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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof
* Rigorous and consistent approach throughout
* Notation boxes explain key mathematical language and symbols
» Dedicated sections on mathematical proof explain key principles and strategies
» Opportunities to critique arguments and justify methods
2. Mathematical problem solving The Mathematical Problem-solving cycle
* Hundreds of problem-solving questions, fully integrated specify the problem

into the main exercises
* Problem-solving boxes provide tips and strategies interpret results

: : collect information
e Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and ]
. . represent information

3. Mathematical modelling
» Dedicated modelling sections in relevant topics provide plenty of practice where you need it
* Examples and exercises include qualitative questions that allow you to interpret answers in the

context of the model
» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in

mechanics
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are #

available in SolutionBank.

Download all the solutions as a PDF or

quickly find the solution you need online = =]
Use of technology O
Explore topics in more detail, visualise @ Find the point of intersection

problems and consolidate your understanding graphically using technology.
using pre-made GeoGebra activities.

GeaGebra

GeoGebra-powered interactives

Interact with the maths you are learning __—
using GeoGebra's easy-to-use tools

Ar+ By=3
A=2

B=1
—_————

Simubaneous squations
gz =321
Ze+ly=3

Scohmions: (2,-1} 1,8)

Access all the extra online content for free at:

www.pearsonschools.co.uk/fp2maths

You can also access the extra online content by scanning this QR code:

Vi



Number theory

After completing this chapter you should be able to:

Use Fermat’s little theorem to find least positive residues  -» pages 26-27

® Use the division algorithm and the Euclidean algorithm - pages 2-7
® Use the Euclidean algorithm to illustrate Bezout's identity =~ - pages 8-10
® Understand and use modular arithmetic and congruences - pages 10-15
® Apply tests for divisibility by 2, 3, 4,5, 6,9, 10 and 11 - pages 16-20
® Solve simple congruence equations -> pages 20-25
[ ]

[ ]

Solve counting problems -> pages 28-37

Prior knowledge check

1 Prove, by contradiction, that there are
infinitely many prime numbers.
< Pure Year 2, Chapter 1

Prove, by induction, that foralln € Z,
n=17,3"<n! « CorePureBook 1, Section 8.1

a Write 108 and 180 as products of their
prime factors.

b Hence find the greatest common divisor
and least common multiple of 108 and
180. « GCSE Mathematics

Prove, by induction, that foralln € Z*,
n? + 2n is divisible by 3.
« Core Pure Book 1, Section 8.2

A suitcase combination lock consists of ‘Check’ digits in bar codes and book
three digits. Each digit is chosen from the identification numbers help to identify
set {0, 1,2, 3, 4, 5, 6}. Find the number of and correct scanning errors. They are
different possible codes. « GCSE Mathematics generated using modular arithmetic.




Chapter 1

@ The division algorithm

Number theory is the study of systems and properties of numbers. Of particular interest are the
system of integers, Z ={...,-3,-2,-1,0, 1, 2, 3, ...}, and the system of natural numbers,
N ={1, 2, 3, ...}. The concept of divisibility is very important in number theory.

» If a and b are integers with a # 0, then b is divisible w . o
lled
by a if there exists an integer k such that b = ka. or factor ofi s called a divisor

In this case, we say that « divides b and denote this
by a | b. If a does not divide b, then we write a 1 b.

In the past, you may have only considered the positive divisors of a number, but the definition above
applies to both positive and negative integers.

Given that a|b, show that —a|b.

b = ka for some integer k This is the definition of divisibility.

If k is an integer, then —k is also an integer,
and b = (—k)(—a) so —a | b a5 required.

For each pair of integers below, determine whether the first integer divides the second.
a 11,143 b -4, 28 c 15,47 d 3,2

a 143 =13 x 11 = 1 | 143

b 28 = (-7)(-4) = -4 | 28

¢ 3 x15=45and 4 x 15 = 60 50 15 | 47
dOx3=0and1x3=350312 —— If|a| > |b| >0, then atb.

Find all the divisors of:
a8 b 11

a ==l 2 A4S

T 11 is a prime number so its divisors are only 1

and +11.




Number theory

You need to be able to apply the following properties of divisibility:

m Foranya, b, c € Z, witha # 0:

* a|a (every integer divides itself)

a| 0 (0 is divisible by any integer)

albandb|c=a]|c
< means ‘if and only if".
It means that the implication works

a|lb< an|bnforallne Z,n#0 in both directions, so a|b = an | bn
and an|bn = a|b.

salbanda|c=a|bn+ cmforallm,ne Z

If a and b are positive integersand a | hthena < b

Given a, b, ¢ € Z, prove that if a|b and a|c, then a|bn + cm forallm, n € Z.

b = ja for some j € Z ‘| Write down the facts you know from the

¢ = ka for some k € Z | definition of divisibility. Use these facts to

bn + em = (ja)n + (kaym show that bn + ¢m can be written as an integer
multiple of a.

= (jn + km)a

Since j, k,n,m € Z, jn + km € Z, so a|lbn + cm,
as required. m The expression bn + cm, where
n,m e Z, is called a linear combination of » and ¢.

When you multiply, add or subtract two integers, ol PO E I tlosea inner
the result is always an integer. However, the the operations of addition, subtraction and

gu0t|ent of two integers is not necessarily an multiplication, but not closed under the operation
integer. of division.

Because of this, it is helpful to define division within the integers more rigorously.
The division algorithm allows you to find a unique quotient and remainder for any two integers:

If a and b are integers such that b > 0, then there exist unique el
integers g and r such that @ = bg + r, with0 < r < b. the quotient and r the

1 Begin with values of @ and 4. remainder. You also call
a the dividend and b

2 Set ¢ equal to the greatest integer that is less than or equal to 4
b the divisor.

3 Setr=a-bq.

Note that a is divisible by 4 if and only if the remainder, r, in the division algorithm is zero.



Chapter 1

Use the division algorithm to find integers ¢ and r such that:

@0

a 94=13¢+r b -232=1lg+r
i %:7.23...5”:7 a=9andb=13
r=a-bg=294-13x7=3 m )
5094 =13x7+3 ; There are other integers that
satisfy a = bg + r, such as 94 = 13 x 5 + 29, but
b — 232 = —2109...50 g = -22 there is only one pair of values that satisfies this

"
r=a-bg=-232 -1 x(-22) =10
So —-232 =1 x (-22) + 10

relationship and where 0 < r < b.

¢ must be less than or equal to %. The greatest

integer less than or equal to -21.09... is —22.

Use the division algorithm to prove that, for all integers n, n? leaves a remainder of 0 or 1 when
divided by 4.

n=4q+r where g€ Z and r € {0, 1, 2, 3} Problem-solving

Consider n? = (4q + 1?2 = 16¢4° + &qr + r?

From the division algorithm, you know that

=0 = n? = 16¢? = 4(4¢?), s0 remainder is O when n can be written in the form 4¢ + r where
divided by 4. r=0,1, 2 or 3. Consider each possible value
r=1=n?=16g7 + 8q+ 1= 4(4¢% + 2¢) + 1, s0 of r separately. This is an example of a

remainder is 1 when divided by 4.
r=2=n?>=16¢° + 16+ 4 = 4(4¢° + 49 + 1), so

proof by exhaustion.
4 Pure Year 1, Section 7.5

remainder is O when divided by 4.
r=3=n°=16¢°+ 24+ 9 = 4(4¢°> + 6g+ 2) + 1,

so remainder is 1 when divided by 4.
Therefore, in all cases, the remainder when n? is

Because of the division algorithm, you
B know that you have covered all possible

divided by 4 is O or 1. S

Exercise @

1

e

n

For each pair of integers below, determine whether the first divides the second.
a 7,21 b 82 c -25,25 d 12,140

Given that n € Z and n| 15, write down all the possible values of n.

Find all the divisors of:
a 12 b 20 ¢ -6 d 1

Prove, for positive integers a and b, that a|b = an|bnforalln € Z, n # 0.

Prove that if a|b and b | c then a|c.
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6 For each of the following integer pairs («, b) find integers ¢ and r such that a = gb + r,
where 0 < r < b:

a (121,9) b (~148, 12) ¢ (51,9) d (=51,9)
e (544, 84) f (=544, 84) g (44,84) h (5723, 100)

7 Find the quotient and remainder when:
a 200 is divided by 7 b -52is divided by 3
¢ 22000 is divided by 13 d 752 is divided by 57

® 8 Prove that the cube of any integer has one Problem-solving

of the following forms, for some k € Z.

By the division algorithm, any integer can be written
Ok,9% + 1,9 + 8

in the form 3¢, 3¢ + 1 or 3¢ + 2 forsome g € Z.

® 9 Show that the square of any odd integer is of the form 8% + 1 for some integer k.

® 10 Use the division algorithm to prove that the fourth power of any integer is of either of the
forms 5k or 5k + 1 for some k € Z.

2
® 11 Show that, for all integers ¢ = 1, da’+2)

3
Challenge

a Prove that there exist unique integers p and s such that a = bp + s

: |b] [B]
—E g
with > s >

is an integer.

b Find p and s given that @ = 49 and b = 26.

@ The Euclidean algorithm

You can use the definition of divisibility to write formal definitions of common divisors and greatest
common divisors.

n If a, b, and c are integers and ¢ # 0, then c is called a common divisor of « and b if ¢ | a and
c|b.

If @ and b are integers with at least one of them not equal to zero, then you define the greatest
common divisor of ¢ and b as the largest positive integer which divides a and 5.

= The greatest common divisor of two integers a and 5 is a positive integer d that satisfies the

two conditions:
*dlaandd|b m The greatest common
« If ¢ is a common divisor of « and b, then ¢ < d divisor of a and b is written as ged(a, b).

It is also sometimes called the highest
common factor of « and b.
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Find:
a ged(3,12) b gcd(25, 25) ¢ gcd(90, 84)
a gcd(3,12) =3 If a| b, then gcd(a, b) = a.

b gcd(25, 25) = 25

¢ D=2 BRiadiG Sdi= R 2% ¥
509cd(20,84)=2x3 =6

L gcd(a, a) =a

In GCSE mathematics, you found greatest common divisors by writing numbers as products of their
prime factors. However, writing a number as a product of prime factors can be very time consuming,
especially if the number does not have small prime factors.

The Euclidean algorithm provides a method for quickly finding the greatest common divisor of any
two integers.

Given positive integers @ and b with a = b:

1 Apply the division algorithm to @ and b to find integers ¢, and r; such
that a = ¢, + r,, where 0 < r; < b. If r; =0, then b | a and gcd(a, b) = b.

2 If r; # 0, apply the division algorithm to b and r; to find integers ¢, and
r, such that b = ¢,r, + r,, where 0 < r, < r,. If r, = 0, then gcd(a, b) = r,.

3 If r, # 0, continue the process. This results in the system of equations:

a=qb+r
b=gqr +r, @ Implement the O

Fy= (sl + 15 Euclidean algorithm using
: GeoGebra.

rn-Z = ann-l Sr rn

rn-l = Qr&l rn+ 0

The last non-zero remainder in this process, r,, is the greatest common
divisor (or highest common factor) of @ and 4.

Problem-solving

This is an iterative process. At the kth step you are applying the division algorithm
to r,_; and r,_, to find ¢, and r; such that r,_, = g;r;_; + ;.. By the division algorithm,
the remainder must be strictly less than the divisor (1, < r,_,), so the sequence

of remainders ry, 3, 15, ... must be strictly decreasing. Since all the remainders

are non-negative integers, this means that this sequence must terminate at 0 in a
finite number of steps. The last non-zero remainder in the sequence is the greatest
common divisor of @ and b.
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Use the Euclidean algorithm to find the greatest common divisor of 306 and 657.

657 = 2 x 306 + 45 Apply the division algorithm to 306 and 657.
306 =6x45 + 36
45=1x36 +9
36=4x9 +0
S0 gcd(306, 657) = 9 m You must show every application of

the division algorithm, including the final step
with a remainder of 0.

L Apply the division algorithm again, using the
original divisor and your remainder.

9 is the last non-zero remainder.

You can use the Euclidean algorithm and back substitution to write the greatest common divisor of
two numbers as a linear combination of those two numbers.

= Bezout’s identity states that if « and b are Problem-solving
non-zero integers, then there exist integers The ged of two integers a and b is the
x and y such that ged(a, b) = ax + by. smallest positive integer that can be

written as a linear combination of a and b.
S ET TG o

—» Exercise 1B, Challenge
Use the Euclidean algorithm to find integers x and y such that 306x + 657y = 9.

From Example 8. gcd(306,657) = 2, and

45 =1 x 3G + 9 9 is the gcd of 306 and 657 so Bezout's identity

states that x and y must exist.

Work backwards through the steps of the
Euclidean algorithm from Example 8.
Rearrange 45=36x1+9

=45 - (306 - 6(45))
=7 x 45 - 1(306€)
= 7(657 - 2(306)) - 1(306)

S50 2 =45 - 136) L

= 7(657) - 14(306) - 1(306) Rearrange 306 = 45 x 6 + 36 to write 36 as a
= -15(306) + 7(657) linear combination of 306 and 45. You can then
— use this result to write 9 as a linear combination
Hence x = —15 and ¥y = 7 of 306 and 45.

Rearrange 657 =306 x 2 + 45 to write 45as a
linear combination of 657 and 306. You can then
substitute and rearrange to write 9 as a linear
combination of 657 and 306, as required.
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Use the Euclidean algorithm to find x, y € Z such that ged(143, 252) = 143x + 252y.

252= 1 x 143 + 109 |
143 = 1 x 109+ 34
109=3x 34+ 7

Apply the Euclidean algorithm.

groan: TR 6
Tl G o
QZTX 6+ O_

S0 ged(143, 252) =1

The only positive integer that divides both 143

1=7-6
=7 - (34 - 4(7))
=5(7) - 34
=5(109 - 3(34)) - 34
= 5(109) - 16(34)
= 5(109) - 16(143 - 109)
= 21(109) - 16(143)

= 21(252 - 143) - 16(143)

= =37(143) + 21(252)
Hence x = =37 and y = 21.

and 252 is 1.

Work backwards through the steps in the
Euclidean algorithm.

In Example 10, the only positive integer which divided both 252 and 143 was 1.
Pairs of numbers with this property are said to be relatively prime or coprime.

= Two integers a and b are relatively prime if ged(a, b) = 1.

= The integers a and b are relatively prime if and only if there exist integers x and y such that

ax +by=1.

a Use the Euclidean algorithm to show that 49 and 60 are relatively prime.

b Find integers x and y such that 49x + 60y = 1

¢ Hence find integers p and ¢ such that 49p + 60g = 5

a 60=49x 1+ M
42= 4x11+5

f=—imaiad
So gcd(49, 60) = 1

Apply the Euclidean algorithm to 49 and 60.

This confirms that 49 and 60 are relatively prime.
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b 1=1-2(5)
=11 — 2(49 - 4(11)
= 9(11) - 2(49) Use back substitution within the Euclidean
= 9(60 - 49) — 2(49) algorithm to find x and y.

= 9(60) — 11(49)
= —11(49) + 2(c0)
Hence x = =11 and y = 9

c —149) + 3(60) =1

= -55(49) + 45(c0) = 5 Multiply by 5.
Therefore p = =55 and ¢ = 45

1

® 2

Write down:
a ged(7,7) b ged(100, 20) ¢ ged(15,18)

If ged(p, 42) = 6 where p € Z*, write down three different possible values of p.

Use the Euclidean algorithm to find the greatest common divisor of each pair of integers.
Show each step of the algorithm.

a a=32,b=78 b a=91,b=104 c a=172,b=64
d a= 167, p=11T e g=-323,6=221 f a=1292,bh=2884
Use the Euclidean algorithm to find the highest common factor of 143 and 910. (3 marks)

m ‘Highest common factor’ means the
same thing as ‘greatest common divisor".

a Use the Euclidean algorithm to find the greatest common divisor of 222 and 1050. (3 marks)

b Hence write the fraction % in its simplest form. (1 mark)

For each pair of numbers, find integers x and y such that ax + by = ged(a, b).

a a=32,b=78 b a=91,b=104

¢ a=12378,b=3054 d a=-119,b=272

e a=2378,b=1769 f a=-2059, b =2581

a Use the Euclidean algorithm to show that 39 and 16 are relatively prime. (3 marks)
b Hence find integers, p and ¢ such that 39p + 16¢ = 1. (2 marks)
Use the Euclidean algorithm to find integers @ and b such that 170a + 215 = 1. (4 marks)
a Find integers x and y such that 172x + 20y = gecd(172, 20). (4 marks)
b Hence, find a solution to the equation 172x + 20y = 100, x, y € Z. (2 marks)

9
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10 Find a solution to the equation 99a + 345b = 300, a, b € Z. (5 marks)
11 The functions f and g are defined as f(n) = 82 + 3 and g(n) = 5n + 2, n € Z*.
a Find ged(f(1), g(1)). (2 marks)
b Show that f(n) and g(n) are relatively prime for all n € Z*. (4 marks)
12 a Show that ged(a, a + x) | x, where @ and x are any two integers. (3 marks)
b Hence, or otherwise, show that any two consecutive integers are relatively prime. (2 marks)
13 a Use the Euclidean algorithm to find the highest common factor of 63 and -23. (3 marks)
b Hence, find x; and y, such that x = x,, y = y, is a solution to 63x — 23y = -7. (1 mark)
¢ Show that x = x, — 23, y = y,— 63¢, 1 € Z, is also a solution to 63x — 23y = -7. (2 marks)
d Find 7 such that xy = 0, or otherwise argue that it is not possible to do so. (2 marks)
Challenge Problem-solving
1 Prove that gcd(a, b) = ged(a + be, b) foralla, b, c € Z. Show that if dis a common

divisor of @ and b then it is
also a common divisor of
a + be and b, and vice versa.

2 Given that gcd(a, b) =d, and ax + by =z, wherea, b, x, y,z€ Z
and z > 0, prove that z = d.

@ Modular arithmetic

Modular arithmetic is a system of arithmetic that is restricted to the remainders when integers are
divided by a given integer, called the modulus. You can visualise the case when the modulus is 12 by
looking at the hour hand on a standard clock face:

5 hours after noon, the hour After a further 12 hours, the hour hand After 29 hours have passed,
hand points at 5 o'clock. points at 5 o'clock again. 17 hours have the hour hand points at
passed in total. In arithmetic modulo 12 5 o'clock again. 29 is
the numbers 5 and 17 are congruent. congruent to both 17 and 5
You write 5 = 17 (mod 12). modulo 12.

This relationship is called modular congruence. You can define it for any modulus using divisibility.

% Letmibeia positiveinteger. [faand.s m If @ is congruent to # modulo m1, then
are integers, then a is congruent to you write @ = b (mod m). If @ is not congruent to

b modulo m if m | (a - b). b modulo m, then you write a # b (mod m).

10
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In the example of the clock face, 29 — 5 =24 and 12 | 24, so 29 = 5 (mod 12). You can think of integers
that are congruent modulo m as having the same remainder when divided by m.

® g = b (mod m) if and only if @ and b leave the same e

remainder when they are divided by m. necessarily the remainder,

Decide whether the following statements are true or false.
a 24 =9 (mod 5) b 5=-11 (mod 8) ¢ 4=17(mod 2)

24 and 9 both leave a remainder of 4 when
divided by 5.

a 24-9=15and 5|15 so true
b 5-(-1) =16 and & | 16 so true
c 4-17=-13 and 2 | -13 so false

Adding or subtracting integer multiples of the modulus produces congruent numbers.

n Ifa, b € Z, then a = b (mod m) for some positive integer m if and only if there exists an
integer k such that a = b + km.

You can use this fact to find numbers that are congruent to a given number.

Given that n = 10 (mod 3), write down:
a three different possible values of n b the greatest negative value of n

¢ the value of n contained in the set {0, 1, 2}

a 191316
b -2 10—4x3=-2
¢ 1

You need to know the following properties of congruences:

= g =0 (mod m) if and only if m|a 28 =0 (mod 4) and 4| 28

= g =a(modm) 3=3(mod5)

= If a = b (mod m), then b = a (mod m) 7 =4 (mod 3) and 4 =7 (mod 3)

m Ifa=b (mod m) and b = ¢ (mod m), 11 = 8 (mod 3) and 8 = 2 (mod 3), then
then a = ¢ (mod m) 11 =2 (mod 3)

11
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Given that ¢ = b (mod m) and b = ¢ (mod m), prove that @ = ¢ (mod m).

a=b(modm)=m|(a-b

So there exists an integer k such that km =a - b ) Use the definition of modular
congruence and the definition of

b=c(modm)=m|((b-c divisibility.

So there exists an integer j such that jm = b — ¢ 2)

Add together (1) and (2):
k +j)m=a-c
Since k and j are integers, k + j must be an integer.

Som|(a-c) = a=c(modm)

You also need to know the following rules of arithmetic for modular congruences.
s Leta, b, c,d, mne Zand m, n>0,with a = b (mod m) and ¢ = d (mod m). Then:
catc=b+d(modm)
* ac = bd (mod m)
* ka = kb (mod m)
*» a"= b" (mod m)

Show that 2373 =1 (mod 11).

23 =1 (mod 1) = 23733 = 1733 = 1 (mod 1)

Find the remainder when 3435 is divided by 11.

343 =31xN1"N+2,50343 = 2 (mod M)
S0 3435 = 25 = 32 (mod 1)
32=2x1+10,50 32 =10 {mod 1)
So 343°% = 10 (mod 11)

So the remainder when 343° is divided by 11
is 10.

Find the remainder when 343 is divided by 11.

L a = b (mod m) = a" = b" (mod m)

12
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Work out the final digit in the number 513%,

Finding the last digit of a number is the same as

2I5= S ilied IC] finding its remainder when you divide by 10.

So 5135° = 359 (mod 10)

32 =9 = -1 (mod 10) Problem-solving

(32)2° = (-1)** = -1 = 9 (mod 10) 3%0 s still too large to work out on your calculator.
So the last digit of 513°C is 9. Look for ways of simplifying the power. You can

write 359 as (32)25 = 925, Because 9 = -1 (mod 10)
Example @

it is easy to work out large powers of 9 (mod 10).
Find the remainder when 19°7 is divided by 12.

19 = 7 (mod 12) 7273 is still much too large to calculate. But if
there is some small power of 7 for which

= 4? imgc i) 5 7"=1 (mod 12) then you can use powers of
ol L e e L powers to simplify your working.

19273 = 19272 x 12 = (192)156 % 19
(192)136 = 136 = 1 (mod 12)
S019273 =1x 7 =7 (mod 12)
So the remainder when 19272 is divided by 12
is 7.

Find the remainder when 1! + 2! + ... + 100! is divided by 15

If a = b (mod m) and ¢ = d (mod m) then
ac = bd (mod m)

For all n = 5, n! contains factors of both 3 and 5,

Wh = = 1
S Qued B so contains a factor of 15.

M+ 2 + ...+ 100!

=N+21+3l+4+0+ ... + O (mod 15) 1 Ifa=b(modm)and ¢ =d (mod m) then
=1+2+6+ 24 (mod 19) a+c=b+d(modm)

= 3 (mod 15)

So the remainder is 3.

13
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1

=]

b=

14

The diagram shows a clock face 9 hours after noon.
Determine the number that the hour hand is pointing to:
a 13 hours after noon b 20 hours after noon

¢ 100 hours after noon d 999 hours after noon

Decide whether the following statements are true or false.
a 15=3(mod 6) b 19 = -6 (mod 5) ¢ 102 = 245 (mod 2)
d 431 =277 (mod 11) e 2146 = 0 (mod 4) f —50=118 (mod 12)

Given that n = 8 (mod 7), write down:
a three different possible positive values of n
b three different possible negative values of n

¢ avalueof nsuchthat0=n<7.

Given that @ = b (mod m), prove that Problem-solving

b = a (mod m
( ) Use the definitions of modular
congruence and divisibility.

Amy writes down the following rule for modular arithmetic:

a = —a (mod m)
a Give a counter-example to show that Amy’s rule is not generally true. (2 marks)
b Explain the conditions under which Amy’s rule will be true. (3 marks)

The serial number of a certain currency is 11 digits long. The first 10 digits of the serial number
are followed by a security check digit. If the note is genuine, then the 10-digit number will be
congruent to the check digit modulo 9.

Check whether the following two serial numbers are genuine:

a serial number 51177875501 b serial number 88100245327

Show that:

a 212 =1 (mod 5) b 99% = -1 (mod 10)

¢ 21790 =(Q (mod 7) d 2375 =7 (mod 8)

Find the remainder when 2186 is divided by 9. (2 marks)
a Find the remainder when 7°? is divided by 50. (3 marks)
b Hence find the remainder when 7°! is divided by 50. (1 mark)
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Find the final digit in the number 10042, (3 marks)
Find the remainder when 1! + 2! + 3! + ... + 50! is divided by 21. (3 marks)
Show that 2100 + 3100 4 4100 4 510 = () (mod 3) (4 marks)

a Given that ¢ = b (mod m), prove by induction that
a* = b* (mod m), where k € Z*

b By means of a counter-example, show that the
converse of this rule is not true.

Prove that 522 + 1722 = 6 (mod 11)

a Find the units digit in 2018°.
b Find the units digit in 92018,
¢ Hence, find the units digit in 2018% + 92018,

Find the remainder when 12912 is divided by 127.

100
The number n =Y r!
r=1
Find:
a the final digit of n
b the final two digits of n.

Challenge

Find the last two digits of:

19198 b 112" c 7"

Problem-solving

For part b, you need to find values
of a, b, k and m such that
a* = b* (mod m) but a # b (mod m).

(4 marks)
(2 marks)
(3 marks)

(1 mark)

(4 marks)

(2 marks)
(3 marks)
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€ oivisibility tests

You have probably used some simple mental rules to determine whether numbers are divisible by
2,50r10:

= An integer is divisible by:
« 2 if and only if its last digit is even
« 5if and only if its last digitis 50or 0
» 10 if and only if its last digit is 0

You can prove that these results work using modular arithmetic. In order to do this you need to write
the number as a sum of its digits multiplied by powers of 10:
@ Because the g; are

decimal digits they are
integers between 0 and 9.

= A number N with decimal digits a,a,_,a,_; ... a, a, can be
written as 10"a, + 10" 'a, , + 10" 2a, , + ... + 10a, + a,

For example, you can write the 4-digit number 7835 as
1000 x7+100x 8 +10x 3 + 5.

Prove that a positive integer N is divisible by 10 if and only if its last digit is 0.

Let N be the number with decimal digits Write the decimal expansion of N and consider
it modulo 10. Any term containing a positive
power of 10 will be congruent to 0 (mod 10).

((’H (t'”_1 a”_g ey dy

So
N=10%a, + 10" 'a,_, + 10" 2a, > + ... + 10a, + a, ) o
dag is the last digit of V.
SoN=0+0+0+ ... + 0+ ay (mod 10) r
So N = ag (mod 10) LUK This is an if and only if’ proof so

Soday=0= N=0 (mod 10) = 10| N you need to prove both directions:
Conversely, 10| N = N = O (mod 10) Last digit 0 =-10| NV and 10 | N = last digit 0

= dy = 0 (mod 10) = a; =0

dagis an integer between 0 and 9, so a, = 0
(mod 10) = a;=0

You need to know and understand similar rules for divisibility by 3, 4, 6, 9 and 11:

= An integer is divisible by:
» 3 if and only if the sum of its digits is divisible by 3
* 4 if and only if the two-digit number formed by its last two digits is divisible by 4
» 6 if and only if it is divisible by both 2 and 3

9 if and only if the sum of its digits is divisible by 9

This is the alternating sum of the
digits. If a number has digits abcde. ..
then it is divisible by 11 if and only if
a—-b+c—d+e— .. isdivisible by 11.

» 11 if and only if the difference between the sum
of its digits with even position and the sum of
its digits with odd position is divisible by 11

16



Number theory

N is a 3-digit number abc, so that N = 100a + 10b + ¢, where a, b, c € {0, 1,2,3,4,5,6,7, 8,9} and
a#0.
Prove that 11| N if and only if 11|(a = b + ¢).

Let N =100a + 10b + ¢
100 = 1 (mod 11)

10 = =1 (mod M)
SoN=a-5b+ ¢ (mod 1)

So N = 0 (mod 1) if and only if
a—-b+c¢=0 (mod 1)

So N | Nifand only if 11| (@—b + ¢)

Use the addition and multiplication rules for
modular arithmetic.

erample ) Loniine JOMN

: divisibility tests using G bra.
Use the divisibility rules to determine whether: HELDIGEE s beotes

a 7146 is divisible by 9 b 5838 is divisible by 6
¢ 2261914 is divisible by 4 d 813747 is divisible by 11

a 7+1+4+6=182and 918,50 9| 7146 The sum of the digits must be divisible by 9.

b 2|8s02|5838
5+8+3+8=24and 3|24 5503|5638

To be divisible by 6 the number must be divisible
Hence 6 | 5838

by both 2 and 3.

c 4=3x4+2s04114 L

So 4 12261914 Check to see if the final two digits are divisible by 4.

The sum of the digits with even position (from
theright)is4+3+8=15

The sum of the digits with odd position (from the
rightyis7+7+1=15

dé&-1+3-7+4-7=0
1|0 s0 1| 813747 L

Remember that 0 is divisible by any integer.

17
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You can apply these rules for divisibility to find numbers with given properties.

N is a 3-digit number abc, so that N = 100a + 10b + ¢, where a, b and ¢ are integers between 0

and 9, with a # 0. N has the following properties:
* Nisdivisible by 9

* The sum of the digits of N is even

e N=3(mod 11)

Find all possible values for N, showing your working clearly.

Fact 1: 9|a+b+c.soa+b+c¢=9pfor
some p € Z

Fact 2: a+ b + ¢ = 2q forsome q € Z
Sincea,b,ce =9, a+b+c=27
Soa+b+c=9o0r180or 27

Since a + b + ¢ is even,

a+b+c=18 )
Fact 3: 100a + 10b + ¢ = 3 (mod 1)

100 = 1 (mod 11) and 10 = =1 (mod 1)
sod—b+c¢=3 (mod 1)

SinceO=a,bc=9
a-b+c=-8or3ori4
From (1) and (2),
18-2b=-8or3ori14
So 2b =26 or 15 or 4

Since b is an integer between O and 9,
2b=4and b =2

Dm—t

Hence from (1),
a+2+c=18=a+c=16

FPossibilities are:

a=58 =56
a=7 ¢=9
a=2 =7

So the possible values of N are 828, 729
and 227.

18

Write out the properties mathematically.

Problem-solving

Remember that @, & and ¢ represent decimal
digits. You will need to use the fact that they must
be integers between 0 and 9 to make deductions.
Make sure you write down all of your reasoning.

So far you have only used the first two facts. Write
out fact 3, then use modular arithmetic to simplify.

Use the restrictions on a, b and ¢ again to write
down possible values of @ — b + ¢. The least
possible value of @ — b + ¢ is =9 and the greatest
possible value is 18, so write down any integers in
this range that are congruent to 3 (mod 11).

a-b+c=a+b+c-2b

Use the condition on b to identify the only
possible value of b.
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Showing all of your working, use the divisibility rules to determine whether:
a 2502 is divisible by 9 b 5931 is divisible by 3 ¢ 101795 is divisible by 11
d 2000560 is divisible by 4 e 51792 is divisible by 6 f 1326094 is divisible by 11

Prove that a positive integer N is divisible by 2 if and only if its last digit is divisible by 2.
Prove that a positive integer N is divisible by 5 if and only if its last digit is 5 or 0.

N is a 3-digit number abc, so that N = 100a + 10b + ¢, where a, b, c € {0, 1,2, 3,4, 5,6, 7, 8,9}
and a # 0. Prove that 9| N if and only if 9|(a + b + ¢).

