral
diverges

9V2

-8

1
a

b

224

tanx is undefined at the upper limit x = g
_L “tanxdx = lim j[; ‘tanxdx = lim(-In cos ) and

CUSE—»O&SL—)%, S0 —lncos.:—woas.-:—»g,

so the integral diverges.

sec?y is undefined at the point x = % in the domain of
the integral )

Split L‘seczxdx up as J[fse(:zxdx v j::seczxdx and
show the first integral diverges. i

fseczxdx = l:i_rr:_‘)J[rJ'seczxdx= lJ@_%[tan.-:)

and tant — eo as { — % so the integral diverges

14 The integral converges precisely when a > 1, in which

case its value is

2 1
15 a
2P+ 3x+1 T2+ Dx+ 1) T2+ 1 x4l
in partial fractions.
k 1 ‘
So, J; A T dx = [In|2x + 1| - Injx + 1|,
=
b In2 it
Challenge

[e“sin?xdx = 3 [e*(1 - cos2x)dx
=-lexy %e"‘[—z sin2x + cos2x) + ¢,

2

where the last step is done by using repeated integration

by parts.

So, ["esin’xdx = lim ['e~*sin*x dx

- lim[le‘*[—z sin2x + cos2x - Sjr

- lug(—(r'[ 2sin2t + cos2t - 5) - (-%))

10

tafbe !

since e~'sin2t — 0, e'cos2t — 0 as l — oo

Exercise 3B
1al b In2 c e
1, {1 +ef 4 e?-2
2 —1( ] T
86 .2 157 £ T u
d 2t e 2.3
El T2
3 a (-2,128), (4, 20)
b XY
(-2,128) y=1
100
(4, 20)
¥

! 0

¢ Alower bound is 20 and a upper bound is 128,
since these are the minimum and maximal values
attained on [-2, 4] respectively

d 74

in3
2T

506

Bl

“
@

B b ol

i 33
81
Sx _ 1

2

(2x—1][x+2}_2x—1

5_]f (2x - 1](J:+2]
1, 49k
b Zln 3
8 a %fx[xz—‘;]“dx:%[ﬁ
b _h12

) in partial fractions.

S NI
J:—4l[l3

4]]

w

@ Full worked solutions are available in SolutionBank.



Answers

1 10 a .
10 If—b = a£ f[x] dx = I, then 7‘? Y= arﬂsiﬂ[ﬁrﬂsinx)
1 b 1 b b 2
HL [i'[:t:]+c}1:1:c=m(frl flx)dx + [ cdx) ;
P (cb-a)=m+c H
- b-a :
1142 :
12 The graph of f{x) between 0 and = is the negative of L
the graph between 7 and 27 and so the area under the —sin1 D sinl *
graph between 0 and 27 must be zero. ;
13 a —++ c i
2+ sinx '
3 [*_ cosx 3 [ 1 IT ;
b = ——dr == 7
5 (2 + sinx) 57l 2+ sinx], —
31, 244/3)=--3 3
=i {3+ HU+B) = - -(3+ 4/3) B
S5 3 I y = arccos(arccosx)
2T __2 (34443 iy
B " gy o
14 a Turning point is at (-3.17)
b -2a2-5a-1
47
¢
Exercise 3C
i o bes R g itk
1+a? V1 —x? V1 —at
3+ 1) B 1
1+ (x* + 3x)? o/xZ-1
5 Arccosx — arcsinx
c
3 2 ,
(x®+ 1)(1 - arctanx)?
4 i(:su'(:(:osx + arcsinx) = — 1 ! =0
dx vl-2x% V1-2*
So f{x) = arccosx + arcsinx is constant.
f0)=Z2+0=Z, 50 f(x) =Z for all x _
2 2 2 5 >
Q. .
V1 - 4x2 4+ x?
c —3 B S
v1 - 9x2 1+ (x+1)?
_______________________ ) e U e S
e —— 2x . f o2
Va2 - x7) V1 -2t
g ex(ammsx o A . ) COSY__ ginyaresina 11 a Ify = arccosx, then siny = +,/1 - cos?y = +//1 - x2.
V1 -x? v1-2a? Since arccosx has range [0,7] and siny is positive
i w9 arccoghie e gerns on this domain, we must have siny = /1 - x?
( V1 —xz) 1+2a? b Ify = arctanx, then
¢ _ %+ (1+x?arctany cosy=—L =+ 1 . |
(1 + 23(1 + x%arctanx)?) SeCY. V1 +tan®y vl +x?
7 Ify = arcsinz, then ﬂ s il ol d’y o Since arctanx has range (—E, E) and cosy is positive
B T e P s & i
dzy  dy on this range, we must have cosy = - .
So,(1-23)—-2x—=0 V1 +x2
dx? dx 1
£ e 43 = V3 ¢ Ify=arccosx, then secy = Tosy =X
=Ty tte g d Ify = arcsecx, then
——
2arctanx 1 iny=+,/1-cos?y=+/1-—L _
g g <cdarclany B siny = +/1 - cos?y = + |
T+a? V1 = x%(aresinx)? | secy
1 f 1
=+1 -—

(1 +x3(1 + (arctan x)?)

225



Answers

Since arcsecx has range [0, g) (2, 7] and siny is

positive on this domain, we must have

e
sing:.llll'] —lz
x
Exercise 3D
1 asec’d [ 1 x
dx = dff = — + ¢ ==arctan= + ¢
Jqaz+x}2 J‘4:‘.52+[n:tanl‘i‘]}2 a a a"

Zf . dx:f ~siné df = -8 + ¢c = —arccosx + ¢
/1 - x2 V1 = cos?d

10

11

12

13

14

226

Y

5 5
a 3arcsint + ¢ b 4 arctan®? 4 ¢
2 5 5
c arcsin§+c d Injx+/x2-2|+¢
Earrtanﬁ + e
6 2
fﬁdx = 1J‘;dx = larcsjnzl_f +
V3 - 4x? 2 1,"% — oyt 2 V3
2(arctan3 - =
a (arr n 4)
b E
2
c i(arcqmi + arcsin l)
3 V7 v
3 3
f - C —dx = [arcsin f]
7 VA —x? 2]
_ arcsin’3 — arcsin¥2 =T _ T _ T
= arcsin—- — arcsin—- = =

2+3:c
1+3:t:'2

f1+3zx+f1 3

g L

s 2\-3
3

arctan(y3x) + %ln(] +3x9) + ¢

—arcsin—=—-2V2 - x* + ¢
N

41n(x? + 4) - %arctan% +e

ff[x]dx N f V6 fIsz dr - f\f'ﬁ —15x2 d

= 2 uﬁdu 1 1 dx
5 V5 .'IfTi—xz

= —%»6 547 — larmm(r's ) ¢

a 1ln[:t:2 +16) + éarctan—+ c
4 4

] X+ 5
x2+]6

1 . 5 x]*
Ling? + 16) + Saret _]
[ nx®+ ]+4ar‘(‘an4

0
4( ek 16)

1 bw
ln 2 -
16
2 3x

HE
273[‘(‘ = 2 +C

]

\-".‘tR

J;u]—tl-:ﬁ f qlnz d
= 1 ‘ (] +(‘O€2x]d9— |: l r
16 x +—sin2x ;

il W3 -
_16(6+4) 192{2"T 3/3)

Challenge
a arcsecx + ¢

b vVx*-1 -arcsecx + ¢

Exercise 3E
I-x 1
1
& Towr+ 1D " 106 +3)
o_x+l 1
3x2+2) 3x-1)
dr+7 4
Tx*+7) 7x
ICE
2 Infx+ 2| - 1"% arctan—- + ¢
3 a (x+2)x-3)x*+2)
x
nl il —v2arctan(x)+r:
|x - 3 V2
4 %ln(xzx: 4.] - %arctan% +c
5 —%+%arctan%+c
x‘+9x2+x+1 3 2 q
6[ xt - dz f dx fx+1 +fx2+ldx
=31n|x—1|—21n[x+]|+4arctanx+c
e =17
=In — + 4 arctanx + ¢
v+ 12
2 3
i -4)(x*+ 6 bh —-——
A BEHEEER) x-4 2x*+6
¢ 2lnjx - 4| - l—arrtani+c
2 V6
8 a 1lr1|;|+c
3 12x-1

.J’z 1
b Split ;mdx up as

dx + dx and show

J;(x i 2][121 J‘[:c 2)(217 1)

the second integral diverges.

1 1 1
f; G-z -D¥ " hmf G-z - D
1 1
==l *l =In1
[3f= ” (3thge=7) + 3o
dln‘
e T |
x+3  x-2
2> 8 22+6 x2+4
=
I (x * 4] +x —arctan® - [3arctan X + ¢
2 \x2+6 212 v
10 1 ( + iar‘(:tani_ +cC
2 V5 v
11 2. = 1,_x MO partial fractions.
x+Dx2+1) 22+1 x2+1
: 2
So, L @+ DE+ D
1 ‘1 1
-[Fe- (e s

[arctanx - —ln[x + 1)+ Injx + l|l =

x 1
== - —~In2+1n2
; 3 Zn + In

N Z[7r +2In2)

@ Full worked solutions are available in SolutionBank.



3x S5x 1
12 a - St
ix’+2) 202+27  4x
1{ 10
b §(x2 i +3In(x?+2)+ 2In|x|| + ¢
Challenge
a Lin L‘Z‘E‘ +¢ b 1._arctan‘:2[x e
42 x-4+2/2 3V
Mixed exercise 3
1 a arctane®+ ¢
b Split L, R dx up as
) .1 o0 1
f de + f o7 oz UX-

0

) 1
—t - i x0
f P* T or g o dr = lim f e dx = lim[arctane],

= li_r_n(z — arctane’) = i —arctan0 = %

3 1 T
€1m1larlyf] or 1 o dx_ , 50 LdeZE
2 Q(i_— )
™V3
3 f sin2x dx [ (sin2x - 2x mq2x)] ;
0 1]
2x 3 x?
4 - b -Zarccos=
a — Zarrm 1 +C
1 -5 -5
5 a flx)=
’ W (2x+3']2+1 {x—l}2 T2+ 3+ (-1
xr-1/
5 ~ 1

T5x2+10x+ 10 x2+2x + 2
b »»+2x+2=(x+12+1=1,
1
so |flx)| = | ————
i) ‘xz+2x+2
6 a We say an integral [“f(x)dx is improper if one or
both of the limits are infinite or if f{x) is undefined
at some point in [a, b]
b It in undefined at x = 0 and has upper limit e
c
7 —V1-52%+ %arcsin V5x +¢
J
8 a Use the substitution x = tan# and identify
sec’f = 1 + tan?d so that the integral becomes

arctant
f 1d# = arctant

1]

b i % i o«
9 a ;In(1 +4x?) +jarctan2x + ¢
b lir+2In2)
el e 3
10 a f»“l 9xz f = armm( Zx) +C
C. | 1 32" _ =
———dx = [ arcqm—] ==
o V4 — 9x* 3 2], 6
11 =J‘$sin49dx=rl[3 —4cos2x + cosdx)dx
0y 1 & 0 (] 8
= l[Bx - 2 sin2x + Lgin 4xr = l[47r - 7V3).
8 4 64

0

Answers

Here we know sin‘x = %[3 - 4cos2x + cos4x) by
de Moivre's theorem or by using the formula for
sin®x twice.

12 a I
8

E oo [ J0 (1 o LA

b f flx)dx = lim [Earctanxi]“ = ltl_q_y(garctan.sz - 0) =

1 3
e fﬁ e
=2In|x| - % - arctan%) +c

7 I b Injx-4| - —arrtani+c
x-4 x*+2 V2 V2
¢ Split JEmf{x]ld;t: up as L'ﬁx] dx + [“f(x)dx and show
the first integral diverges. '
S M) dx = lim [ *fx) dx
= lim(ln|.-: — 4| - i_(arctani_ + arctani_))
A V V2 V2
and In|t — 4| — —eo as ¢ — 4, so the integral diverges

13 fﬂx]dx = f%dx +

15 a ln i +C
2 2
8
b r:c +xdx ln +1 _lng
¢ -2In5
Challenge
: 2
a %J[rfﬂx]dx=%[§x“—x2+4x]0=%=4
floo=c*-2c+4=4=c=00rc=y2

b One example is flx) =0 forx = 1 and flx) = 1 for x = 1.
This has mean value % on [0,2] but the function only
attains the values 0 and 1.

CHAPTER 4
Prior knowledge check
1a 15633 b 12 ¢ ledner

6
2 1.41(3s.f)
3 59 566
15

Exercise 4A

1a 8?“ b 4rln2 ¢ Zir-In4)

d Tln4l e Z(1-1n2) r
4 2

T

2

7(3(In3)*-6In3 + 4)

a —[»3—1}

71'11‘114

a x=0orsinx+1=0=2x= Om‘32—"r
(9

b 2% 1)

7 a 1007 p 100x

81 27
8 0.237 (3 s.0)

n(zﬁ -2- %J

b 9x(/3-1)

T e W

Challenge

/2 2

]

= z i _
W_[ (sinx = l_) dz = 1 (1 - %(:0521 —/2sinx + % dx

[x - %qanx +42 ms‘x} . %(7? -3)

227



Answers

Exercise 4B
1 a nlle*-2e-Je2+9) b 1r(e?-1)
¢ g(1115+ 16) d zlnd
2a b »(2+3In3)
¢ (4ln2-2) d 20
X 16
11
3 b:T
]
4 " b T
a T]O 5 4
5 w(3e¥ +6ei-3)
6 a 2cos(y-T
](J 3) _
: ™3
b =sec?y - Mdy = X (tan0 - tan (- T}} = ™
n| §%°¢(y-3)dy = 3(tan0-tan(-3}) = =5
1 T
7 b
& Gz 6In2
8 a By de Moivre's theorem,
sin 38 = 3cos?fsind — sin®f = 3sind — 4sin®*d
sin 58 = Scos*fsind — 10cos*dsin®d + sin®f
= 5sinf - 20sin®? + 16sin°f
= 5sinfl — 5(3sind - sin 3f) + 16sin’f
= -10sin# + 5sin 3/ + 16sin5#
= sin®f = %(IOSinB — 5sin 36 + sin 5#)
T e s B = . - . .
b 1.TJ;:;m ydy = 16];[1051115; 5sin3y + sinSy)dy
=T [—10 cosy + 2 cos3y — Lcos5y
16 3 5
T 43\-"?)
=—8
15( T8
Exercise 4C
3847w
1 ==of
7
2 a 23
b we?
¢ nx=t=y'=t-1=lhx-1
d nwe?
3 a x*=1-sinf = sinff =1 —x?,
yr=cosf=1-sin?0=1-(1-2%?2=2x% -
b (V2,0
c W{%\?]
4a 07~ b 28
'3 _ 5
¢ tan?d = x2, sec’d = i’
sotan’d = sec’ - 1= x*=yi-1
d V:?rj«[yﬁ_ 1de=7rI§y§ —y} =&
1 5 . 5
1
5 ﬁﬂ—
6 wrxz—daﬂf‘;zz x 2tdt = Srrf,"dt = 32r
] d": (] ]
7 a 1sin20+}0+c
b y=4sin26 = 8sinflcosd = y* = 64 sin*fcos’ 0
dx ,
— = —cosec?f
de
1 T = T
— == x=/3=0=T
x= yei = 3 x=V3=> e
f dx/d9d9=—64rf cos20dg
¢ :’
228

H

8 In7
9 24°
10 &=
5 g \
11 a =6 b 7(n6 -3
Exercise 4D
1 a 200m p 1200000~ 200700'3“ m?
2 57In4001 cm?®
3 a cos3d
= cos(20 + 8)
= cos2fcosf — sin26sind
= (cos?f — sin®*Alcost — 2sin?fcost
=cos*f — (1 — cos?#)cosd — 2(1 - cos*d)cosh
= 2cos*# — cosd + cos®t) — 2cosd
= 4dcos’ - 3 cos#
= cos’fd = 00%8 + - mq 34
500007rm*
4 % b 8647m?
a x?=16sin?fcos?d = 16sin?d(1 - sin26)
AN AN 16 .
=16() (1-(§) ) =g5v0-»
3 3) )= ;0
b 14

¢ i e.g Patterned earring may mean that earring
requires less material

ii e.g. Wasted material upon transfer to mould

Mixed exercise 4

1 a jxsin2x+icos2x+c b ﬁ(ﬂ£+ l)
2 a Use intefgration by parts with u = x and % =sec’y
to get J:x sectrdy = [xtanxy + lncosx]i
= %—%IHZ
b (5w
3 x(4ng-2
4 %{10 - 3m)
5 wle* -9e? + 8e + 8)
6ay=-x+3 b ]]];(}W
7a 12 b 8%,
8 f x’dy = :r—f cos*tdt = wf‘mqa[l - sin*t)dt

Using the substitution u = sint, this becomes
4w

| (1 —w?)du ==+

x L( ydu =53

9 a sin 30 = sin (24 + 8)

=sin26cosf + cos26sind
= (2sindcosd) cosd + (1 - 2sin*#)sind
= 2sinfcos®f + sinfl — 2sin*#
= 2sin#(1 - sin®*0) + sinf — 2sin*#
= 2sinfl — 2sin*f + sin# — 2sin*#
= 3sinfl — 4sin*f

= sinif = EK;m.‘J —sm39

b 20007 em?
10 lZE_hr
15

@ Full worked solutions are available in SolutionBank.



Challenge
Rotate C by —% anticlockwise to the x-axis using the matrix
my _my (L L
ws(-g) ~n(3)| (B =
T T T 1 1
sin[-—} cos(—— ety
( 4) ( 4) J2 2
1 1
V2 V2 (LZJ:L( £2+2£)
_ 11 \2e 2+ 2t
V2 2

So new parametric equations become
= %(.-:2 + 2t and y = é[—az + 21
v v

y=0=>%{—£2+2£]=0=>-£=0,2
y

. . dx
_Ff] (}_[ t +2£J) g

& ;.rf(vlz( £2 + 2.4}) (\-2(2’ + 2])d.f,

: 3 5 HE
:L_r(a-”—3z4+452]d;=LI£_3_5+£]
v i

=

zl6 "5 73
(32 96 16)_0: 32x
TV2\3 53 15/2

Review exercise 1

cos2x +isin2x _
cos 9x - i sin9x

cos 2x +1sin2x
cos (=9x) + i sin(-9x)
lei

=—-=e'=cosllx +isinllx
o

Hence n =11
2 a cosbHf+isinbf = (cosd +1isinf)’®
= cos”# + 5i cos*d sinf — 10 cos®d sin®#
—10i cos? 0 sin®*# + 5 cos# sin*f + i sin®#
Equating real parts:
cos 56 = cos®# — 10 cos®d sin®# + 5 cosf sin*
=c0os”f— 10 cos?* (1 — cos®d) + 5 cos (1 — cos? #)?
=16 cos”d - 20 cos* 0 + 5 cosf
b x=0.809, -0.309, -1
3 a cosbHf+isinbd = (cosd +1isinf)°®
= cos”# + 5i cos*d sinf — 10 cos® @ sin®#
—10i cos?# sin®# + 5 cos# sin*# + 1 sin °0
Equating imaginary parts:
sin 56 = 5 cos*f sinf — 10 cos?# sin®# + sin® ¢
=sind(5 cos*# — 10 cos®d sin®H + sin*d)
=sind(5 cos*@ — 10 cos®#(1 — cos*f) + (1 — cos®H)?)
=sind(16 cos*d — 12 cos®d + 1)

b 0%, 37 1.209 (3 d.p.) and 1.932 (3 d.p)

4’ 4"
W _ p-l : |
4 a sing=2""C"ifz = c¥ thensinf =2 21z

2oz 1y°

e

sin >

= L_[z-r’ -5z3+10z-10z"1' + 5z - z-9)

32i
1 (zr’ -2z%_ 53-2z9 10(- z“])
]() 2i 2i 2i
1

e E(sin 50 — 5sin 36 + 10sin#)

“

Answers

b f sin56df - %fz[sin 56 — 5sin 30 + 10 sin 6)dé
(]

=1 [——mqs.‘) +2c0s30 - 10 ms*ﬁ]

= 16(0 - (-3 + %—wn—%

a z"=cos(-nf) +isin(-nd) = cosnél —1i sin nd
Z"+ z7" = cosnf + i sinnf + cosnd —1isinnf = 2 cosnt
b 3—12{(:0569 + 6cosdf + 15cos 20 + 10)

=

c f cos®fda

1]

=3Lf2[(:0569 + 6cos4f + 15 cos 20 + 10)dd

x

=;—2[ sin66 + 2sin 40 + Y sin 20 + 109
1
= -0
gprn- = 32
C+1is

=1+ (cos#+isinf) + (cos20 +1isin2d) + ...
+(cos(n-1)8+isin(n-1)1)

=gl 4 plf 4 26 4 4 pln-19
: : : a(l - r)
Using the sum of a geometric series S, = e and
-r

i —id

cosd = u,
2
. 1 - ein? (1 = gind)[] — p-¥)

C+isS= =

T-e¥ (1- el -e"
1 — elnd — p-1¥ 4 @iln-1)4 1 — elnd _ p-1¥ 4 ailn-1)8
T l-e¥-e¥+l1 2 -2 cosd

Equating real parts and using cos(—#) = cos 6,

1 - cosné - cos(-6) +cos(n-1)8
2 -2 cosd
1 —-cost +cos(n—1)0 - cosnf
- 2 - 2 cosd
Equating imaginary parts and using sin (-f) = — sinf,
) +sin(n-1)0

=

—sinnd — sin( -

S§=
2 -2 cosé
sinf + sin(n — 1)# - sinnd
2 -2 cost
- Tai — =i
a z= ‘,2920, v2920, V2e £} ‘,29 0, /2e4
b Im 4  oni
V.l’282l]
,"‘ “'s
_ 17ai 2 v
V220 o .
N a .
: ‘. t
" 20
: ' =
. H ol
. ' Re
i L
| T
*
\“ “’
- "'
e L T Y
VvZe * sl J2e 20

£ T n
a z=4e" 4e9,4e 9
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Answers

b z%= {48’5‘1 (49 7) 149
= 49¢ln, 49¢gTir 49 e-“'ﬁ
The value of all three of these expressions is
49 = D218
Hence the solutions satisfy z" + 2¢ =
9 z=cosf +isind, where

=T 5w v 97 3w _Iw
10° ]0( 2) 10° 10 10

i 11+

1o
10 a 29'1 291- 2e15,2¢ %, 2¢ 15

b Vertices of a regular pentagon, inscribed in a circle

radius 2, centred on the origin.
Ani_Zni i 4si

11 a

10xi
4aif 5 4 f 2 4xi
-“5]1€° -1 - e -1 -5
=e-(E ):e-(E ):e-xO:O
ef -1 ef -1

b (3.26,1.64), (1.78, 2.40), (0.60, 1.22), (1.36, -0.26)
12 Using partial fractions,
2 2 2
r+1)r+2) r+1 r+2
Using the method of differences,

g 2 _"( 2 2} 2 3
;[r+l}(r+2}_§r+1 r+2)_2 n+2

2 n+2-2_n

=]_.n+2_ n+2 n+2
13 Using partial fractions,
2 _1 1
r+1Mr+3) r+1 r+3
Using the method of differences,
2 o e l)
;(r+]][r+3)_r=|r+l r+3
:1+l_1_1=§_1_1
2 3 n+2 n+3 6 n+2 n+3
_5(n+ 2)(n + 3) - 6(n+ 3) - 6(n+2)

6(n+ 2)(n+ 3)
_5n*+25n+30-6n-18-6n-12
a 6(n + 2)(n + 3)

_ 5n*+13n _ nldn+13)
T6n+2)n+3) 6n+2)n+3)

Hence,a=5,b=13,¢c=6

14 r+l o r  _relir+ 1 -rr+2)

a

r+2 r+1 (r+1)(r+2)
_r2+2r+1-r2-2r _ 1
(r+1)r+2) (r+1)(r+2)
b n
2(n + 2)
15 a fw=_—1_-_2_, 1

x+1 x+2 x+3
11 1
2 6 n+2+n+3
2r-1
16 T —
ri(r - 1)
b Using the method of differences,

oo 2r-1 1 1 1 1 1
R | SIS
;ri (r-1)2 g([r— 1)2 r*) 12 nt n?

230

0, where k = 18.

17 a

18 a

19 a

c

Using partial fractions,
4 2 2

rr+2) r
Using the method of differences,
:i(g_ 2 )=§+§_L_L
=ror+2/ 12 n+l n+2
2 2
“n+l n+2
3+ Dn+2)-2n+2) -
- (n+1)n+2)
_3n’+9n+6-2n-4-2n-2
N (n+1n+2)
_ 3n*+5n _ nBn+3)
T+ Dn+2) (n+ D+ 2)
Hencea=3,b=5
0.0398
Using partial fractions,
21 1
4r2-1 2r-1 2r+1
Using the method of differences,
1. 2 a1 1 4\ 1
;41'2—] =,=|(2r—l T2r+1 _]_2n+1

20
£61

A=24,B=2
Using the identity from part a,

f(zw +2) =i[{2r + 13— (2r - 1)3)

242;‘3 22 2 (2r+1)* - (2r - 1)9
Using the method of differences,
24ir2 =8n%+12n2+6n+1-1-2n
r=
=8n*+12n?+4n=4nn+ 1)(2n - 1)

Z%rz M %n[n +1)(2n + 1)

194380

r+2

Trir+ 2)

2(n+1)

20 Using partial fractions,

1 11 1

rr+ ODr+2) 2r

r+l 20+2)

Using the method of differences,

2

1 i1 1 0 1 )
;r(r+1][r+2) =\ar r+1 2(r+2)
11 1
4 22n+1) 4n+1)

_m+1D2r+1)-2(n+ 1)+ (2 +1)
B 4n+1)2n+ 1)
_2n°+3n+1-2n-2+2n+1
B 4(n+ 1)(2n + 1)

n(2n + 3)
4(n + 1)(2n + 1)

_ 2n? + 3n _
4n+1)2n+1)

Hencea=2,b=3,c=4

21 a

1 1 (r=Drir+ D +(r+1)-r
RHS=r-1+—-- =
E +r r+1 rir+1)
2 :
_rr 1]+1=r“’—r+]=LHS
rir+1) rir+1)
nn*+1)
2(n+1)

@ Full worked solutions are available in SolutionBank.



_ 1

221 3(n+ 1)

23 cosx=1- . + 2= 1 _a neglecting terms in x*
0S¥ = i T 57+ heglecting terms
and higher powers

3 5
siny =x— % - % — ... = x, neglecting terms in x* and

24

26

27

28

29
30

31

32

higher powers
2
11sinx-6cosx+5=11x - 6(1 —%) +5
=1+ 11x+ 3x?
A=-1,B=11,C=3
LHS=Inlx2 -2+ U+ In(x + 1) -
=Infx? - x + Uz + 1)) - Inx?

(2

Substituting —,; for x and n for r in the series
X

3lnx

ER
In(1 +x)=x—%+x—+

_1r-1
s=L__1 , ,EW*,
x3 2x0

[_1)?‘- Ixr .