N is a 5-digit number abcde, so that N = 10000a + 100056 + 100¢ + 10d + e, where a, b, ¢, d,
e€{0,1,2,3,4,56,7,8,9} and a # 0. Prove that 11 | N if and only if 11|(a— b+ c—d+ e).

N is a positive integer, the sum of whose digits is Problem-solving

divisible by 3. Prove that N is divisible by 3. (4 marks) You need to prove this for a general

integer with any number of digits.

Prove that any positive integer is divisible by 4 if and only if its final two digits are divisible
by 4. (4 marks)

Use divisibility tests to show that 6 159 285 is divisible by both 9 and 11, showing your working
clearly. (2 marks)

The following 8-digit number has a missing digit.

102[x]5761

Given that the number is divisible by 11, find the value of the missing digit. (2 marks)

The following 8-digit number has two missing digits.

2[a]8455[5]8

Given that the number is divisible by both 11 and 9, find the values of the missing digits.
(3 marks)

Find all possible 3-digit numbers which are divisible by both 9 and 11.

m is a 2-digit number that can be written as ab, so that m = 10a + b, where a, b and ¢ are
integers between 0 and 9, with a # 0.
Given that m is divisible by 9 and that m = 5 (mod 11),

a explain why @ + » must equal 9 or 18
b show that » — @ must equal either —6 or 5.

¢ Hence, or otherwise, show that there is exactly one possible value of m and find that value.

19
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13 Nis a 2-digit number that can be written as ab, so that N = 10a + b, where a, b and ¢ are
integers between 0 and 9, with a # 0.
Given that the sum of the digits of N is divisible by 4 and that N = 7 (mod 8), find all
possible values of N. (4 marks)

14 xis a 3-digit positive integer which has the following properties:
* xis divisible by 11
* The sum of the digits of x is odd.
¢ x=8(mod?9)

Find all possible values of x, showing your working clearly. (6 marks)

15 Qs a 4-digit number satisfying 1000 = Q = 9999.
0 can be written abcd, so that Q = 1000a + 1005 + 10¢ + d, where a, b, ¢ and d are integers
between 0 and 9, with @ # 0. Q has the following properties:

* Qisdivisible by 11 and 3

e O=5(mod9)and Q =4 (mod 11)

* The sum of the digits of Q is even.

* The digits of Q are strictly increasing, so thata < b < ¢ <d.

Find all possible values for Q, showing your working clearly. (8 marks)

Challenge

In base m, the number with digits a,a,_,a,_; ... a; ag is equal to
mia, +m" " la,_,+m""%a,_,+ ...+ ma, + dg

So for example, the base 8 number 357 can be written as a decimal

number as
82x3+8x5+7=239

a Prove that a number written in base 8 is divisible by 7 if the sum of

its digits is divisible by 7.
b Write down rules for divisibility by 2, 4 and 8 in base 8.
¢ Find rules for divisibility by 3 and 6 in base 7.

@ Solving congruence equations

You can find solutions to equations written using modular arithmetic. Equations involving modular
congruences are called congruence equations. Their solutions are usually given in terms of least

residues.
= Theset{0,1,2,3,...,n-1}is called the m A solution in the form x = n (mod m)
set of least residues modulo 7. where 0 < n < m — 1 represents an infinite number

of solutions congruent to n (mod m). This solution

Solving a congruence equation means finding could also be written as {n + km:k € Z).

the least residues which satisfy that equation.
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Solve the equation x = 86 (mod 7).

o 86 =12 x 7 + 2. Write the solution as a least
X = residue modulo 7.

m You can say that 2 is the least residue

of 86 modulo 7.

You can use inverse operations to solve congruence operations involving + and —.

Solve the equation x + 15 = 3 (mod 10).

x = -12 (mod 10)

= BHeH 1) Subtract 15 from both sides, and then write the

solution as a least residue.

You need to be more careful when solving congruence equations of the form ax = b (mod m). In some
cases this equation has no solutions, and in some cases it has multiple solutions within the set of
least residues modulo m.

n Leta, b,me Z, withm > 0and ged(a, m) =d.
* If d t b, then the congruence equation ax = b (mod m) has no solutions.
« If d| b, then the congruence equation ax = b (mod m) has d solutions in the set of least

residues modulo m. Problem-solving

If d| b, then ax = b (mod m) will have a unique solution in the set
of least residues modulo -3—1 - Example 28

If ged(a, m) = 1 (@ and m are relatively prime), then ax = b (mod m)
will have a unique solution in the set of least residues modulo m.
—» Example 29

Explain why the congruence equation 14x = 7 (mod 22) has no solutions.

gcd(14, 22) = 2
2 t 7, so the equation has no solutions.

If @ and b have a common factor you can simplify the equation by dividing. The rules for dividing (or
cancelling) in modular arithmetic depend on whether the divisor and the modulus are relatively prime.

n If ka = kb (mod m) and ged(k, m) = 1, then a = b (mod m).
n If ka = kb (mod m) and ged(k, m) =d, thena= b (mod %)
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Solve the congruence equation 2n = 26 (mod 14).

ged(2.14) = 2 You can cancel 2 on both sides of the congruence.
But 2 and 14 are not relatively prime, so you need
to divide the modulus by gcd(2, 14) = 2 when you
cancel.

Problem-solving

ged(2, 14) = 2, so 2n = 26 (mod 14) will have two
solutions in the set of least residues modulo 14,
or a unique solution in the set of least residues
modulo 3 = 7.

2n =2 x 13 (mod 14)
n =13 (mod 7)
n=G6 (mod7)

You could write the solution as n = 6 or 13 (mod 14).

Solve the congruence equation 42y = 168 (mod 35).

= 35
42), =14 x 3}' and 168 = 14 x 12 — gcd(14,35)=7, 50 3y:12 (mod T).

St xiSn= 4 e ned 53) ged(3, 5) = 1 so you can cancel a factor of 3 on

3y = 12 (mod 5) both sides of the congruence without changing
y = 4 (mod 5) the modulus.

42y = 168 (mod 35) would have gcd(42, 35) =7
solutions in the set of least residues modulo 35.
You could write the answer as

Vy=4,9,614,19, 24,29 or 34 (mod 35)

If you know that ax = b (mod m) has a solution, and you have reduced the equation as much as
possible by cancelling, then you need to find a multiplicative inverse of a.

= A multiplicative inverse of a modulo m is an Problem-solving

integer p that satisfies ap = 1 (mod m). If the equation has a solution then
The multiplicative inverse exists if and only ged(a, m) | b, so you can use the laws of
if gcd(a, m) = 1. division to reduce the equation to one

You can find multiplicative inverses using Bezout's identity. MG gretan s io S VR TE:

If @ and m are relatively prime, there exist integers p and ¢ which satisfy

ap+mqg=1 ap +mgq = gcd(a, m) =1

ap=1-my
Any number that can be written as 1 &+ an integer

= ap =1 (mod m) multiple of m is congruent to 1 (mod m).

So p is a multiplicative inverse of @ modulo m.
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a Find a multiplicative inverse of 10 modulo 63.

b Hence solve the congruence equation 10x = 4 (mod 63).

a 63=6x10+3
10 =3x3 +1
3 =23xT £0
= gcd(10, 63) = 1, so the equation has a
unigue solution modulo &3.

You need to find Bezout's identity for 10 and 63.
Apply the Euclidean algorithm.

Work backwards through the steps in the

1=10 - 3(3) —‘ r Euclidean algorithm.
=10 - 3(63 - 6(10)]

= 19(10) - 3(63) . , TR
= 19(10) = 1 + 3(63) Multiply both sides by the multiplicative inverse

of 10.

S0 10 x 19 =1 (mod 63), s0 19 is a

multiplicative inverse of 10 modulo €3.
19 x 10 = 1 (mod 63) so 19 x 10x = x (mod 63).

b 10x = 4 (mod 63) And 76 =63 + 13,50 76 = 13 (mod 63).

19 x 10x = 76 (mod 63) You know there is only one solution modulo 63,
x =13 (mod 63) so you are finished.

Solve 75x = 12 (mod 237).

=

If you can’t spot the gcd of 75 and 237, you can

e ke r start by using the Euclidean algorithm.

75 =6x12 +3

ko Problem-solvin
= gcd(75, 237) = 3, so the equation has g

When gcd(a, m) # 1 there are two possible

three solutions modulo 237.

methods.
Method 1 Mothod 1
g =i e Use back substitution to find p and ¢ such that
=75 - 6(237 — 3(75)) ap + mq = ged(a, m).
=13(75) — 6(237) b
e Multiply everything by ———— to find &k
= 19(75) = 3 + 6(237) ged (a, m)
19 x 75 = 3 (mod 237) such that ka = b (mod m).
76 x 75 = 12 (mod 237) e K is one solution.
So 76 is one solution. e Add multiples of gc—dft-”--—ito find ged(a, m)
a, m
% =79 distinct solutions modulo m.

Other solutions are 76 + 79 = 155 and
76 + 2(79) = 234
X = 76, 155 or 234 (mod 237)
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B Method 2 Problem-solving

75x =12 (mod 237) Method 2

25x = 4 (mod 79) e Divide everything by gcd(a, m), including
the modulus, to simplify the equation.

e You will now have an equation of the form
px = ¢ (mod r) with p and r relatively

Euclidean algorithm on 25 and 79:
79=3x25+4
25=6x4 +1

prime.
it =cl e Find a multiplicative inverse for p modulo r
gcd(25, 79) =1 and multiply through by this inverse.

1=25-64)
=25 - 6(72 - 3(25))
= 13(25) - 6(79)
= 19(25) =1 + 6(79)
19 x 25 =1 (mod 79)

So 19 is a multiplicative inverse of 25 modulo 72.

Notice that the coefficients in Bezout's identity
are the same for the reduced equation.

Multiply both sides of the congruence by 19.
25x = 4 (mod 79) r The 25 disappears because 19 is the
X =76 (mod 79) multiplicative inverse of 25.

1 Write down the least residue of:
a 20 modulo 9 b 7 modulo 2

¢ 120 modulo 15 d 91 modulo 20

2 Solve:
a x=30(mod7) b x =69 (mod?9)
¢ x = -60(mod 6) d x=-63(mod 11)
e x=-38(mod 17) f 2+x=3(mod9)
g x+5=21(mod?9) h x-3=50(mod 11)

3 Given that 27n = 81 (mod 15), show that n = 3 (mod 5).

4 a Use the Euclidean algorithm to show that 91 and 20 are relatively prime.
b Hence solve 91n = 455 (mod 20).

5 Solve:
a 10x =20 (mod 7) b 3x =9 (mod 8) CHint e e
¢ S5x=15(mod 3) d 3x=12(mod?9) congruence equations using
e 6x= 18 (mod 15) f 20x = 200 (mod 30) fhedivlonitcansellng

laws. Make sure your answer
represents all possible
solutions.
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'Y 6 a Write down the set of least residues modulo 12.
(P) b Find all the members of this set that satisfy 4x = 8 (mod 12).

E) 7 a Use the Euclidean algorithm to find integers ¢ and b such that 120a + 733b = 1. (4 marks)

b Hence solve the congruence equation 120x = 1 (mod 733). (1 mark)
(E) 8 a Use the Euclidean algorithm to find integers « and b such that 571a + 50b = 1. (4 marks)
b Hence write down the multiplicative inverse of 50 modulo 571. (1 mark)
¢ Solve the congruence equation 50x = 3 (mod 571) (2 marks)

9 Find the multiplicative inverse of:
a 7 modulo 10 b 3 modulo 4
¢ 12 modulo 37 d 70 modulo 99

10 Solve each of the following congruence equations.
a S5x=2(mod?7) b 5x =9 (mod 49) ¢ 3x=2(mod 78)
d 8x =7 (mod 13) e 15x =7 (mod9l) f 10x =9 (mod 27)

11 Solve each of the following congruence equations, or state, with a reason, if no solutions exist.
a 9x = 15 (mod 21) b 14x =13 (mod 21) ¢ 9x =12 (mod 15)
d 490x = 750 (mod 800) e 12x =9 (mod 18) f 15x =9 (mod 25)

@fP 12 Given that gcd(a, m) is the smallest integer that can be written as a linear combination of a and
m, prove that the equation ax = b (mod m), where a, b, m € Z, has no solutions if gcd(a, m) { b.
(4 marks)

@f P) 13 a Use the Euclidean algorithm to find the highest common factor of 80 and 702. (3 marks)

b Hence state the number of distinct solutions to the congruence equation 80x = 20 (mod 702)

in the set of least residues modulo 702. (1 mark)

¢ Find all of these possible solutions. (4 marks)

@fP 14 a Show that the congruence equation 39x = 10 (mod 216) has no solutions. (4 marks)
b Solve the congruence equation 39x = 9 (mod 216). (4 marks)

E/P) 15 Find all possible integers in the range 0 = n < 29 that satisfy 21n = 12 (mod 30). (5 marks)
(E/P) 16 Solve the congruence equation 25x = 6 (mod 277). (5 marks)

(E/P) 17 Find all possible positive integers, x, less than 100 that satisfy 28x = 20 (mod 100). (5 marks)

@ 18 Solve the congruence equation 70x = 20 (mod 925). (5 marks)
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m Fermat’s little theorem

= You can use Fermat’s little theorem to find least residues of powers quickly, and to solve some
congruence equations involving powers.

= Fermat’s little theorem states that, if p is a prime number and «a is any integer then

)
a’ = a (mod p) Problem-solving

In the case when a is not divisible : o
by p, you can write this result as You can p.rf)ve thlvs theorem by considering the product of the
T1 least positive residues modulo p. You do not need to know
ar-1=1 (mod p). 2 ;
the proof for your exam. —» Mixed exercise, Challenge
You can use Fermat's little theorem
to state without any calculation that, for example

322 =1 (mod 23) 23 is a prime number.
5001°1 = 500 (mod 101)
= 96 (mod 101) 101 is a prime number.

Find the least residue of 3202 modulo 11.

By Fermat’s little theorem, 3'° = 1 (mod 11) State that y.ou are l..IS.iI"!g Fermat’s little
= 3202 = 3200 x 32 = (31020 x 32 = 1 x 9 (mod 1) theorem. 3 |§ not dl:flSIble by 11 so you can
So 3292 = 9 (mod 11) use the version @~ = 1 (mod p).

If you have to solve a congruence equation with a prime modulus, you might be able to use Fermat'’s
little theorem.

If pis prime and p { @, then gcd(a, p) = 1, so ax = b (mod p) has exactly one solution in the set of least
residues modulo p.

ax = b (mod p) Multiply both sides by a7 2.

@2 ax = a’-2b (mod p) a’-?ag=a"'=1(mod p), by Fermat’s little theorem.

X =a”~%b (mod p)

= If a and b are positive integers and p is a prime number with p { 4, then
* a’-2is a multiplicative inverse of a modulo p

* the solution to the equation ax = b (mod p) is given by x = a”~2h (mod p).
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Find the solution to the linear congruence 7x = 10 (mod 11).

By Fermat’s little theorem,

72 x 7x =72 x 10 (mod 1) 77 is a multiplicative inverse of 7 modulo 11.
x =72 x 10 (mod 1) L
72=49 =5 (mod 1) = 72 = 2 (mod 1) x = a’~2b (mod p)

=7°=4(mod 1) = 7°=4 x 2 (mod !
So x =8 x 10 (mod 11)
x= 3 (mod 1)

Find the remainder when 2'°% is divided by 13.

)
Use multiplication modulo 11 to find the least
residue of 7°.

22 =1 (mod 13)

= 2996 = (21233 =1 (mod 13)

= 21000 = D996 x 24 = 24 = 16 = 3 (mod 13)
So the remainder is 3.

1 Find the least residue of:

a 33" modulo 7 b 5% modulo 17 ¢ 12812 modulo 17 d 97 modulo 11
E) 2 Find the least residue of 8% modulo 13. (3 marks)
@ 3 Solve the congruence equation 4x!' = 3 (mod 11). (5 marks)
(E/P) 4 Show that 220 + 330 + 440 4 5% 4 6% s divisible by 7. (5 marks)
E) 5 a State Fermat’s little theorem. (2 marks) m
. In part a, make sure you
b Hence, or otherwise, show that 2208 = 4 (mod 5).

E/P

® 6

state the conditions on a and p carefully.
(2 marks)

0

Using Fermat’s little theorem, show that the congruence equation x'* = 4 (mod 11) can be
reduced to x> =4 (mod 11).

b Hence, by inspection, find a value of x between 0 and 10 that satisfies this equation.

¢ Given that x satisfies x> = 4 (mod 11), explain why x + 11k also satisfies the equation for any
keZ.

7 Prove that 522+ 172 = 6 (mod 11). (4 marks)

(£/P) 8 By means of a counter-example, disprove the following statement.

For any integers a and p, a*~' = 1 (mod p) (2 marks)
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m Combinatorics

B Combinatorics is the branch of mathematics that deals with counting.

In GCSE you used the product rule of counting to work out numbers of possible combinations.
For example, if you have 7 different t-shirts and 3 different pairs of jeans, then thereare 7 x 3 = 21
different ways of choosing a t-shirt and a pair of jeans.

= If you can choose one item in m different ways, and a second item in » different ways, then
the total number of ways of choosing both items is m x n.

You can extend this rule to situations when you have to choose more than two items.

= If you need to choose & items, and the Ath m N —
. . . u y Ny XM X ... X1y,
item can be chosen in #, different ways, is the total number of possible combinations of these

then the total number of ways of choosing Kitems
all k items is n, x n, x ... X 0. '

A number plate consists of two letters, followed by two digits, followed by three more letters.
The letters can be chosen from the entire alphabet except the letters I, Q or Z, and the digits can be

chosen from 0 up to 9.

a Find the total number of different number plates that can be generated in this way.

All number plates registered in one particular region must start with the letter combinations CW
or CX.

b Find the total number of different number plates that can be generated in this way.

You could not list all the possible number plates

# BB IO IONSEX e N systematically. Use the product rule of counting.

= 643634 300

b 2x10x10 x 23 x 23 x 23 = 2433400 ——  The first two letters can be chosen in one of two
ways.
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Find the total number of 3-digit even numbers.

The first digit can be chosen in 9 different
ways. The first digit cannot be 0, but the second digit

The second digit can be chosen in 10 can.

different ways.
The number is even so the third digit must be

The third digit can be chosen in 5 different 0,2,4 60r8.

ways.

Total number of possibilities = 2 x 10 x 5
=450

You can find the number of combinations in more complicated situations by adding or subtracting
possibilities.

Find the total number of positive integers less than 1000 that contain the digit 5:

a exactly once b at least once
a I1-digit numbers: 1 possibility Consider each possible position for the 5
2-digit numbers: separately. If the 3-digit number is 5[ ][], then
1x9+8x1=9+8 =17 possibilities the second and third digits can each be chosen in
3-digit numbers: 9 ways (any digit except 5).
1% x4+ Sxl x99 +8 x9 %] If the number is []5[], then the first digit cannot
=81+ 72 + 72 = 225 possibilities be 0 so there are 8 x 1 x 9 possibilities.

In total, there are 1 + 17 + 225 = 243

possibilities Problem-solving

You could consider 1-, 2- and 3-digit numbers
simultaneously by allowing 0 in the first or second
digit: 1 x9x9+9%x1x9+1x9x9=243

b Number of positive integers less than Problem-solving

1000 that do not contain the digit 5: ;

1-diai Fdy There are 999 positive integers less than 1000.

-digit numbers: & possibilities )
Work out the number that do not contain the

Sl e Vi csbles digit 5, then subtract this from 999.
3-digit numbers:

& x 9 x 9 = 648 possibilities
In total. there are & + 72 + G48 = 728 You could also work this out by allowing 0 in the
first or second digitas 9 x 9x 9 - 1.The-1is

So there are 292 — 726 = 271 positive il . e
integers less than 1000 that contain the [5s08 _eFau_se YAUNBYEEOUNTE LIS
not a posmve mteger.

digit 5 at least once.
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B Aset S={1,2,3,4,5,6}. Find the total number of possible subsets of S.

S contains 6 elements.

Each element can be either selected for the m A subset of S'is a set whose elements
subset or not selected. are all contained in S. Examples of subsets of §
are {2, 4, 6} and {3}. S'is a subset of itself, and the

So the total number of possible subsets is !
empty set, {} or @, is also a subset of S.

given by:
2x2x2x2x2x2=2°=¢4

= If a set S contains n elements, then the total number of possible subsets of S'is 2”.

A group of 10 students are being selected to clean up a local park. Given that at least one student
must be selected, how many different groups of students could be selected to clean up the park?

There are 10 students.

So there are 2'° = 1024 possible subsets of Each subset represents a different possible group
the group of students. [ of students.

At least one student must be selected, so

the total number of possible groups is m Subtract 1 as you can't have the

210 _ 1 =1023 empty set (no students) in this case.

You can use the product rule of counting to determine the
number of ways n items can be arranged.

Suppose you have 5 different textbooks that you want to arrange on a shelf:
Maths (M), Physics (P), English (E), Biology (B), and History (H).

Each book can be placed in one of five positions:

—

1 23 45

You can put any book in position 1, so you have five choices. Once you have placed the first book (your
maths book, for example), you have four different choices for the book you can place in position 2:

1 2 3456 1 2 345 1 2 345 1 & 3 45
Once you have placed books in positions 1 and 2, you have three different choices for the book you

can place in position 3:
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Once you have placed the first three books, there are two books available for position 4, and only one
book available for position 5. So, the number of ways of arranging all 4 books is

5x4x3x2x1=120=5!

= There are n! different ways of placing n items in order. m This is also called the
number of permutations of » items.

Consider the letters ABCDEF.

a Find the number of different strings of length 6 that can be written using these letters exactly
once each.

b Find the number of these strings that contain:
i the substring DEF ii the letters DEF together in any order.

This is the number of permutations of 6 distinct

a 6l =720 :
items.

b i Consider 4 items: A, B, C, and DEF
The number of possible permutations of

DEF must appear in this order. Consider them as
a single block. The remaining letters, 4, B, and C
can be placed arbitrarily.

these four items is 4! = 24.
There are 24 strings containing the
substring DEF.

ii There are 4l = 24 permutations
containing the string DEF in order.

The string DEF can be arranged in
Use the multiplication principle. If there are m

ways an event can occur followed by n ways a
second event can occur, then there are a total of
m x n ways that the two events can occur.

3l = € different ways.

So there will be 4] x 3| = 144 ways of
arranging them.

There are 144 strings containing DEF
together in any order.

In the above example you were arranging all 6 of the items you were given. In many cases, you may
want to arrange a subset of the whole collection rather than the entire collection. For example,
suppose you want to shelve 3 of 5 books rather than all 5.

You now only have three positions. In the first position you can select any of the 5 books (your maths
book, say). In the second position you can choose from the four remaining books, as shown here:

ME. . ML, .. M8, . MH

[ —

1 23 123 1 23 1 2 3

In the third and final position, you only have three books m B I e Ruore O
remaining to choose from: using GeoGebra.
MPE MPB MPH
1 2 3 1 2 3 I 2 3

In total, there are 5 x 4 x 3 = 60 ways of shelving the books.
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5x4x3x,2’><,1’_51

B You can write 5 x 4 x 3 in factorial notation as

ZxY — il

= The number of possible permutations of r items taken from a set of n items, where n = r, is

given by
- m "P, or 'n permute '
P, = _' ; is sometimes written as ,P,, P!
(=) or P(n, r). Your calculator might
have a key marked .

You can see why this result is true by imagining that you are arranging r books on a shelf, chosen from
a collection of n books. The book in the first position can be chosen in n ways. The book in the second
position can be chosen in (n — 1) ways, and so on up to the book in the rth position, which can be
chosen in n — (r— 1) ways.
n n-1n-2n-3 n-(@-1)
| S S l
1 2 3 4 T

The total number of arrangements is

n!
(n—r)

"Po=uxin-Nxk-Dx..xh-r+l)=

15 runners compete in a cross-country race.
Find the number of different ways the top 6 positions can be filled.

15 Since the runners are all different, this is a

(15 — ) Selalehe permutation of 6 items taken from a set of 15 items.

15p_ =
PG—

If some of the objects are identical, this reduces the total number of possible unique permutations.
Suppose you wanted to permute the letters in the word CARRIER. This word contains the letter R
three times. If you counted the number of possible permutations using the rule above you would
count 7! = 5040 arrangements. But you would have counted some identical arrangements more than
once. For example, if the Rs are denoted as R;, R, and R;, then you have counted R,CER,AR;l and
R,CER,AR,| separately, even though they represent identical strings of letters.

In any string, the three Rs can be arranged in 3! = 6 different ways, so you have counted incorrectly by

!
a multiple of 6. The correct number of permutations is % = 840.

= The number of permutations of » items, of which r are identical, is given by :—:

= The number of permutations of n items, of which r, are identical, r, are identical, and so on,
n!

is given by P X Pl X onn
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Find the number of possible different permutations of the letters in the word WINNINGS.

This is a set of 8 items in which:
2 are identical (l)
3 are identical (N)

So the total number of permutations is

8] n=38,r =2, r;=3.There are no other repeated
= 3360
3l x 2| letters.

When you were calculating permutations of objects, the order of the objects was important.
For example, when you were shelving 3 books from a set of 5 different books you wanted to count
M PE separately from EPM.

Suppose now that you are interested in the number of ways of choosing 3 books from a set of
5 books if order is not important.

You already know that there are ; = 60 ways of choosing the books in order. This includes,

5!
(5-3)!

for example, all possible permutations of the set {M, P, E}:
MPE, MEP, PME, PEM, EPM, EM P

In this instance, you only want to count 1 for all of these

possible options, so you need to divide the total number @ Explore combinations O
of permutations by the number of ways of permuting using GeoGebra.

3 items, or 3!

51
———=10
(5 - 3)!I3!

= The number of possible combinations of r m XC: or'nchoose 1[5 somietimes
items (in any order) taken from a set of written as as ,C,, C" or C(n, r). Your calculator

The number of ways of choosing 3 items (in any order) from a set of 5 items is

nitems, where n =, is given by might have a key marked [nCr]. You have
n n! encountered it before in your work on the
G (r) = =it binomial theorem. ¢ Pure Year 1, Chapter 8

This is the number of ways of choosing r items in order divided by the number of possible orderings
of those r items:
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B In a lottery game you choose 6 numbers from a choice of 45 by ARIEIEIEE]
shading in a grid. [7](8][]f0|A1IA2]
6 numbers are selected at random and if you match all six you win %EE
a jackpot prize. 125|126/ 27]/28] 2910
Find the probability of winning a jackpot prize. [31](321[33] 34| 3536

[37](38][39] /a0 [a1][42]
[43][44)[45] LoTTO
435) _
(*°) = 8145060
1 Order is not important, and you need to have the
Fl kpot) = ——————
kPl 8145 060 exact combination to win.

In poker, a deck of 52 different cards is used. There are 13 cards in each of four suits.
A hand is made up of five cards, arranged in any order.
a Work out the total number of different hands that are possible.
A flush is a hand containing five cards of the same suit.
b Work out the number of hands containing five cards of the same suit.
Four-of-a-kind is a hand containing four cards of the same value, such as four 7s, or four queens.
¢ Work out the number of four-of-a-kind hands.
The player can arrange their cards in any order,

a (552) = 25989¢0 " sowork out (552)

There are (153) ways to get a flush in each suit,

b(?]x4=5w8
' and four suits.

The four-of-a-kind can be one of 13 values, and
c 13 x486 =624 the remaining card can be chosen in 52 — 4 = 48

different ways. Use the product rule of counting.
Example @

Theset S={1,2,3,4,5,6,7,8}. Find:

a the number of subsets of S containing exactly 4 elements

b the number of different 4-digit numbers that can be made using the elements of S. (Each element
can be used only once.)

a (2) =70 Order is not important in a subset, so use (2)
b 8P, = 1680 Each element in S is distinct and you need to

choose 4 of them in order.
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B 1 Evaluate:
a SP; b 5C, ¢ 2P, d 8P, e 0C, f 100C,

2 You are buying a computer and have the following choices:
* three types of hard drive
* two memory capacities
» four types of graphics cards.

Find the total number of possible configurations for this computer.

3 A set menu in a restaurant has a choice of 3 starters, 4 main courses, and 3 desserts.
Find the total number of possible combinations of courses.

4 A multiple choice test consists of 12 questions, each with four possible options.
Find the total number of possible ways of answering these 12 questions.

@f‘B 5 The lock on a briefcase has three dials. The first dial can be any letter and the last two dials can
be any digit from 0 to 9. Here is one possible combination:

Z][0][3]

a How many different ways are there of setting the code? (2 marks)

A different suitcase has four dials. The first two dials can be any letter from A to E, and the last
two dials can be any even digit greater than 0. Here is one possible combination.

[ClC]2]{4]

b How many different ways are there of setting this code? (2 marks)

(E/P) 6 A password uses the digits 0, 1,2,3,4,5,6,7,8,9.

The password must consist of 3 distinct odd digits followed by any other three distinct digits.
No digits are repeated.

Find the total number of passwords that can be generated in this way. (2 marks)

7 Find the total number of 5-digit odd numbers that do not contain the digit 0. (3 marks)

8 Find the number of three-digit numbers that contain the digit 7
a exactly once (2 marks)

b at least once (3 marks)

9 Alison has 7 different textbooks. Find the number of different ways of shelving:
a all 7 textbooks b 2 textbooks ¢ 5 textbooks

E) 10 The 11 members of a football team are each assigned a number from 1 to 11.
Work out the total number of possible assignments of numbers to players. (2 marks)
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Jonjo has the number cards [5][6]

a Find the number of different:

i 5-digit numbers ii 3-digit numbers

he can make with these number cards. (4 marks)
Jonjo adds an extra number card showing [7].

b Find the number of different 6-digit numbers Jonjo can now make. (2 marks)

Find the number of possible different arrangements of the letters in the word REDEEMED.

(3 marks)
Four couples are sitting in a row of eight seats at a cinema.
Find the number of possible seating arrangements if:
a there are no restrictions on who sits where (2 marks)
b the two members of each couple must sit next to each other. (4 marks)

A lottery game at a féte requires players to choose four different numbers from 1 to 10.

At the end of the day, four balls are chosen at random, without replacement, from 10 balls
numbered from 1 to 10.

A player who matches all four numbers wins a star prize.

Find the probability of winning a star prize. (2 marks)

A photography club has 17 members. The club has to elect three officers: president, deputy,
and treasurer.

a Find the total number of ways that the three officers can be elected from the members.

(1 mark)
The 17 members of the club consist of 10 females and 7 males.
b Find the total number of ways that the three officers can be elected such that:
i the president is female
ii the president and deputy are of the same gender
iii the three officers are not all of the same gender. (4 marks)

The club decides to elect three officers of any gender, and not to assign specific roles to each
of them.

¢ Find the number of ways in which this could be done. (2 marks)

The digits 1, 2, 3,4, 5, 6,7, 8, 9 are to be used to generate a 4-digit number. Each digit can be
used more than once. Find the total number of possible numbers with:

a no repeated digits, such as 6519 (2 marks)
b one repeated digit, and two distinct digits, such as 2717 (2 marks)
¢ two repeated distinct digits, such as 3993. (2 marks)

Theset S={1,2,3,4,5}.
a Find the total number of possible subsets of S. (2 marks)

b Find the number of subsets of S which contain 3 elements. (2 marks)



E/P

18

The set S = {n € Z*: n < 1000 and n is divisible by 9}

a Find the number of elements in S.

b Find the number of subsets of S which contain 3 elements or fewer.