43 B
Padat 270 T ® t .

a Letu=1+cos2x, thenflx)=Inu

% =-2sin2x
_1du _ 1
f P Y
fx)= dxr  wdx 1+cos2x
_ —4sinx cosx  —-2sinx

: = = -2tanx
2cosx cOS X

f'[u}

b fx) =
f"(x) =
f(x)

-2secix
-4 seciy tanx

= -8sec?x tan?x — 4sectx
In2-%%- 2+

N

2

i e R

=

wa(x 1+ 3) o =

- m% m( 1

nl

1
—imt
+ 3)) 3 2
) In
+ 3 3

1, 1

_0—§m§_—m2
Using re ppated integration by parts,

fx3 e-"dx——4e-f‘+c

[3
f xterdx = hmfx e dx = lim I_Zp_x*]l

x (—2sin 2x)

= -8secx secx tanx tanx — 4sec?xsecix

. L | L 1 T
th x(x + 3) SR [§m(x +

] L —r)_(_l g _ A
‘4‘—“-3( i i )_0+4e_4e

3

I

33

34

35 a Mean value =

36

38
39

a

1
T

b
V2
5

a

. S
2(5 - 2x)

The integral is infinite at the end points and not

Answers

deﬁnpd at the point x = 3, so split up the integral:

2 1
Il5 2xl£dx+f]2(5—2x)2

¥ f 5 - 2::11E Gz ™

'[ 5 - 2x)2 21:]3

Consider the integral I = _[ mdx

T [ LA,
L »(}{5—21}2x

= lim['; - L)

31205 -20) 10
i WO CUS
2 2(5-20 10

o]
w2 265 - 22]

Asl —

Therefore, I diverges, so f 5 2 B

1 : 3x de
5-2% (x-1)2x - 3)
Using partial fractions,

3x __9 3
(x - 1)(2x - 3]_215—3 x-1
Mean valup_lf( )dx
2¢r-3 x-1
5 3 |
_L(Zx—S_x—lex

- Blntzx—m—ln[x— 1)]5
2
=[%lr17—ln4) - (glnl —lnl)

=(gh17—ln4)—[0—01

1 1 -1, 343
_Eln343—§ln16_ In=—= 16
]1 343 k2
16
1 3 o3 3
: v=—= | x2(x3 - 1)3dx
Mean value 3_]_£ ( )
11 s 4]‘
‘2[12“ .

N TSIV E N O 1_0l =
_24I[x 1)]1_24&26} 0l =

114244
3

y = larcsin x)?
Let u = arcsinx and y = u?

dy du _ 1

=2 d —=

g = 2wand =
dy _dy du —oux__ 1 _2arcsinx
dr  du  dx J1-x2  J1-2x2

.
vl —xia‘IJ: 2 arcsinx

; dy)2 )
—x3|l= = 51 2
1-x }( = 4larcsin x)? = 4y

————dx also diverges.

57122

231



Answers

b Differentiating the results from part a implicitly with
respect to x,

2
—2x(d_i) i = 2szydy 1Y

d dxdx dx
dy A%y
—IE+[1—x2]dxz=2
242y dy
_ g2 S o
5 xldZ xdx 2

y = arctan3x = tany = 3x
Differentiating implicitly with respect to x,

dy

secly— =3

W_ 3 3 _ 3
dx  sec’y 1+tan®y 1+ 9x2
b qug integration by parts and the rmult from part a,

f 6:c arctan3xdx = 3xfarctan3x — f 3x2 x > 39 .
+ 9x

V3

1
— 2.2 — | 1ldx
3x*arctan3x J[; + J{: 192

= 3x%arctan3x — x + %arctanSx

1

V3
3x?arctan3dx — x + §arctamS:c] 4
1)

=Zarctany/3 -

w|w-|

=%[47r ~343)

Let y = f(x) = arcsinx, then sin y = x
Differentiating implicitly with respect to x,

41 a

cosyd—i =1

dy _ 1 _ 1 _ 1
dr COSY T_sinZy V1-22
2
|
VT-4x?
1., dr _ 1

=—sind CE _ ~cosd
¢ X 2‘;111 = a0 2(‘0‘;

1. 1.1 . T
e Z_Esmﬁ =>-9_E
0, 0

Atx =0, =%sin9 =6=0

Atx =

* ) T lsin fl arcsin (sin 6)
J“‘xarcsm 2x da = 9

2
b V1 - 4x7 '[r
=Lgingx g

2 i B TR
=| =———|=cosf|dd=—| #sinfdf
J[; cosfl (me ) 4£ =

dx a0
V1 = sin?@ de

5
= —18 cosf + 1f cosfdf = —19 cosf + ls;inﬁ
4 4 ! 4

1 T

2
f xarcsin xarcsin2x . l_Zg cost + —qlll 9}

0 V1 — 4x? 0
= (—‘ms— + lSiHI.) = Lig, _wiD)
24 6 4 6 48
42 Using partial fractions, 2X*+1_ 2¥+1 _ 2-x 1
rx a@xZ+1) x2+1 x

21‘-+1dx=f(2—x+1)dx=f(i_¢+1dx
3+ x x2+1 x x2+1 x22+1 x
=2arctanx—%ln(x2+1]+lnx+c

Hence A=2,B= —%

232

43

a 3x% + Sx _ 3x% + bx __A B
Po3xt+5x-15 (x-3)x*+5) x-3 x2+5
= 3x% + 5x = A(x* + 5) + B(x - 3)
xr=3:42=14A=A=3
x=0:0=15-3B=B=5

bf 32% + 5x dx:f(i+ 3 )dx
2 - 3x*+5x-15 x-3 x*°+5

=3Inx-3)+/5 arctan - + ¢

f

Y

Hence P=3,Q = 5and R = L,_
44 13,06 _Te °
e 4
45 a 12 b 972
46 73 - 47
47 a=2
48 a 0=ymsy=>0=msk=>-k=%

49
50

51

52

b V= wI;—[y cosy)*dy = Trf%yzmls}zydy
) o
= gfyz{ cos 2y + 1)dy
fyz cos 2y dy =%y2 sin 2y — fy sin 2y dy
= %yz sin 2y +ly cos 2y — f%cosZydy

=%y sin2y + — qu2_;—191112y+c

V:%l ‘sin2y+§y cnsZy—251n2y+%y-L
T T Tr:’] ) 1 1 =
M O U P
2(( 24 T
1 i
H i,
encea=o.b=-¢
In4

a Length scale factor 2 = volume qralp factor 8

o) el

=8 [Eln(l +4le
4 0

=87r(24—51nl? - 0) =507 In17

The thickness of the vase has not been taken into account.
0_¥y(3——99}=:-0 3- In6
9.65 cm?

e.g. Filament may be wasted, or the shape may not
exactly match the model.

a Lpngth qralp factor 0.5 = volume scale factor 0.125

f 3 q1n2.5]2dxdx =Ef218 sin? 2t cos tdt
dt 8 o

o

1]

o

b Vzgﬂrsinz.-:cosﬂd.:
n

—9‘f=>9‘f b=y=

I - -

Ral=

sin? 2t cos tdt

2
= gwf sin? (1 — sin® ) cos t d¢
0

T

2
= 9”[ [cos tsin? [ — cos L sin® ¢)dt
(1]

:97r[%sin3.:—%sin"’&]i:gw(%—g (&) = mem?

@ Full worked solutions are available in SolutionBank.



Answers

Challenge 1 1
b Var(x —dz=1 ( ) x
1 a nwill be of one of the forms 3k, 3k + 1, 3k - 1: artk)= f —:I: 1+;t:2
=:3) =
1 iy 3K 201 Bk :lf](l— . )dx+lf( : ‘)dx
1%+ (7)) +(e5) et pettt 14 lad o e 1+a T 1+2?
3 - 3 3 ) 0 1
o mpn 1 Consider [ = L( xz)dx
3 2q1| 3+ 2 2 s 2l e
136 4 (o227 4 (2 _ 1+ e2nkie | gantisi 7o I (1 B )dx llmf (1 1 z]dx
3 3 1+x 1+ x2
1eeeed - limx - arctan 1,
- 3 - =0 - arctan0 - lim(¢ - arctan )
n=3k-1: : 55 . ;
sy Bk CS: i Ast — oo, ] dwergeq s0 Var(X) is infinite.
1361 4 (e%) " (e%) 1+ g2kt 4 gkl 5
3 ) 3 f1+x2 1+xzd’3 f1 2%
_2ni _4xi
e A A, (1 + ) =1 I+ a
3 ' 1 + X
b Consider jth term of f{x), aax/. and similarly, I x _dx = 1]11[1 +4a?)
; (1) + flw) + flw?) y 1+x 2
The corresponding terms in ——————— are: an .
. . N 3 So lim( ' 2dx— 2dx)
ally afw) . afw?y SNy o 1+
+
3 33 o o 1llm(ln]+4a) lhnazo
From part a, this expression is equal to ;i jis 0 or 297V 1+a?
a multiple of 3, and 0 otherwise. x
f(1) + fw) + fle?) . : S f T+ 2" f T+
—————— ig the sum of all such expressions o
3 E d T dx
for all terms in f(x), so is equal to the sum of all o f 1 + x2 % f 1 + x2
where jis 0 or a multiple of 3, as required. ! f
45 im Lyim [In(1 + 22]",, which diverges
¢ (1+1:45= 2(45);1:2 1+ T :
=t T as a—oo, SO thP mean of X, lim fﬂxf[x] dx is not
So the sum of the coefficients of powers of x that
15 45 defined.
are 0 or multiples of 3 is Z(Sr)
r=0
From part b, this is equal to
(‘1 + 1]45 + [1 + w]‘iﬁ + [1 + wZ]‘lﬁ CH'APTER 5
3 Prior knowledge check
245 4 () g (—w)®S 295 _ 9 1 0.57
= = 5.}_
9l ol
] 3 3 € o
2V Trj‘”( .'ﬁ) A — ?rj“’x il “(L N j) da 3 a Circle centre (0,3), radius 3
b AL g b at blxz " a3 lifs
A
13 1_3]
- ton(r [+ 5)02) - (e - - 5
=fimlated o3 Nefal o3
B !l—q'}(”( t 252)) ( 2 8)
Asa—mo,%—»()andtlz—po,snl/z% 3
° A =
2 8= f 1+ x2 :Lol +x2dx+L 1 +x2dx
A . A 5-
~tim [ [t lim [ g Re
= Aflim [arctan 1%, + lim larctan 1)
= Afarctan 0 - lim arctan (~¢) + limarctan ¢ - arctan 0 b 97“
=A(limarctan ¢ - lim arctan (-1)) g
o o - Exercise 5A
Asa—wo,arctan.:—'gand arctan[—t}—»—E 1 a (13,1.176) b (13,1.966)
CAlT T\ ¢ (13,-1.966) d (/13,-0.983)
V=Az-(-3))=4n e (2.-%)
"6

Hence if V=1, then A =%

233



Answers

2 a (3V3,3) b (3V3,-3)
¢ (-3VZ,3v2) d (-5v2, -5v2)
e (-2,0)
3 a x+y’=4 b x=3 i
c y=5 d x2=4agnry=i:—a
e »¥+y’=2ax or (x-aP+y =a?
ST 3a\® _ 9a?
r x2+y2=.3aynrx2+(g—7)=T.
g (% +y?) =8y h (% + %) = 292
i x=1
4 a r=4 b r?=8cosec2d
¢ ri=sin2d d r=2cosf
e r2=m i r=%sec(9+%)
g #=arctan?2 h r=%cnsec(9+%)
i r=tanfsecd + asecl
Challenge

Consider the triangle formed by the two points and the
origin and use the cosine rule to find d.

Exercise 5B
1 a T
=3
; r==6
#=0
Initial line
b g=T

#=0

Initial line

c i
&= 2
i 4=0
0 Initial line
i =
: = 4
d _T
6= 2
E =0
0. 2 Initial line
r=2sect
234

=7
|‘;._2
35 r=3cosecH
E =0
0 Initial line
f _I
9_2
' r=2sec(d— )
E §=0
0; 4\fnitial line
g o T
9_2
r=asinf
#=0
0 Initial line
h -
9_2
r=all -cosé)
=0
Initial line
i _T
3_2
r=acos3f '
S E T
0=3L. : 0=

#=0

Initial line

oA

@ Full worked solutions are available in SolutionBank.



r=al2 + cosd)

#=0

3a Tnitial line

r=alb + cos#)

g=0

Sa

r=al4 + 3cosd)

#=0

7a TInitial line

r=al(2 +sind)

0=0

2a Initial line

r=alb +sind)

#=0

Initial line

S

Ta Initial line

Ta

r=al4 + 3sind)

#=0

Initial line

4a

47

o --------DH

Initial line

r¢ = a*sin 24

8=0

Initial line

#=0

k2

Initial line



Answers

3 a Imy
lz-12-5i| =13
10
12 + 5i
-
0 24 Re

b Cartesian equation is (x — 12)* + (y — 5)* = 169
Convert to polar coordinates:
(rcosé — 12)2 + (rsind - 5)? = 169
Then rearrange this to get r = 24 cosf + 10sind

4 a Imy

lz+4+3i|=5

b Cartesian equation is (x + 4)* + (y + 3)* = 25
Convert to polar coordinates:
(rcosé + 4)? + (rsinf + 3)* = 25
Then rearrange to get r = -8 cosf — 6sinf

Exercise 5C

wa? 3ra®
1a 3 b <
(7 + 2)a? a?
¢ T3 Ly
a?lny2 aln2 207
8 =g Whisg— =3

aZ
g S in+24)
2 Area=2x lfﬂai(p + gcosd)do
2 1]

= nr,zfﬁl[,n2 + 2pgcost + g cos*0)do
0

o 2 ol
= @’[p%0 + 2pgsing], + -] [ (cos26 + 140
(1]

22

o
= a*pir + q [%sin 20 + 9]
1]

@@r 202+ ¢
P _20°+q

= a’pir + 5 5

w ok W
= -
[ N|"?&

-1 &
B oalg a8,

ENE 0
@
wd
—

S

-
o

Ima

[z-4+3i|=5

4 —3i

w

argz =g

35.1
8 a Imy

-
-12 + 5i

b 385
9 0.0966
10 0.79

Challenge

3
k= p 127
a G 7

Exercise 5D
a 2m) a =27}
(20, 0}’(2’ 5 and(z’ 5
a (9.15,1.11) b (212, 2.68)
2a a6
a (?,i0.421) b r=ﬂ:Tmsec9
(La, +1.32)
reosfl =3 recosf = -1 r=3sect r=-sect

(Za,%)
3+V73

g 4

0.212

-

S e W N

e o]

236 @ Full worked solutions are available in SolutionBank.
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Mixed exercise 5 a 4.
97ma? 2 T
1 = | o4
8 : " (_'
2 a, b 0= o i /' 2
= !
i #=0
OU Initial line
r=2asect o8
E '
4
hi T V3
=0 6 8
2¢ Initial line 8 a g = %
E r=4cosd
s 7L
¢ r=all+cose) | 2 g=
' 4 R T
51 \ y Initial line
¢ coSa = !
2 |
3 -7 |
8= B !
: r=2secd
i = 3cosf 7, T /3, T
( r=3cos b (2\«2, 4), (2\ 2, 4J
3,7 57 g2
___________ aih: 0 9 a (2 a, 7 b 3 al
Initial line 10 a y=2"-1 =
r=1+cos# 11 a Ima
: lz-1-i] =42
S5 2
Area = —
rea = =
= 7 7 =
[¥d T (Yo im T o
(o) (o2 7) ana 0.3) ) .
= 2 e
5a a
2
=T b Cartesian equationis (x - 1> - (y + 1)* =2
: S 4 Convert to polar coordinates:
O (reosf — 1% + (rsinf — 1) = 2
(. = I=2008 Then rearrange to get r = 2cosf + 2sind
YA Y
> h
O\/‘l Initial line
E .“\ argz = %
| bt 2
! =i 1k
= 7 A
b 2n -
6 gt 0 2 Re
2
r=al(l-cosé) ! d 3.59
\ 12 2.09
13 1.52
=0
Initial line Challenge = ; P
x=recost =V20cosh, y=rsind =y26sind
«a

Maximum value at (2a, 7)

s L d ‘s e
% =vV2cosf —vV28sind, d—!; =v2sinf +vV20cost

d_y_ sinf + # cos#
cosf -6 sing

S
3z

237



Answers

1+%

Chall
At # = I the gradient of the tangent is 4 _d4n alengt
4 1-T 4-7 a A
So the tangent is of the form y = (%r)x +c
ks
2
Substituting in the point (L, T}, ¢ = — T
IEE O R
So the equation for the tangent is
4 47 7
= x
p=igty) Y 2w -2 1
Rearranging, this is 2(x — 4y + 27 + 4)x = 72 y ﬁ}/ \
CHAPTER 6 0 x
Prior knowledge check
1+43
1 in(1433)
2
1, —tan?x = sec’r — tan’xy = (1 + tan’x) — tan®xr =1
cos®x
3 f e*sinxdx = [-e7cosx]] + f'e-‘cosxdx
0 E.J
=[- ?xcnsx}[, + [e*sinx]] - J{:e"sinxdx " ik
= f essinxdx = ;[-e*cosx + el‘sinx];
1}
=H-e D +e (0) - (-1+0)=21(1+e"
. y = cosechx
Exercise 6A
1a 27.29(2dp) b 1.13(2dp) ¢ -0.96(2d.p.)
2 5 €-¢' p &+e’ e-1
e+1
3 5 3
3 a 7y b 3 C 5
4 r=1322dp) x=-1.32(24dp) 0
5 x=0.88(2d.p)
6 x=-055(2dp.)
7 b
1y = 2cosh x
y = cosh2x ¢ yA
0 X
8a flveRr b flx)=1 c -1<flx)<1 y = cothx
9 a YA
e M —
y=3tanhx + 2
R 3 RRPPIIPE bskoor g N
0 x
2 EEs———l T e i S S
m/.....q ........................ ;

b y=5y=-1
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Exercise 6B
1 ! WA '
E 1y =artanhx
2 YA
y = (arsinh x)*
0 x

3 Lety =artanhx. Then x = tanhy = ef: - i and |x] < 1.
e +
So(e¥+1x=e¥-1=¢e21-x)=1+x
=>e2-‘f=% _‘hl(1+x)fnr|x|{l
4 a In(2+5) b In(3 +2/2) ¢ ln3
5 a In(v2 +v3) b In(2 +5) ¢ 3in(3)
6 a In(-3+/10) b ln(#) ¢ 3In(2+3)
1 —
7 ,lln(]j) +ln(= ) s 3
2 \l-x 1-y
MT+x (1 -
= ln(,lllu} e 'L'Ill ti) =1Iny3
=1+x)1+y=301-201-y=2y-2x-2y+1=0
2x -1
~2)=2x-1
= ylx - 2)=2x = Y= e
Exercise 6C
1 a RHS = 2sinhAcoshA

(e

=¥ -1+1-e?)
_ e:b! e 8_2’1

-2

= sinh 24 = LHS

b RHS = coshAcoshB - sinhAsinh B

- (25t

E‘1+B + e—.-l#? + eA—B + e—.-l—B e—;h—h‘ o e.'l—H + e—A—B
o 4 1
- 2[8—,1#} + e:\—B]
- 4
_ E_;‘I—B + e—(:\—b‘l
o 2
= cosh(A - B) = LHS

plE

¢ RHS = 4cosh®*A - 3coshA

_ A‘r el 4 g3 % Q‘r el 4 p
V2 \
(e" + ) = ™ + 3e*e™ + Jete™ +
= e:‘}.-l + 38.'1 + Se—.‘l s 9_3"‘

RHS = e + 3e'+ 3e + e 3(e! +e)
o 2

e—M

- % = cosh3A4 = LHS

A-B A+B

2q1nh( )cosh( > )

A-B —_Ar_ff AeB AR

A
2 2

AB A A A AB, AR A+l Ao
[ T T :

d RHS

]E(GA —ef 4 g ¥ — )

= (et —e?) - J(eF-e?)

sinhA - sinh B

LHS

sinh(A — B) = sinh A cosh B — coshAsinh B
sinh 34 = 3sinh A + 4sinh*A

coshA + coshB = quh(’d‘ E B )cnsh(#)

h2a =1+ tanh®A
oS 1 -tanhzA
cosh 24 = cosh*A - sinh* A

sinhx = +v3 b tanhx =+

b sinh2x = -2/2
b x=In3

d r=In(3)

= o T

1a-]
m|{;31

¢ cosh2x =7

=]

cmhx= V2
in(2). =0
c ( x=In4

e x=ln(¥),x

1o W

=In(4 + vVI7)
=In(4 = /15)

f g x:(],x:ln(
h x=ln(%],x=ln3 i
a
b

=1In(1 +v2)

2

o

RHS = 2(1(e* + 2 + e2)) -
ln[3 * 2V2)

7 Inf} +3/5)

8 He has not applied Osborn’s rule in line 1 — correct
identity should be sech?x

Answers

242

¢ tanh2x = 5

7=* 3\15)

= 1(e* + &) = LHS

=1 - tanh®x since implied

sin® term; he has split the denominator of the fraction
in line 2 which is invalid; he has taken the reciprocal of
both terms in line 3 — this is mathematically incorrect.

1 +tanh?x _ 2 -sech?zx _ 2
SarERes pronf - tanh?x sech’x  sech®x
= 2cosh®x -

9 a 8cosh(x + 0.693)
b 8
¢ 0.148,-1.534

Exercise 6D

1 a Z2cosh2x b 5sinhb5x

¢ 2sech®2x d 3cosh3x
e —dcosech®4x f -2tanh2x sech2x
g e*(coshx - sinhx) h cosh3x + 3xsinh 3x

xcoshx — sinhx

i 32 j x(2cosh3x + 3xsinh 3x)
k 2cosh2xcosh3x + 3sinh 2xsinh 3x

1 tanhx m 3xcoshx®

n 4cosh2x sinh 2x 0 sinhx eshr

p -cothxcosechx
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Answers

2 y=acoshny + bsinhnx
Differentiate with respect to x:

d .

e 1 ansinhnx + nbcosh nx

dx

dcy _ 204

— =an coshnx + bn*sinh nx
= n*(acoshnx + bsinh nx)

dy
Y
3 (1ln(ﬁ),u‘143‘)
2 11
d*y : :
4 - 2(5cosh 3xsinhx + 3sinh 3x coshx)
X
Vdxz—1 Jx+1P+1
3 1
[ d - T ——
1- 922 Y
| a2
e .——2£—— f %
vat-1 Vox? -1
g 2xarcoshx + _x_z_ h ,1_
vat-1 vai+ 4
. . . ex:i
i 3a2e”arsinhx + —
NE|
j ,2]_1arcoshx - arsinhx
vas + Vas —

k ‘;_Lix_ - arcoshx sechx tanhx
vat -1
I arcosh3x + 371_
Vy9x2 -1
6 a y=arcoshx, then coshy =x

d . r —
£ =sinhy = Jeosh®y -1 =va* -1

d 1
So —(arcoshx) =
dx vai-1

b y=artanhx, then tanhy =x

% =sech?y =1 - tanh’y =1 - x?

1
—x?

d
So —(artanhx) =
odx(aranx} 1

7 Using the chain rule, % = %x(%)z) o 2e

d
So (4 - ezx)Ey = 2e", as required.

2
8 % =Qwa)d % = 20¢(-1)(1 + x9F = —x(1 + 27
d? _ ; N
d—;.; = —x(2%(-3)(1 + 29¥) - (1 + 23
=3¢%(1 + 294 - (1 + 27+
A%y d’y dy
50'[1+152]Ea.+3x@+E |
3021+ 2 - (1 + 29— 321 + 20 F + (1 + 293 =0
2xarcoshx N 2
(az-1)% 2°-1
10 25y - 25In5 = 169x - 156

9

dy 2 V15 — -
11 £=@?T_]=>y=—7x+v15 +1nl4 + V15)
12 & 145074508 b 8.7 x104%
1 E 1 5 xZu—l
13 & ¥ et gyt @n-1!

14 a y=tanhx, tanh(0) =0
dy
dx
2]

d
=sech?x, at 0 o 1
dax

d’y

=-2sech®’xtanhx, at 0 — =0
da®

da®
d? d?y
—y, =-2sech*x + 4sech®xtanh®x, at 0 i R
da® dx?
Now use a Maclaurin expansion to obtain the
approximation
b 5.23% (3 s.1)
15 a y=artanhx, artanh0 =0
dy dy
Z=(1-29"at0-2=1
dx f=pras dx
2 2
] e dy
@=2x[1—x£)2,at0@=0
d*y d?y
—=2(1 -23)2 + 8x%(1 - 2%, at 0 ——==2
dx? ¢ % ( ) dx?

d*y
—= = 8x(1 - 27)% + 16x(1 — 277 + 48251 — 29),
dat
dty
at0—=0
dat
diy g ; } . s
S B(1 -2 + 48x%1 — 2% + 1601 — a5 + ..,
P
d°y
da®
Now use a Maclaurin expansion to obtain the
approximation
h x2ﬂ—|
2n-1
16 x + %x’* + %x
dy ; :
17 a o cosxsinhx — sinxcoshx
C
dy
da®

dy . )
—— =-2cosxsinhx - 2sinxcoshx
dx.s

d4
d_y4 =-2y + 2sinxsinhx — 2sinxsinhx - 2y = -4y
x

at0

= 24 since remaining terms all involve x

5.3
C JS+GI

=-2sinxsinhx

xin-4

(4n — 4)!

b 1-lat+mat

7520 c (-4

Challenge

Tzans: 6
1- Ex* + ﬁx‘t
Exercise 6E

1 a coshx + 3sinhx + ¢ b sinhx -tanhx + ¢
¢ -sechx +¢

2 a jcosh2x+e¢
-
b 35mh(§) +C

3 a arcoshx+Vx2-1+c¢ b V1 +a%-3arsinhx+¢
4 a lsinh'x+c b Jlncoshdx + ¢

c %[mshz,’c]i +C
5 a 3In(2 + 3coshx) + ¢

b tanhx + %wnhzx + ¢ or tanhx —%sechzx +C

¢ 5Sx+ 2Incoshx + ¢

6 %xcosth—%sinh3x+c
la2e 1

7 a e+ 3x+c

1

]

b Jet+pe™ +c

240 @ Full worked solutions are available in SolutionBank.



C RP‘” 169—1x+ P.Lx e_21-+ ¢
or 3s;mh 4x + 4s;mh 2x +C
8§11
9 a sinh2x-jx+c
b —3x + gsinhdx + ¢
¢ sinhx + Zsinh®x + $sinh®x + ¢
In2 In2 In2
10 osh?(E)dx =1 | (coshx + 1)dx = Lsinhx + x
L mm(z) x 5-[. 2[1 ]0
In2 _ n-InZ -5
=(%+h12—[0+0]):21n2+ .
= 14In2 + 3) = 43 + In16)
1 X
11 a arcnsh(3) b 2ammh( 5 )+r:
12 a Sarsinh( ) b arrmll( ) te
\
1 1 BAY
13 a 2arrmh( 3) +c b arsmh( . )
14 0.977 (3 s.f)
15 a In(1+2) b In(3)
16 Va1l + x —arsinh/x + ¢
17 0.824 (3 s.1)
18 [Vx?-4dx = [V4cosh?u - 4 x 2sinhudu
=4 [sinh?udu = 2 f(cosh2u - 1)du = 2(}sinh2u — u) + ¢
= 2sinhucoshu — 2u + ¢ = 2coshuy/cosh?u -1 - 2u + ¢
=3x/x? -4 - Zarmsh(g) +c
19 a f - dx = ) dx
2coshx — sinhx (et + e*) — %[er + e7)
=f1 : ]3 dx = zfex?,dx
8+ e e~ + )
LHS = 2 =2 =2 __RHs
2ef+2er+e-e" e'+3e" e+3
b Aar('tan( Pr) +C
V3 v
20 0.360 (3 s.1)
21 a arcnsh(xlz) +C b arsinh(x +3) + ¢
an
& learm&n V2 (x + l])
10 \.’5
d %armqh(gx 4) +c
VT
22 a Jarsinh(2x-3)+c b %amnsh(%) +e
23 0.400 (3 5.f) k
24 In(2 +5)
25 J“%dx aidx
1 V3x2 - 6x+ 7 \3|'(x—1]2+%
Usmg u=x-1, lhi:; becomes ,
L_ ——du= ammh( /3 u)
V3o 'u +‘; v"3 2 D
- 2
| 2
=é[ln( 3u ,3a + 1)]
V3 ll' 3
=L (/3 +v351) - In0 + 1)) =L 1n(2 + 3)
V3 V3
26 a -In3,In2 b In279936 - 10
27 Volume = 1.Tflsinhzx dx = %f][cosh 2x - 1)dx
] 0

=%%sinh2x = x]l =E[sinh2 — 2 —sinh0 + 0)

(B -0E ., 5] i
=FES - 2) = Tolet - 4o - 1)

Answers

cosh®6, dx = cosh#

coshf

cosh?g
_ sinh# 5 %

coshf

b Jtanh(x?) + ¢

Challenge
1 22 -2x+2 =1 +sinh®# = cos
Snf 1 1d;t::f‘
(x%-2x + 2)3 /
= fsecllzﬁdﬁ =tanh# + ¢ =
N _x___l__ +C
Vat - 2x + 2
1 N
2 a §s1nh[2x'3]+z+c
Mixed exercise 6
1a3i b 1
_12-13x
Y=12x-13

3 RHS = sinhAcoshB - coshAsinh B

N o AL

@B _ g8 | gA-B _ oA

@B | g MB _ gAB _ o-AB

= : -
2(erf — g4 paB _ pHA-R)
= n - 5
=sinh(A - B) = LHS
2tanhix
4 RHS=——— =
1 —tanth
2tanhlx _2e-1)
e +1
e O (it OO 0
1 - tanh X = 1 (e-‘+ 1) = @+ 17
__ 4de
(er + 1)
X 2 T _ T
SoRHS = 2@ =D (e + 17 _(e*=1)e*+1)
et + 1 4 2pr
_e_1_e —g*
R P = sinhx = LHS
x=In(}),x=In7
x=ln[§)
i x:ln(%)
=In(l +v2)
8 a yA
y=06+sinhx

y = sinh 3x

b 6+ sinhx = 3sinhx + 4sinh®x = 2sinh®x + sinhx -3 =0

=Y

= sinhx =1 = x=1n(1 + 2)

sinh(3ln(1 +v2)) =7

so (In(1 + v2), 7 is the point of intersection.