Number theory

(2 marks)
(3 marks)

A school chess club consists of 9 boys and 12 girls. A team of four members is needed for an
upcoming competition.

a Find the total number of teams that can be formed.

b How many of these teams have the same number of boys and girls?

¢ How many of these teams have more boys than girls?

(2 marks)
(2 marks)
(3 marks)

A shipment of 100 hard disks contains 4 defective disks. A sample of 6 disks is chosen for

inspection.

a Find the total number of possible samples.

b Find the probability that this sample contains at least 1 defective disk.

(2 marks)
(3 marks)

The England football World Cup squad consists of 23 players. A starting team of 11 players
is to be chosen for the first match in the group stage. Calculate the total number of different
possible teams in each of the following circumstances.

a Any player can play in any position, and positions are not assigned.

(2 marks)

b Any player can play in any position, and each player is assigned to a unique position.

(2 marks)

¢ Players must be chosen from the following specialisms, but positions are not assigned within

each specialism.

Specialism Goalkeeper | Defender | Midfielder | Forward
Number of players available 3 10 5 5
Number of players to be chosen 1 5 3 2

Challenge

The diagram shows a 4 x 4 grid with a route from the bottom left (4) to

the top right (B) shown.

B

A

a Given that routes may only travel along grid lines to the right, or up,
find the number of different possible routes from 4 to B on this grid.

b Find an expression for the number of such routes on an n x n grid.

(3 marks)
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@1
EP 2

EP) 3

(E/P) 4

38

Use the Euclidean algorithm to find the greatest common divisor of 60 and 444. (2 marks)
a Use the Euclidean algorithm to show that 150 and 721 are relatively prime. (3 marks)
b Hence find integers @ and b such that 150a + 721 = 1. (4 marks)
¢ Use your answer to part b to find integers p and ¢ such that 150a + 721b = 5. (1 mark)
a Use the Euclidean algorithm to show that 21 and 362 are relatively prime. (3 marks)
b Hence find a solution to the equation 21x + 362y = 10, x, y € Z. (5 marks)
a Use the Euclidean algorithm to find the highest common factor of 99 and 507. (3 marks)

b Find integers ¢ and b such that 99a + 5075 = 24. (5 marks)

International Standard Book Numbers (ISBNs) are used to identify books. 10-digit ISBNs
contain a final ‘check’ digit, which is chosen so that the sum of each digit multiplied by its
position (starting from the right) is equal to 0 (mod 11). If a final digit of 10 is needed then the
character X is used. For example, this book has 10-digit ISBN 1292183365.

ISBN digit 1 2 9 2 1 8 3 3 6 5
Position multiplier 10 9 8 7 6 5 4 3 2
Product 10 | 18 | 72| 14 6 | 40 | 12 9 12 5

The sum of the products is 198 = 0 (mod 11), so this is a valid ISBN.
a Show that 0521735254 is a valid ISBN.
b The first 9 digits of some ISBNs are given below. In each case determine the final ‘check’

digit:

i 014143976 ii 046502656
Find the remainder when 23 is divided by 7. (4 marks)
Show that 99°! + 51%° = 50 (mod 100). (3 marks)
Show that 50°° = 1 (mod 7). (2 marks)
Find the units digit in 3'%, (3 marks)
Find the remainder when 13% is divided by 170. (3 marks)

Use divisibility tests to show that the number 335049 is divisible by both 3 and 11.
Show your working clearly. (2 marks)

N is a 3-digit number abc, so that N = 100a + 10b + ¢, where a, b, c € {0, 1,2,3,4,5,6,7, 8,9}
and a # 0.
Prove that 3| N if and only if 3|(a + b + ¢). (4 marks)
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13 The following 7-digit number has two missing digits.

61[a]116[B]

Given that the number is divisible by both 9 and 11, find the value of the sum of the missing
digits. (3 marks)

14 A 5-digit number N has two missing digits.
N=7[a]28

Given that N is divisible by both 4 and 11, find all the possible values of N. (4 marks)

15 Nis a 3-digit number satisfying 100 = N = 999.
N can be written as abc, so that N = 100a + 10b + ¢, where a, b and ¢ are integers between
0 and 9, with @ # 0. N has the following properties:
* Nis divisible by 9
* N=10(mod 11)
* The sum of the digits of N is odd.

Find all possible values of N, showing your working clearly. (6 marks)
9 16 a Use the Euclidean algorithm to find integers « and b such that 75a + 299b = 1. (4 marks)
G b Hence solve the congruence equation 75x = 5 (mod 299) (2 marks)

(E/P) 17 a Use the Euclidean algorithm to find the highest common factor of 60 and 741. (3 marks)

b Hence state the number of distinct solutions to the congruence equation 60x = 30 (mod 741)

in the set of least residues modulo 741. (1 mark)

¢ Find all of these possible solutions. (4 marks)

(E/P) 18 Find all possible integers in the range 0 < n < 19 that satisfy 14n = 6 (mod 20). (5 marks)
@ 19 Solve the congruence equation 31x = 2 (mod 500). (5 marks)
E/P) 20 a Explain why the congruence equation 39x = 5 (mod 600) has no solutions. (4 marks)
b Solve the congruence equation 39x = 6 (mod 600). (3 marks)

CE 21 a State Fermat’s little theorem. (2 marks)
b Hence, or otherwise, find the least residue of 725 modulo 13. (2 marks)

E/P) 22 Solve the congruence equation 10x!'"' = 3 (mod 11). (3 marks)

ind the total number of positive integers less than that contain the digit 9:
23 Find th al b fp itive i gers | han 5000 th in th d'g' 9
a at least once (4 marks)

b at least twice (2 marks)
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Paulo has the five letter cards

a Find the number of ways these letters can be arranged. (2 marks)

b Find the number of these arrangements that contain:

i the word

ii the letters in the word arranged in any order. (4 marks)
Find the number of possible different arrangements of the letters in the word MUSKETEER.
(3 marks)
Five adults and five children take it in turns to serve themselves from a buffet.
Find the number of possible orders of people if:
a there are no restrictions on order (2 marks)
b all the adults must serve themselves first. (3 marks)

To play the EuroMillions lottery, you must select 5 different numbers from 1 to 50, and
2 different Lucky Stars from 1 to 12. Find the total number of different ways of selecting these
7 numbers. (4 marks)

An artist has n different colours available. She can mix colours in any combination to create
new colours. Assume that any unique combination of colours produces a unique colour.

Given that the artist can create more than 500 different colours, find the least possible number
of different colours she has available. (3 marks)

A set S contains 7 distinct elements.
a Write an expression for the number of different subsets of S containing 3 elements. (1 mark)

b Write an expression for the total number of different subsets of S. (1 mark)

¢ By considering subsets, or otherwise, show that 2(};) =% (3 marks)

Challenge

In this question you may assume Bezout's identity and the division
(cancellation) laws for modular congruences.

Euclid’s lemma states that if p is a prime number and p | ab, where q,
b € Z, then either p|a or p| b (or both).

Using Bezout's identity, prove Euclid’s lemma.

Fermat'’s little theorem states that if p is a prime number then
a? = a(mod p)

Let @ be a positive integer not divisible by p.

40

Prove that when the numbers {g, 24, 3q, 4a, ..., (p — 1)a} are reduced
to least residues modulo p, they are exactly the members of the set
{1,2,3,4,....,p— 1}, in some order.

By considering the product of all the numbers in each set, prove that
a? = a[mod p)
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Summary of key points

1 Ifaand b are integers with a # 0, then b is divisible by « if there exists an integer k such that
b = ka. In this case, we say that a divides b and denote this by a | b. If a does not divide b, then
we write a t b.

2 Foranya, b, c € Z, witha #0:
« a|a (every integer divides itself)
« a|0 (0is divisible by any integer)
calbandb|c=a|c
calbanda|c=a|bn+cmforallmne Z
calbean|bnforallne Z,n#0
« If a and b are positive integersand a | thena =< b

3 Thedivision algorithm: If ¢ and b are integers such that b > 0, then there exist unique
integers g and r such that a =bg + r, with0 = r < b.

« Begin with values of @ and b.
+ Set g equal to the greatest integer that is less than or equal to%
« Setr=a-bg.

&4 Ifa, b, and care integers and ¢ # 0, then ¢ is called a common divisor of ¢ and b if ¢|a and ¢ | b.

5 The greatest common divisor of two integers @ and b is a positive integer d that satisfies
the two conditions:

« dlaand d|b
« if ¢is a common divisor of ¢ and b, thene = d

6 The Euclidean algorithm: Given positive integers a and b with a = b:
« Apply the division algorithm to @ and b to find integers ¢, and r, such that
a=qb+r,where0=<r <b Ifr;=0,thenb|aand gcd(a, b) =b.
« If r, £ 0, apply the division algorithm to b and r; to find integers ¢, and r, such that
b= qor,+ 1, where 0 =< r, <r.Ifr, =0, then gcd(a, b) = ry.
« If r, £ 0, continue the process. This results in the system of equations:
a=q,b+r,
b=qg,r+7,

] S g =0

rn—E = q}’i rn—l + rﬂ
rn—l = 4n+1 rn +0

The last non-zero remainder in this process, r,, is the greatest common divisor of a and b.
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Bezout's identity states that if « and b are non-zero integers, then there exist integers x and
y such that gcd(a, b) = ax + by.

+ Two integers a and b are relatively prime if gcd(a, b) = 1.

+ The integers a and b are relatively prime if and only if there exist integers x and y such that
ax+by=1.

Let m be a positive integer. If « and b are integers, then a is congruent to » modulo m if
m|(a—b).

a = b (mod m) if and only if @ and b leave the same remainder when they are divided by m.

If a, b € Z, then a = b (mod m) for some positive integer m if and only if there exists an
integer k such that a = b + km.

Properties of congruences:

+ a=0(mod m) if and only if m | a

« a=a(modm)

« If a = b (mod m), then b = a (mod m)

« Ifa= b (mod m) and b = ¢ (mod m), then a = ¢ (mod m)

Leta, b, ¢, d mne Zand m, n > 0, with @ = b (mod m) and ¢ = d (mod m). Then:
s atc=b+d(modm)

« ac = bd (mod m)

« ka= kb (mod m)

« g"= p" (mod m)

An integer is divisible by:

+ 2if and only if its last digit is even
+ 5if and only if its last digit is 5 or 0
+ 10 if and only if its last digit is 0

A number N with decimal digits @, a,_,a,_, ... a; a, can be written as
10%a, + 10"ta,_, + 10"2a, , + ... + 10a, + a,

An integer is divisible by:

+ 3if and only if the sum of its digits is divisible by 3

+ 4if and only if the two-digit number formed by its last two digits is divisible by 4
+ 6if and only if it is divisible by both 2 and 3

+ 9if and only if the sum of its digits is divisible by 9

+ 11 if and only if the difference between the sum of its digits with even position and the
sum of its digits with odd position is divisible by 11.
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Theset {0, 1,2, 3,...,n—1}is called the set of least residues modulo 7.

Let @, b, m € Z, with m > 0 and gcd(a, m) =d.
« If d1 b, then the equation ax = b (mod m) has no solutions
« If d| b, then the equation ax = b (mod m) has d solutions in the set of least residues modulo m

« If ka = kb (mod m) and gcd(k, m) = 1, then @ = b (mod m).

« If ka = kb (mod m) and gcd(k, m) = d, then a = b(mod %)

A multiplicative inverse of @ modulo m is an integer p that satisfies ap = 1 (mod m).
The multiplicative inverse exists if and only if gcd(a, m) = 1.

Fermat’s little theorem states that, if p is a prime number and « is any integer, then
a’ = a (mod p)
In the case when a is not divisible by p, you can write this result as @”~! = 1 (mod p).

If « and b are positive integers and p is a prime number with p { g, then
+ a’?%is a multiplicative inverse of « modulo p
+ the solution to the equation ax = b (mod p) is given by x = a?~2h (mod p).

« If you can choose one item in m different ways, and a second item in n different ways, then
the total number of ways of choosing both items is m x n.

« If you need to choose k items, and the kth item can be chosen in n;, different ways, then the
total number of ways of choosing all k items is n; x 1, x ... x .

If a set S contains n elements, then the total number of possible subsets of S'is 2.
There are n! different ways of placing n items in order.
The number of possible permutations of r items taken from a set of n items, where n = r,

n!
(n—n!

is given by "P, =
[
The number of permutations of n items, of which r are identical, is given by %

The number of permutations of #n items, of which r; are identical, r, are identical, and so on,

. n!

is given by ———MM8
g yrl!xr_;_!x...

The number of possible combinations of r items (in any order) taken from a set of n items,

n) __nl

r (n— !

where n = r, is given by "C, = (
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Groups

After completing this chapter you should be able to:

® Know and use the axioms for a group - pages 45-51
® Use Cayley tables and describe properties of cyclic

groups -» pages 51-63
e |dentify the order of an element and that of a group - pages 64-72
e |dentify subgroups of a group - pages 67-72
® Use Lagrange’s theorem - pages 68-72
®

Recognise and describe isomorphism between two
groups -» pages 72-79

1 The functions f and g are defined as:
fx)=x2+1,xeR
glx)=|x-3,xeR

Find: a fg(1) b gf(1)

« Pure Year 2, Chapter 2
2 Findne{0,1,2,3, 4,5, 6} such that:
a 12=n(mod7) b 3*=n(mod7)
¢ 2n=1(mod7) d 6 =n(mod7)

« Section 1.3
ol

=il 3

50
Z 1

3 M= (

a MN b detN ¢ N!
< Core Pure Book 1, Chapter 6

)andN:( ).Find:
Analysis of the symmetry groups
of molecules has led to the

discovery of new molecular

structures such as carbon i
nanotubes, the strongest and g8 b arotation through 90° anticlockwise about the
stiffest material known to man. a ) origin. « Core Pure Book 1, Chapter 7

4 Write down the 2 x 2 matrix corresponding to:
a areflection in the x-axis




@ The axioms for a group

You have encountered sets of numbers previously in your course, but a set can be any collection of

distinct objects.

= A binary operation on a set is a calculation
that combines two elements of the set to
produce another element of the set.

Some binary operations occur naturally in
mathematics. For example, the operation

of addition (+) on the set of integers, Z, is a
binary operation, as it combines two integers to
produce a third integer.

Similarly, matrix multiplication is a binary operation
on the set of 2 x 2 matrices with real elements.

S={x+p3:x, yez}

Show that addition is a binary operation on S.

let s, =a + b3, s =c¢ +d/3 where a, b, ¢, d € Z.

si+S=a+b3+c+d/3=(@+c)+ (b +dV3 1

Asa b,e,deZ, a+ceZandb+de Z.

So & + 5, € S, and therefore addition is a binary ~
operation on S.

You can say that the set S'is

S={a, b, ¢ ..} means that the set

S contains the elements, a, b, ¢, ...
You can write ¢ € S to show that «, for
example, is a member of S.

m The order in which the elements

of the set are combined in a binary operation
is important. For example, subtraction (=) is a
binary operation on the set of real numbers,
butin generala—b# b - a.

Define two elements of the set.

Add the elements.

Use properties of integers to show that the
sum is also a member of S.

closed under addition.

Show that the set of natural numbers, N = {1, 2, 3,4, ...}, is not closed under subtraction.

For example, 4,5 € N, but 4 -5 =1 & N. «————  You only need to find one counter-example to

show that N is not closed under subtraction.

For the set of integers, Z, and the binary operation of addition, the number 0 has the property that,
for any integer a € Z, a + 0 = a. You say that 0 is an identity element of Z under addition.

= An identity element of a set S under a
binary operation  is an element ¢ € S such
that, for any elementa € S,ase=c¢+a=a.

Binary operations do not always

have to correspond to familiar operations such
as +, —, x or + You sometimes use the symbols
# Or o to denote an unfamiliar or general
binary operation.
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An identity element depends on both the set and the binary operation, and does not necessarily exist.
For example, the set of natural numbers N does not contain 0, so does not have an identity element
under addition. However, the number 1 € N satisfiesa x 1 =1 x a = @, so N does have an identity
element under multiplication.

Prove that an identity element of a set S under a binary operation must be unique.

Let * denote the binary operation on S.

Let e and f be identity elements, with e, f € S.

exf=f eis an identity element and f'€ Ssoe * f=f.
exf=e

Soe=f L Similarly, because f'is an identity element,
Hence any two identity elements in S must be exf=e.

equal, so the identity element must be unique.

The set of integers Z under the binary operation of addition has identity element 0. The integers 4
and -4, for example, are such that —4 + 4 = 4 + (—4) = 0. You say that 4 and —4 are inverse elements
of each other.

= Let S be a set and = be a binary operation on S. m T —
If an identity element ¢ exists, and there exist

elements aq, b€ Ssuchthataxb=b+a=e,
then a is the inverse of b and b is the inverse of a.

The binary operation # on the set of real numbers is defined asa * b =a + b + ab.

a Find a real number e that satisfies the property a * ¢ = a for all « € R.

The real number m has inverse mi~! that satisfies the property m = m~! = e.

b Express m! in terms of m.

a axe=a Set up and solve an equation.
== a+e+ae=a
= e+ae=0

= e(l+a)=0
SinceO=(1+a =0foralaeR,
O satifies a * e = a for all a € R.

0 is the identity element for this binary operation
onR.

b ms=m'=0
= m+m' +mm' =0

= m+(1+mm'=0
m The real number —1 has no inverse under this
Som' = - m # —1 g ;
binary operation.

m+1
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Consider three elements of Z under the binary operation of addition. For example, 6, 3,99 € Z:
6+(3+99) =6+102=108
(6+3)+99=9+99=108

So 6+ (3+99) =(6+ 3)+99. This is an example of the associative property of addition.

= A binary operation = on a set S'is associative if, forany a, b, c € S,
ax(bxc)=(axbh)+c

A binary operation on R is defined by ¢ o b =ab + 1.

Show that » is not associative.

Consider the elements 2, 3, 4 € R. Problem-solving

20(304)=2(3x4+1
( ) =2 53 ) : In order for the operation - to be associative,

= 2x13+1=27 it must satisfy a e (b c) = (a < b) o ¢ for any
N a, b, c € R. If you can find three real numbers

(ERSEIdEE 5o 0 which do not satisfy this condition, then you have
= Tan shown that - is not associative.
= Fowd =29

S0 20 (304)# (20 3)e 4, so the operation

o is not associative. Write a conclusion.

You can use the properties of binary operations to define a group.

» If Gis a set and = is a binary operation m e
deﬁne.d on G, the.n (G, %) is a group if the binary operation that satisfies these four axioms.
following four axioms hold: A set on its own is not a group.

e Closure: foralla, he G,axbe G

* Identity: there exists an identity element @ If + is a binary operation, then the closure
ec G,suchthatforallac Gaxe=exa=a axiom is true by definition. However, when asked

« Inverses: for each a € G, there exists an to show that (G, #) is a group, you must still check
inverse element ¢! € G such that the closure axiom.

ax*al=alra=e

» Associativity: foralla, b,ce G,a=(b+c)=(a*bh) = c

Show that:
a the set of integers forms a group under addition

b the set of integers does not form a group under multiplication.
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a Closure: The sum of two integers is an integer,
so the set is closed under addition.
Identity: forallne€e Z, n+0=n=0 +n.
O € Z so there is an identity element.
Inverses: Forallne Z, n + (-n) = (-n) + n = O.
—n € Z so —n is the inverse of n.
Associativity: a+ (b+c)=a+b+c=(a+b) + ¢ —
foralla, b, c € Z.
Hence the set of integers forms a group under
addition.

b ForallneZ nx1=1xn=n
So the identity element is 1.

O is an integen but there is not an integer n
such that O x m= 1.
The inverse axiom fails, so the set of integers

does not form a group under multiplication.

m You can write this group as (Z, +).

List each axiom and explain why it holds for
integers under addition.

m Check that inverse elements

are members of the set. If the question was
about ‘positive integers’, then the negative
of each integer would not be a member of
the set.

It is possible to prove associativity more
formally. In your exam, you will be told if
you can assume that the associativity axiom
holds. — Exercise 2A, Challenge

Problem-solving

You only need to show that one of the four
axioms fails. For the inverse axiom to hold,
every element in the set must have an
inverse. You could also say that there is no
integer n such that 2 x n = 1.

The operation * is defined by @ « b = a + b — 1, where a and b are real numbers.

Determine whether the set of real numbers under the operation * forms a group.

Closure: The real numbers are closed under addition

and subtraction, so a + b = 1is a real number.

Identity: a * 1=a+1-1=a
1*a=1+a-1=a

1is a real number.

So the identity element is 1.

Inverses: a * (2 —a)=a+ (2 —a)—1="1
P-a)+a=2-a)+a-1=1

If @ is a real number , then 2 — a is a real number

The inverse of each element a is 2 — a.

Associativity:

(axbh)sc=@+b-1N*xc=(@@+b=-1)+c-1
=a+b+c-2

axbsc)=axsb+c-1)=a+b+c—-1 -1
=a+b+c-2

Therefore * is associative.

m You must check that that

the identity works when applied in either
direction,sothata*e=ex*a=a

Remember to show inverses in both
directions.

Show that the associativity axiom holds.

Hence the set of real numbers form a group under *. «——— All four group axioms hold, so (R, #) is a group.
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Prove that, for all elements «, b in a group (G, *), there exists a unique element ¢ such that a * ¢ = b.

Existence: Let ¢ = a™' * b L Start by proving that such an
a' € G (by inverse axiom) and a' * b € G (by closure axiom) element exists, and then prove
Thena * ¢ =a* (a' * b)= (a * a') » b (by associativity axiom) that it must be unique.

=€ % b = b

Unigueness: Assume there is a distinct element d € G which also
satisfies a * d = b.

Thend=exd=(a"%a)+d=a'* (a=*d) (by associativity axiom)
a'*b

i) b=axc

=g %:q) #:¢
=% 0=

So d = ¢, which is a contradiction, so ¢ must be unique.

m Similarly, there is a unique element /'€ G which satisfies

[f#*a=b.These two properties are called the latin square property,
and are important when constructing Cayley tables. = Section 2.2

Exercise @

1 S={x+yW3:x,yeZ}
Determine whether each of the following is a binary operation on S.

a subtraction b multiplication m VAl e toe tar T et har
¢ division S'is closed under each operation.

2 Determine whether each set is closed under the operation *.

xiy!
a positive integers, x * y = x—i} b real numbers, x * y= /X +y
¢ odd numbers, x * y = x2y d complex numbers, x * y = |x| + |y]

3 For the set C of complex numbers under the binary operation of multiplication,
a state the identity element

b find the inverse of 1 + i, giving your answer in the form a + ib.

4 For the set of matrices of the form (g (1)), a € R, a # 0, under matrix multiplication,

a state the identity element b find the inverse of (g ?)

5 Determine whether each of the following operations is associative over the real numbers.
a x*y=x)? b x*xy=3%

c xxy=|x]+|y d x*«y=xy+x+y
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Determine whether each of the following pairs of sets and m Posttive means that 0
operations form a group. You may assume that the real e eclide

numbers are associative over addition and multiplication.

a positive real numbers, x b integers, +

¢ odd integers, + d even integers, x

e real numbers, — f positive rational numbers, +

The operation * on the set of rational numbers, Q*, is defined by a * b = %
a Prove that @ is closed under *.

b Show that this binary operation does not have an identity element.

The operation = on the set of positive integers Z+* is defined by a * b=a + b — 2.

a Determine whether or not * is;
i closed ii associative (3 marks)

b i Find the identity element for x.

ii Hence show that Z* does not form a Problem-solving Find an element

group under . (4 marks) of Z+ that does not have an inverse.

The operation x* is defined by a = b = ab + a, where a and b are real numbers.
Show that R does not form a group under =*. (4 marks)

Show that the set of integer-valued 2 x 2 matrices forms a group under addition.
You may assume that addition of integers is associative. (5 marks)

Show that the set of 2 x 2 diagonal matrices (g 2)’ with 4 # 0, forms a group under

matrix multiplication. (4 marks)

Let M be the set of matrices of the form (g ﬁ) a,b,ceR,and a # 0 and ¢ # 0.

Prove that M is a group under matrix multiplication. (6 marks)

Show that the set of functions of the form f(x) = ax + b, where @, b € R and a # 0,
forms a group under function composition. (6 marks)

Prove that for any element @ in a group, the inverse of « is unique. (2 marks)

Prove that for all elements g, b in a group (G, *),

a @ )y'=d b (asb)y'=b'%qg’!
A set G forms a group under the operation of Problem-solving BN TP,
multiplication. For a4, b € G, prove that e

on the left and 5! on the right.
a*h? = (ab)? = ab = ba (3 marks)



17 A group (G, °) contains elements @ and b such that
a and b are self-inverse.
Given that a o b = b o a, prove that a o b is also
self-inverse. (4 marks)

Challenge

The set N?is the natural numbers including 0. The Peano axioms
for defining this set are:

1
2
8
4

5

0eN°

For any a € N there exists a successor S(a) € N°.

0 is not the successor of any number.

Form, n € N° m = n < S(m) = S(n)

If a set N contains 0, and a € N = S(a) € N, then N = N°

a Prove that N° must contain an infinite number of elements.
You can define addition (+) on the set N° as follows.

For any a, b € N°,
6 a+0=a
7 a+5S(b)=Sa+b)

b Using this definition of addition, prove by induction that, for
anya, bceNS (@a+b)+c=a+{b+0)

Cayley tables and finite groups

Groups

Problem-solving BNl

of a group x is self-inverse if
=

Problem-solving

The Peano axioms are a formal
way of defining natural numbers:
1=5(0)

2 =5(1) = 5(5(0))

3 =5(2) = 5(5(5(0))

and so on.

In the previous section, all the groups you considered contained an infinite number of elements.
A finite group contains only a finite number of elements in its underlying set.

You can represent a finite group in a Cayley table.

® A Cayley table fully describes the structure of a finite group by showing all possible
products of elements of the group.

Here is

*

a

part of a Cayley table for a group with underlying set {q, b, c,

All the elements of the underlying set are

> =

ver By

written as row and column headings (in the
l same order).

The element corresponding to ¢ * b is at the

— d e intersection of the row containing ¢ with the

column containing b. In this case, ¢ = b = d.

..} and operation .

heading is always the first
element in the operation,

and the column heading is
the second element in the
operation.
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The set {1, -1, 1, =i}, where i = -1, forms a group under multiplication.

a Write out a Cayley table for this group.
b Write down:

i the identity element ii the inverse of i iii the inverse of -1
L [ [ L —1 x (-i) =1, so the entry in this position is i.
T I T (S Problem-solving
I i The entries in the Cayley table are all members
o T T of the underlying set {1, -1, i, —i}. This shows that

the set is closed under multiplication.
b i 1is the identity. ki Ga

n -l
i =1 The entries in the row corresponding to 1 are the
same as the corresponding column headings, and
similarly for the column corresponding to 1. This

shows that 1 x a=a x 1 =« for all elements g, so
1is the identity.

| Lookfor the identity in the row corresponding to i,
then read off the corresponding column heading.

The properties of groups give rise to corresponding properties of Cayley tables:

® When a group’s elements are displayed in a Cayley table, then:
« all entries must be members of the group
This is a consequence of the latin square

» every entry appears exactly once in every B . S ESmals

row and every column

* the identity element must appear in every ——— Because every element has an inverse.

row and column
Because ¢! * a = a * a ! for every element

ina group.

+ the identity elements are symmetric
across the leading diagonal.

Modular arithmetic groups

You can use modular arithmetic to define finite groups on sets of integers. You will need to use the
operations of multiplication modulo » and addition modulo ».

= The operation x, of multiplication modulo # is defined on integers @ and b as the remainder

when ab is divided by n.
d m You can use =, to show multiplication
= The operation +, of addition modulo or addition modulo n. For example,
n is defined on integers @ and b as the 4 x 3 =2, because 4 x 3 =2 (mod 10)
remainder when a + b is divided by n. 6 + 5=, 4, because 6 + 5= 4 (mod 7)

« Section 1.3
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Groups

The Cayley tables below show the set {0, 1, 2, 3, 4} under the actions of addition and multiplication

modulo 5.

+;| 0

2x4=8and 8=3 (mod5)

M W N = O
M W N o= O

=T R VS R VI I ¥
N = O B~ W W
w o = O
o o O o o|lo
N W N = O
W = e~ NN o N
N e = W O W
[ ¥ T VS T N e T I Y

o B W NN | e
M W N = O

The set S'= {0, 1, 2, 3, 4}. Use the Cayley tables above to determine whether S forms a group under:

a addition modulo 5 b multiplication modulo 5

a Closure: All elements are members of S, so the
set is closed under addition modulo 5.
ldentity: The identity element is O.
Inverses: Since O appears in every row and
every column, then every element has an inverse..——— For example, the inverse of 2 is 3.
Associativity: Addition on the integers is

associative, so addition modulo 5 is associative.

Hence (S,+5) is a group.
b The identity element is 1. SEOUCIL SOtV 5

1 does not appear in the O row, or the O column. You can see from the Cayley table that the
set {1, 2, 3, 4} does form a group under

(S. x5} is not a group since O does not have an
multiplication modulo 5.

inverse.

S=1{1,3,7,9}. Determine whether each of the following are groups. You may assume that the
associative law holds in each case.

a (S, xy) b (S, x,,)

a Construct a Cayley table:

Xo|l1 3 7 9
bl 2 7 B2
303 w2 1 W
Zol7 A 2 i3
arllg: wn 31 4l

Closure: From the table, the set is closed under
multiplication modulo 10.

ldentity: The identity element is 1 since
Ixa=ax1=aforalaes.
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Inverses: 1 and 9 are self-inverse, and 7 is the

inverse of 3 and vice versa.

Associativity: Assumed

Hence (S, x,0) is a group.

b1x3=,3
3x3=,2
7 x3 =2
9x3=,3

50 3 has no inverse, so § is not a group under x,,.

Groups of permutations

For a small set you can write down all the
inverses.

Problem-solving

An element of a set (other than 1) that is a
divisor of n cannot have an inverse under

multiplication modulo n. Work out

a x 3 (mod 12) for every elementa € S'to
show that no inverse exists.

Operations on sets do not need to correspond to familiar arithmetic operations. For example, consider
an arrangement of 3 cups. The order in which the cups are arranged can be altered in 6 different ways.
Each of these ways is called a permutation:

. . @ e = ldentity (no change)
1 2 3
¥ X
. . @ p = Swap positions 1 and 2
1 2 3
¥ X
. . @ ¢ = Swap positions 2 and 3
1 2 3

r = Swap positions 1 and 3

—
) >
[¥5]

)

(0
(B
(

.
(

)

(I
(o
(o

i
(

—

Y

Y

Y

5= Cycle clockwise

Y

t = Cycle anticlockwise

1 2 3

@ The cups move,

but the positions
(numbered 1, 2 and

3) stay the same. An
identity permutation
(one which does not
move any cups) is also
included.

H@
I.\J-
u-



Groups

You can define a set S of these 6 permutations, and you can e
define an operation » on this set as the composition of two

permutations. For example, the composition p o ¢ would mean first and then p.
‘swap positions 2 and 3 and then swap positions 1 and 2.

composition, p e ¢ means do ¢

The diagram below shows that this has the same effect as the single permutation #:
p o q —] t

N
8E8C - 828 -C88
—_—l —_—

1 2 3 1 2 3 1 2 3

For the set of permutations of 3 cups, {e, p, ¢, 1, 5, t} as defined above, find:

aqgeop b rer
a Bav—2 gay—L, gva F Note that gep #pog
Sogep=ys

re ris the identity permutation, e, so r is
self-inverse.

The construction of the complete Cayley table for
this group is left as an exercise. = Exercise 2B Q12

b BGY —I= ¥GB—Xs BGY
Sorer=e

This group of all 6 possible permutations of 3 objects, together with the operation of composition, is
called the symmetric group on 3 elements.