9 a R=12, a=0.405

b 12
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Answers

10 a 4sinh(x + 0.693) Challenge
b x=075(2d.p) N e _ h1o [tsechix
¢ 0752 dp) Lsechxdx_zji; sechxdx_,'zy_lg_[mdx
11 2sinh2x Using the substitution « = tanhx, this becomes
3 2x
12 a e = tanht 1 tanht
VOxZ + 1 vt + 1 2lim — du = 2lim [arcsinu] |
1 x ™ % Vl-u
g B d 2x{arcosh2x + ——— _) =2li i
N~ 7 g | = 2limlarcsin(tanht))
. A m
13 dy _2arsinhax 4% _ 2 2xarsinhx = 2arcsinl = 2 Xg=F
dr T+ dx® 1422 (/1422
dzy  dy CHAPTER 7
So(l+x3)—+2—-2 .
dxz” Tdx Prior knowledge check
2xarsinhx = 2xarsinhx 1 y=@x-1)+c¢
=2- + -2 2 2
V1 + a2 VI + a2 2 y=‘§—x ]
which cancels to 0. 3 a —5In|50-2t[+¢ b —FIn|cos(4x)| + ¢
14 a j_y = 5sinhx - 3coshx b (In2,4) Exercise 7TA
* 1 a y=a*+cwhere c¢is constant
15 x ?m:th i
»s1r(1lly12x—l y=x"+3
16 a — = cosxcoshx + sinxsinhx 5
dx y=2>+2
d2
d—;’;: 2cosxsinhx y=xa"+1
d"y 3 = x2
P 2cosxcoshx — 2sinxsinhx : b=
P
d*y 2 y=x"-1
— = 2cosxsinhx - 2sinx coshx - 2sinx coshx .
do — 2cosxsinhx = —4y 1 y=x"-2
b x+ix?- Lo X - Z 5
: : x
17 2x+%x3+2—:]x“ \_/
18 a a=2,b=1,¢c=16 -1
: -
b Eln[] +\"2] -2
1 =l
19 % aproshilOy= caize e by = Ae* where A is constant
b lex-lx+c
1 2 i Ya y = 3er 20
20 Area on graph is ) Y=ce
f L—dx = sfd _1 gy - SIarsinh(ﬁJ]
o V4xZ+ 9 o |,n"1'-2 +g 3/, y=e
= Sarsinh Y - 5arsinh0 = 9.5944...
So area in real life is 960m? (2 s.f). 3
. x—1}
21 arsmh( 3 )+c 2
22 a Zarctan(v3e?) + ¢ __/
V3 1
b Use substitution x — 1 = 3sinhu.
Then integral becomes \O x
arsinhl s
f % % 3coshudu
o V9cosh*u
arsinhl .
= f (9sinhu + 2)du = [9coshu + 2uly™""
[t}
= (9cosh(arsinh 1) + 2arsinh 1) - (9cosh 0 + 0) i, i
Since arsinh 1 = In(1 + v2), y=-¢
9cosh(arsinh 1) = 9cosh(In(1 + v2) and the integral
simplifies to 5
92 + 2arsinh1 - 9 = 9(/2 - 1) + 2arsinh 1 y=-3ex Y=72¢
23 a 59.5° b 8.82m?
24 a lln@=/19) b 6.12
25 6610cm?
26 a (In(3 +10),0) b 227
242 @ Full worked solutions are available in SolutionBank.



¢ y=Ax" where A is constant

i

d - x* = ¢, where ¢ is constant

¥ -x?=16

Ay

e y=sinx + ¢, where ¢ is constant

W

I y=Asinx, where A is constant

y=sinx

Yy = 2sinx

e E
Iy =-x*
—y2=4
y-xi=1
2 _

y=sinx+1

y=sinx
y=sinx-1

y=sinx-2

41 y=-sinx

Yy =-2sinx

b
c

Answers

1 1 2x
—dy=5fx2_ dx

-9 +c

g:ewﬁ;@
yz = e¥(x2 - 9)

Let k = —e*, then y? + kx® = 9k
Y+ 5x% =45

1y +522=45

=Y

c

Y= —q1nx+E b y = xe? — e+ cer

y = 3xcosecy + ccosecxy d y=xe* +cx

ln(2+x£) r y_:l.lax2+£
=M b y—0
oreleg
l+%+#
y=l+%+%

6 a y=

x

Alx + 1) 16(x+1)
Y] " R 1Y)
Inx y= Inx
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Answers

7 a y:%e*+ce‘2" b y=-cotx + ccosecx 3 a y=Acosbx + Bsinbx
C Y= xeT + ce d y=e+ce b y=Acos9x + Bsin9x
_ 2 ) A ¢ ¢ y=Acosx + Bsinx
¢ y_(2+r:cosx i g_xlnx+lx d y= Am‘;?x+Bsm?x
g y=xln(x+2) +cx h y:};ﬁ:+c;t:‘E e y=e*Acosx + Bsinx)
i y=@+2)Inx+2)+elx+2) I y=e*Acosx + Bsinx)
i y= A ore Loz ic g y= P-""(Arme +Bq1n3x)
. x3] x“l xt h y—pz[Am‘; 3% + Bsin? 5%)
8 y=x0"-5€+; 4 a y=(A+Bxe™
9 yo_ 1 ,4x b g Ae™ + Be¥
I 32% 3 c y—P'*"{At‘m3x+qu3x]
10 a y=li2+12+ 55— d —lA+BrJP‘
. (f;]) e y—m(Aroq%x+qu 2x)
.
b i L T30+ D) 5 : J AP‘;*’{?P::' Bet-—E-0)
o5 U, [ S bl M i s
y " secx Jlr tanx ii x=e'(Asin((yV9 - k2)t) + Beos((V9 - k2)t)
b g Topess s oo copapm 4 COST jii x=(A+Btet
secy + lanx 1+ , - -
. & PRRESE b i x=e?Acos(V5¢) + Bsinl/5¢4)
12 y = Zrmll(x+c) ii x>0
13 a y=edihee b y = st 6 From auxiliary equation:
14 a y=sinh(x +¢) oy (using quadratic formula)
b = si
e b? = 4ac (setting discriminant = 0)
YA y = (A + Bx)e™
d
&Y _ aeos(A + Bx) + Ben
dx
d ;
d_xy2 = Bae™ + o’e** (A + Bx) + aBe""
y=sinh(r-1)~_ | Substituting these 5 relationships into
d?y  dy
agat ba + cy
o yields a result of 0, s0 (A + Bx)e"* is a solution
_'2 / 2 x 7 Substitute y = Af(x) + Bg(x) into differential equation:
alAf"(x) + Bg'(x)] + blAf(x) + Bg'(x)] + c(Af(x) + Bg(x))
y =sinh(x + 1) e = Alaf"(x + bf'(x) + ef(x)) + Blag'(x) + bg'(x) + eglx))
y =sinh(x - 2) - A(0) + B(0)
=0
Challenge
/ Ae™ + Be'™ = AePre?* + Berreir
= e™((A + B)cosgx + i(A — B)singx)
15 o ‘fg‘;?}f;:‘zﬁx Set B=A* sothat A=)+ piand B= A - pi, A, p € R.
A= AR Then A + B =2\ and i(A - B) = -2
¢ x= E =y=Ax0+1=1 Hence setting A = € and p = —3D gives the required result.
x_%?f:,.y Aenc O med Exercise 7C

1 a y=Ae*+Be™+2
y =Ae" + Be™ + 2 + 3x

-

50 (% 1] and (7” 1) lie on all possible solution

curves. c y= Ae* 4 Be¥ _ 2pix
16 yze-b%+c d y=Ae™ +Be¥ -3
e _[A + Bx)e* + 1 +2x
i f y=I(A+Bx)e*+4sin2x - 3cos2x
Exercise 7B ? ) 2 ( g y = Acos9x + Bsin9x + Lew
: : if iiz-i : gi_u ]‘; z _ jisr : gil h y=Acos2x + Bsin2x + %sinx
e ézA;Be-r-x‘ f y=Ae™ + Be i y=e>Acosx + Bsinx) + 3 + 8x + 5a?
g yer_1.r+Bezx h y= Aot 4 peit j g];: e (A cosbx + Bsinbx) +%ex
2 a y=(A+Bx)e™ b y=(A+ Bx)e™ 2 a gx*- §x+¥ L )
¢ y=(A+Bxje” d y=(A+ Bx)e* b y=Aet + Ber+ 22— tx+ 5
e y=(A+Bxe f y=(A+Bre” 3 a Ae"+B 1
g y=(A+Bre h y=(A+Bx)e™ b y=Ae=+B-52%+3c0* - 1T«
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Answers

4 y=A+Be*+ 22 - 327 - 3x 20 a y=(A+Bx)e*
5 a C.F contains a term in xe*. Results in setting up b They are part of the complementary function.
equation in the form of e* = 0. Not possible. ¢ k=2andy=(A+Bx+ 2x%)e*
b i=3 21 y=sin2t + 2cos2t — cos 3t
¢ g:(A+Bx+%x2}e* 22 a k=1,4=2,4=3
3 » a5 4k kt b y=Ae*+Be* + xe* +2x + 3
& ® yeaetohg 3Tty 23 a y=4e#sintr+x+3
b y=2¢-1 b Asx —oo, e — 0,50 4e"1'sin%x —0andy=x+3.
Challenge 24 y=2e? + 1(cos3x - sin3x)

Yy = Acosy + Bsinx + (x - 3)e>

Exercise 7D

a x=Ae*+Bte™ +Lsindt

b x=Je*+ 'r’.-:e'”+§qm4.-:

¢ Wil mmllate as a sine wave with amphtudp — and

1a y=Ae* +Be™+e* b y=er-e¥+¢ pprmd =
- “2r 4 3 a2x =9 _3p2  3pax
2ay= (A+1Be +lze b y=2-j5e™+3e Challenge -
3 p=ge4ge—3 1a pesfEFC b oy /2td
4 a y Ar0%31+Bq1n3x+2qu y—_.v|1+x£ ¥ 11+ a2
b y=cos3x + 2sin3x + 2sinx
A, B 3 Ao D o 3
5 a y=e3(Acosxy + Bsinx) + sinx 2ay=zg+s+ zinx-3 b Y=x-gztznr-3
b y=sinx(l -e>"
6 a x=2Ae +Be” +1 b v=e+e*+1i
7 x=e*4 e _sint CI-!APTER 8
8 a x=Ae%+Bte” +1t%* b x=(t+1t)e* Prior knowledge check
9 x=(coslt +sind £+1} 1 y=2012+2000:c
10 a x-=elAcost+Bsing) + 2+ 2t + 1 4x+50
b r=e'sint+1+2t+orx=e'sint+(1+1) 2 y=Ae>+B
11 a y=Ae"+Be* + 3xe* b y=3e - 3e” + 3we™ 3 y=4sinx + 2cosx + e (-2cosx - 6sinx)
12 y= %‘;m 3x - %cm 3x Exercise 8A
13 a r—e'—eo™ 1 s=-tcost+sint +¢
b Setting & _p gives ¢ = L1n3, then substituting When £= 0.s=0,s0c=0.
de 2 2/3 Sot=-=5=0+1=1m
this into x = et — e-3 gives x = 2
d?x 2 p= § _ 3 -
Since ae < 0, this is the maximum. 2 2+
‘ 3 a v=40-20e" b 200In2-100
Mixed exercise 7 4 x_21n( +1)
1 y=2sinx + ccosx 2 . . .
5 4 ise ¥, soe i 10 18
2 y=5+c(l-1) 5 a Integrating factor is e, so equation becomes
3 gL ve = [te"dt = v=e"(c— -"}
22} xc v=1whent=0=c=3s00=}(3e"-1)
4 y=zr+yg b 81.4ms!
5 y= % +ce™ ¢ No; velocity would be over 13 million ms™.
6 y=2x+cavl—a? 6 a Integrating factor is (¢ + 4)%, so equation becomes
AX i+l
7 a y:ﬂ"m_)’a+ce‘”r b y= ::i 19“‘+c9“‘ v(t + 4) = 98f(ﬂ+4)4d£ 49[£+4} +b
8 y=sinx + Acosecx _490+4°-c
9 a y=e‘cosx + A cosx 25(t+4)*
b y:el'c()sx_[1+ef}cnsx I?=0Wheﬂﬂ=0=}*c=50]?6,
10 y=-5(3sinx + cosx) + {5 a5 _49(t+4)°-50176
11 a y = eﬂc:eihx+r h y= e::crsh.(—‘l - 25 [": + 4]4—
2(3ex — 1) b 17.3ms!
12 y= e 1 ¢ Velocity will increase without limit — unlikely to be
i 3 J 3 the case
13 y=e7 (A cos 5-x + Bsin S-x 7 a The 2.5 (em*hr ) comes from 5% of the 50 cm? gas
14 y=(A + Bx)e™ mixture being added.
15 y=A + Be* The volume of the tank at time ¢ is (500 + 30¢) cm?,
16 y=coskx + Leinkx s0 the amount of oxygen leaking out is
= CO¢ e e .
17 y = el'sin3x 20 x 500 + 301 em?hrt.
18 a k= b 9.34cm?
b y= P—f{Arme + Bsin3x) + 92‘ ¢ e.g. The model should take into account the fact that

the oxygen does not mix throughout immediately on
entering the tank

19 y=Ae" + Be™ + 2xe”
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Exercise 8B

1 Simple harmonic motion

x=2cos3t +sin3t c

L 1

x =5c054L + 1sin4t b

3]

Simple harmonic motion
i=-bx
x=5c0s(/510) + /5 sin(v5¢)
/805

5

x = 6cos (.ll,l'lgt) + .ll,l'l_%_ sin(.ll,l'lg L)

3.36 seconds

3 3
= 0.183¢ (—z) -1.287¢ _(—z)
X s5in 2 COs 2

2

'3

The model does not allow for any changes in
amplitude over time.

Simple harmonic motion
2 =0.3¢0s(10/21)

10\i2=; 0.3m

4.24ms (3s.f) or 3/2ms!
% = c0s(12.50) b 2
x = 8cos(8/51) 25
0.3515(3s.f)
x=15 ms(%\-“ﬁt] cm
0.688s, 15¢cm
Incorporate a damping effect, for example air
resistance. This could take the form of a factor

in the x formula which equals 1 at ¢t = 0, and
decreases down to zero as { — eo

Exercise 8C
1 a 2e? (cos2t +sin2t)
b 0.0901 (3s.1)
¢ Lightly damped
2 be -2
3 a e (cos /5t +-L sin »@L)
Vvh

b Z or1.40(3s.f)
V5

4 a x=ule

)
B OO B o

&
— - N - - -]
] =1

]

=]
SR TRERE &SR

1
b L_Zk
5a F=ma=-2v-6x=2a=%+x+3x=0

oo 1)l 1)

¢ -0.459m (3 s.f)
d Maximum displacement will decrease exponentially

(light damping).
6 x= —qum +£qm3£ + Emu
8 15 8
—_9U o U o, SU
7 x=- ka +3kP + = 9
2
8 a d—— 30cost + 10sint, (31—; =-30sint + 10cost
2i 3E x = 100cost
de? dt
b x=Ae#+ Be' + 30sint - 10cost
¢ -31.53m

Exercise 8D
1 x=1(2+3/2)e? + 12 -3/2)e™
y=14-V2)e? + 14 +/2)e*

2 a x=e"'(Acosl + Bsint)

= %e“({B - 2A)cost — (A + 2B)sint)
OR y = e'(Acost + Bsint)
x=—-e"((2A + B)cost + (2B — A)sint)
depending on your method
b x=e"(cost+ 12sint), y = e(2cost - 5sint)

af -7 (v"TlT ) (\,"'_IT ))
x=e:[——sin L) —-cos t))+1
(»"'11 2 2
a V11 ) 3 . (»-'Tl_ ))
=e:|cos sin
# ( ( 2 V11 2

dx dy  _d2x  dx
T A T YERT)
d?x  dx dx
5L S 050+ 04(5d_ )
d?x dx
:}'d.','f O(Jd +0.18x =0
b -0.6m+018=0=m=0.3+0.3i
Sn x =e"Acos0.3t + Bsin0.31)
¢ y=01e"*((5A + 15B)cos0.31)
+ (58 - 15A)sin0.3¢)
d ¢=6.17.., during 2018
e 441
I Model seems reasonable for the first few vears, but
becomes unsuitable in the longer term as x and y
oscillate, sometimes giving negative values.
dy _1d2x 3dx
de  2dez 2de’

1d_ 3da_ o, 1fdx
2de T2 2x+2(d;+3x]
d?x | ,dx B _ 5
dgi+za +x=0=x=(A+ Bt)e
B N
F=B-A-Boet =y (ZB+A+B.-:)e

Whenz:D,x:A:landy=%B+1=2=>B=2

Sox=(1+20e" and y = (2 + 20)e".
b x=0.677 litres, y = 0.812 litres
¢ The amount of both chemicals tends to zero

de _1d% 1d% dzy
Y 4y=Y_ 16
TR T et T
= I} = —4%y.This is SHM in the y direction.
b x=4cosdt - 5sindt, y = 4sindt + Scosdl

da dy d?x . ,dx
=100-==+3 5000 = — = 100422 4 3¢%
a y=0g et T dez e
d2x dx dx
=5100E+3d—_00]x OOB{IOOd—+3x 5000
d? J: dx

b x=1875+ Ae- *'+Be it i = 625 — Ae~=' + Be~at
[ tends to a limiting value of 1875 and y tends to a
limiting value of 625.

dx dy dzx  ,dx
=8 oy 1= = 25F
R ST g ae
d?x  ,dx _ dx i)

So S5+ 257 = 4x+[d +2x 1)+2

dZx  dx
=>W+a—6x=1

b x=Ae?+Be* -1 y=Ae%-4Be ™ + 13

¢ Model not suitable since for large values of ¢, the
amount of nutrients grows exponentially without
limit.
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Challenge 13 a x= UL—%sinm b ZT“ c @
96 owls and 4800 field mice. " d2x
14 a Fie 30cost - 15sint, A -30sint - 15cost
Mllxed exir;'sfoa_[: - So % 4% 3x = 150 cost
a v=18-10e ms
2 6 b x=Ae"+ Be™ + 30sint + 15co0st
_1n__00 % g ¢ -29m
8 =S b (100-25In5)im~59.8m 4o ., _ o4 cos3t+ Bsin3t) + Bcost
4 %ms-l b x=2e'sin3t + 3cost
i T T i welar 1 ¢ When ¢ =7, the first term in the expression for x
5= Z g n bk S IRIEINE S 68 8 is very small compared to the second, so can be
2 1 : . ) :
=T T _ el ] ignored. So x = 3 cost, which has a distance of 6
4 g 64 T8 64 [T ) between maximum and minimum values.
5a v=2t+Inlt+1) b (2+3In3)m i€ o yzg_z_r:}_d_y:@_zg
6 a Integrating factor is e, thm solve the differential de de  de? de
equation to get V= -2 — AT 4 Zei So d_;l:_ ol _ 5 4(g_ Zx)

b 1162.2cm’ de< o t

¢ Bacteria will reproduce without limit — build in = d—f - 6d—x +10x=0
some limiting/decay factor _— dl de h Bt R

7 a The 1200 comes from 4g per incoming litre of uxt ll_ary;quaulm:i as Si] u:st:mAns m;:= 'Bt. i
water, per day. The fraction is from the leaking, equa ;O“ A 0MION Xi=0 (_ cost + Bsing).
which is the total grams x, times the proportion of 3 y=e*((A+B)cost + (B - A)sint)

2009
the reservoir leaking out, which is 7}000%03 08 e 1113

b 7860g f  The model preditl:ts a hugel, amount of hedgehf_)gs

¢ e.g. The model should take into account the fact wc}ilpn the slugs die out so it might not be sensible.
that the contaminant does not mix throughout 17 a 3% _dx 4@ dx  ,dx . _
immediately on entry. ) de ez A ar Tt

8 a Simple harmonic motion "(li"lxns has general solution x ][A + Bl)e™.

b General solution is x = Acos7t + Bsin 7t Fie Be'-(A+Blle" =y = E[(B + 3A4) + 3Bt)e”
Atrestat?=0gives B=0, andAzis the displacement Using the initial conditions, A = 10 and B = 30, so
of B from A. The period is then 7“ (seconds) x=30te”" + 10e” and y = 30te™" + 20e™".

9 a Simple harmonic motion b 9 of organism M and 10 of organism N

¢ The numbers of each organism tend to zero

b x= 4(‘0%(5,||||_a) 5 lx=%+§y L dx Zdzy +iﬂ
Period is 1.54s (3 s.1) 20 de 3 At Tde T3 e
Amplitude is (4 - 2.5)m = 1.5m 4y a5 .1 _(d_y+gy_1)

10 a x=2.161cos(yt) + 3.366sin(}t) dez 3 dt 3 di
2d? d

h 2r i S0Y 7 dy + -3

¢ The model does not allow for any changes in zdﬂz 3de
amplitude over time or the effect of oscillations in éd " 7% +y=9
the fisherman’s line, for example. de® : di

11 a x=e*(Acos(tVn?— k%) + Bsin(tyn? - k%)) b x= Je-*—5,6+10 y=3 P"—8“+9
b ,__‘Z_"r_l ¢ As ! becomes large e — C- so there will be
vn® - k* approximately 10 litres in tank A and 9 litres in
12 a Solving the equation gives x = e (A coskt + Bsinkt) tank B.
dx kt
and — 5 =ke™((-A +Blgzsk£ + (=B — A)sinkt) " ChallengedX
When ¢ =0,x=0and -=UsoA=0and B = a i Ez_}(:)jd%z_jdaz},xzce_a
zn when P is instantaneously at rest, S, T W
df Ue™*(coskt — sinkt) =0 = tankt =1 ii 20 minutes
S kt=(n+YmneN iii 600 - 100e(3¢ + 5) or equivalent
ATl : b i ¥=-2x,y =2x—y x(0)=V,y0) =
d T4 = x=Ve? y=2Ve'-e?).
Y=0=2x=y=e?=¢e'-e¥
i /\_% Wi = { =In 2 hours = 42 mins (nearest minute)
k 2k 3 ik ii In 3 hours
T

Review exercise 2

=]
S
|y

=¥

1ar=2 b r=3secd
¢ r=2v§sec(9—%’]
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2 a 5 a
3a Initial line
b P(§a
5
3 a
a? Io3
C E(47r+9v3]
d Let the smaller area enclosed by € and the half-line
_"T .
9_§heA2,
* 2
R:ﬂ%) - 24, - 24,
9a’nr  2a? ) ba?
= — 0% +9y3) - 2% 2 _ 3,3
L e Rl =)
_9a’zr a®m _ 9V/3a? 3aiw  9V3a?__,
b B 8 : s ™
4 a P 6 a Ima
T2
! r=a(l+cosf) Re
r=a !
___________ 0 24 Initial line
b r-3V3a b In Cartesian form: x - 3)2 4)2 = 25
m= cosect n Cartesian form: (x + 1y +4)2 =
o = [rcos# - 3)? + (rsind + 42 = 25
r=—3"43acose(:9 = r2cos?f — 6r cosf + 9 + r?sin®# + 8rsind
[ +16=25
=T

¢ The circle and the cardioid meet when

a=a(1+cos€}=>-ms€=0=:-9=ﬂ:%

A=2xlf2r2d9
24
Izrz dﬁ:fuzll +cosf)2de
il ]
:F{zz[l + 2 cosf + cos®d)dé
]
IZ . 1 1
=|"a l+2(:039+§(:0529+§ da
]

= a2f(2 cosf + %(:0329 + g) de

3912,
20

The required area is A less half the circle

offp 1) o=

=a2[25in9+isin29+— =a [3%+

= r2cos20 + sin?6) — 6r cosf + 8rsinf =0
= r¥cos?f + sin?d) = rl6 cosf - 8sind)

= r=1(6cosfl - 8sind)

63.3

1 Initial line

b (0.667,0.421) and (0.667, -0.421)

?
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b

r=sin260

P R S G R R 1~

0 InitiaT line

(0.943, 0.615)

9a (-3 +y*=9

10

11 A=

12
13
14

16

17

9
8

a

a Pl4a,l

]

]

=

N - TR -

x+V3y=6

Initial line

P(B,%),Q[G,O}

1.2
s

lﬁ‘r}f do = lﬁ“lﬁazmszmdﬁ
27 24

1
8

= 4a2f74{1 + cos 40)df = 4a2[9 +Zs;in4-9]i1
8

=4az(?f 3)=3a%n-2

8 4

Ta?

b 1516

7), Ql4a, -1.107)

=
t9_12'

;d,_||;,—.
= el

113cem? (3 s.f)

H3a-g)n{3e.

)

AB = 2)(%0.‘;1[11— v3

3
(9v3 - 4n)a?
9.07 cm? (3 s.f))

A:(ba, 0), B:(3a, 0)

C;(éla,%),l)(él-a, 5

a

c

Answers

A, 2x_fr2d9 f a(3 + 2 cosf)2d
3

=a2f,, 9 + 12 cosf + 4 cos26)dd

- a? f (11 + 12 cos@ + 2 cos 201 d8

a2[1160 + 12 sind + :;1[129]

(@_13@)
3 2
=2xL[%a2(5-2cosh)2do

AZ—ZXZLH{ cost)

32L3{25 — 20 cosf + 4 cos26) db
= azL%z? ~ 20 cosf + 2 cos26) dd

: -
= a2[278 - 20 sinf + sin29] = az(% ‘%)
(20 19

3 2

A] +A2=a2(&— 13\‘3) +a

3 2
2
= %{4% +48/3)

18 1In3

19 ln[ ). In3
20 p=3,q=2
21 ln%,ln?