® The symmetric group on n elements is defined as the T
group of all possible permutations that can be performed dendtedas..

on n objects, together with the operation of composition.

You can use two-row notation to write permutations more quickly. Each element is moved from
the position in the first row to the corresponding position given in the second row. Here are the
permutations in the example above written using two-row notation.

e_(l 2 3) _(1 2 3) _(1 2 3)
123 P72 1 3 7=\1 3 2
r_(l 2 3) ?_(1 2 3) t_(l 2 3)
3 2 4 A a2 2 31
The use of two-row notation for permutations makes it easy to find compositions and inverses.

Consider the following two permutations on 5 objects.

a,_(12345) ,3,_(12345)
“\5 1 2 4 3 "7l\5 4 2 3 1
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In the composition « - 3, the element in position 1 moves to position 5 (under /3), then to position 3
(under ). So in cv o 3 the element in position 1 moves to position 3:

1234;\2345 M2 3 45

5124L542314125

3
2

The identity permutation on 5 objects is e =

2 3 4 5
2 4 3

Show that the permutations

form a group under composition. You may assume the associativity axiom is satisfied.

= & =

p

[

Closure: The elements of the table are all
members of the set and hence it is closad.

Identity: e is the identity element.

Inverses: The identity transformation e is
included in every row and column, so every
element has an inverse.

Associativity: Associativity is assumed in the
composition of transformations.
Hence the set is a group under composition.

2 3 4 5
2 3 4 5
permutation read from the bottom row to the top row rather than from top to bottom. For example, if
1 appears below 2 in a permutation « then 2 must appear below 1 in a1

2 3 4 5
2 3 5 4 1

so to find the inverse of a

Ll S B = o ¥
o S T O ]

ece=e¢ pop=e geg=eandrer=e.

This group is called the Klein four-group, K.



Groups of symmetries

You can construct finite groups by considering the symmetries of shapes. Consider the different ways

in which an equilateral triangle can be rigidly transformed onto itself.
1

Start by labelling the positions (outside the triangle) and the
—— vertices (inside the triangle). The positions will stay the same,
but the vertices will move as the triangle is transformed.

2 3

There are three rotational sym metries' of symmetries using GeoGebra,
CIockwnse ? Anuclockwnse S (or clockwise —)
p (1 2 3) R (1 2 3) S (1 ) 3) Using two-line notation where
TR & 3 i3 1 2 —i3 & 4 the second row shows the

position of each vertex after

There are three reflections through the three medians: .
the transformation.

S

Show that G= {I, R, S, L, M, N} forms a group under composition of transformations. You may
assume that the associative law holds.

| R S L M N Forexample.RoL=(§ i 3)0(} g g)

I I R § L M N

R|R S I M N L = (; g i) S

S [ a8E i RN e oM

L|\L NM I § R The element S is sometimes called

M\ M L N R I S RZbecause S= R+ R

N | N M L S8 R I
Closure: The elements of the table are all Use the Cayley table to show that the four group
members of the set, so the set is closed. axioms hold.
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Identity: [ is the identity element.

Inverses: The identity transformation [ is included

in every row and column, so every element has an m The group of symmetries of an
inverse. n-sided regular polyhedron is sometimes
Associativity: Associativity is assumed in the called a dihedral group, and is denoted as
composition of transformations. D,, (as it contains 2n elements).

So the set of symmetries of the equilateral triangle

forms a group under composition.

Show that the symmetries of a rectangle form a group under composition of transformations.
You may assume that the associativity axiom holds.

1 i 2 Problem-solving

Label the positions of the vertices, and
! the vertices themselves, with integers. You
4 i 3 could use a piece of cardboard to help you
i

£ visualise the possible transformations. Make
sure you label both sides of the cardboard.

: _ A e &
ldentity transformatloﬂ-‘_(T 23 4.)

1234’)
3 =l 2

Reflection about horizontal axis of symmetry: ]

q=(1 2l 5 4')

Rotation w about the centre: p = (

4 3. 200 Use two-line notation to define the image
Reflection about vertical axis of symmetry: of each transformation.
_ (1 2 3 4')
2 1 4 3 ol These are the same permutations shown in
From the working shown in Example 13, these Example 13. This group is also the Klein four-

permutations form a group under composition.—————— group. It is not a dihedral group because the
rectangle is not a regular polygon.
- Section 2.4

Cyclic groups
Some of the groups you have already considered have the property that all of the elements of the
group can be obtained by repeatedly applying the group operation to a particular single group element.

® A cyclic group is a group in which every element m A
can be written in the form a*, where a is the operation k times. For example, & = a o d o a.

group generator and k is a positive integer.

* (Z,+)is cyclic, as applying repeated addition to 1 generates every element of the group.

e {0,1,2,3,...,n—1}is a cyclic group under addition This group is sometimes
modulo n. 1 and n — 1 are both generators of this group. ~ 4enoted as 7 .
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The set S = {0, 1,2, 3,4, 5, 6,7} is a group under addition modulo 8. Show that 3 is a generator of
this group and write each element in terms of this generator.

3=;3
32 =,6
33 =,
34=,4
3P =7
36 =,2
37=z5
3%=,0

All the elements of § can be written in the
form 3k for some positive integer k, so 3
generates the group.

m In this notation, 32 means ‘apply the

group operation twice’, s032=3 + 3 =; 6.

This group also has generators 1, 7 and 5.

The set {1, 3, 5, 7} forms a group under multiplication modulo 8.

Show that this group is not cyclic.

1 can only generate 1.

Under multiplication, 1 is the identity.

32=,1,3%=,3, ...
so 3 can only generate 1 and 3.
52=51,53=;5, ...

Check each element to see whether it can
generate the group. If the pattern repeats

so 5 can only generate 1 and 5.
72=a 1,72 =57, ...
so 7 can only generate 1 and 7. _|

There is no element that can generate every
element of the group, so the group is not

cyclic.

Exercise @

without having generated every element then
you know that element cannot be a generator.

This is another example of the Klein four-
group. This is the smallest non-cyclic group.
= Section 2.4

1 Theset S= {1, -1} forms a group under multiplication. Construct a Cayley table for (S, x).

2 Construct a Cayley table for each set under the given operation. Determine, with reasons,

whether the set and operation form a group.

a {-1,0, 1} with addition

b {1,5,7, 11} with multiplication modulo 12
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Theset G= {1, 2, 3,4, 5, 6} forms a group under multiplication modulo 7. Copy and complete
the following Cayley table for this group.

1(2|3(4|5|6
4

S|h| bW =X
[S¥]

1 (3 marks)

The set § = {1, 2, 4, 8} is a group under multiplication modulo 15.

a i Construct a Cayley table for (S, x;5)
ii Show that S forms a group under multiplication modulo 15. You may assume
that the associative axiom is satisfied. (6 marks)

b Show that § does not form a group under multiplication modulo 12. (3 marks)

The set G = {a, 2, 4, 6} forms a group under the operation of addition modulo 8.
a Write down the value of a. (1 mark)
b Copy and complete the following Cayley table for (G, +g).

- 2046

2 4
4 2
6 (3 marks)
¢ Find an element which generates (G, +¢) and write each element in terms of
this generator. (2 marks)

The operation o is defined on the set S = {0, 1, 2, 3} m e Unl TR T
byaeb=ab+a+b(mod5) when ab + a + b is divided by 5.

a Copy and complete the following Cayley table for (S, o).

e |0 1]2]3

0

1

2 l

313 (3 marks)
b Show that §is a group. You may assume that the associative law is satisfied. (3 marks)

Consider a set A = {a, b}. Let M = {q, r, s, t} be the set containing mappings on the elements of
A defined by:
q(a) = a, q(b) = a; r(a) = a, r(b) = b; s(a) = b, s(b) = a; t(a) = b, t(b) = b
a Construct a Cayley table for composition of
mappings, o, as );n);peration on AE : @th jz:giistn;? ZiS Miiks
b Write down the identity element for .
¢ State, with reasons, whether (M, o) forms a group.



® 8

EP) 10

(E/P) 11

The operation * is defined on the set 4 = {10, 20, 30, 40, 50} by the Cayley table below.

* |10 20 30 40 50
1010 10 20 30 40
20110 20 10 20 30
30120 10 30 10 20
40 |30 20 10 40 10
50140 30 20 10 50

Determine whether each of the following statements is true or false, giving reasons for your
answers.

a A is closed under the operation #.
b There is an identity element.
¢ s is associative.

d (S, #) is a group.

The binary operation # is defined on the set G = {0, 1, 2, 3} by
a*b=a+2b+ ab(mod4)

a Construct a Cayley table for (G, *). (3 marks)
b Determine whether * is associative, justifying your answer. (3 marks)
¢ Find all solutions to the equation x * 1 =2 x x, for x € G. (3 marks)

A student writes the following:

S=1{1,916, 22, 53, 74, 73, 81} forms a
group under multiplication modulo 91.

a Show that the student is not correct. (2 marks)

b Write down one additional element the student can include in S to make the
statement correct. (1 mark)

Let S be the set of non-negative integers less than n.
Given that S contains an element a # 1 such that « | n, prove that S does not form a
group under multiplication modulo 7. (4 marks)

The group S; consists of the set of all possible permutations of 3 objects, together with
composition. The underlying set has 6 elements:

()_(1 2 3) _(1 2 3) _(1 2 3)
=\ 23 P13 97\ 3 2
_(1 2 3) ,_(1 2 3) t—(l i) 3)
=3 2 1 =31 2 =2 31
a Construct a Cayley table for S;. m These are the possible permutations
b Verify that S, satisfies the closure, identity and of 3 cups given on page 54.

inverse axioms.
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1 2 3 4 1234)
1 4 3 2 31 4 2/

Compute each of the following, where o is the composition of permutations.

Jand 5=

13 Consider the permutations « = (

Give your answers in two-row notation.
a boa b aobh I d p!
e blog! f aleb! g (boa)! h (aob)!

14 Consider the set M = {1, 3,9, 11} under multiplication modulo 16. For the purposes
of this question, denote this multiplication by x.

a Showthat 3 x (9x 11)=(3x9)x 11. (2 marks)
b Show that (M, x) is a group. (5 marks)

¢ Show that this group is cyclic, and write down all possible generators of
this group. (3 marks)

15 Show that the following groups are cyclic and find their generators.
a {1, 3, 7,9} under multiplication modulo 10
b {4,8, 12, 16} under multiplication modulo 20

¢ {1,2,4,5,7, 8} under multiplication modulo 9
® 16 Explain why 6 cannot generate a group under multiplication modulo 8.

@ 17 A group (G, x,,) is generated by the number 5.

Find the members of G, and write each one in terms of the generator. (3 marks)

(E/P) 18 a Show thatw = g (1 + 1) generates a group under the operation of complex

multiplication. (5 marks)

b Write down the other generators of this group. (2 marks)

19 The vertices of a pentagon are labelled as follows:
1

3 4

. 12345 1 2345 1 23 4 5
Thepermutationspy =\ 5 3 4 5)hP2=ly 3 4 5 1)2d2={3 4 5 | >

correspond to clockwise rotations of 0°, 72° and 144°.

62



a Write the permutations p, and ps that correspond to clockwise rotations of 216°

and 288° respectively. (2 marks)
b Complete a Cayley table for P = {py, p», p3, ps, ps} under composition. (4 marks)
¢ Prove that the set of rotational symmetries of a pentagon form a group under

composition. (5 marks)
d Show that this group is cyclic, and that it is generated by p,. (3 marks)

20 The vertices of a hexagon are labelled as follows:

1 | 6
I

3 4

a Write down four permutations A, h,, hs, hy that correspond to the four symmetries

of the hexagon. (4 marks)

b Show that the set of symmetries H = {h,, h,, h;, h,} form a group under composition.
(6 marks)
¢ Explain why H is not a cyclic group. (2 marks)

Challenge

The solid shown is a right triangular prism whose cross-section is an
equilateral triangle.

m Your group should

Construct a Cayley table for the group of symmetries of this solid. contain 12 elements.
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@ Order and subgroups

You can use order to describe the size of a finite L
The order of G is written as |G|.

sroup: Groups with an infinite number of elements, such
® If a finite group G has n distinct elements, as (Z, +) are said to have infinite order.
then the order of G'is n.

You can also consider the order of individual elements within a group. In Example 17, you looked
at the group {1, 3, 5, 7} under multiplication modulo 8. This group has identity 1,and 32=1,52=1
and 72 =1.

You say that the elements 3, 5 and 7 all have order 2.

" The order of an element a in a group m The order of the element a is written
(G, ) with identity ¢ is the smallest as |al.
positive integer k such that a* = ¢. An element has finite order if ¢ = ¢ for some

® If (G, +) is finite with « € G, then me L

An element has infinite order if a” # e for every

|a| divides |G|. iy

® (G, *) is cyclic if and only if there exists an
element a such that |a| = |G |. This element will be a generator of the group.

Let (G, o) be a finite group. Prove that every element in G must have finite order.

e G is a finite group, so it must have a finite

ey . - number of elements.
Let a be any element in G, and consider a, a®,

IR

Since G is closed, these values are n + 1
elements of a group with n distinct elements.
So at least two of them must be equal, say

al = a*, with j > k
e e grmeans glogte. om!
= —

=i Tpl=te k times

So |a| = j -k, and must be finite, as required.

For each of the following groups, write down the order of the group, and the order of each element
in the group.

a {1, -1,1, —i} under complex multiplication

b {1, 3, 7,9} under multiplication modulo 10

64



a The group contains 4 elements so it has

order 4.

1] =1
=2
li| =4
] =4

The identity element always has order 1.

— 1

]

b The group contains 4 elements so it has
order 4.

1l =1, 18] =4; |7| =4and [2] =2

(-1)2=1

[ Any element of a group with order 2 is self-inverse.

L i=—-1,d=—j,i*=1
This is a cyclic group with order 4, and both i and

—i generate the group, so they both have order 4.

34=81=,,1,74=2401=,,1and 92=81=,1

G has elements {e, p, p2, p*, 4. pq, p*q, p°q} under multiplication, where e is the identity.

You can assume the associativity axiom is satisfied.

A partially completed Cayley table is shown below.

x |e|p | PP | g9 |pq|Pq|PY
e le|lp | P |P | qa|prq|rPg|ry
plp | PP e |pg|Pq|rg] g
P plelp |Pe|lre| a|pre
pPlp|lelp|pP|rq
q | 9 |Pq|Pa|prg| ¢
pq | pq| g |Pa|ra| p
Pqlprqlpre| g |Pgl| P
Pqlprg|ralre| g9 | P

a State the order of the group.

b State the order of p and ¢.
¢ Copy and complete the Cayley table and verify that G forms a group.

d Find the orders of pg, p’q and pq.

a The group has & elements, so |G| = &.

b p has order 4.
¢ has order 2.

m You cannot assume that pg = gp.

r From the table, p x p? = ¢, so p* = e.

From the table, g x g=esog’>=e.
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Problem-solving

Clxlelp | PP g |ra|Pe|r -
P [ PO R [ e e gy Usetheass.,ocvlatlve la.w,Fheordersofpandq
and the existing entries in the Cayley table to
plp PP e |pg|Pa|pa| g write each product as an element of the set.
Pl pe|pr |rqlra a|prg For example,
pPlple | p|P|Pq|lq|pr|rig P’xpa=p'q=q
a | q |Palpalpg| e |p°|p?2 | p qxpg=qpxq=p’qxq=pq-=p’
oonsnancil e
2 3 2 > 3 i - -
’;j e Bl [ P4 % 0?9 =pYapIg =p°a? =p

Closure: Each element that appears in the |
table is a member of G, so G is closed.
Identity: e is the identity.

. Use the Cayley table to show that the four group
Inverses: ¢ appears in every row and

axioms hold.

column, so every element has an inverse.

Associativity: Associativity is assumed.

Hence, G is a group under multiplication. |

d (pg? = (pg?)* = (pg°F = e
So pq, p?q and p3q are of order 2.

The set {0, 1, 2, 3, 4} forms a group under addition modulo 5.

Explain why no element of this group, other than the identity, can be self-inverse.

The order of the group is 5. 0 is the identity element. If the element a was
Any self-inverse element, other than the ’7 self-inverse you would have a + a =5 0.

identity, must have order 2.
But the order of an element must divide the

The identity element of any group is always

order of the group. Since 2 does not divide 5, self-inverse, since e e = e.

there can be no such self-inverse element in
Any group with odd order cannot contain a self-

the group.
inverse element, other than the identity.

® Let a be an element in a group (G, *), then:
+ if a has a finite order n, then a™ = ¢ if and only if n|m
« if a has infinite order, thenx 2 y = a* z @V
* if a* = @’ with x # y, then a must have finite order.
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Subgroups

If some subset of the underlying set of a group satisfies the group axioms under the same operation,
then it is called a subgroup. For example, consider the set S={0, 1, 2, 3, 4, 5, 6, 7} of non-negative
integers less than 8, which forms a group under addition modulo 8.

The subset of S given by T'= {0, 2, 4, 6} also forms a group under addition modulo 8.

Since T'is a subset of S, and because each set forms a group under the same operation, you say that
(7, +5) is a subgroup of (S, +;).

= If a non-empty subset H of a group Gis B C A means that the set Bis

itself a group under the binary operation contained in the set 4. B is a subset of A.

of G, we call H a subgroup of G. B C A means that B is contained in, but not

« If H C G, then H is a proper subgroup of G.  equal to, 4. Bis a proper subset of 4.

« If HC G, then H is a subgroup of G. Tl:{i)s;m:tation can be applied either to sets or to
Every group has at least two subgroups, ({e}, %) S
and (G, %) itself. ({e}, #) is called the trivial @ HC G= |H|<|G]
subgroup, and any other subgroups are HC G= |H|<|G|

called non-trivial subgroups.

a Show that the set S = {5": n € Z} forms a group under multiplication.
b Determine, with reasons, whether each of the following subsets of S forms a subgroup of (S, x).
I T={:necZ} ii U={5":neZzZ

a Closure: 5% x 50 = 5a+b
Foranya,b€ Z,a+ b € Z, s0 5" € S.
Identity: 52 € §; and 6% 5% = 5t w59 = 5
for all n € Z, s0 5° is the identity element.
Inverses: 574 x 54= 54 x 5-a= 50

Foranyae Z, —a€ Z,s05°€ S

50 =1

Associativity:

S S ool Sl ok
e el B i S L Sl s L
S0 5% x (5% x 59 = (52 x 5% x 5¢ for all
a, b, c € Z, so associativity holds.
Hence (S, x) forms a group.

B i 5o ntt = Rt M as s dlased: :

59 = 529 so identity element exists.

5-2¢ = 52-a) 50 inverses exist in T, Associativity asserts a relationship between any
3 fixed elements in a set. If Tis a subset of S,
then any 3 elements of 7" must also be elements

of S. So if associativity holds in S, then it must
also hold in T©

Associativity holds in § so must hold in T.
So (T, x) is a subgroup of (S, x).

ii The element 5% is not a member of U, so
U has no identity element.
U does not form a subgroup of (S, x).
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You can use the following rule to find subgroups of finite groups quickly.

® Let G be a group and H be a finite non- m Part b ii in Example 22 illustrates
empty subset of G. Then H is a subgroup that this result does not necessarily hold for
of G'if H is closed under the operation of G. infinite subsets.

Theset S=1{0,1,2,3,4,5,6,7} forms a group under addition modulo 8.
Find two nontrivial proper subgroups of (S, +g).

+|0 2 4 6 1 3 5 7
(0] - o) - (= 1 3 5 7 Delete rows and columns from the Cayley
table. If you can leave a Cayley table which is
212 4 e 0|3 5 7 1 closed (i.e. the entries in your remaining rows
4 . c . oiliee 7 W .3 and columns are only those elements in the
corresponding row and column headings) then it
e llie @ iz Gl 8 3 .3 will represent a subgroup.
1 |1 3 & df 20 4 & 0
3 (3 5 % 1 & & O .2
5|58 ¥ 1 B8 & & 2 4 Problem-solving
vl - S - G SO S Any subgroup must contain the identity element.
There are two possible subgroups:
A =10, 2. 4, G} and B = [0, 4}. m Bisalsoa SUbg?’OUp of A.

In the previous example, you can see that the subgroup {0, 2, 4, 6} is generated by the element 2, and
the subgroup {0, 4} is generated by the element 4. This illustrates one method that can be used to
find subgroups.

® If G'is a finite group, then any element m The converse of this result is not

o< C s s ot G E el
written (a). . - sroup

generated in this way.
You can also use Lagrange’s theorem to make
deductions about subgroups.

® Lagrange’s theorem states:
@ You can quote this theorem by name in your

If Hiis a subgroup of a finite group G, then exam. You do not need to be able to prove it.

|H | divides |G|.
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Theset G={1,2,4,5,8,10,11, 13, 16, 17, 19, 20} forms a group under multiplication modulo 21.

a Find the elements in the subgroup of (G, x,,) generated by the element 5, and state its order.

b Explain why (G, x,,) has no subgroup of order 5.

W
g,
W

[9)]
W

w
5N
1L L 1 1

u
o™

So the subgroup (5) C (G, x,,) consists
of the set {1, 4, 5, 1€, 17, 201
The order of (5) is 6.

b The order of the group is 12, and 5 does
not divide 12, so by Lagrange’s theorem
there can be no subgroup of order 5.

Exercise @

ra

9

ra

ra

[

SN R

5x5=25=4(mod 21)

54=5x5=100= 16 (mod 21)

You can write the subgroup as the set of elements
’7 {1, 4,5,16, 17, 20} or in terms of its generator, as

(5)-

L There are 6 elements in the underlying set.

@ Explore generators using GeoGebra. O

1 Theset {1,2,4,5,7, 8} forms a group under multiplication modulo 9. Find:

a the order of the group

b the order of each element in the group.

2 The Cayley table for the Klein four-group is given below.

* | e a b ¢
ele a b ¢
ala e ¢ b
b|b ¢ e a
c|lc b a e

a Write down the order of each element.

b Hence state, with a reason, whether the group is cyclic.

® 3 Theset {0, 1, 2, 3, 4, 5} forms a group under addition modulo 6. Find:

a the order of the group
b the order of each element in the group

¢ a subgroup of order 3.

(1 mark)
(3 marks)
(1 mark)
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The operation o is defined on the set H, where clol112T4al5]6
H=1{0,1,2,4,5,6} and xo y=x+ y+ 2xy (mod 7).
a i Copy and complete the Cayley table shown on the right. S
ii Show that (H, ) is a group. You may assume that 1 i
the associative axiom is satisfied. (6 marks) 2
b Find: 4 0|2
i an element that generates (H, o) 5
ii a subgroup of order 3 P ]

iii a subgroup of order 2. (5 marks)

Theset U= {1,2,3,4,5,6,7,8,9, 10} forms a group under multiplication modulo 11.

a State the order of (U, x,,), and hence write down the possible orders of its proper

subgroups. (2 marks)
b Show that U is cyclic and write down its generators. (5 marks)
¢ Find all the proper subgroups of (U, x;,). (4 marks)

The integers together with addition form the group (Z, +). State, with reasons, which of the
following sets form subgroups of (Z, +) under the operation of addition.

a 7+ b {2k:kez) ¢ R d (-1, 1}

Theset S=1{1,3,7,9,11, 13,17, 19} forms a group under

multiplication modulo 20. m One of the

a Explain why S cannot have a subgroup of order 3. (1 mark) three subgroups cannot
b Find the order of each element of S. (3 marks) be generated by a single
element of S.

¢ Find three different subgroups of S, each of order 4. (4 marks)

The Cayley table shows the action of a binary w|la B ¢ @ & F
operation * on the set S = {a, b, ¢, d, e, f, g}. d
a Show that the set G = {a, b, ¢} forms a group aja b c d e [ g
under *. You may assume that the associative b |b ¢ a e f g d
law is satisfied. 3 7
b S contains 7 elements, and the order of g is 3. ¢ ¢« a VA 4 ¢
What can you deduce about S from this d |d e [f g a b c
information? Give a reason for your answer.
e e f g a d ¢ b
f|lf g d b ¢ e a
glg d e ¢ b a f
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Groups

The set C,, of non-zero complex numbers ) )
C_, is not finite so you must show

forms a group under complex multiplication.
Show that the set S= {z€ C,;:|z| = 1} of
points formed by the unit circle in the

complex plane is a subgroup of C,,. (5 marks)

that S'is closed, and that it contains inverses
and an identity element. You can assume
associativity as you are told that C_, is a group.

A finite group contains distinct elements x and y. Given that x* = y2 and |x| = 10, find:

a |x (1 mark)
b | (1 mark)
c |yl (1 mark)
d |7 (1 mark)

Let G be a group with |G| = p, where p is a prime number. Explain why:
a G must be cyclic

b every element of G except the identity must generate G.

Let G be a finite group, and x be an element of the group of order 4. State, with reasons,
whether each of the following statements is true or false.

a x is the identity element b x is self-inverse

¢ x?is self-inverse d 7 is self-inverse

e |G|=4k, ke 7z~ f x generates a subgroup of order 4

¢ G cannot be a cyclic group h xX*=e¢

i 2257 j x*has order 4

k x? has order 4.

A group H has order 8.

a State the possible orders of subgroups of H. (2 marks)
Given that H is the group formed by the set {0, 1, 2, 3, 4, 5, 6, 7} under addition modulo 8§,

b find subgroups of each of the orders given in your answer to part a. (4 marks)

Prove that if G is a group with |G| = p?, where p is a prime number, then G must have a
subgroup of order p.

Qx is the group formed by the set of non-zero rational numbers under multiplication.
State, with reasons, which of the following sets form subgroups of Q*.

a 7, (the non-zero integers) b {x:xeQ, x>0}

¢ {-1,1} d R, (the non-zero real numbers)
e {3*:kez} f {1}

g {x:xeQ,x<0} h {x:xeQ,x<0}u{l}

The set of real-valued non-singular matrices forms a group under matrix multiplication.

) _53) generates a finite subgroup of this group, and state the order

Show that the matrix (_3
of this group. (4 marks)
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17 S, is the group of all possible permutations of 4 elements under the operation of composition.

a Show that the permutation (: i g ;1) generates a subgroup of S, of order 3. (3 marks)

b Find a subgroup of S, of order 2. (2 marks)

® 18 The rigid symmetries of a regular hexagon 4 BCDEF form a group under the operation of
composition. This group contains the element p representing a reflection in the line through A4

and D, and the element ¢ representing a rotation through 60° anticlockwise about the centre of
the hexagon.

. B A B
A\
F 62 F 6t
D
E ) E D

a Write down the order of p and the order of g¢.
b Construct a Cayley table for the subgroup generated by p.

¢ Describe the effect of the transformation ¢2, and write down the elements of the subgroup
generated by ¢? in terms of ¢.

Challenge

1 Let G be agroup and H be a finite non-empty subset of G. m Look at Example 18 for
Given that H is closed under the group operation of G, prove that

a clue about how to begin.
H is a subgroup of G.

2 Consider a group (G, <) with an identity element e.
a Given that x € G has order n, state the order of x~1.

Justify your answer. m In part b, use

b Forx, y,z € (G, <), prove that y = z-lxz = y"= z\x"z forn € Z*. mathematical induction.

m Isomorphism

Sometlmes groups defined differently can behave in the same way. If two groups contain exactly the
same number of elements, and if those elements combine under the group operation in exactly the
same ways, then the two groups are isomorphic. Consider the following two groups:

e L 2 3 1 2 3 2 3 - :
. ;_(1 5 3),0_(2 3 l)and{)‘ (3 1 2)undercomp05|t|onofpermutatlons

e {0, 1, 2} under addition modulo 3.
The Cayley tables for these two groups are:

o | I a 3 +(0 1 2
i|li a f 0|0 1 2
ala G i 1(1 2 0
BB I « 2|12 0 1
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You can show that the elements of the two groups behave the same under the group operation by
setting up a one-to-one function that maps elements of one group onto elements of the other:

fi)=0,f(a) =1and f(8) =2

You can see from the Cayley tables that this function preserves group operations. For example,
aofF=iand1+;2=0

So f(a) +, f(8) = f(ae ) ———— Becausef(i) =0

This technique allows you to formally define

group isomorphism: @ If two groups are isomorphic then they
= Two groups (G, *) and (H, o) are isomorphic are considered to be exactly the same for the
if there exists a mapping f: G = H such purposes of group theory.
that:
+ f maps all of the elements of G onto all m If (G, *) and (H, <) are isomorphic
of the elements of H you write G = H. The function f is called an

isomorphism from G to H. Its inverse f-! would
be an isomorphism from H to G.

« fis one-to-one
« f preserves structure: f(a = b) = f(a) o f(b).

Because the group operation is preserved, it makes no difference whether you apply the function
before or after combining elements:

fla = b) =fla) - f(b)

Let (G, %) and (H, ») be isomorphic groups with identity elements ¢, and e, respectively, and let
f: G — H be an isomorphism from G to H.

Prove that f(eg) = ep.

fleg * eg) = fleg) = fleg) By the definition of an isomorphism.
= fleg) = fleg) ° fleg) L
= fleg) ey = fleg) = fleg) |_
f(e.-_;-) eH
= (feg)™ = fleg) = ey = (Flea)™ © fleg) ° fleg)
= ey = fleg) Cancel by left-multiplying by the inverse of f(eg).
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B ® If (G, =) and (H, o) are isomorphic groups with identity elements ¢ and ¢, respectively, and
f: G — H is an isomorphism from G to H then, foralla € Gand n € Z,

* fleg) =ey Group isomorphisms preserve identities,
e f(at) = (f(a))? inverses, and the order of elements.
o f(a") = (F(a))" - Exercise 2D Q2

® Group isomorphisms also preserve order and subgroups:
|Gl =H]|

« If G has & elements of order n, then H has k elements of order n.

« If G has k subgroups of order n, then H Problem-solving

has k subgroups of order n. If G has an element of order |G|, then H has an

» If Jiis a subgroup of G, then H has a element of order |H|. In other words, if G is cyclic,
subgroup isomorphic to J. then His cyclic.
Example @
G*|la b ¢ d (H,5)|1 3 § 7
The Cayley tables for two isomorphic a |b a d c 1 f 3 & 9
groups G and H are shown to the right. b # B 4 3 31 7 5
a State the identity element of each group. . = I m 5 |5 7 1 3
b Describe an isomorphism from G onto H. d i d & B - 7 5 3 1
a Ingroup G, bis the id@”titY-—‘ The row corresponding to the identity matches
In group H, 1 is the identityj the top row.
b f(h) = —‘ You know that the identity element in G must
fla) =3 map to the identity element in H, so f(h) = 1. Try
fle) = 7 other mappings until you find one that preserves
fd) = 5 the structure of the Cayley table.

G and H are cyclic groups with |G| = |H|. Prove that G = H.

G and H are both cyclic, so they both contain
You can use the generators of each group to

define an isomorphism between the two groups.
Once you have defined the mapping, you need to
f maps all elements of G to all elements of H show that it is an isomorphism.

generators, g and h respectively.
Define a mapping f: G — Has f(g) =h"forre Z. ——

gis a generator of G so {g" : r € Z} is exactly
the elements of G.

his a generator of Hso {h" : r € Z} is
exactly the elements of H.
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B fis one-to-one
If b/ = h* then j = k (mod n) = g/ = gk

So f(g)) = f(g") = g/ = g*

f preserves structure

Hg/ o g¥) = f(g/+*) = hi+k =W o Bt = f(g)) » f(g")
So fis an isomorphism from G onto H.