22 x=1Inl, lnd

23
24

26

a

a

27 a

k=V3 b 0,-In3

e’ +e*\’ [ef—e\’
7 (%)
_ezx+2+e-2*—[e“—2+e-211_i_]
= 7 =

cosh?x — sinh?x = (

k=-1,a=2
1=2(_e‘+26“)2_

e + g
== —= cosh 2x

=e;3’f+2+e‘2’f_1
2

2cosh?x -

+In(3 + V&)
4cosh®x - 3 coshx = 4(

e*+e-1)3_ (e*+e-1)
2 2
_e*+3ef+3e*+e @ 3e*+3er ¥ t+ed
- 2 2 - 2

= cosh 3x
In [\;’E +1)
cosh A coshB - sinh A sinh B

-l - e

- l{e)1+ﬁ + e—;1+ﬁ‘ + e;l—:'i + e—A—B - e.‘1+ﬁ‘ + e—;1+ﬁ‘
4

+ -8 e—A—B]

pA-B 4 g-A-B)
2

coshx cosh1 - sinhx sinh 1 = sinhx
coshx cosh1 = sinhx(1 + sinh 1)
e+e!
coshl 2 B
1+sinhl e—el
1+ —

__(29 A+B 4 9 pA-B) = =cosh(A - B)

e+e!
2+e-e!

tanhx =

—_e?+1
e?+2e-1
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i —p¥
2

=2x=eV—e¥=e¥-2xet-1=0

28 a Letarsinhx = x=sinhy=

_2x+y4x?+4
2

= y=Inlr+/x2+1)
b arsinhlcotd) = Inlcot@ + v1 + cot2d]
= Inlcot @ + cosecd)

x2+1

= e¥ =x+Vx?+

o 0
2cos=
= n(cofiﬁ; 1)=1 7 ° 7 :ln(mtg)
: 2 sin—cos—
qmzqu
29 a Lety=artanhx
e -1
x_tzmhy_m
; 1+x 1+x
B L B =1(
B E el 1—1:]
= y:%ln(}ti) for |a] <1
S
E Ey:artanhx
0 L g
-1 nox
ool
€ 23
1-4y1 —xZ) (1 +V1 - xz)
30 a ln( - +1In &
1-V1—22|(1+V1 22
=ln( x ][ x ]
i _ 2 2
=ln(L,x])=lnx+=ln]=0
x? x2

1 1  ev+ev 1
b y:arcos;h(z)=>~(:oshy=5=>-T=z
= zxe¥+xe?-2=0=xeX-2e¥+2x=0

=H)y:2:t\;'4—41-:t:2=I:t»*'l—xz

2x x
(1 +4'1 —x2)
=y=Inl——F—
3+ v'ﬁ)
c iln(—2

31 a cosh 38 = 4cosh®d - 3 coshé
cosh 58 = 16 cosh®# - 20 cosh®*# + 5 cosh f

b +0.96 ;
B . . Ink= In
el 4 p-2x pllnk 4 o-2ink (3] + ev:
32 a cosh2x= = =

2 2 2
1(k2+ 1)___k4+1

2 Kz 2k2

128
b 5%9

33

34

35

36 x

37

38

39

a iln(2+y3)
b tanh?4x=1-sech?4x=1-1=3

4
As x = 0, tanh 4x :%
Atz =1In(2 +3),
y=-x+tanhdx=-1In(2 +/3) + %
=123 - In(2 + V3))
a 2x+1043, 04,5
3 i )
2‘“_3 x2n—l
(2n - 1)!
a 1-3x2 b 0.0029%
__4a dx _ _acoshg
sinhf  dé sinh2¢
_acoshd
H 2
f ‘1 e zf . sinh2g
xvx?+at a?V1 + sinh?#
sinh2¢

1
d9=-5f1d9

= —%9 +c= —éarsinh(%) +C

a y=artanhy = tanhy =x
Differentiate implicitly with respect to x

L% 1 1 __1
dx sech?y 1-tanh?y 1-x?

xartanhx +3In(1 - 2% + A

d
sechzyd—g =1

=

a Lety=arsinhx =>~:c=sir1hy=M

= 2x=ef-eV=e¥W-2xet-1=0
2x+/4x?+d
2
= y=Ilr+/x2+1)
b y=arsinhx = sinhy ==«
Differentiating implicitly with respect to x

d d
cnshgd—i=1=:- e 1 1

= el =x+vx?+1

dx ~ coshy /1 +sinh?y T T+a?
= %{arsinh ) =(1+2x97

y = larsinh x)2, % = 2arsinhx(1 + x2%

d?y
dx?

]

2
z

=2(1 + 22! - 2xarsinhx(1 + 22

d2 d
=(1 +x2]d—xg+xd—i—2
=2 - 2xarsinhx(1 + x27F + 2xarsinhx(1 + £ - 2
=0
In(1++v2)-v2 +1
a p=2,g=1,r=4
2x + 1 )

2

=

=

'Earctan( +c

]

f B S P f 2 g
Vdx?+4x+ 5 V2x +1)2 + 4

Let2x + 1 = 251nh9=:-%=cosh9

f__%dx = j%ﬂﬂshg de= fldg

V2x +1)2+ 4 V4sinh?6 + 4

2% + 1)
2

=0+c= arsinh( +C
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40

41

42

47
48
49
50

Using arsinh x = Inlx + /22 + 1]

Fomias?
f L_dx:ln(2x+1+|‘}(2x+1J +1)+r:

2 2

VdxZ+4x + 5
=lr1(2;'"”r 1 +l'ﬂ2+4xﬁ)+c
2 2
=nl2x +1+/422+4x+5/ -In2+¢

=n2x +1 +/4x2+4x +5)+ k

vax*+9 | arsinh(?] +e

Idﬁdx: 1$
2 Vx?-4x+8 2 \(x - 2)% + 22

= [arsinh(x ; 2)1 = arsinh(%) - arsinh0
2

= arsinh(%), so k= 3

2
xe x?
Jxarcosh x dx = —arcoshx - fidx
2 24x2 -1
2
Use integration by substitution to evaluate j - ’“;
2Vx2 -1
Let x = cosh é =>-g= sinh #
de
2
f % o B PO f (cosh®® _ innods
2Vxt -1 2y/(cosh@)? -1
= % [coshzodo = i [(cosh 20+ 1)do
_sinh26 ¢ _sinhdcosht ¢
8 4 4 4
= % - %arcnshx
2 i1 :
Area of R = [x_ arcosh x — AL i S larc()s;h J:]
2 4 4 1

7 \?)
=|-arcosh2 -—=] -0
(4&1‘("0‘} 2

7 V3
=Z1Inl2 + V3] -2
i { + v ] 2

688 m*

c
y=x° —x+;
Y= ’“;+cx
y= r+lnx+e

(x + 1)
y=3(e* +3)cosx

2sin®x el

3sin2x  sin2x

_ _5e  xer  g*
Y= 30+0 20+ 40+

a y= sinx cosx + ccosx

y:

T 3w

b cosx=0,0=x= 25 =L 2T

cosx =2 ST= 5
The points (_; 0) and (—3;; ) lie on all of the

solution curves for the differential equation.

dx

52
53
54

56

=1
-1

w1
]

59

Answers

C ya
1
7 /\
0 T T 3 27 X
2 2
a y:%—%+ce"—‘ b (3In5,}In5)
¢ 7

(In5, ;ln 5)

a y:ecnshnr
f=3e?cost
k=12
y= 2(:0521—% sin 2x + 3xsin 2x
a=5b=1
y=e3+2x)+5+x

b y= geoshr+2

e TR oR

Let sin 2x — 8 cos 2x = R sin(2x — a)

=Y

y=e*(Acosx + Bsinx) + sin 2x - 8 cos 2x
Asx — oo, e — 0= y — sin2x — 8 cos 2x

=R sin2x cosa — R cos 2x sina
Equating the coefficients of cos 2x and sin 2x

= R=\/65,tana =8

Hence, for large x, y can be approximated by the

sine function V65 sin (2x — a), where tan

a=8la=82.9%
y=e'(Acost + Bsint) + 2e™
y=e'(2sint - cost) + 2e”
x=e'(Acos2t + Bsin2{)

x =e'(cos 2l + sin 2{)

XA

S oDe o

1 x=1f{1)

a y=Ae+BeH+t2-t+1
b y:%{e';’—e'3‘)+£2—£+l
¢ 1.45(3s.f)

0 3 iT
8 8

~¥
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61 a

]

62 a

63 a

64 a

252

Answers

A=2
y=Acos3x + Bsin 3x + 2x cos 3x
y=(1+2x)cos3x
A
y =g

I R d
0 e i S x

6 2 6 e

5 e O o 02 :
y = Kt2ed ,d_i’ = 2Kte¥ + 3K1? e-if,d_:f = 2K e

+ 12Kte® + 9K (2e™
Substituting into the differential equation
2Ke™ + 12Kte® + 9K12ed — 12Kte™ — 18K12e™
+ 9K12ed = 4o
=2K=4=K=2
2t%e* is a particular integral of the differential
equation

y=(A+ Bt + 20" 65 a
y = (3 - 81+ 20)e™ & a
A
b
(-5 e%)
C
I "
0 N/ t
2

x=Ae +BeZ+t+2
x=e+t+2

dr_ _pe-2ey 1_0:>.-',——ln2
dr

L I 4e-% > 0, for any real ¢

de?

So stationary value is a minimum.

Whenz:%ln2=>x=§+%ln2

The minimum distance is %{5 +1n2).

A=

1+.-:+ P"

=(1+ .{}P" (1 +1+ %,{2)84 __1

=
dx 2 01 =

a EL el=0,

for all real ¢

When t =0, x = 1 and x has a negative gradient for
all positive ¢, x is a decreasing function of ¢. Hence,
fort=0,x<1.

k=3

y=Asinx + 3x

Atx=my=Asinm + 37 =37

This is independent of the value of A. Hence, all

curves given by the solution in part a pass through
(7, 37).

67 a

b

d
—y=Acosx+3

At = dy =4 3=3
X = E d_ = cos E +
This is independent of the value of A. Hence, all

curves given by the solution in part a have an equal
gradient of 3 at x = g

Y= 31—%sinx

d
For a minimum Sl 3- k('():;:c 0
dx 2
COSX = g =x= arccos%
dz
o ‘g 3; sinx .
In the interval 0 = x = % d—y > 0 = minimum
2
sin?x =1-cos?x =1 —i=7r 4
T m
. T Va2 -4
In the interval 0 = x = 5 sinx =
m
y = 3 arccos % - g\;':r.—Z -4
_120-¢ (120 ¢ 3
B ey i gy - b 93kg
Three-quarters of the nutrient = 75m,

At time ¢, the nutrient consumed is 5(m — my)
75m, = 5(m — my) = m = 16m,

Rate of increase of mass = y x mass x mass of
nutrient remaining

% = um(100my - 5m + 5my) = Sum(21mg — m)
d
d_’f = 5um(21m, - m)
1

Sudt = f S -
foa m21mg, - m)
Using partial fractions

1 0 )
m21lmy-m) 21mg\™m  21my—m
141 1
sut = | d

RS o mo\ " 21 m, - m) "
= 105umyt =lnm - In(21m, - m) + ¢
Whent=0,m=m, = 0=Ilnm, - In20m, + ¢

In 20

20m
=c¢=In20m, - Inm, =In i L

= 105umyt =lnm - In(21my — m) + In 20

20m
B n(Z] iy — ”3)
From a, when { = T, m = 16m,
320m,
105 T=1 =In64
o n( 5my ) "
de de v
t& - BV Py
de R de ¢
Integrating factor is el-1i = g-lnt = gin} =%

1dv v_li_i(g 1
tdr a2t du)

T
=>—=fld£=ln£+c
[ i

=v=tlInt+c)
8.77ms! (3 s.f)

@ Full worked solutions are available in SolutionBank.



Answers

de b 1=-12e%+1.2e2=12e%(ex-1)
68 a=—"=¢* .
= © o2 > 1forallt >0
= le2tdt = %Bza + A = 2 > 0 throughout the motion (expect for ¢ = 0)
_ _ 1 _ 1 i.e. the particle continues to move down through the
When ¢ = 0]’[”2— 0 =]” Gsg+drd==; liquid throughout its motion.
Hence v = 4le? - 1
] ence v = ;le o b . ¢ 79 a Differentiating (1) with respect to ¢:
9 a v=13-3e™ 11.2ms™" (3 s.f) d2x I dy
70 a v=2e%-1 b 1(1-In2)m d2x i
71 a (t+ 3]@ +30=98(+3) =>-@+ 3v _49 Substituting (2): T 0,la+ 0.1[-0.025x + 0.2y)
de o de t+3 5 dx dz
i
Integrating factor e/ = eae: = emiszs = (¢ + 3)3 g g DW0Ex 0Ny
dv 2_ 49 (
= (t+ 3P+ 30l + 37 =+ 3)° 820192 500258 + 0,2[@ - 0.1x)
de? dt dt
d 49 : 2
= —(t + 3Bv)=—(t + 3)3 dx . ,dx dx
TR Sl = 552 = 0.1 ~ 0.0025x + 0.2 - 0.02¢
49 2
=>[.:+3]3v=%{.5+3}4+c %—0,3%+0,0225x=0
Whent=0,0=0=0= % x3t+c=c= ——3339 b x=Ael15t + Blet1t
: ¢ y=0.54e"15 + 0.5Bte" 15 + 10Bel-15!
=+ 3P0 =200+ 41 - 3002 d 237
: e The number of angler fish and angel fish will both
— (t+ 33y = 490 + 4) - 3969 increase without limit so the model is unlikely to be
20 suitable for large ¢.
4 2 d
= v = W ¢ =-3969 80 a Differentiating (1) with respect to ¢ % = 2% + d—!:
b 21lms! Substituting (2): 4°% = 29% 4 gy _y 4 1
The speed continues to increase as ¢ increases. de ) de
This is unlikely to happen — terminal velocity, etc. L _nde (E o 1) 9
72 a Volume, ml of distilled water in the bottle after ¢ dezde dt /
minutes is given by 400 + 40t — 30¢ = 400 + 10¢ L _dr o5
Concentration of acid after ¢ minutes=——% detde
400 + 10t dZx  dx
Rate acid in = 4 ml per minute T T bx =2
. x 3x
Rate acid out = 30 X7400+10£_—40+£ b x:83—583’—88'2'—%,y=%83'+3282’—%
dx 3x
Hence dr - e 40 + ¢ ¢ Ast gets large, the e* term dominates and suggests
b 22.3ml(3s.f) the_ amount of gas increases without limit in _both tanks.
¢ Itis unlikely that the acid disperses immediately This is unlikely to be the case, for example size of tank
so this could be factored in. will be a limiting factor.
73 a Simple harmonic motion Challenge
b x=0.3cos(7t) \ o
) . 25 ) ] 1 Let n =1: The result M" = M becomes M' = M, which is true.
¢ Period of motion = - Maximum speed = 2.1ms" ‘Assume the result is tria for n = k.
74 a 0791lm That is
b 2.48 minutes M= M = ( cosh?x  cosh?x )
¢ Boat is unlikely to continue oscillating with such —-sinh?x —sinh?x
regularity. cosh?x  cosh?x |/ cosh?x  cosh2x
; . R Ly el o
@ ; . 512 2'5!_ be Sén LI o —sinhZx -sinhZx/\-sinh?x —sinhzx_]
x=06e'sint - 6e'cost + 6 cos2i
- e @ - M= M = (cnshﬁr - cosh?xsinh?x  cosh*x - coshzxsinhzx)
kS 6(e S =@ 1008 “OSE) =0 sinh*x — cosh?xsinh?x  sinh*x - cosh?xsinh2x
. P comes to instantaneous rest when ¢ = = - ( cosh?x(cosh?x — sinh?x)  cosh?x(cosh?x — sinh?x) )
¢ 1.07m (3s.f) 4 sinh?x( - cosh®x + sinh?x) sinh®x( - cosh®x + sinh?x)
3 = ( cosh?x  cosh?x '
76 a A=0 B-= % b ﬁ -sinh?x -sinh?x,
Ay av . v and this is the result forn = & + 1.
i (ﬁ cos 3kt - TEE 3“) R~ 5k The result is true for n = 1, and if it is true for n = k, then