In Example 26, the elements in G were written in
the Cayley table in a different order to the
elements in H. This can make it hard to spot
group isomorphisms from Cayley tables,
especially with larger groups.

You can find isomorphisms between finite
groups by classifying all possible groups of a
given order, and considering their properties.

In your exam you will only need to consider
isomorphisms of finite groups of order 8 or less.

If you need to show that a mapping is one-to-one,

it is sufficient to show that f(a) = f(b) = a = b.

Problem-solving

The result proved in Example 27 means that
there is only one cyclic group of any given order.
If you need to specify an isomorphism between
cyclic groups you should find generators for each
group and map corresponding powers of each
generator onto each other:

fegRes g3 olil)
Al b J)
Wl L 1P e IEEY

m Some of these groups have special names,
which can be useful to learn.

« Section 2.2

Order | Name Examples Properties
1 7, Trivial group Only group of order 1
2 z, {0, 1} under +, Only group of order 2
3 Z, {0, 1, 2} under +, Only group of order 3
4 7. {0, 1, 2, 3} under +, Cyclic group of order 4
Klein four- | Symmetry group of a rectangle Only non-cyclic group of order 4
group (K,) Every element (except the identity)
has order 2.
Zs {0,1, 2, 3, 4} under +s Cyclic group of order 5
6 Zy {0, 1, 2,3, 4, 5} under +¢ Cyclic group of order 6
S5, Dy Set of all possible permutations of | No element of order 6
3 elements, symmetry group of an
equilateral triangle.
7 Z; {0,1, 2,3, 4,5, 6} under +; Cyclic group of order 7
8 Zg {0,1,2,3,4,5,6, 7} under +; Cyclic group of order 8
D, Symmetry group of a square No element of order 8
Exactly 2 elements of order 4
Z,x7Z, No element of order 8
Exactly 4 elements of order 4
Zoxf oxl 5 No element of order 8
Every element (except the identity)
has order 2.
Quaternion No element of order 8
group Exactly 6 elements of order 4
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B From the table above, there are two different
groups of order 4, two different groups of order
6, and five different groups of order 8. In each
case, the orders of the elements of each group
are different.

® Groups of order 8 or less can be classified
entirely by the orders of their elements.

of matrix multiplication.

The group G consists of the elements ((1) ?), (_Ol _Ol

The names of the groups of order 8 are
given here for completeness. You do not need to
know these names for your exam.

For groups of order 16 or greater, it is

possible to find non-isomorphic groups which
have exactly the same numbers of elements of
each order.

01 -1 ;
), (1 0) and ( 0 ) under the operation

0
=1

Theset H={1,3,5,7,9, 11, 13, 15} forms a group under multiplication modulo 16.
a Show that H contains a subgroup that is isomorphic to G.

b Determine whether H is isomorphic to the symmetry group of a square, giving reasons for

your answer.

a Orders of elements in G

([1) CTJ) is the identity element so has order 1.
Lmes B B

O =0 -3 -9

5o (% ST oo (o

&)
each have order 2.

=

So G is the Klein four-group.

Orders of elements in H

1 is the identity so has order 1.

32 =, 5% =, 12 =, 132 =, 9 s0 none of
these elements have order 2.

However, 34 =, 5% =, 111 =, 13% =2 1
So 3, 5, 11, 13 all have order 4.

T2 = 92 = 152 = 1

So 7, 9 and 15 all have order 2.

If H has a subgroup isomorphic to G then
it must be K=1{1, 7, 9, 15}

Check that K=1{1, 7, 3, 15} is a subgroup of H:
TxO= I x7 =15
Tx15=15x7 =2
I9x15=,15x9=,7
TP= P = 158 =1

Kis closed under multiplication modulo 16,

so it is a subgroup of H.
K'is also the Klein four-group, so K = G -
and K is a subgroup of H as required.
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Problem-solving

You will be able to solve many problems about
group isomorphisms by finding the orders of the
elements in each group.

G has no element of order 4, so it is not cyclic.
The only non-cyclic group of order 4 is the Klein
four-group.

The order of an element in a subgroup must

be the same as its order in the group. Since the
Klein four-group does not contain an element of
order 4, none of the elements of order 4 could be
contained in a subgroup isomorphic to it.

H is a finite group so if K is a subset of H which
is closed under the group operation, then K'is a
subgroup of H.

K is a group of order 4 under x,4 and has three
elements of order 2, so it is the Klein four-group.



(&) o

@P 2

B b The symmetry group of a square, D,

consists of the following elements:

\V Write out the elements of the group, and state
the order of each element.

ldentity (order 1) Rotation 20° (order 4)

A clockwise rotation of 270° is the same as an
anticlockwise rotation of 90°. You would need to
perform this operation 4 times to get back to the
original square (the identity).

Rotation 160° Rotation 270°
(order 2) (order 4)
i
: ] e e e =
i

’ m Make sure you show your working

Four different reflections (each of order 2) by stating the order of each element, and write a
clear conclusion based on your working.

So Dy contains exactly 2 elements of order 4.

H contains 4 elements of order 4, 2 ’

Isomorphic groups must contain exactly the same

number of elements of each order.

so H is not isomorphic to Ds.

Exercise @

(G, *) and (H, o) are isomorphic groups, and f: G — H is an isomorphism from G to H.

Prove that, for alla € G and n € Z*, .
Problem-solving

a fa!)=(fla))!
(@) = (f@) Use mathematical induction for part b.

b f(a") = (f(a))"

The set G = {1, -1, i, —i} forms a group under complex multiplication.
The set H = {0, 1, 2, 3} forms a group under addition modulo 4.

a Draw the Cayley table for each group. (4 marks)
b By defining an isomorphism, show that G = H. (4 marks)
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3 Theset G={1,3,5,7).

E/P a Show that (G, xg) is a group. (5 marks)

b Find all solutions in G to the equation 7 x4 x x4 3 = y. Express your answers in the

The set H={1,3,5,7,9}.

@fP 4 Consider a group G, of order 4, which has 4 distinct elements ¢, a, b and ¢, where e is the
identity.

b Given that c is self-inverse, construct two possible Cayley tables for G.

The set H = {1, -1, 1, —i} forms a group under complex multiplication.

¢ Determine which one of the groups defined in your answer to part b is isomorphic

@fP 5 Theset G={1,7,11,13,17,19, 23, 29} forms a group under multiplication modulo 30.

a Find the order of each element Problem-solving

of (G, xs). (Himiarks) To describe a group of order 4 you should state

b Find three distinct subgroups of (G, x3), whether it is the cyclic group or the Klein four-
each of order 4. Describe each of these group. Alternatively, you should fully specify the
subgroups. (4 marks) order of each of its elements.

The group Dy is the symmetry group of a square.

¢ By considering the elements of Dg corresponding to reflections, or otherwise,

@fP 6 The group G = {1, 2, 3,4, 5, 6} forms a group under multiplication modulo 7.

The group H = {1, 5,7, 11, 13, 17} forms a group under multiplication modulo 18.

@fB 7 a Given that G is a group of order p, where p is a prime number, explain why G must

The set G= {1, 7, 16, 20, 23, 24, 25} forms a group under multiplication modulo 29.

The set H = {eﬁ: k € {0, 1,2,3,4,5,6}} forms a group under complex multiplication.
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form (x, y). (3 marks)

¢ Show that H does not form a group under multiplication modulo 10. (3 marks)
d Create another set, K, by removing one element from H so that (K, x,o) is a group. (1 mark)

e Determine, with reasons, whether (G, xg) and (K, x,,) are isomorphic. (2 marks)

a Explain why ab cannot equal a or b. (3 marks)

Your Cayley tables should show two groups which are not isomorphic. (4 marks)

to H, and specify an isomorphism between {a, b, ¢, e} and {1, -1, i, —i}. (6 marks)

show that G is not isomorphic to Dy. (4 marks)

a Find the order of each element of (G, x-). (4 marks)

b List all the proper subgroups of (G, x,) and describe each group. (3 marks)

¢ Specify an isomorphism between G and H. (4 marks)

be isomorphic to the cyclic group of order p. (3 marks)

b Specify an isomorphism between G and H. (3 marks)



8 The elements of G are the complex numbers e%, where k=0,1,2,3,4,5,6,7.
E/P G forms a group under complex multiplication.
The set H= {1, 3,9, 11, 17, 19, 25, 27} forms a group under multiplication modulo 32.
Specify an isomorphism between (G, x) and (H, x3,). (4 marks)

@fP 9 Theset G= {(1 0),(_1 0 ),(_1 _2),( \ _21)} forms a group under matrix multiplication.

0 IPv0 =1P%0 T14%=1
The set H= {1, 5,7, 11} forms a group under the operation of multiplication modulo 12.
Determine whether G and H are isomorphic, showing your working clearly. (5 marks)

@fP 10 The set G consists of eight 2 x 2 matrices:

o={lo DT oMo S ol ko S GG S

G forms a group under matrix multiplication.
a Find the order of each element in this group. (4 marks)

b Explain why this group cannot have a subgroup isomorphic to the Klein
four-group. (3 marks)

Theset H={1,3,7,9,11, 13, 17, 19} forms a group under multiplication modulo 20.

¢ Determine whether G is isomorphic to H, showing your working clearly. (3 marks)

Challenge

The set S = {(j Z) ca,b,c,de (0,1}, ad - be = 0} consists of all
non-singular 2 x 2 matrices with elements 0 or 1.

a i Listall the elements of S.

The operation x; is defined as matrix multiplication modulo 2.
Matrices are multiplied in the normal way, and each element is
replaced with its least residue modulo 2.

ii Show that S forms a group under x,. You may assume that the
associative law is satisfied.

iii Describe one other group which is isomorphic to this group.
The set T'= {(“ 3):0, be,de(0,1,2),ad-be £ 0 (modB)} forms a
(4
group under matrix multiplication modulo 3.

b i Find the order of this group.

ii Find the inverse of the element G ?)
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Mixed exercise o

1

A group G, under the operation of multiplication, contains distinct elements a, b and e, where ¢
is the identity element.

a Show that ab® # a2b. (1 mark)
b Given that ab® = ba, prove that ab # ba. (3 marks)

Theset G= {1, 3,5,9, 11, 13} forms a group under multiplication modulo 14.
Copy and complete the following Cayley table for this group.

Xl 131519 (1113

1

3 9

5

9 11

11 5

13 ! (3 marks)

Theset S=1{1,3,5,7,9, 11, 13, 15} forms a group under the operation of multiplication
modulo 16.

a List the order of each element in (S, x4). (2 marks)
b State, with a reason, whether this group is cyclic. (2 marks)
¢ Explain why (S, x,4) can have no subgroup of order 3. (1 mark)

d Find a cyclic subgroup of (S, x,¢) of order 4 and state a generator of this subgroup. (3 marks)

4 a Describe the linear transformation represented by the matrix

80

zZ i
2 2
M= Q Q (2 marks)
2 2
A group (G, ») is generated by M, where » represents matrix multiplication.
b Write down |G|, and write the elements of G in terms of M. (4 marks)
¢ Write in the form (a b):
¢ d
i M1
ii two further generators of G. (2 marks)
d Find a subgroup of (G, ») of order 4, giving each element in terms of M. (2 marks)



Groups

5 A mattress manufacturer suggests that customers ‘flip’ their mattress regularly so that it wears
out evenly. The following instructions are provided:

I I

Option A Option B Option C Option D
Rotate 180° Flip around short axis Flip around long axis No change

The operation o is defined on {A4, B, C, D} as ‘followed by’,
so that, for example, C » 4 means ‘flip around long axis then
rotate 180°". o |A|B|C|D

a Copy and complete the Cayley table for these four options, B
under the operation of combination of transformations, o.
(3 marks)

b Assuming associativity, show that these four options
form a group under o. (3 marks)

Second option

First option

T w|

¢ State, with a reason, whether this group is cyclic. (2 marks)

6 The operation e is defined on the set cloli1l2l3lalsleln
G=40. 1;2,3,4,5,6,7}
0 1]2
by
Xeoy=Xx+)y—-2xy(mod8) 1 0
a i Copy and complete the Cayley table. 2
ii Show that (G, o) is a group. You may assume 3 510
that the associative axiom is satisfied.
(6 marks) 4
b Find: 5 017
i anelement a € G, other than the identity, 6 3
such that a = a™!
ii a subgroup of G of order 4. (5 marks) i ke
¢ Show that (G, ) is not cyclic. (3 marks)
7 a Explain why the set of real-valued 2 x 2 matrices do not form a group under matrix
multiplication. (1 mark)

b Show that the set of non-singular real-valued 2 x 2 matrices form a group under matrix
multiplication. You should state the identity element, and give the inverse of the general

. fa b g ; ; ¢
2 x 2 matrix (; d)' You may assume that the associative axiom is satisfied. (5 marks)
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8 The binary operator multiplication modulo 18, denoted by o, is defined on the set

1y 11

82

G=1{2,4,8, 10,14, 16}
a i Copy and complete the Cayley table below.

o | 24| 8|10|14 16
2 8 2
4 |8 |16|14| 4|2 |10
8 14 8
10| 2 14| 8101416
14 2 14
16 10 16

ii Show that (G, ) is a group. You may assume that the associative axiom is
satisfied.

b Show that the element 4 has order 3.

¢ Find an element which generates (G, ¢), and write each element in terms of this
generator.

d Set H is defined by {x?: x € G}. Show that (H, ¢) is a subgroup of (G, o).

Show that the set S = {0, 1, 2, 3, 4, 5} under addition modulo 6 is a group.

=]

Show that the group is cyclic and write down its generators.

Explain why (S, +¢) cannot contain a subgroup of order 4.

e}

d Find the subgroup of (S, +4) that contains exactly three elements.

A )
Consider the set S of matrices of the form (—y i) # (g g), where x, y € R.
a Show that § forms a group under matrix multiplication. You may assume that
the associative law is satisfied.

O) where x € R, x # 0.
0 «x

The set R consists of matrices of the form (
b Show that R is a subgroup of S.

0
The set T consists of matrices of the form (—y J(;) where y e R, y # 0.
¢ Show that 7T is not a subgroup of S.

(6 marks)
(2 marks)

(3 marks)
(2 marks)

(5 marks)
(3 marks)
(1 mark)
(1 mark)

(5 marks)

(5 marks)

(2 marks)

Theset G={1,5,7,11, 13,17, 19, 23} forms a group under multiplication modulo 24.

a Find the order of each element in this group.
b Explain clearly why this group cannot contain a cyclic subgroup of order 4.

The elements of H are the complex numbers ekTﬁ, where k=0,1,2,3,4,5,6,7,8.
H forms a group under complex multiplication.

¢ Determine, with reasons, whether G =~ H.

(4 marks)
(2 marks)

(3 marks)



12 Groups A, B and C are defined as follows.

E/P A: the set of numbers {1, 3, 7, 9} under multiplication modulo 10

B: the set of numbers {1, 2, 4, 8} under multiplication modulo 15

(" the set of matrices {(1 0),(0 l),(_l 0 ) ( 0 _1)} under matrix multiplication

0 LT 070 =171 @
a Write down the identity element for each of the groups 4, B and C. (2 marks)
b Determine in each case whether the groups
i Aand B ii Band C iii AandC
are isomorphic. In each case give reasons for your answers. (5 marks)

@fP 13 The elements of a group G are the matrices

cos3-  sin3
—sinE cosk—ﬂ'
3 3
where k=1,2,3,4,5,6.
a State the order of the group and the order of each of its elements. (4 marks)

b Determine, with reasons, whether this group is isomorphic to the group of permutations of
three elements, S;. (2 marks)

Challenge

The set S, consists of all possible permutations of four objects under
composition of permutations.

a Find |S,].

b Find subgroups G C S, with each of the following properties.
In each case, list the elements of the subgroup in the form

a, d, ay dg
(bl bE b3 bé)
where a, b, € {1, 2, 3, 4}.
i Gisacyclic group of order 4

ii Gisa cyclic group of order 3
iii |G|=6

ﬂ ¢ Find a subgroup of S, that is isomorphic to:
i the Klein four-group
ii the symmetry group of a square, Dj.

d Explain why S, has no subgroups that are isomorphic to:
i the cyclic group of order 6
ii the group G=1{1,2,4,7,8, 11, 13, 14} under multiplication
modulo 15.
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Summary of key points

1

9

10
11

12

84

A binary operation on a set is a calculation that combines two elements of the set to produce
another element of the set.

An identity element of a set S under a binary operation = is an element ¢ € S such that, for
anyelementa € S,axe=exa=a.

Let S be a set and * be a binary operation on S. If an identity element e exists, and there exist
elementsa, b € Ssuchthata= b =b*a=e, then ais the inverse of » and b is the inverse of a.

A binary operation * on a set S is associative if, forany a, b, c € S,
axbxc)=(axbh)xc

If G is a set and = is a binary operation defined on G, then (G, %) is a group if the following four
axioms hold:

+ Closure: foralla, be G axbe G

« Identity: there exists an identity element ¢ € G, such thatforalla € G, a*se=e*xa=a

+ Inverses: for each a € G, there exists an inverse elementa! € Gsuchthata*al=a'*a=e¢
- Associativity: foralla, b, ce G a* (b*c)=(a*b) *c

A Cayley table fully describes the structure of a finite group by showing all possible products
of elements of the group. When a group’s elements are displayed in a Cayley table, then:

« all entries must be members of the group

« every entry appears exactly once in every row and every column

« the identity element must appear in every row and column

« the identity elements are symmetric across the leading diagonal.

« The operation x, of multiplication modulo 7 is defined on integers @ and b as the
remainder when ab is divided by n.

« The operation +, of addition modulo n is defined on integers @ and b as the remainder
when a + b is divided by n.

The symmetric group on n elements, S,, is defined as the group of all possible permutations
that can be performed on 1 objects, together with the operation of composition.

A cyclic group is a group in which every element can be written in the form «*, where a is the
group generator and k is a positive integer.

If a finite group G has n distinct elements, then the order of G is n.

« The order of an element a in a group (G, *) with identity e is the smallest positive integer k
such that ¢ =e.

« If (G, #) is finite with a € G, then |a| divides |G].

+ (G, #) is cyclic if and only if there exists an element a such that |a| = |G]. This element will be
a generator of the group.

Let a be an element in a group (G, *), then:

« if @ has a finite order n, then @” = e if and only if njm
« if @ has infinite order, then x 2 y = a* 2 @

« if @ = @ with x # y, then @ must have finite order.



13

14

15
16

If a non-empty subset H of a group G is itself a group under the binary operation of G, we call
H a subgroup of G.

« If H C G, then H is a proper subgroup of G.

+ If HC G, then H is a subgroup of G.

Let G be a group and H be a finite non-empty subset of G. Then, H is a subgroup of G if H is
closed under the operation of G.

If G is a finite group, then any element a € G generates a subgroup of G, written (a).

Lagrange’s theorem: If H is a subgroup of a finite group G, then |H| divides |G|.

17 Two groups (G, #) and (H, o) are isomorphic if there exists a mapping f: G — H such that:

18

19

20

+ f maps all of the elements of G onto all of the elements of H
+ fis one-to-one
- fpreserves structure: f(a = b) = f(a) o f(b)

If (G, ) and (H, o) are isomorphic groups with identity elements e and e respectively, and
f: G — H is an isomorphism from G to H then, foralla € Gand n € Z,

+ fla?) = (fl@)?

+ fla") = (f(a)"

Group isomorphisms preserve order and subgroups:

+ |Gl = |H]

+ If G has k elements of order n, then H has k elements of order n.

+ If G has k subgroups of order n, then H has k subgroups of order n.
« If Jis a subgroup of G, then H has a subgroup isomorphic to J.

Groups of order 8 or less can be classified entirely by the orders of their elements.
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Complex numbers

After completing this chapter you should be able to:

® Determine the loci of sets of points, z, in an Argand diagram given
= a) = 3, where k, 3 € R,

z=b
k>0k+#1anda beC - pages 87-95

® Represent regions on an Argand diagram, including those of the
formsa = arg(z - z;) = Fand p =<Re(z) = ¢, wherea,3,p, ¢ €R
andz; € C - pages 96-100

in the forms |z — a| = k|z - b| and arg(

® Apply elementary transformations that map points from the

z-plane to the w-plane, including those of the forms w = z2 and

az+b
w=-——— wherea, b, ¢, de C. - pages 100-109
cz+d

A complex number z is represented by the point P
in the complex plane. Given that |z + 2 — 4i| =3,

a sketch the locus of P
b find the Cartesian equation of this locus.
< Core Pure Book 1, Chapter 2
| 2 Giventhatlz-il=Iz- 4+ 3il,
a sketch the locus of z

b find the Cartesian equation of this locus.
< Core Pure Book 1, Chapter 2
3 Sketch the locus of z for arg(z + 2i) = Z?W
< Core Pure Book 1, Chapter 2

4 On separate Argand diagrams, shade in the
regions represented by:

alz+6l=|z+2il

This is an image of a Julia set.
Sets such as this are generated by
examining the behaviour of points
under the repeated application of
mappings in the complex plane.

: : T R ¢
z = |z = by =
c {lz+6l= +2||}ﬂ{0 arglz + 2 + 2i) 2} Bl

[

=
<« Core Pure Book 1, Chapter2

L. *wmxé;"_\



Complex numbers

m Loci in an Argand diagram

You can use complex numbers to describe a locus of points on e
an Argand diagram. e

distance between the points z;
Im 4 ) and z; on an Argand diagram:

o — Locus of points.
Ealy Im 4
ZR= v b

Every point z, on the circumference 2= %t
of the circle, is a distance r from =z
the centre of the circle. =

A Cartesian equation of the circle is Z, =X, +1y,
0 Re (= x1)2 + ( =y =1

= Given z; = x; + iyy, the locus of points z on an Argand o Re
diagram such that |z - z,| =r,0r |z - (x, +iy,)| =1, isa

= . : & Core Pure Book 1, Section 2.4
circle with centre (x,, y,) and radius r.

The locus of points that are an equal distance from two different points z; and z; is the perpendicular
bisector of the line segment joining the two points.

. . . Im a4
m Givenz;=x;+iy;and z; = x;, + iy,

the locus of points z on an Argand
diagram such that |z - z,| = |z - 25| :
is the perpendicular bisector of the
line segment joining z, and z,.

Locus of points.

Every point z on the line
is an equal distance from

z =X +iy :
BT points z; and z,.

o F{e
You need to be able to determine the locus of a set of points whose distances from two fixed points
are in a constant ratio.

Consider a circle with centre O and radius r. The fixed point 4 v— B
lies inside the circle, and the fixed point B lies on the straight ’
line through OA and is such that 04 x OB = r2.
For any point P on the circumference of the circle:
OB _OP
— 2 B
OA x OB = OP?s0 OF = Od
This means that triangle OPA and triangle OBP are similar, since they have two corresponding sides
in the same ratio with an equal included angle (SAS). Hence % = %, which is constant for all points

P on the circumference of the circle. Hence BP =k AP for some constant &, and the locus of points

which satisfies this relationship is a circle.
4
For example, the set of points that are exactly twice the distance

from (0, 1) as from the point (3, =2). It is not intuitive, but this locus of ©, 1)"\2{!
points is a circle with its centre at (4, —3). 0 =

=y

If you replaced the coordinate axes above with an Argand diagram,
this would be equivalent to the set of points that were twice as far
from i as from 3 — 2i. You could write this locus as the set of points z
that satisfy |z —i| = 2]z — (3 - 2i)|.
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= The locus of points 7 that satisfy |z — a| = k|z - b|, whereq,be Cand ke R, k>0,k #1isa
circle.

@ When k = 1, this locus is the perpendicular bisector of the line segment joining a and b. You can think
¢ Core Pure Book 1, Section 2.4

of a straight line as a circle with an infinite radius.

You can find the centre and radius of the circle by finding its Cartesian equation.

SnEnial 0 e RO @ Explore the locus of z when O

a use algebra to show that the locus of z is a circle,
stating its centre and its radius
b sketch the locus of z on an Argand diagram.

a |z-6|=2|z+ 6 - 9i

= |x+iy-6| =2|x+iy+6 - 9i|
= |(x=6)+iy| =2](x+6)+iy-9)|

= [(x=6)+ip|2=22|(x+6)+i(y —9)|2
= (x-6F+y=4(x+6)°+(y -9

= X2 - 12X+ 36 + 2 =4(x> + 12x + 36 + > — 18y + 81)

= x2-12x+ 36+ )2 =4x% + 48x + 144 + 4y - 72y + 324
= 3x? + 60x + 3y° - 72y + 432 =0

= x2+20x +p° - 24y + 144 =0

= (x+10)2 =100 + (y = 12)2 =144 + 144 = O

= (x +10)2 + (y — 12)2 =100
So the locus of z is a circle with centre (=10, 12) and radius 10.

h

L

|
|

Problem-solving

|z — 6| represents the distance from the point 4(6, 0) to P.

|z + 6 — 9i| = |z — (=6 + 9i)| represents the distance from the point B(-6, 9) to P.

I

|z — a| = k|z — b| using GeoGebra.

zcan be written asz = x + iy.

Group the real and
imaginary parts.

Square both sides.
Remove the moduli.

Complete the square twice
for x and for y.

Circle (x —a)? + (y — b)2 =12
with (@, b) = (-10, 12) and
=R

Locus of z as required.

|z — 6| = 2|z + 6 — 9i| gives AP = 2BP. This means that P is the locus of points such that the distance AP is

twice the distance BP.

One of the points will always be inside the circle and the other will always be outside the circle.
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Another previous result for loci in an Argand diagram makes use of the geometric property of the
argument of a complex number.

= Given z, = x, + iy,, the locus of points z on an Argand diagram such that arg(z - z;) = fis a
half-line from, but not including, the fixed point z,, making an angle 6 with a line from the
fixed point z, parallel to the real axis.

Ima

m The endpoint z, is not included

in the locus. You show this by drawing it with
an open circle.

@) Re

You can make use of the following circle properties to determine more complicated loci given in terms

of arguments.

e Angles subtended atanarc e Theangle in a semicircle e The angle subtended at the
in the same segment are is aright angle. centre of the circle is twice the
equal. angle at the circumference.

P
A o
0
7 B
b
B
/APB=/A0B AAPB:% Z/AOB=2/APB
: . I-a

= The locus of points 7 that satisfy arg(m) =0, m e

where@eR,0>0anda, b C,isanarcofa and B, are not included in the locus.

circle with endpoints 4 and B representing
the complex numbers a and b, respectively.

You can see why this locus is the arc of a circle by drawing points A and B on an Argand diagram, and
drawing a point P such that ZAPB = 6, where 6 is a positive, constant angle.

Im 4

The solution shown for Example 2 below
illustrates the same approach developed here.
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From knowing the locus for an equation of the form arg(z — z;) = 6, you can conclude that arg(z — a) = &
and arg(z — b) = (3. It follows that

/APB=a-0 This is due to the properties of parallel lines.
O=a-3
=arg(z—a) —arg(z-b)
= arg(f — g) arg(::—;) =argz, —argz, ¢ CorePure Book 1, Section 2.3

As P moves, ZAPB is always equal to the constant 6. By the converse of the first circle property on
the previous page, 24 PB must be the angle subtended in the arc of a circle. The locus of P is the arc
of a circle that is drawn anticlockwise from A4 to B.

Problem-solving

To prove the converse of vy P
the first circle property, B ‘
suppose P’ did not lie on Q

the circle through A, B and

P. Let Q be the intersection A

of this circle with the line

through 4 and P'. Then

ZAQB=f0and LAQB = ZAP'B.This is a contradiction
since ZAP'B =0, so P' must lie on the circle.

Im 4

0] Re

n Ifo< %’ then the locus is a major arc of the circle.
n If0> %’ then the locus is a minor arc of the circle.

n IfO= %, then the locus is a semicircle.

In these two examples, a = 2i and b = —3. The arcs are drawn anticlockwise from A to B.

Im a
z=2i\_2x
arg(;+3)‘ 3
pxe¥|
P/ e ]
2
Re B 0 Re

90



Complex numbers

In the following two examples the values of @ and b are reversed.

Im 4

Im &
z43)\_2m
g (Z22)-1 |, g (£27)=5
z-2i) 3
i ‘ 2 B
L 3
a4 @[S, N
T 9K | Re 0 Re
/P

Finding the centre of the circle on which the major or minor arc is located requires algebraic and/or
geometric working. This is illustrated in Example 2.

Example e
@ Explore the locus of z when O

o 6) i argc : g) = 6 using GeoGebra.
z=2) &

a sketch the locus of P(x, y) which is represented by z on an Argand diagram

b find the Cartesian equation of this locus.

Given that arg(

a ar@(z - 2) =arg(z — 6) —arg(z - 2) = %-— Use arg(i—:_) =argz, —argz,.
Let L, be the half-line satisfying arg(z - 6) = o
and let L, be the half-line satisfying arg(z — 2) = 3. Use arg(z — 6) —arg(z — 2) =%
It follows that a — 3 = % (1) [
Ima

— All points on L, satisfy arg(z — 6) = av.
All points on L; satisfy arg(z — 2) = 5.

Therefore the point P is found lying on
both L, and L, where a — 3 = %

As Plieson L, and L,, it is found where
L, and L, intersect.

0 B(2, 0) A(6, 0) D  Re
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From AABP, it follows that The exterior angle of a triangle is the sum
/BPA + /PBA = /PAD [ of the two opposite interior angles.
= /BPA+ (3=«
—. YBPAd=-a -3 L From the diagram, ZPBA = 3 and

T ARAN=o
= /BPA = —

4
As o and 3 vary, ZBPA is constant and is % L Ve ﬂ=% (1)

iy Locus
i P can vary but ZBPA must always be %
Plx, y) From the circle theorems, angles in the

same segment of a circle are equal.
Therefore as P varies, ZBPA will always

& o s = be equal to %
o B2, 0 A(G, O D Re =
G (60 So, since % < % it follows that P must
b Method 1: Geometric lie on the major arc starting at (6, 0) and
Im 4 finishing at (2, 0), but not including the

points (6, 0) and (2, 0).
Locus

of P . =
ZBPA = - S AAER= > as the angle

subtended at the centre of the circle is
twice the angle at the circumference.
As CA and CB are both radii, then the
radius isr = CA = CB.

This implies that ACAB is isosceles and
ZCAB=/CBA= %

Let X be the midpoint of 4B. Hence

Va0 = g and ZXCA = 4CAX=%

So ACAX is isoscelesand AX = CX = 2.

«— 77— »
AX=CX =2 = AC =22 + 22= 22 and Cis
the point (4, 2).
So the Cartesian equation of the locus of P is
(x —4)2 + (y — 2)2 = &, where y > O.

Since the locus is the major arc of the
circle which lies above the real axis, then
the Cartesian equation for the locus must
include the condition that y > 0.

m The locus is only a part of

a circle (an arc), so you need to give a
suitable range of values for x and/or y
to indicate which part of the circle is
included.

92



Method 2: Algebraic

-6 _Xx—6+1Wy

-2 x—-2+1iy
_x—e+ip)x—2—iy

x— 2y x— 22—
x2 —8x +12 + y2 + 4iy

(S

(x — 2)2 +p2
o (,\‘2 —8x +12 + ye) " ( 4y )i
(x-—=2)2 + p° (= 2)2 42
x2—8x+12 + y? 4y . T
= 9(( (=27 +y? ) : (_fx - 2)? +y2)') 8
X2 —-8x+ 12+ y? 4y
T Tt o e

= Xx2-8x+12+y2=4y
= (x—-4)2+(y—-2)2=8,wherey >0

Given the equation arg(

z—z4i):%’

Complex numbers

Problem-solving

In order to deal with arg(z — g)

z

algebraically, you need to identify

its real and imaginary parts. Write

z =X + iy then multiply the numerator
and denominator by (z — 2)*.

Im(w)
Re(w)
case, f = % and tan % =1, so the real

If arg w = 6, then = tané. In this

and imaginary parts are equal.

m If you use an algebraic

method to find the equation of the
circle, you still need to use geometric
considerations to work out which

arc of the circle satisfies the given
condition. In this case y = 0.

a sketch the locus of points z that satisfy the equation on an Argand diagram.

b Hence write down the range of possible values of Re(z).

ol

a ar@(z = 41) =argz—arg(z—4)=a - .50 a - 3= g

Im

argz=caand arg(z - 4i) =3

arg(z -241) =g

a—ﬁ:%anda<%:>,6'<0.

Since the constant angle at P is % the

locus of P is a semicircle from (0, 0)

2+ 2+ 2i

o 2 Re

The range of possible values for Re(z) are O < Re(z) = 2.

anticlockwise to (0, 4), not including
(0, 0) and (0, 4).

Problem-solving

The point on the locus furthest to the
right is 2 + 2i, so the largest possible
value of Re(z) is 2. The endpoints of
the semicircle are at 0 and 4i. These
points are not included in the locus
of z, so use a strict inequality to show
the smallest possible value of Re(z).
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1

(E/P) 6

EP 7

94

Sketch the locus of z and give the Cartesian equation of the locus of z when:
a |z+3|=3]z-5 b |z-3|=4|z+1|
¢ |z—i]=2|z +1 d |z+2-7i]=2z- 10 + 2i|

e |z+4-2i=2|z-2-5i f |z|=22-¢
Sketch the locus of z when:
a ar = b ar (z—3i)_1
g(:+3)‘4 8-+4/76
z T z=31\ =«
< arg(z-z)‘3 d arg(z_s)—4
3 argz—arg(z—2+3i)=% f arg({lil)zg

The complex number z = x + iy satisfies the equation |z + 1 +i| = 2|z + 4 - 2.
The complex number z is represented by the point P on the Argand diagram.

a Show that the locus of P is a circle with centre (-5, 3).

b Find the exact radius of this circle.

The point P represents a complex number z in an Argand diagram.
m

Given that arg z — arg(z + 4) = T

is a locus of points P lying on an arc of a circle C,
a sketch the locus of points P

b find the coordinates of the centre of C

¢ find the radius of C

d find a Cartesian equation for the circle C

e find the finite area bounded by the locus of P and the x-axis.

A curve Fis described by the equation |z| = 2|z + 4.

a Show that Fis a circle, and find its centre and radius.

b Sketch F on an Argand diagram.

¢ Given that z lies on F, find the range of possible values of Im(z).

The set of points z lie on the curve defined by |z — 8| = 2|z — 2 - 6il. Find the range of

possible values of arg(z).

; -

i\
)—2,11'6[:.

A curve S is described by the equation arg( 16

a Sketch S on an Argand diagram.
b Find the Cartesian equation for S.

¢ Given that z lies on S, find the largest value of a and the smallest value of b that
satisfy @ < arg(z) < b.

d State the range of possible values of Re(z).

(4 marks)
(1 mark)

(2 marks)
(3 marks)
(2 marks)

(1 mark)
(3 marks)

(5 marks)
(2 marks)
(3 marks)

(7 marks)

(2 marks)
(3 marks)

(2 marks)
(1 mark)



@r) 8

EP 9

® 10

EP 11

Complex numbers

The point P represents the complex number z that satisfies the equation

arglz — 1)—arg(z+3]=3—ﬂ',z7é—3

Use a geometric approach to find the Cartesian equation of the locus of P. (5 marks)

Each of the three Argand diagrams below shows an arc of a circle drawn from point A
to point B that is the locus of a set of complex numbers z. Write down a complex

equation for each locus. (6 marks)
a Im b ¢ Ima
"”'2_7‘—\\’\
5 PUENEEZAN
B(-5,0) A(-2,0) O Re . A(6,1)

Re 0 Re
The curve C has equation |z + 3| = 3|z - 5|, z € C.
a Show that Cis a circle with equation x2 + y2 — 12x + 27 = 0. (2 marks)
b Sketch C on an Argand diagram. (2 marks)

m

6 Express z; in the form r(cosf + i sinf). (3 marks)

¢ The point z; lies on C such that arg z,

In an Argand diagram, points 4 and B represent the numbers 6i and 3 respectively.

As z varies, the locus of points P satisfying the equation |z — z,| = k|z — z,|, where z,, z, € C and
k € R, is the circle C such that each point P on the circle is twice the distance from point A
than it is from point B.

a Write down the complex numbers z, and z,, and the value of k. (2 marks)m AP =2BP
b Show that the Cartesian equation of circle Cis x2+ y2—8x +4y =0. (2 marks)

The locus of points w satisfying the equation arglw — 6) = & where o € R passes
through the centre of circle C and intersects it at point Q.

¢ Find the value of a. (3 marks)
d Find the exact coordinates of Q. (3 marks)

Challenge

Fully describe the locus of points z that satisfy the equation
|z —a| + |z + a| = b, where a and b are real constants and b > 2a.
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@ Regions in an Argand diagram

You can use inequalities to represent regions in the Argand diagram.

= The inequality 0, < arg(z - z,) < 0, describes a region in an Argand diagram that is
enclosed by the two half-lines arg(z - z,) = 0, and arg(z - z;) = 0,, and also includes the two
half-lines, but does not include the point represented by z,.

My Imagine that the enclosed region in the diagram,

represented by ), < arg(z — z;) =< 0,, is formed
by rotating the half-line with argument @, anti-
clockwise by the angle @, — ¢, about the point z,.

m The region described by

0, < arg(z — z;) < 6, would not include the
> two half-lines. You would use dotted lines to
represent them.

Describe algebraically, in terms of z, the region shown in each Argand diagram.

a Im b Ima

C Tm 4 d Im 4

(.22)
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The region is enclosed by the two half-lines
arglz = (-3 +i) =0 and arglz - (-3 + 1)) = g
The region is described by the inequality

O{arg[z+3—i]£E

Complex numbers

The initial half-line is horizontal, so 8, = 0.
The gradient of the terminal half-line is 1
since it extends from (-3, 1) through (0, 4). so

The region is enclosed by the two half-lines

arglz - V3 +i)) = g and arg(z = V3 + i) = —% —
The region is described by the inequality

g = ar@{z -V3 - = %

The initial half-line is ar‘@(z -y3-i)= —%

and the terminal half-line is arglz — V3 — i} = g —

The region is described by the inequality

Since the initial half-line is dashed it is not
included (<) in the region. The terminal half-
line is solid so it is included (=) in the region.

m The argument @ of any complex

number is usually given in the range
—m < f = m. This is called the principal
argument. However, you could also give the

—% <arglz-V3 -] = L

2

The shaded region in the diagram is the
intersection of a circle and its interior with the
region between two half-lines.

The circle and its interior is given by
z-3+2I=2
The equation for the initial half-line is

arglz — 5 + 2i) = % and the equation for the

terminal half-line is ar@f: -5+ 2il =m So the —

region between the two half-lines is described

by the inequality % Sarglz-5+ 20 <7

The shaded region is given by

zeC:|lz-3+ 2 =2
Q{ZEC:%Sar@{Z—5+2iJ&£W}

— second half line as arg(z — (V3 + i)} = 161"-

It makes more sense to use this value in the
final inequality so that the second upper
value is greater than the lower value.

& Core Pure Book 1, Section 2.2

These are the same half-lines as part b. You

can consider this region as being formed by
rotating the half-line arglz - V3 — i) = —%‘T
anticlockwise about the point (v3, 1) from an

angle of —%ﬁ to an angle of%

The set of points z satisfying the inequality

“—— |z —z;| = risacircle and its interior with radius

rand centre at the point representing z,.

The initial half-line extends from (5, =2)
through (3, 0), so 0, = 3%

The terminal half-line extends horizontally to
the left, so ¢, = 7.

M Use set notation, with the

symbol M denoting the intersection of the
two sets.
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On separate Argand diagrams, shade the region satisfied by each set of points:

a {zEC:

2

3
b feC:2lz-4<|zl Nn{ze C:4 <Re(z) < 6

éargzsfr}ﬁ{zEC:|Z+3—4i|SS}

a 27

3 |rma

The region described by the inequality

? sargzsm ZTTT < argz < w is between the two half-lines

argz = 23—'” and argz = .

Problem-solving

If you have to sketch a union or intersection of
T > > regions on an Argand diagram, it is helpful to
sketch each region separately first

and
|:+3—4i|55 ey

Therefore the intersection is

{:EC:%"Ear@zﬂﬁ}ﬂ{z&ﬂ::|:+3—4i|‘é5:

2m [rm 4

G,

k.

&

h_ I & w Explore this region using O
R oD Re GeoGebra.
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Complex numbers

b let z =x +iy. Problem-solving

2lx -4 +iy| < |x+iy| The equation 2|z — 4| = |z| represents a circle,
2l(x —4) +iy|2 < |x +ip|® so the inequality 2|z — 4| =< |z| represents
4(x2 - Bx + 16 + y2) < x2 + y2 a region consisting of either a circle and its
3x2+3y2-32x+64 <0 interior, or a circle and the region outside it.
; You need to use an algebraic approach to find
,\‘2+y2—%x+%50 & PP

the centre and radius of the circle.

1612 = 5
-5 +y2=B_S.
| 2 < 64 Complete the square.

Therefore 2|z — 4| < |z| describes the
region consisting of the circle with centre
(%,O) and radius % and its interion

The region described by 4 = Re(z) = G is

the region between, and including, the vertical The locus of points satisfying the equation

Re(z) = 4 is the vertical line x = 4, and the locus
i of points satisfying the equation Re(z) = 6 is
the vertical line x = 6.

lines x =4 and x = &.

So{zeC:2|z-4]| < |
N{izeC:4 <Re(z) < ¢}

describes the region shaded below.

Imy x=4 x=6

(3]

i

|~

(el
4 9\ ' & Re

1 On separate Argand diagrams, shade the regions, R, described by:

aOsarg(z—4—i}£% b -1<Imz <2

1 T .
- |z| < = z =
¢ 5 Izl <1 d 3 arglz +1)

N

2 The region R in an Argand diagram is satisfied by the inequalities |z] < 5 and |z| < |z — 6i|]. Draw
an Argand diagram and shade in the region R.

3 Shade on an Argand diagram the region satisfied by the set of points P(x, y), where |z + 1 —i| < 1
and 0 =argz < Tﬂ

4 Shade on an Argand diagram the region, R, satisfied by the set of points P(x, y), where |z] < 3
™

and 4

s arg(z+3)=m.
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The region R is defined by the inequalities |z — 2| =< |z — 6 — 8ijand 0 = arg(z — 4 - 2i) =

b

Chapter 3

Sketch on the same Argand diagram:

i the locus of points representing |z — 2| = [z — 6 — 8i|

ii the locus of points representing arg(z — 4 — 2i) =0
et

iii the locus of points representing arg(z — 4 — 2i) =’E

On your sketch from part a, identify, by shading, the region R.

® 6 On separate Argand diagrams, shade the regions, R, defined by the sets of points:

a
b

=]

(E/P) 7

EP) s

=]

(E/P) 9

=]

b

Cc

{zEC:—%éarg{z+l+i]$—%}ﬂ{zettlz+1+2ils 1l
zeC:2lz-6l<|z=-3lNn{zeC:Rex)< T}

Shade on an Argand diagram the region defined by |z + 6] < 3.

The complex number z satisfies |z + 6] < 3. Find the range of possible values of argz.

Indicate on an Argand diagram the region consisting of the set of points satisfying

37
both VR

Find the exact area of this region.

=< argl(z — 8) = 7 and Im(z) < Re(2).

Shade on an Argand diagram the region R defined by

{ZEC:|2—3+2i|2\/§|z—1|}ﬂ{zeC:0£arg(z+]+2i)$%}

Find the exact area of region R.

The complex number z lies in region R. Find the maximum value of Im(z).

Challenge

On an Argand diagram, shade the set of points
zeC:6<Re((2-3i)z) <12nf eC: (Rez)(Imz) =0}

@ Transformations of the complex plane

B You need to be able to transform simple loci, such as lines and
circles, from one complex plane (the z-plane) to another complex
plane (the w-plane). Transformations will map points in the
z-plane to points in the w-plane by applying a formula relating
z=x+iytow=u+in
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S

(4 marks)
(4 marks)

(2 marks)
(4 marks)

(3 marks)
(3 marks)

(4 marks)
(3 marks)
(5 marks)

m The convention is to

use u for the real part and v for
the imaginary part of a complex
number in the w-plane.

It is helpful to be able to recognise the type of transformation — translation, enlargement, or rotation
— from the formula for some simple transformations.



Complex numbers

B The point P represents the complex number z on an Argand diagram, where |z| = 2. T}, T, and
T represent transformations from the z-plane, where z = x + iy, to the w-plane where w = u + iv.
Describe the locus of the image of P under the transformations:

a Trw=z-2+4 b Tw=3z c T3:w=%z+i
Va
2 The locus of P in the z-plane is a circle with
|z] =2 centre (0, 0) and radius 2.

This is the locus of P in the z-plane before any
transformations have been applied.

=Y

Rearrange to make z the subject.

a Tphw=z-2+4i
=w+2-4i=z
= |w+ 2 -4i| = |z
= |w+2-4i]=2

’— Apply the modulus to both sides of the equation.

Use |z| = 2.

The image of the locus of P under 77 is
|w + 2 — 4i| = 2. This is a circle with centre (-2, 4)
and radius 2.

Problem-solving

The transformation 7y: w = z — 2 + 4i represents a

translation of z by the vector (_2)

=y

Apply the modulus to both sides of the equation.

b T,: w= 3z
r Use |z,25] = |z4]|z2].

= |w| = |3z|
= |w| = 13]|z|
= |w|=3(2)=¢6 Use |z] = 2.

w Explore these transformations O

using GeoGebra.
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The image of the locus of P under T is |w| = 6.
This is a circle with centre (0, 0) and radius 6.

Problem-solving

The transformation 75: w = 3z represents an
enlargement of z by scale factor 3 with centre
(©,0).

Rearrange to make %z the subject.

Apply the modulus to both sides of the equation.

’* Use |z,z,| = |zy||z,]-

( Use |z| = 2.

Plu. v)

=y

For the transformation w = iz — 1, find the locus of w when z lies on the half-line arg(z + 2) =

The image of the locus of P under T;is [w—i| = 1.
This is a circle with centre (0, 1) and radius 1.

Problem-solving

The transformation 75: w = -_ﬁjz + i represents an
enlargement of z by scale factor -_i_- about the
point (0, 0), followed by a translation by the

0
vector ( 1).

T
4

Rearrange the transformation formula w =iz - 1

to make z the subject.

Substitute —iw — i for z.

w=iz -1
= iz=w+
=z = % + ?—
= z=—iw — i
z+2)= 3
arg| ) 7
= argl—iw — i+ 2) = %
= argl-iw+ 2 - i) = %
= argl-iw + 2i + 1)) = %
= arg(—i] + arglw + 1 + 2i] = %
i i E
= —3 + arglw + 1 +321, =7
= arglw + 1 + 2i) = Tﬂ

102

Use arg(z; z;) = arg(z,) + arg(z,)



Complex numbers

B VA The locus of points in the w-plane is the half-line,

argw+1+2i) = 3% that extends from the point
(-1, —2) atan angle 01‘3?1rr to the horizontal

=Y

extending to the right of (-1, —-2).

Problem-solving

' T The transformation w = iz — 1 represents an

arg(w+1+2i)=

anticlockwise rotation through % about the origin

followed by a translation by the vector (_(1])

Im 4
s

4
s

arg(z+2)=% &

arg(w+1+2i =

Examples 6 and 7 lead to the following general results:

® w =7+ a+ibrepresents a translation by the vector (‘;), wherea, b € R.

» w = kz, where k € R, represents an enlargement by scale factor & with centre (0, 0), where k € R.

= w =iz represents an anticlockwise rotation through % about the origin.

Compound transformations, such as the one in Example 7, are represented by transformation
formulae which combine more than one of the characteristics listed above. For example, the
transformation formula w = kz + a + ib represents an enlargement by scale factor k with centre (0,0)

a)’ where ¢, b, k € R.

followed by a translation by the vector (b

A tragsformatlon fror.n the z-plane t(? the w-p‘lane is given by e
w = z2, where z = x + iy and w = u + iv. Describe the locus of w : :
equation for a locus in the

and g‘ive its Cartesiar‘l equation when z lies on: z-plane will be in terms of x and

a a circle with equation x2 + y2 =16 » because z = x + iy. However, a

b the line with equation x = 1. Cartesian equation for a locus in
the w-plane will be in terms of u
and v because w = u + iv.
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ﬂ a |z| =4 This has Cartesian equation x2 + y2 = 16.
w=z2= |w| =|z2
= |w| = |z]|z| L Take the modulus of each side of the equation.
= |w| =4 x4 L
=|w| =16 Use |z125| = |24)|22], where z, = z, = z.
Hence the locus of w is a circle with

centre (O, O) and radius 16, and the Use || = 4.
Cartesian equation for the locus of w is
u? +v2=162= 256
b letz=1+iy
w=zZ=>w=(1+iy?2
= w=(1-yp2 + 2y
Sou=1-y2andv=2y

= = — y2 - 32
.U il i Problem-solving

The Cartesian equation for w is
A Cartesian equation in the w-plane should be in

Ve = —4u + 4 e
L T R terms of u and v. You need to eliminate y from the

= The line x = 1 in the z-plane is the locus of Re(z) = 1.

This is a parametric equation of a curve in the
r w-plane with y as the parameter.

) ) . equations.
symmetric about the real axis, with vertex
at (1, O), as shown in the diagram.
Vi
u
= You need to be able to apply transformation formulae @ Transformations of
az+b ; s
of the form w = ** , where a, b, ¢, d € C, that map this form are called Mébius
ez transformations.

points in the z-plane to points in the w-plane.

The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is given
Siz +1

z+ 177 7 -1
a Show that the image, under 7, of the circle |z| = 1 in the z-plane is a line / in the w-plane.
b Sketch /on an Argand diagram.

by w =
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B _Siz +i il

a w=
z+1
= wiz+1)=5iz+i
= wz+ w=D5iz+1i Rearrange the transformation equation to make =
= wz-5iz=1-w the subject of the equation.
=zw-5)=i-w
iy i—w
“ T w—5i -
Sa fa] = L1 Take the modulus of each side of the equation.
5 q
W= 2l
1 [i = w]
= 1= Z z
|w — 5i L Use|z|=1andz—1=¥
= |w-5i| = |i—w| ol %l
= |w=5i| = |[(=D)w =1i)| B
= |w—5i| = |-1][w-1i| Take out a factor of —1 on the RHS.
= |w=5i| = |w-i] L
b VA Use |z125| = |zi||ze]-
1(0.5) As you are working in the w-plane, plot v against w.
N v=23 ; |w = 5i] = |[w—i| is in the form |w — wy| = [w — w5|
so represents points on the perpendicular bisector
1. 1) of the line segment joining (0, 1) and (0, 5).
i _ Therefore the line / has equation v = 3.
0 u

Therefore the image of |z| =1, under T,

is the line I with equation v = 3.

The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is given
3z-2
)= -1.
by w 117 #
Show that the image, under T, of the circle with equation x> + »? = 4 in the z-plane is a circle C in
the w-plane. State the centre and radius of C.

3z-2 ]
W=
z+1
=wz+1)=3z-2
=2>wz+w=3z-2 Rearrange the transformation equation w = 322_:12

= w+2=3z—wz
=w+2=z3-w)
w+2
3-w_ £

to make z the subject of the equation.

(&1
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B X2 + y2 = 4 can also be written as |z| = 2.
w+ 2
3-w =Rle
lw+ 2]

= =2
|3 — wl
lw+ 2| =2|3-w]
[w+ 2] =2|-1]|w-3]|

=
=

= |w+ 2| =2|w- 3|

= u+iv+ 2| =2|u+iv- 3]

= |(u+2)+iv| =2|(u-3)+iv]

= |(u+2)+iv|2=22|(u-3)+iv|? L
= u+2P2+vV=4(u-3)2+v9

S +4u+4+v2 =41 - Gu+ 9 +vd)

= U’ +4u+ 4+ v =4u% - 24u + 36 + 4v?

= 3u? - 28u+3v +32=0
::wue—%u+v2+%=

S -4 -2 20

i(u—%]2+v2=7

Therefore the image of x* + y? = 4, under T,

is a circle C with centre (%, O) and radivs %

Sketch / on an Argand diagram.

iz— 2
1-z
wil—2z)=iz-2

w—wz=iz-2

W=

W+ 2=wz+iz
w+ 2 =z(w+i)
w4+ 2
l-v+i=: _
Uu+iv+ 2
T
U+ 2)+iv
u+ilv+1)
w+2)+iv u-—iv+1)
u+ilv+1) u-—-iv+1)
uu+ 2)—ilu+ 2)v+1)+iuv+viv+1)
W+ (v + 1)°

¢ Ll

w
s}

—

4
I

4
I

=5

=

4
I
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A transformation 7 of the z-plane to the w-plane is given by w =

x% + y% = 4 is the equation of a circle with centre
(0, 0) and radius 2.

Take the modulus of each side of the equation.

_ A

IREs

2

Use %

and |z| = 2.
Write w as u + iv.
Group the real and imaginary parts.

Square both sides.

Remove the moduli.

Complete the square for u.

iz=2
1_Z,Z#l.

Show that as z lies on the real axis in the z-plane, then w lies on a line / in the w-plane.

Rearrange the transformation equation w = 'f _22

to make z the subject of the equation.

Write w as u + iv.
Group the real and imaginary parts.

Multiply the numerator and denominator by the
complex conjugate of u + i(v + 1).

Use the difference of two squares.



1

Complex numbers

=z= H(Hu: f}(::(:): ) i(mﬁ ;2('1 L?(;’); 1)) Group the real and imaginary parts.
o uu+2)+vlv+1)  fuv—(u+2)v+1) . .
Sox+iy= o +|( o )-— Write z as x + iy.

Since z lies on the real axis, y = O.

5 o__u{u+2jl+v(v+1j+(uv—(u+2)(v+1})
QHTHT TR e A B G
uv — (u+ 2)(v+1) . .
H = -
ence, O Y Equate the imaginary parts
=uv—(u+2)v+1)=0 |
: : .
R Multiply both sides by u? + (v + 1)
suw-—u-—u—2v-2=0 | )
i J Rearrange to make v the subject.
So w lies on the line with equation v = —%a .
V4
' As you are working in the w-plane, plot v
v=—tu-1 against u.
\"""N..,__ &
= 0 u
é\_r\ The line / has equation v = —%u —1and
cuts the coordinate axes at (=2, 0) and

Consider the triangle shown on the right in the z-plane. For each of the
transformation formulae:
i sketch the image of the triangle by plotting the images of
z,, 2, and z,, in the w-plane
ii give a geometrical description of the mapping from the z-plane
to the w-plane.
a w=z-3+2i b w=2z c w=iz—-2+1i d w=3z-2i

A transformation 7 from the z-plane to the w-plane is a translation by the vector (_g) followed

by an enlargement with scale factor 4 and centre O. Write down the transformation 7 in the
form w=az + b, where a, b € C.

Determine the formula for a transformation from the z-plane to the w-plane in such a way
that the locus of w points is the image of the locus of z points rotated 90° anticlockwise and
enlarged by a scale factor of 4, both about the point (0, 0).

For the transformation w = 2z — 5 + 3i, find the Cartesian equation of the locus of w as z moves
on the circle |z — 2| = 4.

For the transformation w = z — 1 + 2i, sketch on separate Argand diagrams the locus of w when
z lies on:

a thecircle |z - 1| =3 b the half-line arg(z — 1 +1) =
¢ the line y = 2x

us
4
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ﬂ 6 For the transformation w = % z # 0, describe the locus of w when z lies on:
a thecircle |z] =2 b the half-line with equation argz =%

¢ the line with equation y = 2x + 1

CE 7 For the transformation w = 22,
a show that as z moves once round a circle with centre (0, 0) and radius 3, w moves twice

round a circle with centre (0, 0) and radius 9 (6 marks)
b find the locus of w when z lies on the real axis (2 marks)
¢ find the locus of w when z lies on the imaginary axis. (2 marks)

(E 8 The transformation 7 from the z-plane to the w-plane is given by w = i _22~, z# %

The circle with equation |z| = 1 is mapped by 7 onto the curve C.
a i Show that Cis a circle.

ii Find the centre and radius of C. (8 marks)
The region |z = 1 in the z-plane is mapped by 7 onto the region R in the w-plane.
b Shade the region R on an Argand diagram. (2 marks)

@IP 9 For the transformation w = 3 I # 2, show that the image, under 7, of the circle

g &
—

with centre O, and radius 2 in the z-plane is a line / in the w-plane. Sketch / on an

Argand diagram. (6 marks)
(E 10 A transformation from the z-plane to the w-plane is given by w = f ; ;, z# -l
a Show that the circle with equation |z — i| = 1 in the z-plane is mapped to a circle in the
w-plane, giving an equation for this circle. (5 marks)
b Sketch the new circle on an Argand diagram. (1 mark)

@IP 11 The transformation 7 from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

givenbyu::ziv,z#l

Show that, under 7, the straight line with equation 2y = x is transformed to a circle in the

w-plane with centre (%,%} and radius 3% (7 marks)
@fP 12 The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is
] —iz + 1
given by w = Sl ,z# -1,
a The transformation 7 maps the points on the circle with equation x? + y? = 1 in the
z-plane, to points on a line /in the w-plane. Find the Cartesian equation of /. (4 marks)
b Hence, or otherwise, shade and label on an Argand diagram the region R of the
w-plane which is the image of |z| = 1 under 7. (2 marks)
¢ Show that the image, under 7, of the circle with equation x2 + y? = 4 in the z-plane is a circle
C in the w-plane. Find the equation of C. (4 marks)
(E 13 The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is
given by w = 4~Z__ 131, v
Show that the circle |z| = 3 is mapped by T onto a circle C, and state the centre and
radius of C. (6 marks)
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Complex numbers

The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is

given by w = %'_i, z# -l

L

a Show that the image, under 7, of the real axis in the z-plane is a circle C; in the

w-plane and find the equation of C;. (5 marks)
b Show that the image, under 7, of the line x = 4 in the z-plane is a circle C, in the
w-plane, and find the equation of C,. (5 marks)

The transformation 7 from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is
. 4
givenbyw=z+-,z#0.
Show that the transformation 7" maps the points on a circle |z| = 2 to points in the interval
[k, k] on the real axis. State the value of the constant k. (7 marks)

The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv, is

given by w = — 307 =3,
Show that 7"maps the line with equation 2x — 2y + 7 = 0 onto a circle C, and state the centre
and the exact radius of C. (6 marks)

Challenge

A transformation T w = az + b a, b € C maps the complex numbers 0, 1
and 1 +iin the z-plane to the points 2i, 3i and —1 + 3i, respectively, in
the w-plane. Find @ and b.

Mixed exercise o

1

For each of the following equations:
i use an algebraic approach to determine a Cartesian equation for the locus of z on an
Argand diagram
ii describe the locus geometrically.

a |z|=|z-4
b |z| =2|z - 4]
a Sketch the locus of points that satisfies the equation |z — 2 + il = /3. (3 marks)
The half-line L with equation y = mx — 1, x = 0, m > 0 is tangent to the locus from part a at
point A4.
b Find the value of m. (3 marks)
¢ Write an equation for L in the form argz —z)=0,z, € C,-r <0 < 7. (2 marks)
d Find the complex number a represented by point A. (3 marks)
a Find the Cartesian equation of the locus of points representing |z + 2| =2z = 1|. (3 marks)
b Find the value of z which satisfies both |z + 2| = |2z — 1| and arg z = % (3 marks)
¢ Hence shade in the region R on an Argand diagram which satisfies both |z + 2| = |2z — 1|

and %s argz = . (2 marks)
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. z-4-2i\ 7

@ 4 Given that arg( 76 ) =5
a sketch the locus of P(x, y) which represents z on an Argand diagram (4 marks)
b deduce the exact value of |z — 2 — 4i|. (2 marks)

5 A curve has equation 2|z + 3| = |z — 3|, where z € C.
a Show that the curve is a circle with equation x2 + 2+ 10x + 9= 0. (2 marks)
b Sketch the curve on an Argand diagram. (2 marks)
The line L has equation bz* + b*z =0, where » € C and z € C.
¢ Given that the line L is a tangent to the curve and that arg b = #, find the possible

values of tanf. (5 marks)

6 A curve S is described by the equation arg(ﬁ) =%
a Show that S is a semicircle, and find its centre and radius. (5 marks)
b Find the maximum value of |z|, and express it exactly. (4 marks)

a Indicate on an Argand diagram the region, R, consisting of the set of points

Q)

satisfying the inequality 2 = |z — 2 — 3i| = 3. (3 marks)
b Find the exact area of region R. (2 marks)
¢ Determine whether or not the point represented by 4 + i lies inside R. (3 marks)

8 The transformation 7 from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
5 1
E is given by w=—,z#0.

a Show that the image, under 7, of the line with equation x = % in the z-plane is a

circle C in the w-plane. Find the equation of C. (4 marks)
b Hence, or otherwise, shade and label on an Argand diagram the region R of the
w-plane which is the image of x = % under 7. (3 marks)

(E) 9 The point P represents the complex number z on an Argand diagram.
Given that |z + 4i| = 2,
a sketch the locus of P on an Argand diagram. (2 marks)
b Hence find the maximum value of |z|. (3 marks)
T,, T,, Ty and T, represent transformations from the z-plane to the w-plane.
Describe the locus of the image of P under the transformations:
c i T w=2z
ii T,,w=iz
iii 75 w=-iz
iv Ty w=z¥ (8 marks)

(E) 10 The transformation 7 from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

4 z+42 :
given by w = Z+i,z#—1.
a Show that the image, under 7', of the imaginary axis in the z-plane is a line / in the w-plane.
Find the equation of /. (4 marks)
b Show that the image, under 7, of the line y = x in the z-plane is a circle C in the w-plane.
Find the centre of C and show that the radius of Cis % (5 marks)
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Complex numbers

The transformation 7 from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

is given by wzéf;f,z # —I.
The circle |z| = 1 is mapped by T onto a line /. Show that / can be written in the form
au + bv + ¢ =0, where a, b and ¢ are integers to be determined. (5 marks)

The transformation 7" from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

is given by w = 3iz+6,z7é 1.

—a

Show that the circle |z| = 2 is mapped by 7 onto a circle C. State the centre of C and show
that the radius of C can be expressed in the form k5 where k is an integer to be

determined. (5 marks)
The mapping from the z-plane to the w-plane given by w = QZZT, z,weC,a,b,ceR

maps the origin onto itself, and reflects the point 1 + 2i in the real axis.

a Find the values of «, b and c. (5 marks)
A second complex number w is also mapped to itself.

b Find w. (5 marks)

; . az+b
A transformation from the z-plane to the w-plane is defined by w = %, where a, b, ¢ € R.

Given that w = 1 when z = 0 and that w = 3 — 2i when z = 2 + 31,

a find the values of @, b and ¢ (5 marks)
b find the exact values of the two points in the complex plane which remain invariant under
the transformation. (5 marks)

The transformation 7" from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
z+1

is given by w==—7—,z #0.

a The transformation 7 maps the points on the line with equation y = x in the z-plane, other
than (0, 0), to points on the line / in the w-plane. Find an equation of /. (4 marks)

b Show that the image, under 7, of the line with equation x + y + 1 = 0 in the z-plane is a circle
in the w-plane, where C has equation u?> + v> —u + v = 0. (4 marks)

¢ On the same Argand diagram, sketch / and C. (3 marks)

Challenge

The complex function f maps any point in an Argand diagram
represented by z = x + iy to its reflection in the line x + y = 1. Express
fin the form f(z) = az* + b, where a,b € C.
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Summary of key points
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Given z; = x; + iy,, the locus of points z on an Argand diagram such that |z — z;| = r, or
|z = (x; +iy,)| = r, is a circle with centre (x;, y,) and radius r.