78 a 03e*-06e%+0.3 itis true forn =k + 1.
By mathematical induction the result is true for all positive
integers n.
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Answers

dy _dzx | d%
2a —=——=——-x=0
de  de?2 de?
mi-1=0=m=+1=x=Ae'+Be!
dx

=—=Ae! - Be™*
Y=

Whent=0,x=A+B=1landy=A-B=0,s0
A=B=%
So x = (e’ + e) = cosht and y = j(e' - e~) = sinht.
dg d?p dp

h o= o
e dez e
d?p dp _ dp d*p _dp _
I TR TR TR TR
m-2m+2=0=m=1=xiso0p=e'(Acost +

B sint)
dp . ;
o = e!(A cost + B sint) + e!(B cost — A sint)
d

qg=p- d—f = e'(-Bcost + Asint)
Whent=0,p=A=1landg=-B=1,50A=1and
B=-1.
dr . .
e r = e'(cost — sint) + 2e'(cost + sint)

= e(3cost + sint)

Use integrating factor e,

r=e'[(3 cost +sint)dt = e!(3 sint — cost + €)
Whent=0,r=C-1=1= C=2and so

r = e'(3sint - cost + 2)

dx dr

3  x=rcosf) = —— = -rsinf + —cost
de q de
Y = rsinfl = d—!; = reosd + %sin@

rcost + ysin.‘)
So [ has gradient 5 =tan(a + #)

—rsing + & cosp

dé ar

2086 + —sinf
tana + tanf il

Thus

1-tanatand o0, %msﬁ

Rearrange and cancel to get

—rsin®d + dr cos’f tana = reos® — dr tana sinf
i de dé
I r
= —tano =r = tana = —
g ‘= ar

dg
Exam-style practice: Paper 1
1 a 11200cm?

b Does not take into account the thickness of the clay.

2aa=5
d Z2x1+3x4+-1x7-101 3J14 3
= e = T = R ey
J22 4 324 (- 12 14 14
b -1
c 43.9°
1 2 2 1 2x1 2x12
3 a Letn=1:10 1 2|=10 1 2x1|
0 0 1 0 0 1

which is true.
Assume the result is true for n = k.

1 2k 2k2
n=klo 1 2k

0 0 1

4

1 2 2\/1 2k 2k%
n=k+1:10 1 2Jl0 1 2k

0O 0 10 0 1
1 2k+2 2kP+4k+2
=10 1 2k + 2
0 0 1
1 2k+1 2k+1)2
=l0 1 2k + 1)
0 0 1

and this is the result for n = k + 1.

The result is true for n = 1, and if it is true for n = &,
then it is true for n = k + 1.

By mathematical induction the result is true for all
positive integers n.

i 7

1 [—2 -(k+4) 8 )
ii -2 -11 8
il 4 3k+1 -2(k+1)

z=cosf +1isinf

z"=(cosf + i sinf)"

zt = cosnf + i sinnf

1 5

—; = cos nb — i sin nd

z

a1 s

zt — — = 2isinnf
ZH

4
8sint0 =3 (2i sing)'= 1 (z - 7}

17 , 4 1)
=_|z* -4z +6 - = + =
22 5+ 22 2

= %(2 cos 40 — 8 cos 26 + 6)

=cos4f — 4 cos20+ 3
Volume = 500 + 15¢

Concentration of sugar T —
500 + 15¢
Rate of sugar into mixture = 30 x 25 = 750
x 3x
Lose sugar at rate 15 =
& 500 + 15¢ 100 + 3¢
dx 3x
B P .. S
Ta YT 100+ 3
6635¢g

Rate of leaking could vary with volume of oil, or
model could take into account the fact that the
sugar does not disperse throughout the vat on entry.
x+ 1272+ (y + 5)* =169

(recosf +12)2 + (rsind + 5% = 169

r2cos?d + 24r cosf + 144 + r? sin2d + 10r sind + 25
=169

r2=-24r cosf — 10r sin#

r=-2(12 cos# + 5 sinf)

254 @ Full worked solutions are available in SolutionBank.



|z +12 + 5i| = 13

d
78 03x%_02¥_03x03¢+03x0.2y+03

dt dz +0.2 x 0.2x - 0.2 x 0.3y

dy _
025_03(1——[03 +0.2%x - 0.3
d2x dx dy dx dx
=0.3=—= = = bonul i
dz dt 02d Ogda Ogdt

-(0.32+0.292-0.3

d2r dx
0.6—+0.13x+0.3=0
P TR ’
dZx dx
100—= - 60—+ 13x+30=0
ez de ’
— @l 30
b zx=e bﬁlco%02£+3mn02£]—ﬁ
— it 20
c y=e {BmsOZt—A%mOZE]—ﬁ
d x=e" ‘*[160r0q0 2t + Eqm{) 2&) 30
13 13
y= e"-“(?g cos 0.2t - %qmo 2&) ?g

e Concentration on right side predicted to be negative
which isn’t possible. Therefore, model is not suitable.

Exam-style practice: Paper 2
1ap=7,g=25
Using partial fractions,
| 11
(r+20r+4) 2r+2 2r+4)
Using the method of differences,

n n

1 ~ 11
;( ]_Z

Tr+2ir+4) Ta2r+2 20r+4)
1.1 1 1 _ nlfn+25

6 8 2m+3) 2n+4 24n+3ln+4)
b Letn=1:{(1) = 2% + 3% = 35 which is divisible by 7
Assume the result is true for n = k.
n = k: flk) = 22 + 3%+1ig divisible by 7
n=k+1:flk+ 1) = 283 4 3263 = 2(24+2) 4. 323 2k+1)
= 2(25+2) 4+ 9(32k41)
= 2(25+2) 4 2(32k+1) 4 7(32k+1)
= 2f(k) + 7(32+1) which is divisible by 7 and this is
the result forn = & + 1.

L'=T - B I - o

Answers

The result is true for n = 1, and if it is true for n = k,
then it is true for n = k + 1.

By mathematical induction the result is true for all
positive integers n.

a 1-4i
b 1+4i,24+i
c Im 4
5_
4 91 +4i
3_
2_
14 2+1i
3 % Ofg  § R
=17 2-1
-2
-3
—47 1-4i
—h-
3.42 (3 s.f)
a 2x+yxd - gad b 2.754 x 10% (4 s.f)
I 1 Tk
r l1mI _1!‘1_@ 3 arctan(E}]u
T m
——hmar'('tana_E 25
k=95
a 0.722 b 2.722
614
7
a (-Bsint - Ccost) + 2(B cost — € sint)
+ 34 + Bsint + C cos !
=21+ 15 cost
2(B-Clsint + 2(B+ Clcost + 34 =21 + 15 cost
3A =21
B‘C=(1’5 =>A=?,B=C=]4—5
B+(C=—
T
=x=7 +14—5[sina+cos.£}
15, .
b x=7+—(s1n£+msz]
(]9" 2 5inlyZ ¢) + Trm[» 2 é])
¢ The flow will stabilise and oscillate evenly about

x= T
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acceleration 171, 175
amplitude 176
angular velocity 175
arccos x, differentiating 63
arcosh x
definition 123
differentiating 131
graph 123
integral for 135
in terms of natural
logarithms 124
arcsin x, differentiating 62-3
arctan x
differentiating 63, 64
Maclaurin series 44
areas enclosed by polar
curves 109-11
arsinh x
definition 123
differentiating 131
graph 123
integral for 135
in terms of natural
logarithms 124
artanh x
definition 123
differentiating 131
in terms of natural
logarithms 124
auxiliary equation 154, 180
average value see mean value

binomial expansion 40
boundary conditions 150, 153
using to find particular
solutions 1624

calculus methods 52-76
differentiating inverse
trigonometric
functions 624
improper integrals 53-6
integrating with inverse
trigonometric
functions 65-7
integrating using partial
fractions 69-72
mean value of function
58-61
cardioid 106, 109
Cartesian coordinates 101, 102
Cartesian equations 103
centre of oscillation 175
circles 104, 105
complementary function
(C.F) 157, 159-61
complex conjugate roots 154
complex numbers 1-30
division 5-6
exponential form 2-4
modulus—-argument form 2
multiplication 5-6
nth roots 20-3, 25-6
solving geometric
problems 25-6
sums of series 16-18
compound functions, series
expansions 44-6
convergent integrals 53-6
convex curves 107,115
cosnf 11-14
cos x, Maclaurin series 44
cos'd 12-14

256

cosech x, definition 120
cosh x

addition formulae 126

definition 120

differentiating 130

as even function 121

graph 121

integrating 135
cosh™ x see arcosh x
coth x, definition 120
critical damping 180, 181
curves

sketching 104-8

see also parametric curves;

polar curves

damped harmonic motion 180-2
damping force 180
de Moivre’s theorem 8-10
derivatives
first 38
higher 38-9
second 38
differential equations
coupled first-order linear 186-8
first-order 148-51, 1714
general solution 154, 159
linear 153
methods in 14769
modelling with see modelling
with differential equations
second-order
homogeneous 153-6
second-order non-
homogeneous 157-61
using boundary
conditions 162-4
differentiation
hyperbolic functions 130-2
inverse hyperbolic
functions 131-2
inverse trigonometric
functions 624
‘dimple” shaped curves 107, 115
displacement 171, 175
divergent integrals 53-6
division, complex numbers 5-6
‘dot’ notation 175

e*, Maclaurin series 44

‘egg’ shaped (convex) curves 107,
115

Euler’s identity 2

Euler’s relation 2

even functions 121

exponential form 2-4

forced harmonic motion 1824
functions, mean value 58-61

geometric problems, solving 25-6
graphs, hyperbolic functions 121-
2

half-lines 104, 105
harmonic motion

damped 180-2

forced 1824

simple (S.H.M.) 175-8
heavy damping 180
homogenous systems 186
hyperbolic cosine see cosh
hyperbolic functions 119-46

differentiating 130-2
equations involving 127-8
graphs 121-2
identities 125-7
integrating 135-9
introduction to 120-2
inverse see inverse hyperbolic
functions
hyperbolic sine see sinh
hyperbolic tangent see tanh

improper {ractions 71
improper integrals 53-6
initial line 101
integrating factors 149-51
integration
hyperbolic functions 135-9
improper integrals 53-6
with inverse trigonometric
functions 65-7
using partial fractions 69-72
interval 53
inverse hyperbolic
functions 123-3
differentiating 131-2
inverse trigonometric functions
differentiation 62-4
integrating with 65-7

light damping 180, 182

limit notation 54

In(1 + x), Maclaurin series 44
loops 106, 110

Lorenz factor 48

Maclaurin polynomials 41
Maclaurin series 40-2, 44
mean value
attaining 76
of function 58-61
method of differences 32-5
modelling with differential
equations 170-95
coupled first-order
simultaneous 186-8
damped harmonic
motion 180-2
first-order 171-4
forced harmonic motion 182-4
simple harmonic motion
(SH.M.) 175-8
modelling with volumes of
revolution 87-8
modulus-argument form 2
multiplication, complex
numbers 5-6

nth roots
of complex numbers 20-3,
25-6
of unity 21, 25-6

odd functions 121
Osborn’s Rule 126

parametric curves, volumes of
revolution 834

partial fractions, integrating
using 69-72

particular integral (P1.) 158,
159-61, 182

period 176

polar coordinates 10018

polar curves
areas enclosed by 109-11
sketching 104-8
tangents to 113-15
polar equations 1034
pole 101
predator—prey model 186
product rule 149

ratio test 44
regular polygons 25-6

sech x
definition 120
graph 145
sechxy, integrating 146
sector, area 109
separating the variables 148
series 31-51
convergence 44
expansions of compound
functions 446
higher derivatives 38-9
Maclaurin 40-2, 44
sums of see sums of series
shell, cross-section 112
simple harmonic motion
(SHM.) 175-8
sinnf 11-14
sin v, Maclaurin series 44
sin'd 12-14
sine wave 176
sinh x
addition formulae 126
definition 120
differentiating 130
graph 121
integrating 135
as odd function 121
sinh™' x see arsinh x
spirals 104, 105
sums of series
complex numbers 16-18
method of differences 32-5

tangents
parallel to initial line 113-14
perpendicular to initial
line 113,114
to polar curves 113-15
tanh x
definition 120
differentiating 130
exponential form 120
graph 122
integrating 136
tanh™ x see artanh x
trigonometric functions
differentiating inverse 62-4
integrating with inverse 65-7
trigonometric identities 11-14

unity, nth roots of 21, 25-6

velocity 171, 175

volumes of revolution 77-92
around x-axis 78
around y-axis 81
modelling with 87-8
of parametric curves 83-4