Given z; = x; + iy, and z, = x, + iy,, the locus of points z on an Argand diagram such that
|z = z,| = |z = z,| is the perpendicular bisector of the line segment joining z; and z,.

The locus of points z that satisfy |z —a| = k|z - b|, whereq, be Cand k eR, k>0,k# 1lisa
circle.

Given z; = x; + iy, the locus of points z on an Argand diagram such that arg(z — z;) =fisa
half-line from, but not including, the fixed point z;, making an angle # with a line from the
fixed point z, parallel to the real axis.

The locus of points z that satisfy arg(%) =0, wherefeR,#>0anda, beC, isanarcofa
z —

circle with endpoints A and B representing the complex numbers a and b, respectively. The
endpoints of the arc are not included in the locus.

< fe < %, then the locus is a major arc of the circle.
- Ife > %, then the locus is a minor arc of the circle.

- Iff= %, then the locus is a semicircle.

The inequality 6, =< arg(z — z;) =< @, describes a region in an Argand diagram that is enclosed

by the two half-lines arg(z — z;) = 6, and arg(z — z;) = #,, and also includes the two half-lines,

but does not include the point represented by z,.

a

b

« w=kz, where k € R, represents an enlargement by scale factor k with centre (0, 0), where
keR.

« w=z+a+ ibrepresents a translation by the vector ( ), where a, b € R.

« w =iz represents an anticlockwise rotation through % about the origin.

You need to be able to apply transformation formulae of the form w = az+b , where

cz+d

a, b, ¢, d € C, that map points in the z-plane to points in the w-plane.



!

€ 2

Using the division algorithm prove that

3|1(n3 +2n) foranyn € N (6)

« Section 1.1

Paul believes that 1096 = 17 (mod 43)

a State whether Paul is correct. Use the
division algorithm to justify your
answer.

(2)
b Jemma believes that the fraction
2873
514098
Use the Euclidean algorithm to decide

whether Jemma is correct. 4)
« Sections 1.1, 1.2

cannot be further simplified.

Use the Euclidean algorithm to find the
highest common factor of 808 and 2256.

3

« Section 1.2

a Use the Euclidean algorithm to show
that 201 and 5365 are relatively
prime. 3)

b Hence find integers ¢ and b such that

201a + 53656 = 1 @)

« Section 1.2

Use the Euclidean algorithm to find
integers x and y such that

142x + 1023y = 1 o)

« Section 1.2

A fishmonger uses a traditional pair of
scales to weigh out fish for his customers.
He only has a large supply of both 75 g
and 270 g weights available to him.

A customer asks for x g of fish, where x is
an integer.

The fishmonger places a number of 75¢g
weights on one side of the scales, and

EP) 9

@) 10

@

places a number of 270 g weights on the
other side so that when he places the fish on
one side of the scales they balance perfectly.

a Explain clearly why the smallest
amount of fish that can be weighed
using this method is 15g. )

b Explain how the fishmonger could
weigh 405 g of fish using this method.

(C))

« Section 1.2

In this question assume a,b,cand d € Z

a Given that ¢ = b (mod n), prove that
a+c=b+c(modn)
b Given that ¢ = b (mod 1) and
¢ =d (mod n), prove that ac = bd (mod n)
3
¢ Hence given that a = b (mod »), prove
that a2 + ac = b* + be (mod n) 3)
¢« Section 1.3

)

N = 254{][} + 1120[}

Show that the remainder when N is
divided by 3 is 2. 3

« Section 1.4

Prove that 2°+! + 52 is divisible by 27
for any positive integer 7.

@

« Section 1.4

Find the remainder when 3% is divided
by 7 3)

« Section 1.4

Any 4-digit number may be expressed as
N = pgrs such that each place value is an
integer from 0 to 9 inclusive.

Prove that if —p + ¢ — r + s is divisible by
11, then N will be divisible by 11. 4)

« Section 1.4
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Review exercise 1

Without performing any division, and
using a suitable algorithm, show that
3848517 is divisible by 9. )

« Section 1.4

The following 7-digit number has two
missing digits.

6la]193[b]8

Given that the number is divisible by both
11 and 4, find the possible values of the
missing digits. 3

« Section 1.4

Solve the congruence equation

75x = 2 (mod 8) @)

« Section 1.5

a Explain why the congruence equation
40x = 1 (mod 12) has no solutions. (2)

b Solve the congruence equation
40x =1 (mod 11) “4

« Section 1.5

At a family party, the caterers made n
similar mini cupcakes. n was chosen so
that the cupcakes could be distributed
equally between the 18 people expected to
attend.

Due to an illness only 14 people attended
the party. To avoid arguments, the
cupcakes were shared evenly amongst

these 14 people. 2 cupcakes were left over.
a Formulate a congruence equation to
represent this information.

2
b Given that n < 200, find two possible

values of n. 5
¢ Section 1.5
a State Fermat’s little theorem. 2)

b Hence, or otherwise, prove that
220 4 330 4 440 4 550 4 6%0 = 0 (mod 7)

(6)

« Section 1.6

Use Fermat’s little theorem to solve

¥8 = 4 (mod 7) (©6)

« Section 1.6

19
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Each letter of the alphabet may be

equated to an integer value using the table
A/B|C|D|E|F|G/H|I|J|K|L
1|23 (4|5(6|7|8[9]|10(11(12]13
PIQIR|IS|TIUIVIWX|Y|Z
16(17|18(19(20(21|22|23|24|25|26

14]15

Letters are encoded by taking the integer
value, x, of the letter and solving the
equation 7x = y (mod 26). The solution,
», in the set of least residues modulo 26 is
used to generate the encoded letter.
a Encode the message ABBA.
b Using Bezout’s identity to find a
multiplicative inverse, show that
a letter can be decoded using an
equation of the form ky = x (mod 26)

@

where k& is an integer to be found. (4)
¢ Decode the one word encoded
message HIT 2)

Henry changes the encoding equation to
6x = y (mod 26)

d Without further calculation, explain a
problem caused by this change. )

« Sections 1.3, 1.5

33 people travel on a double-decker
bus that can hold 18 downstairs and 15
upstairs.

7 of the people cannot go upstairs due to
mobility restrictions.

6 of the people are school friends who
refuse to sit downstairs.

The other passengers choose their
positions randomly.

Find how many different ways the 33
people may be distributed between

upstairs and downstairs on the bus.  (5)
« Section 1.7

An 8-digit integer, V, is formed using the
digits 0, 1, ...., 9 without repetition so
that N is divisible by 9 and N = 10".

Show that there are a x 7! ways that N
can be formed, where a is an integer to be

determined. 7
< Sections 1.4, 1.7
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Theset 8'=41,2,3,4,3,.6,.7}.
a Find the total number of possible
subsets of S. 2)

b Find the number of subsets of S which
contain exactly 4 elements. (2)

¢ Find the number of different 4-digit
numbers that can be generated using
the members of S given that:

i digits may be repeated

ii digits may not be repeated 3)
« Section 1.7

The binary operation * is defined on the
set S'={p, ¢, 1, 5, t} such that the

Cayley table below may be formed.

*|\p q r st
pPlgq r t p s
qg|t p s g r
ris t g r p
s q r s t
t|ir s pt g

Shamma is testing to see whether S forms
a group under .

a Explain fully why Shamma deduces
that the following axioms are satisfied:

i Closure

ii Identity Q)
b Shamma states ‘the axiom for inverse is
satisfied since for every element,
x € S, there exists another element,
y € S, such that x x y = e, where e is the

identity element recognised in part a’.
Explain fully the flaw in her argument.
3)
¢ Show clearly that the axiom for

associativity is not satisfied. Q)
« Sections 2.1, 2.2

An operation * is defined on the set
M=10,1,2,3.4, 5}

by x # y =x + y (mod 6)

You may assume the associativity of
addition of integers modulo 6.

@ s

26
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Review exercise 1

a Prove that M forms a group G under x.
(6)

b State the order of each non-identity
element of G 3)

¢ Explain why G cannot have a subgroup
of order 4. (1)

« Sections 2.1, 2.3

G is a group under the operation * and
a, b, ceq.

Provethata*xc=bxc=>a=>b (5)
« Section 2.1

The set of clockwise rotations,

R = {rotation 120°, rotation 240°,
rotation 360°}

forms a group under the operation of
transformation composition.

(2

« Section 2.2

Prove that this group is cyclic.

Franco has read this rule about group
theory on the internet.

The set of all positive integers, which
are less than n and which are relatively
prime to n, forms a group under
multiplication modulo 7.

a Prove that this rule is correct for

n=_8 (6)
b Show that the group formed when
n = 8 is not cyclic. 4)

« Sections 2.1, 2.2

G and H are groups such that H C G.

G is a cyclic group with generator a such
that x=a"forxe G,ne Z.

Let m be the smallest positive integer
such that ¢ € H.

Since H C G, for any element b € H,

b = a*, for some integer k.

By using the division theorem to express
k in terms of m, prove that

(C))

« Sections 2.2, 2.3

G is cyclic = H is cyclic
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Review exercise 1

G = {e a, b, ¢} forms a cyclic group under
the operation *. The Cayley table for G is
shown below:

x| e a b ¢

ele a b ¢
ala b ¢ e

b| b ¢ e a

¢clec e a b

a State the order of G.

The identity and another element are
selected from G to form a subset S.

)

b Using the Cayley table, explain why S
cannot be a subgroup of G when the
other element selected is either a or c.
(0]

¢ Prove that S is a subgroup of G when
b is the other element selected. 3
¢ Section 2.3

C'is a group of order p, where p is a
prime number.

a Explain why C must be cyclic. 3

b Explain why C has no proper
subgroups other than the trivial
subgroup {e}. 2)

« Sections 2.2, 2.3

Prove that
aeF= a'=e

where e is the identity element of F.  (5)
¢ Section 2.3

G is a finite group of order n, and m is an
integer such that m and n are relatively
prime.

Use Bezout’s identity to prove that, for
any a € G, there exists a unique element

b € G such that b = a. @)

« Sections 1.2, 2.3

33
E/P

@p 34

@

@936

S, is the group of all possible
permutations of 4 elements.

a State the order of S,. (1

The set V, = {v,,v,,v5,v,} such that
v—(1234) v—(1234)
1"\1234 27\2143
v—(1234) v—(1234)
STN3412 ATRa30 ]

b Prove that V, is subgroup of S,. (6)

¢ Name one group that is isomorphic to
Vi O]

« Sections 2.3, 2.4

The set G=1{1, 7, 11, 13,17, 19,23, 29}
forms a group under multiplication
modulo 30.

a Find the order of each element in this
group. “@
b Find a cyclic subgroup of G of order 4.
2
¢ Find a subgroup of G which is
isomorphic to the Klein four-group. (2)
Theset H=1{0,1,2,3,4,5,6,7} forms a
group under addition modulo 8.
d State, with reasons, whether G = H. (2)
¢« Sections 2.3, 2.4

A group G is generated by the complex
number e under the operation of
complex multiplication.

a State the elements of G, and write
down |G). 4)
b Sketch the elements of G on an Argand
diagram. 3)
¢ Sketch a shape with symmetry group
isomorphic to G. 2)
€« Sections 2.1, 2.3, 2.4

A square is plotted so that its vertices lie
at (1,0), (0, 1), (-1, 0) and (0, =1).

The group G is the set of 2 x 2 matrices

which preserve this set of vertices under
matrix transformation.

a Define exactly all eight of the elements
o) B (4)
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Consider, for z € C the set, H, of
functions:

g2 =z 8.(2) =iz
g@)=-z g)=-iz
g(z) = z* ge(2) = iz*
gz)=-z*  gyz)=—iz*

b Prove that this set of functions forms
a group under the operation of
function composition, o, so that
8i° 8i(2) = gAg1(2)).

You may assume that the associative

law is satisfied. (6)
¢ Show that groups G and H are
isomorphic. 4)

« Sections 2.1, 2.4

A complex number z is represented by the
point P on an Argand diagram.
. L ALY
Given that arg(z - i) =%
a without calculation, explain why the
locus of P forms a major arc.

1
b determine the location of the centre of
the circle containing this arc. 4)

« Section 3.1

The diagram shows the sector of a circle
drawn on an Argand diagram.

A
B

X

The centre of the circle, X, represents the
complex number —1 — 2i, and the arc AB
is the locus of points z € C that satisfy

the equation arg(m) =il

-

where b€ C, 0 € R.

a Write down the complex number

represented by the point 4. 1)
b Given that the sector has area 215—;,
find the values of b and 0. (6)

« Section 3.1
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Review exercise 1

On an Argand diagram a circle is defined
by|z-1]=V2|z-i|forzeC

Determine the radius and centre of this
circle. 4)

« Section 3.1

A curve P is described by the equation

+2/) 27
a Sketch the locus of P 4)
b Deduce the value of |z + 1 — | 2)

« Section 3.1

A curve L is defined in the complex plane
by |z — 4| = V5|z + 2i| for z € C.

A curve M is defined in the complex
plane by |z — 6] = 7|z + 6i| for z € C.

a Explain why L and M are similar.  (2)
b Find the exact scale factor of
enlargement from L to M. (2)

« Section 3.1

A curve P is described by the equation

arg(z-; 1) =%,ZEC
Find the exact length of this curve. (6)
« Section 3.1

A circle with circumference of 24x is
plotted on an Argand diagram.

This circle is known to be defined by the
equation |z — i| = \/p|z + 1|, where p > 1,
peRandzeC.

(7)

« Section 3.1

Find the exact value of p.

Using an Argand diagram shade the
region satisfied by

m

{ZEC:3

=sarg(z-95 = ?T}
ﬂ{zeC:O < arg(z - 10) < %}
4)

« Section 3.2
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Review exercise 1

Drawn on an Argand diagram, a shaded
semicircle is defined by

zeC:|z-6i < 2|z-3|
N{z e C:Re(2) < k}
where k € R.
a Find £
b Find the exact area of the semicircle.
(2

« Section 3.2

“@

On an Argand diagram a triangular
region is defined by
{z eC0=sargz-p = %}
N eCilz-pl<|z-4l
where p,g € R.
The region has an area of x, x > 0.

(6)

« Section 3.2

Prove that ¢ = p + V8x.

Three points in the z-plane form the

vertices A, B and C of an isosceles triangle.

This triangle has area 8 and a line of

symmetry defined by Im(z) = 4.

A transformation 7 from the z-plane to

the w-plane is defined by w =3z + 4 - 2i

a Find the area of the image of triangle
ABC under T in the w-plane. 2)

b Define, as a locus, the line of symmetry
of the image of triangle ABC under T
in the w-plane. 3

« Section 3.3

A transformation from the z-plane to the
w-plane is given by

2z-1

z-2
Show that the circle |z| = 1 is mapped
onto the circle

w=

3)

« Section 3.3

wl=1.

A transformation from the z-plane to the
w-plane is given by

2=

W= =

a Show that under this transformation
the line Imz = % is mapped to the circle
with equation |[w| = 1. 5

@

b Hence, or otherwise, find, in the form
az+b
cz+d

transformation that maps the line
Imz= % to the circle with centre 3 — i
and radius 2. @)

« Section 3.3

w= where a, b, cand d € C, the

@B 50 The transformation 7 from the z-plane to

the w-plane is defined by

-

+ .
W= a1
Z+1

a Show that 7" maps points on the half

line argz = T in the z-plane onto points

4

on the circle |w| = 1 in the w-plane. (4)
b Find the image under 7 in the w-plane

of the circle |z| = 1 in the z-plane  (4)
¢ Sketch, on separate diagrams, the circle

|z| = 1 in the z-plane and its image

under 7 in the w-plane 2)
d Mark on your sketches the point P

where z =i and its image Q under T in

the w-plane. 3

« Section 3.3

A transformation of the z-plane to the
w-plane, T, is given by
w=az+%,z€[ﬁ,z¢0,aez,a> 1
where z=x +iyand w=u + iv.
The locus of the points in the z-plane that
satisfy the equation |z| = % is mapped
under 7 onto a curve C in the w-plane.
a Given that |z] = %, express z in
exponential form. (1
b Hence prove that C may be defined by
a Cartesian equation in the w-plane as
A-?u+0+a*v2=10-dd)* (6)
¢ T produces an image in the w-plane
which forms an ellipse with equation

Sketch the locus of the points on the

z-plane which have been transformed

under 7 to create this image. 3)
¢ Section 3.3



Challenge

1 Find integers a, b and ¢ which satisfy
9la + 65b + 35¢ =1

« Chapter 1

2 Prove that there are infinitely many prime

numbers congruent to 3 modulo 4.
« Chapter 1

3 Agroup Gis abelian if, for any a, b € G, ab = ba.

a Show that if G contains no element of order
greater than 2, then G must be abelian.

b Show that if G is an abelian group with
identity e, and a, b, e are distinct elements in
G with |a| = |b| = 2, then {e, a, b, ab} forms a
subgroup of G.

Let G be a non-cyclic group of order 2p, where p

is an odd prime.

¢ Show that G must contain an element of

order p.
« Chapter 2

Review exercise 1
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Recurrence relations

After completing this chapter you should be able to:

® Use recurrence relations to describe sequences and model
situations - pages 121-125

Find solutions to first-order recurrence relations - pages 125-133

Find solutions to second-order recurrence relations
= pages134-141

® Use mathematical induction to prove closed forms
for recurrence relations - pages 142-145

Prior knowledge check

1 Asequence of numbers is defined by the
recurrence relation
U= ot With i, =2

a Write down the first five terms of the
sequence.

b Find an expression for u, in terms of n.
« Pure Year 2, Chapter 3

- 2 Asequence of numbers is defined for all n € N by
Uy = au, + b, withu; =3

In population modelling, the final
population for one year becomes
the starting population for the

" next year. You can describe the
population at the end of each year
~ asasequence and model it using a
~ recurrence relation. - Exercise 4B Q8

Given that u, = 5 and u; = 9, find the values of a
and b. « Pure Year 2, Chapter 3

3 Prove by induction that for all positive

"
integers n, »_@2r — 1) = n? "
=1 « Core Pure Book 1, Chapter 8 |




Recurrence relations

m Forming recurrence relations

You can model many real-life situations using

. m A recurrence relation describes each term
recurrence relations.

of a sequence in terms of the previous term or
For example, suppose that you have £500 in a terms. « Pure Year 2, Section 3.7
savings account that pays 0.5% interest every

month. Each month, you add another £100 to

the savings account.

You can use this information to formulate a recurrence relation that describes the amount in the
account at the end of each month.

Let u,, be the amount in pounds in the account after m months. The next month, m + 1, you will have
the original amount, u,, plus the interest, 0.005u,, plus the additional £100 you add every month.
This generates the recurrence relation
U1 = Uy, + 0.005u, + 100, with 1, = 500 This is an example of a first-order
recurrence relation, as u,,,, is given in terms of

) o i one previous term, u,,,. - Section 4.2
You need to give the initial amount in the account to

fully define the sequence. This is sometimes called
an initial condition for the recurrence relation.

Example o

Harry owes £500 on a credit card that charges 1.5% interest each month. He decides to make no
new charges and pays off £50 each month. Formulate a recurrence relation that describes the
balance remaining on the credit card after » months.

Let u, be the amount in pounds owed after ~————— Define the terms and give any relevant units.

n months.
The interest is added to the balance and the

During a month, the interest is 0.015u, and z :
amount you pay off is subtracted from it.

you pay off £50.
Uy 1 = i, + 0.015u, — 50 = 1.015u, — 50,
with ug = 500 Remember to give the initial condition.

e e

The deer population of a county was observed to be 1200 in a given year. The population is
modelled to increase at a rate of 15% each year. Let d, be the population of deer n years later.
Explain why the deer population is modelled by the recurrence relation

d, = 1.15d,_,, with d, = 1200

After n — 1 years the population is d,_

This is increased by 15%, so the population Explain the recurrence relation in the context of
after n years is d,_, + 0.15d,_, = 1.15d,,_, the question.

The initial population is 1200, so d; = 1200
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A population of bacteria has initial size 200. After one hour, the population has reached 220.

The population grows in such a way that the rate of growth, i.e. the number of additional bacteria
per hour, doubles each hour. Write a recurrence relation to describe the number of bacteria, b,,
after n hours.

by = 200 and b, = 220 The rate of growth doubles each hour. So the
The increase from timen — 1tonis b, - b, 4, increase from time n — 1 to n will be double the
and the increase from timen — 2 ton—-11s -—I increase fromtimen—-2ton — 1.

b, ,—b

n—1 n—2

90 by = byy = 2{bys = by m This is an example of a second-order
by = 3byy = 2b, 2, with by = 200, by = 220 recurrence relation, as b, is given in terms of two
previous terms, b, _, and b,_,. You need two
initial conditions to define the sequence, given
here in terms of by and b,. — Section 4.3

If you know the general term of a sequence in the form u,, = f(n), you can verify that it satisfies a given
recurrence relation by substitution.

A sequence has the general term u, = 3n — 1. Verify that the sequence satisfies the recurrence

relation u, =3 + u,_;.
LLLEEI® This is not the only general term
that satisfies this recurrence relation. Any

general term of the form u, = 3n + k, where k
is a constant, will also satisfy the recurrence

u,=3n-1,s0u,,=3m-1N-1=3n-4
Substituting inte the RAS of the recurrence

igeolod relation. If you want to prove that a general term
B F e =3 (30 =) satisfies a given recurrence relation with an initial
=3n-1 condition, you can do this using mathematical
= U, as required induction. -> Section 4.4

A sequence has the general term u, = 2 x 3", Verify that the sequence satisfies the recurrence
relation u,, = 3u,,_,.

W, (=2 x 3% =D x 372 m u, = 3u,_, is the recursive form

of the sequence. u, = 2 x 3" is the solution,

or the closed form of the sequence. It is also

. ) sometimes called the explicit form of the

3u, =32 x 3" =2 x3"" =u, sequence. - Section 4.2

Substituting into the RAS of the recurrence

relation,
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1

The value of an endowment policy increases at a rate of 5% per annum.
The initial value of the policy is £7000.

a Write down a recurrence relation for the value of the @ S ——

policy after 7 years. condition in your answer to part a.

b Calculate the value of the policy after 4 years.

A patient is injected with 156 ml of a drug. Every 8 hours, 22% of the drug passes out of his
bloodstream, and a further 25ml dose of the drug is administered. After 8x# hours, the amount
of the drug in the patient’s bloodstream is d, ml.

a Find an expression for d, in terms of d,_,, and write down the value of d,,.

b Calculate, to the nearest millilitre, the amount of drug in the patient’s bloodstream after
24 hours.

Kandace takes out a personal loan of £5000 to buy a car. The interest rate on the loan is 0.5%
per month. Interest is calculated and added to the loan balance at the end of each month.

At the end of each month, Kandace makes a monthly payment of £200, which is deducted from
the balance of the loan. The balance in pounds at the end of the nth month is given by b,.
Explain why b, = kb,_, — 200, with b, = 5000, and find the value of the constant k. (3 marks)

At the time a census is taken, the population of a country is 12.5 million. The annual birth rate
is 4% and the annual death rate is 3%. In addition, each year there is a net migration of 50000
new immigrants into the country.
Write a recurrence relation for the population of the country n years after the census, P,,.

(3 marks)

A sequence has general term u, = 5n + 2. Verify that the sequence satisfies the recurrence
relation u, = u,_; + 5.

A sequence has general term u, = 6 x 2" + 1. Verify that the sequence satisfies the recurrence
relation u, = 2u,_, — 1.

n
Consider the sequence given by u, = Y (2i — 1)
i=1
a Write down the first 4 terms of the sequence.
b Explain why the recurrence relation associated with this sequence is

Uy =, +2n+1,n=1

¢ Verify that u, = n? is a solution to this recurrence relation.

In January 2010, a small oil company produced 2000 barrels of oil and sold 1800 barrels of oil.
Any remaining oil was stockpiled. From January 2010 onwards, the company increased its sales
by 20 barrels per month, and increased its oil production by 1% each month.

a Find an expression for:
i the number of barrels produced by the well in the nth month
ii the number of barrels sold in the nth month. (4 marks)
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At the beginning of January 2010, the oil company had no stockpiled oil.

b Find a recurrence relation for the total number of stockpiled barrels, s,, at the
end of the nth month. (3 marks)

There are n people at a gathering. Each person shakes hands with everybody else exactly once.
Let h(n) be the number of handshakes that occur.

a Explain why h(1) = 0. (1 mark)

b Find a recurrence relation for h(n + 1) in terms of h(n). (2 marks)

Generate the first six terms of each of the following sequences:
a u,=2u, ,+3u,, withuy,=1andu, =1
b u,=u,,—2u,, withuy=1and u; =1

¢ U, =i, +u, +2n withu,=1and u, =1

Assume that growth in a bacterial population has the following properties:

* At the beginning of every hour, each bacterium that lived in the previous hour divides into
two new bacteria. During the hour, all bacteria that have lived for two hours die.

* At the beginning of the first hour, the population consists of 100 bacteria.

At the end of the nth hour there are B, bacteria in the population.
Find a recurrence relation for B,. (3 marks)

A sequence has nth term u, = (2 — n)2"*!
Verify that the sequence satisfies the recurrence relation u,, = 4(u,_; — u,_»).

A battery-operated kangaroo is able to make two kinds of jumps: small jumps of length 10 cm
or large jumps of length 20 cm. The number of different ways in which the kangaroo can cover
a distance of 10ncm is denoted by J,,.

a By writing down all possible combinations of jumps for a distance of 40 cm,

show that J, = 5. (2 marks)
b Find a recurrence relation for J,, stating the initial conditions. (3 marks)
¢ How many different ways can this kangaroo cover a distance of 80 cm? (1 mark)

A female rabbit is modelled as producing 2 surviving female offspring in its first year of life,
and 6 in each subsequent year. A population initially has 4 female rabbits, all of whom are more
than 1 year old.

a If F, is the number of female rabbits in the population after n years, explain why
F, is modelled by the recurrence relation

F,=3F,_, +4F,_,, with F; =4 and F, = 28 (3 marks)

b Suggest a criticism of this model. (1 mark)



Recurrence relations

15 Binary strings consist of 1s and 0s.
There are 5 different binary strings of
length 3 which do not contain consecutive 1s:

E/P For example, 011 is not allowable because it

contains consecutive 1s.
000, 001, 010, 100, 101

Let b, represent the number binary strings of length n with no consecutive Is.

a Find b, and b,. (1 mark)
b Explain why b, satisfies the recurrence relation b, = b,_; + b,,_». (3 marks)
¢ Hence find b-. (1 mark)

@ Solving first-order recurrence relations

You need to be able to solve recurrence relations. This means finding a closed form for the terms in
the sequence in the form u, = f(n).

® The order of a recurrence relation is the difference between the highest and lowest
subscripts in the relation.

® A first-order recurrence relation is one in which u, can be given as a functionof nand ,,_,
only.

Examples of first-order recurrence relations are:

U, =2u, 1 +n Here the subscripts given are n + 1 and n. This is
a,=n+1a,, r st.ill a first-order recurrenc.e relation because the
P, =5P,+2n? difference between them is 1.

In this section you will learn how to solve first-order linear recurrence relations.

® A first-order linear recurrence relation can be written in the form u, = au,_, + g(n),
where a is a real constant.

+ If g(n) = 0, then the equation is homogeneous.

You can sometimes find solutions to recurrence relations using a technique called back substitution.

Find a closed form for the sequence

a,=5a, ;,n >0, witha, =1 m When you find a closed form by this
method, you need to subsequently prove it using

a, = 5a,_ mathematical induction. - Section 4.4
=9 X D@0 Bdis
=52 X 5a, 3 = 5%, 5 L a,_, = 5a,,_,. Substitute this into the expression
=le="5gr for a,

ag = 1, so the closed form of this sequence

is:a;=5" This is the geometric sequence 1, 5, 25, 125 ...
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The recurrence relation in the example above is an example of a homogeneous recurrence relation.
A first-order homogeneous linear recurrence relation can be written in the form u, = au,_;.

Using back substitution,
Uy = dit,_q
=a X du,_, = a’u,_,
S R =

— =1
=a i
—_ M
=d Uy

® The solution to the first-order homogeneous linear recurrence relation u, = au,_, is given by
u, = uga" or u, = u,a"*.

Unless you are told to prove a recurrence relation by induction, you can write down these solutions in
your exam.

Solve the recurrence relation a, = 2a,_;, n = 1, with a, = 3.

= ag(2" This is a homogeneous linear first-order
3(2% recurrence relation, so use the rule given above to
write down the general solution.

It is useful to think of a general solution to the recurrence relation u, = au,_, in the form u, = ca",
where ¢ is an arbitrary constant. You can then use the initial conditions to find the value of ¢. This will
give you a particular solution.

@ The process of finding general solutions (with arbitrary constants), and then using initial conditions
to find particular solutions, is very similar to the process of solving a differential equation. You can think of a

recurrence relation as a discrete version of a differential equation. « Pure Year 2, Section 11.10
Example o
Solve the recurrence relation a, = -3a,_,, n = 1, with a, = 6.
Method 1 ’7 Use the form of the solution u, = u;r" .
a, = a,(-3)""
= 6(-3y"" Write a general solution with an arbitrary
Method 2 constant, then use the initial condition to find the

value of the constant.

General solution is a, = ¢(-3)"

a,=6=>6=c(-3) = c=-2 .
Therefore, the particular solution is a, = —2(-3)". Problem-solving

The two solutions are equivalent:
—2(-3)" = —2(-3)(-3)"" = 6(=3)*
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You can find solutions to some non-homogeneous linear recurrence relations using back-substitution.

Find a solution to the recurrence relation u,, = u,_; + n, n = 1, with u, = 0.

Using iteration,
"":n - an—'. + 1

:(L{"_E'F(H— 1}}"'” —‘

=(U, s+ n-2ND+n-N+n

= +2)+3+4+...+n
uy+1+2+ ... +n

=uy+ D r
r=1
_nn+1)
2
Therefore, the closed form for this recurrence
R nin+1)
relation is u, = >

Replacenbyn —1inu,=u, , +n, then
substitute. Repeat this process forn—1,n -2
and so on.

up = 0 and the sum of the first n integers is
nn+1)
2

<« Core Pure Book 1, Section 3.1

You can apply this method to any recurrence relation of the form u, = u,_, + g(n):

un = un—l + g(n)
b (un—E + g(n - 1)) ¥+ g(n)

=((u,3 + gn—2) +gln—1)) + gn)

=1Up+ ;g(?‘)

® The solution to the first-order non-homogeneous linear recurrence relation u, = u,_, + g(n)

is given by u, = uy + > ,8(r).
r=1

Solve the following recurrence relations.
a u,=u, +2n+1,n=0,with uy="7
b Uy = U, + SH, ne N, with u = 3

a "":n ot '“C' + Z@(FJ
r=1
= Tk A2EL N
r=1

=2 e
r=1 r=1

=7 +nn+1)+n
=ne+2n+7

m If u, were given instead of u, the

solution would be u, + > _g(r)

r=2

Use the formula for the solution to a recurrence
relation of the form u, = u,_, + g(n).

Use the standard results for _rand > _1.

r=1 r=1

« Core Pure Book 1, Section 3.1
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b Method 1 The initial condition is given in terms of u;, so you
Uy =1u —5'=-2 need to find an expression for u, before you can
U, = Uy + i@(f‘) use the formula.

r=1
=-2+ ) 5
r=1
S(1 - 5")
=-2+ Tk
Method 2 n
. . 5" is a geometric series with n terms, first term
Uy =t + D 9(r) =3 + 25" ; .
s e 5and common ratio 5. ¢« Pure Year 2, Chapter 3
52{1 s 5!!—1;|
=3+ -5
5 5J!+1
A
n+1) 3
=45"-2%

If you need to solve a recurrence relation of the form u, = au,_, + g(n), where a # 1, back substitution
gets more complicated. You can solve non-homogeneous recurrence relations of this form by first
considering the general solution to the corresponding homogeneous recurrence relation, u, = au,,_;.
This general solution is called the complementary function (C.F.). You then need to add a particular
solution (P.S.) to the recurrence relation.

m The particular solution plays a similar role to the particular integral which is used when solving a
second-order linear differential equation. - Core Pure Book 2, Section 7.3

® When solving a recurrence relation of the form u, = au,_, + g(n), the form of the particular
solution will depend on g(n):

Form of g(n) Form of particular solution m This particular solution
pwitha#1 A will satisfy the whole recurrence
pn+qgwitha # 1 An+p relation but will not necessarily
kp" with p # a A satisfy the initial condition.
ka" Ana"
® To solve the recurrence relation
u, = au, , + gn), m The term particular solution is
. . also sometimes used to refer to the final solution
* Find the complementary function (C.F), given the initial condition. Both versions satisfy
which is the general solution to the the recurrence relation but only the final solution
associated homogeneous recurrence satisfies the initial condition.

relation u, = au,_,.
» Choose an appropriate form for a particular solution (P.S.) then substitute into the
original recurrence relation to find the values of any coefficients.

» The general solution is u, = C.F. + P.S. = ca" + P.S.
 Use the initial condition to find the value of the arbitrary constant.

128



Recurrence relations

You can use this method when a = 1, but in this case the complementary function is a constant, so
you need to find a particular solution with no constant terms. You can do this by multiplying the
particular solution by n:

Form of g(n) Form of particular solution
pwitha=1 An
pn+qgwitha=1 An? + pn

m For recurrence relations of the form

Uy = Uy, + PO U, = U, +pn+q,itis usually
easier to use the summation formula given on
page 127.

Solve the recurrence relation u, = 3u,_, + 2n, n € Z*, with u; = 3.

Associated homogeneous recurrence relation

_

L

is u, = 3u,_,

Complementary function: u, = ¢(3")

Particular solution: u, =An + u

u, = 3u, ,+ 2n

An +p=3(An - 1)+ p) + 2n
A+ pu=3n-31+3u+ 2n
O=(24+ 2)n+ (2u — 34)

=2142=0 and 2u-31=0

= A=-lpu=-3

5o a particular solution to the recurrence

b 3
relation is u, = —n — 5

oo 3
The general solution is u, = ¢(3") —n — 5

Since #; = 3,

3z=c¢3)-1-2=c=1%

(WIo]

igm: 11
The solution is u, = =(3") — n -

Find the general solution to the associated
homogeneous recurrence relation. This is the
complementary function (C.F.).

g(n) is of the form pn + ¢, so look for a particular
solution of the form An + . You need to include
the constant term even though g(n) does not
have a constant term.

Substitute u, = An + g and u,_, = Aln — 1) + g into
the full recurrence relation.

e Problem-solving

Simplify, and group together coefficients of #n and
constant coefficients. Since the values of 4 and

u must satisfy the recurrence relation for any
value of n, you can consider it as an identity. This
means that you can equate coefficients with the
same power of n on both sides.

Solve these two equations simultaneously.

General solution = C.F. + PS.

Use the initial condition u; = 3 to find the value
of .

You could prove this solution using mathematical
induction. However, you don't need to do this in
your exam unless you are explicitly asked to.
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The Tower of Hanoi puzzle involves transferring a pile of A B e
different sized disks from one peg to another using an
intermediate peg.

The rules are as follows:
* Only one disk at a time can be moved.
* A disk can only be moved if it is the top disk on a pile.
* A larger disk can never be placed on a smaller one.

a Find the minimum number of moves needed to transfer two disks from one peg to another.
b Show that three disks can be transferred from one peg to another in 7 moves.

¢ Explain why the minimum number of moves, d,, needed to transfer n disks from one peg to
another satisfies the recurrence relation d, = 2d,_; + 1, with d, = 1.

d Solve this recurrence relation for d,.

e Hence determine the minimum number of moves needed to transfer 15 disks from one peg to
another.

For example, move disk 1 from A to B, disk 2
from A4 to C, then disk 1 from Bto C.

a 3 moves

b Move number | Disk | From | To
1 1 A B After move 4 the disks are arranged as follows:
2 2 | 41 & < 4 c
S 1 B 8
4 3 A B
S 1 &, A
6 2 & B
7 1 A B

c Before you can move the largest disk (disk

n), you must have transferred all the other

disks to a single peqg, say C. This requires

d,_, moves. You then move disk 1 in 1 move,

to peg B. Finally, transfer the other disks @ Play the Tower of Hanoi using o
to be on top of disk n, on peg B. This Geogebra
requires a further d,_; moves. So the total
number of moves is

dy=d 1+ 1+d1=2d ;+1

One disk can be transferred in one move
Make sure you explain why the initial condition is

true as well.

sod =1.

130



d Associated homogeneous recurrence
relation: d, = 2d,_,
Complementary function: d, = ¢(2")
Particular solution: d, = 4

di=2d. 4.1
A=24+1]

A=~ J

So a particular solution to the recurrence

relation is d, = —1.
The general solution is d, = ¢(2") — 1
Since d, = 1,
1=¢c2)—1=¢=1 —I
The solution is d, = 2" — 1 J
e ds=2"%-1=32767

Recurrence relations

Find the general solution to the associated
homogeneous recurrence relation.

The recurrence relation is of the form

u, =au, +gn) witha=1landgn) =p,a
constant, so try a particular solution of the form
=

Substitute d, = A and d,_, = A into the full
recurrence relation and solve to find A.

General solution = C.F. + PS.

Use the initial condition d; = 1 to find the value of
the arbitrary constant, c.

1 Find the solution to each of the following recurrence relations.

a u,=2u, , withu,=5

¢ d,=—15d,;, with d; = 10

b b,=3b,, withb, =4

d x,. =-3x, with x,=2

2 Find a closed form for the sequences defined by the following recurrence relations.

a u,=u,  +3, withu,=5

€ Vy= 1 +n>=2 withy,=3

b x,=x,,+n, with x,=2

d s,.=5,+2n-1,withsy=1

m In part d, the summation indices are slightly different, so this recurrence relation is not in the
form u, = u,_, + g(n). If you substitute » for n — 1 throughout the recurrence relation you can use the

formula u, = ug + »_g(r)
r=1

3 Solve each of the following recurrence relations.

a a,=2a,,+1,witha, =1
¢ h,=3h,_,+5 withhy=1

b u,=-u, +2 withu =3
d b,=-2b,; +6,withh =3

m In each case, use a constant particular

solution of the form A.

® 4 In a league of n football teams, each team plays every other team exactly once. In total, g,

matches are played.

a Explain why g, = g,.; + n — 1, and write down a suitable initial condition for this recurrence

relation.

b By solving your recurrence relation, show that g, =

(3 marks)

pa—d) (4 marks)

2
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a Find the general solution to the recurrence relation u, = 4u, ;, — 1, n = 2.

b Hence or otherwise find the particular solution given that:
i u=3 iiu,=0 iii -, =200
a Find the general solution to the recurrence relation u, = 3u,_; + n,n > 1.

b Given that u, = 5, find the particular solution to this recurrence relation.

A sequence is defined by the recurrence relation u,,, = 0.6u, + 4, with u, = 7.
a Find u,.

b Find a closed form for the recurrence relation.

¢ Find the smallest value of » for which u, > 9.9.

The deer population in a forest is estimated to drop by 5% each year.

Each year, 20 additional deer are introduced to the forest.
The initial deer population is 200, and the population after n years is given by D,

a Write down a recurrence relation for D,,.
b By solving your recurrence relation, find an expression for D, in terms of n.

¢ Describe the behaviour of the deer population in the long term.
Solve the recurrence relation u, — 4u,_, + 3 =0, with u, = 7.

A sequence of numbers satisfies the recurrence relation
—_— n 1 —
u,=u,_; +2". n=2 withu, =5

Find a closed form for u,,.
Solve the recurrence relation u, = 4u,_, + 2n, with u, = 7.

A sequence satisfies the recurrence relation u, = 2u,_, — 1005, with u, = 1000.
a Solve the recurrence relation to find a closed form for u,,.

b Hence, or otherwise, find the first negative term in the sequence.

a Find the general solution to the recurrence relation u, = 2u,_; — 2", n = 2.

b Find the particular solution to this recurrence relation given that u; = 3.

A sequence is defined by the recurrence relation u, = ku,_, + 1, k # 1, with u, = 0.
a Find the value of u,, u,, and u, in terms of k.
b Find a closed form for this sequence.

¢ Describe the behaviour of the sequence as n gets very large in the cases when:
i k>1 i — L el iii k=-1 v k<-1

A sequence is defined by the recurrence relation
a,=a, +6n+1,neZ* witha,=2
a Find ) (6r+ 1)
r=1
b Hence, or otherwise, find a closed form for this sequence.
¢ Given that a, = 561, find the value of n.

(3 marks)
(1 mark)

(1 mark)
(3 marks)
(1 mark)

(3 marks)
(3 marks)
(1 mark)

(3 marks)

(3 marks)
(4 marks)

(4 marks)
(3 marks)

(4 marks)
(1 mark)

(2 marks)
(3 marks)

(4 marks)

(2 marks)

(3 marks)
(2 marks)
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16 a Solve the recurrence relation u, = u,_, — 6n?, with u, = 89. (3 marks)
b Hence, or otherwise, find the first negative term of the sequence. (2 marks)
¢ Explain why every term of the sequence is an odd number. (2 marks)

17 a Solve the recurrence relation u, = u,_, — 2n, with u, = 3. (2 marks)
b Show that =103 is not a term of the sequence. (2 marks)
¢ Given that u;, = =459, find the value of k. (2 marks)

18 Alison borrows £2000 on her credit card.
She intends to pay it back by making
18 monthly payments. At the end of
each month, interest of 1.5% is added to
the loan balance, and Alison’s monthly
payment of £P is deducted from the loan
balance. The graph illustrates how the

Balance

' Interest added for this period

% Payment made for this period

e =

balance of the loan will change over time.

0o Time
a Write a recurrence relation for the balance of the loan at the end of » months. (3 marks)
b Find a solution to your recurrence relation, giving your answer in terms of P. (3 marks)

Alison wants the balance of the loan to be zero after she makes her 18th payment.

¢ Find the value of P that will make this the case.

Challenge

A restricted Tower of Hanoi problem requires a player to
move a pile of disks of different sizes from peg 4 to peg

C. The rules are as follows:

® Only one disk at a time can be moved.

® Adisk can only be moved if it is the top disk on a pile.

® A larger disk can never be placed on a smaller one.
o

Disks can only be moved a distance of one peg at a

time.
Let H, be the minimum number of moves needed to
transfer n discs from peg 4 to peg C.

a Explainwhy H, = 2.
b Show that 2 disks can be moved from peg 4 to peg C
in 8 moves.

¢ Explain why H, satisfies a recurrence relation of the
form H,=aH,_, + b, and determine the values of
aand b.

d i Solve this recurrence relation for H,,.
ii Hence determine the minimum number of moves
needed to transfer 10 disks from peg 4 to peg C.

(3 marks)

m The fourth rule means that

moves between pegs 4 and B, and pegs
B and C are allowed, but direct moves
between pegs 4 and C are not.

A B o
v
X
A B 7
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@ Solving second-order recurrence relations

ﬂ In this section you will learn how to solve second-order linear recurrence relations.

® A second-order linear recurrence relation can be written in the form
u, = au,_, + bu,_, + g(n), where a and b are real constants.
+ If g(n) = 0, then the equation is homogeneous.

Consider the recurrence relation u, = 2u,_| — u,_, n = 2.
Verify that the following particular solutions satisfy this recurrence relation.

a u,=3n b u,=5 ¢ u,=3n+5

a u,=3nu,,=3n-1)=3n-3 Find expressions for u,_ and u,_, and
Up=3n-2)=3n-6 substitute them into the RHS of the
Pu, — i, »=2038n-3)-1(3n-6)=3n=u, recurrence relation.

So u, = 3n satisfies the recurrence relation.
b = 5 iy S5 0 =T
2.‘,4["_] — Uy 5 = ale T et R u,
S0 u, = 5 satisfies the recurrence relation.
c u,=3n+5u,,=3n-1)+5=3n+2
U, =3n—-2)+5=3n-1
Uy — Uy =23n+2-3Bn-1=3n+5=u,
S0 u, = 3n + 5 satisfies the recurrence relation.

® If u, = F(n) and u, = G(n) are particular solutions to a linear recurrence relation, then
u, = aF(n) + bG(n), where a and b are constants, is also a solution.

You can solve a second-order homogeneous linear recurrence relation by looking for solutions of
the form u,, = Ar", where A is an arbitrary non-zero constant.

Suppose that u, = Ar" is a solution to the recurrence relation u, = au,_, + bu,,_,.

no_ n-1 n-2
Then Arte dar™=w:dbr :|7 Multiply both sides by »#™ and simplify.
=r2—ar—-b=0

This quadratic equation is called the auxiliary m The auxiliary equation is
equation of the recurrence relation. u, = A" is a sometimes called the characteristic
solution to the recurrence relation if and only if equation.

ris a root of this equation.

However, a second-order recurrence relation requires two initial conditions to fully define the
sequence. As such, the general solution to a second-order recurrence relation requires two arbitrary
constants. You can formulate a general solution with two arbitrary constants by adding multiples of
two different solutions.
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B ® You can find a general solution to a second-order homogeneous linear recurrence relation,
u, = au,_, + bu,_,, by considering the auxiliary equation

r’-ar-b=0

You need to consider three different cases:

« Case 1: Distinct real roots m These three cases are similar to the cases
If the auxiliary equation has distinct real you consider when solving a differential equation of
. d? d
roots o and 3, then the general solution the form ad—);_ + bd—y +¢y=0.
X X

will have the form u, = Aa" + B3" where

N —» Core Pure Book 2, Section 7.2
A and B are arbitrary constants.

» Case 2: Repeated root
If the auxiliary equation has a repeated real root o, then the general solution will have
the form u, = (4 + Bn)a" where A and B are arbitrary constants.

+ Case 3: Complex roots
If the auxiliary equation has two complex roots o = re'? and 3 = re-i%, then the general
solution will have the form u, = r"(Acos n6 + Bsinnf), or u, = Aa" + B3", where A and B are
arbitrary constants.

a Find a general solution to the recurrence relation
U, = 2“,;_] + 8?.{”_2., n=2
b Verify that your general solution from part a satisfies the recurrence relation.

¢ Given than u, = 4 and &, = 10, find a particular solution.

arP-2r—-8=0 —‘ Write down the auxiliary equation and
(r—4)r+2)=0 r solve it.
=>."=4orr=—2j
General solution is u, = A(4") + B(-2)" The auxiliary equation has two distinct real
BiEie Bishy L roots, so the general solution has the form
= 2(A(4™) + B(=2)"") + 8(A(4"2) + B(-2)"?) u, = Ao + BfF"
= 2A4(4™") + 2B(-2)"" + 8A(4"?) + BB(-2)"?
= 24(4™") 4 2B(=2)"" 4 2A4(4™") — 4B(—2)"" Substitute your general solution into the
= 44(4™") = 2 B(—2)n" RHS of the recurrence relation, then take out
= A(4" + B(=2)" factors of 4 and —2 to write the expression
i in terms of multiples of 4" and (-2)".

c lg=4=A(4°) + B(-2)°=4 = A+ B=4
u; =10 = A(4") + B(-2)' =10 = 44 - 2B =10
Solving simultaneously, 4 = 3 and B = 1

Use the initial conditions to write two
simultaneous equations in 4 and B. Solve

these to find the values of the arbitrary
So the solution is u, = 3(4") + (-2)" constants.
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Solve the recurrence relation a,, = 3a,_; — 2a,_,, with ¢; = 5 and a4, = 3.

— Brie=0 “ Write down the auxiliary equation and solve it.
(r - 1)r-2) ’7
= r=1orr=2 J One of the roots is 1, so one of the terms in the
So the general solution is @, = A(1") + B(2") general solution will be constant.

= A + B(2"
a=A+2B=5 Use the initial conditions to find the arbitrary
a4 =A+ 4B = 3} A B=s constants.

So the solution is @, =7 — 2~
Problem-solving

You can check your answer by generating the first
few terms of the sequence using the solution and
the original recurrence relation. The first 5 terms
here are 5, 3, =1, =9, and -25.

Solve the recurrence relation u, = 4u,_; — 4u,_», with ug =1 and u; = 1.

re—4r+4=0
(r—232=0
= r=7

The auxiliary equation has one repeated root, so
So the general solution is u, = (4 + Bn)2" e P

the general solution is of the form u, = (4 + Bn)a".

ug=1=A4=1
m=1=2(4+8) =1 Use the initial conditions to form two equations
2 +28=1 J and solve these to find 4 and B.
The solution is u, = % 127, You could also write this as u, = 2" — n2".

a Find the general solution to the recurrence relation u, = 2u, ;| — 2u,,_».

b Given that u, = 1 and u, = 2, find the particular solution to the recurrence relation.

Poeide =
ays—eii e =0 The auxiliary equation has distinct complex roots.

2+xV4-8 < ; .
e o = 1+i=,/2e* ——— These must be a conjugate pair, so you can write
. : =
Form 1: 4, = AU + )" + B(1 = i)" them in the form x + iy or re*".

< Core Pure Book 2, Chapter 1

Form 2: u, = (\--"'2J”(Ccos%r + Dsin %’T)
The form u, = r"(4 cosnfl + Bsinnf) only uses real

numbers.
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Recurrence relations

B b Using form 1: m The values of the arbitrary constants

ug = Al +1° + Bl —i)° = 1 will be different depending on which form you use.

=> A+ B=1 (1)

=Al +il'+ Bl —-il'=2
u1 P ' ; B _' 5 Use the initial conditions to find the values of
e + = ah= the arbitrary constants 4 and B. If you are using
b= .1 this form of the general solution, the arbitrary
A= (2) constants can be complex.

Solving (1) and (2):

1—] 14
A=—F—and B=— . Problem-solving
e th? f"’:mc”lar 50'”:’1?] 5 You can simplify this to u, = (1 + )" + (1 = )"
U, = (T)“ + "+ (T) (1 =" ————— by writing, for example,
—i an (11— +i e o
Using form 2: (%)(14") =uéu(1+l) =@+t
o = CV2)°cosO + DW2) sin0 = 1
==
r 1 1
u, = Cly2) co5% + ClV/2) 5'1r1f% =2
f !
= 1x2 x%+Dx\s’2 x%:2
S With this form of the general solution, both
Sl s arbitrary constants will be real numbers.
=y l|” ﬂ_’i’T i ﬂ_ﬂ'
u, =2 (co5 3 + sin % )
u
A
You can use the addition formula for sine to write the 600
"
solution to the recurrence relation in Example 17 as 500 i
I 1
Cm+ Do 400 !
= (\/f)””smg. This helps you to see that the AT ! ;
] 1 1
sequence oscillates between positive and negative 200 '-‘ ‘:
values, with the magnitude of the oscillations increasing 100 / ]
<k 1

as n increases. The graph shows the sequence from i, to O_ﬁ‘.,w.ﬁ',:._,_,_.'_,_,_.}_,_»
4 n

;5. Note that the terms only exist for integer values of n ~1001 478 8N ‘1‘2\1:} 1 18 ':20

and that, in this case, u, is always an integer. 2001 '

Example @

The Fibonacci sequence is defined recursively as

Fo=F. o4 F, 0. 05> 2, with-F, =1 dnd Fo= 1
Find a closed form for F,.
e —r—-1 =0 .
sl il oo Solve the auxiliary equation.

= 5 or r >
So the general solution is

- 1+45 )” (1 -5 )”
= A( z |
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B Using the initial conditions,

B A(:1 +2v-"'5) - B(T —2\--"5) g

Al +V5) + Bl - /5] =2 M

1 44BN 1 -V5\° m You can solve these simultaneous
I =1=4 + B = ; : X

& o 2 2 equations quickly using your calculator.
A3 +V5)+ B3 -y5)=2 2) However, make sure you show enough working
Solving (1) and (2) simultaneously, to demonstrate that you have used the initial
i Ls syl _% conditions to generate two simultaneous equations.
Ul y

The solution is
1 (’1 + \5) ] (’1 - »-"5)

F =—
Vs 2

n

You can solve non-homogeneous linear second-order recurrence relations by considering the
complementary function (C.F) and finding a suitable particular solution (PS.).

® To solve the recurrence relation u, = au,_, + bu,_, + g(n),
* Find the complementary function, which is the general solution to the associated
homogeneous recurrence relation u, = au,_, + bu,,_,.
» Choose an appropriate form for a particular solution then substitute into the original
recurrence relation to find the values of any coefficients.
» The general solution is u#, = C.F. + P.S.
» Use the initial conditions to find the values of the arbitrary constants.

The form of the particular solution will depend on g(n).

® For the recurrence relation u, = au,_, + bu,_, + g(n),

with auxiliary equation with roots o and 3, try the

following forms for a particular solution: The particular
solution cannot have any terms in

Form of g(n) Form of particular solution common with the complementary
pwitha, 5#1 A function of the associated
pn+q,witha, 3#1 An+ p homogeneous recurrence relation.
R , , The last six lines of this table,
kp" withp = o, B L shown shaded, are special cases
pwitha=103#1 An to avoid this.
pn+qwitha=1,0%1 An? + un When « = 1, multiply the
pwitha=8=1 2 expeFted form of the particular
: solution by n.
pn+qwitha=(=1 An® + pn? When o =1 and § = 1, multiply
ka"witha =3 Ana” the expected form of the
ka" with a = 3 2o particular solution by n?.

Solve the recurrence relation

Ayr +4a,,, +3a,=5-2)",n>0,witha,=2and a, = -1
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B Associated homogeneous recurrence relation:

dysp + 4ayy + 3a, =0
P+4r+3=0

(r+1r+3)=
=r=-lorr=-3

So the complementary function is
a, = A(-1)" + B(-3)"

Try particular solution a, = A(-=2)":
Qno + 4a,., + 3a, = 5(-2)

A=2)"2 4 42(=2)"" + 3A(-2)" = 5(-2)"
44 -81+34=5 —|

A=-5|

So a particular solution is a, = —=5(=2)", and the

general solution to the recurrence relation is

a, = A(-1)" + B(-3)" - 5(-2)" &
ao=A(-1)° + B(-3)° = 5(-2)° = A+ B-5=2
A+B=7

a, = A"+ B-3)' = 5(-2)" = -1
-A-3B+10=-1
A+ 3B=1
A+B=7
A+ 3B=11
So the solution is a, = 5(-1)" + 2(=-3)" — 5(-2)"

}=>A=5andB=2

Find the general solution to s, = 3s,_; + 4s,_, + 4".

Associated homogeneous recurrence relation:
?n = 35}:—1 = 4311—2 = O
-3r-4=0

{r + )(r - 4)=
=r=-lorr=4 J
So the complementary function is
s, = A(=1)" + B(4"
Try particular solution s, = An(4"):

S, =384+ 45,0+ 4"
In(4" = 34(n = 14" ) + 4dn - 2)(4"2) + 4" |
An(4") = 2a(n — 1)(4") + Tan - 2)(4") + 4"

~

An=24n—-1)+3An-2)+1
3 3 1 1
;1!‘:'_:22}?—2,1+Z,1n-'§;1+1
So-2A+1=0=1=7%
4

So a particular solution is =n(4"), and the general

solution is

s, = A(-1)" + B(4") + %n(4”}

Recurrence relations

Find the general solution to the associated
homogeneous recurrence relation.

Divide both sides of the equation by (-2)" and
simplify.

General solution = CF. + PS.

The values of 4 and B can be found by using
the initial conditions.

Problem-solving

Check your answer using n =0, 1, 2 to make
sure that it gives the same values as the
recurrence relation.

Write down the auxiliary equation and solve it.

m You cannot use a particular

solution of the form A(4") because the
complementary function already features a 4"
term. Look for a particular solution of the form
An(4") instead.

Substitute the particular solution into the full
recurrence relation and solve to find 4.

This question only asks for the general
solution, so leave your answer in this form with
two arbitrary constants.
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Exercise @

P,

Consider the recurrence relation u, = 5u,_; + 6u,_,. Verify that each of the following solutions
satisfies this recurrence relation.

a u, =" b u,=06"

¢ u,= A-1)"+ B(6"), where 4 and B are arbitrary constants.

2 Consider the recurrence relation u, — 6u,_; + 9u,_, = 0. Verify that each of the following
solutions satisfies this recurrence relation.

a u,=53" b u,=-n3" ¢ u,=53"-n3"

3 Consider the recurrence relation u,,,, + u, = 0. Verify that each of the following solutions
satisfies this recurrence relation.

m ' m
au,= cos(n 2) b u,= sm(n 2)
m . m .
c u,=A4 cos(n E) + Bsm(n E) where 4 and B are arbitrary constants.

(FD 4 u, = F(n) and u, = G(n) are particular solutions to the linear homogeneous recurrence relation
u,=au, ; +bu,_,

Show that u, = cF(n) + dG(n) is also a solution, where ¢ and d are arbitrary constants.

5 Find the general solution to each of the following recurrence relations.

a a,=2a, =0, b u,-3u,+2u,,=0 m Your general solutions will each
¢ x,=6x,_,—9x,., d 1,=41,_, -5, contain two arbitrary constants.

(FD 6 The recurrence relation u,,, + au,,; + bu, = 0, where a and b are real constants, has general
solution u,, = D + E(7"), where D and E are arbitrary constants.
Find the values of « and b.

7 Solve each of the following recurrence relations.
a a,=5a,,-6a,, witha,=2anda, =5
b u,=6u,,-%,, n=3 withu, =2andu,=5
¢ 5,=78,_;—10s,5, n=2 withsy=4and s, =17

d u,=2u, - 5u,, withu,=1andu, =5

@’{B 8 A sequence satisfies the recurrence relation u, = Su,_; — 4u,_,, with u, = 20 and u, = 19.

a Solve the recurrence relation to find a closed form for u,, (5 marks)
b Show that the sequence is decreasing, and that u, < 0 for all n = 3. (3 marks)
@fB 9 a Find a closed form for the sequence defined by the recurrence relation
Uy =2u,_ — U,_y, With uy=u; = 1 (5 marks)
b Hence show that the sequence is periodic and state its period. (3 marks)

(E 10 The nth Lucas number L,, isdefined by L,=L, + L, ,,n=3,with L, =1, L, =3.
a List the first 7 terms of the sequence. (1 mark)

e n _JE n
b Show that a closed form for the nth Lucas numberis L, = (1 +2\' 5) + (1 2\ 5) (5 marks)
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a x,=5x,,-6x,,+1 b u,—u, ,—2u,,=2n
€ dpo+4a,,, +3a,=5-2)" d a,.,+4a,, +3a,=12(=3)"
e d,»—6d,,+9a,=3" f u,=7u,.;—10u, ,+6+8n

12 Solve each of the following recurrence relations.
a u,=2u, +3u,,+1,n=3 withu, =3 andu,=7
b a,,,-3a,+2a,,=60-1)", withay=a,=12
¢ u,=3u,+ 10w, ,+7x5", n=2, withug=4andu, =3

d x,=10x,_, -25x,,+8x 5", n=2,with x,=6and x, = 10

@fP 13 Consider the recurrence relation b,,, + 4b,,, + 4b, = 7.

Recurrence relations

Find the general solution to each of the following recurrence relations.

Problem-solving

Each of these recurrence
relations will require a
particular solution. Look
at the table on page 138
to determine the correct
form for the particular
solution.

a Find a constant & such that b, = k is a particular solution to this recurrence relation. (2 marks)

b Hence or otherwise, solve the recurrence relation given that b, = 1 and b, = 2. (5 marks)
a Find the general solution to the recurrence relation u, = 7u,_, — 6u,_» + 75. (4 marks)
b Given that u, = u, = 2, find the particular solution. (3 marks)
15 Consider the recurrence relation u,,, — 6u,,, + 9u, = 7(3").
a Find a value of & such that u, = kn*(3") is a particular solution to this recurrence
relation. (2 marks)
b Find the general solution to u,,, — 6u,,; + 9u, = 0. (3 marks)

¢ Hence, find the solution to u,,, — 6u,,, + 9u, = 7(3") given that uy =1 and u; =4. (3 marks)

A sequence of numbers satisfies the recurrence relation u, = u,_, — 1, 5, n = 2.

a Given that #, = 0 and «, = 3, show the solution to this recurrence relation can be written in
the form u, = psingn, where p and ¢ are exact real constants to be determined. (6 marks)

b Hence explain why the sequence u, is periodic, and state its period. (2 marks)

A monkey sits at a typewriter and types strings of random letters. Unfortunately, the

typewriter is broken, so the only keys that work are the letters A, B and C.

a Find the number of different strings of length 3 which do not contain consecutive

letter As.

(2 marks)

The number of different strings of length n which do not contain consecutive letter As is

given by s,,.
b Find a recurrence relation for s, in terms of s,_, and s,_,.

¢ i Solve your recurrence relation.

(3 marks)

ii Find the number of strings of length 20 which do not contain consecutive letter As. (3 marks)

Challenge

i
1 Solve the recurrence relation u,, = /—2, Ug =8, with u; = ——
K Uy_q 2 \-"'?

2 The sequence u, satisfies the recurrence relation u, = au,_, + bu,_;,

with u, = 0 and u;, = k, where a, b and k are real constants, and k = 0.

Find values of @ and b such that the sequence is periodic with
period 12, and state the maximum and minimum values in the
sequence in terms of k.

m Take logs of both

sides, and then use a
suitable substitution to form
a linear recurrence relation.
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m Proving closed forms

You can prove that a closed form satisfies a given recurrence relation using mathematical induction.

The minimum number of moves, d,, needed to transfer n disks from one peg to another in the
Tower of Hanoi problem is given by the recurrence relation d, = 2d,_; + 1, with d, = 1.

Prove, by induction, that d, = 2" - 1.

Basis step:
Whenn=1d =2"-1=1
So the closed form is true for n = 1.

=

Assumption step:

Assume the closed form is true for n = k.

Sod,=2%-1

Inductive step:

Using the recurrence relation,

di,y=2d, +1=22k-1 +1
=2x2k_2x14+1=2_1

So true forn =k = true forn =k + 1, and

true for n = 1. Therefore, by induction, the
closed form d, = 27 — 1 is true for all n € N,

F

You are given that d; = 1. Use this to prove the
basis step.

You need to assume that the closed form is true
for n = k, then use the recurrence relation to
show that it is true forn =k + 1.

4 Core Pure Book 1, Chapter 8

Keep in mind what you are aiming to show. In this
case, you need to show that d,, = 2¢1 - 1.

Replace d}, with its assumed value of 2% — 1.

Remember to write a conclusion, and state that
you have used induction.

A sequence u, satisfies the recurrence relation u, = u,_; + n, with u, = 0.

. . nn+1)
Prove by induction that u, = —5 N = 0.
Basis step: 00 + 1
Whenrz:O,a]=7+J=O

So the closed form is true for n = Q.
Assumption step:
Assume the closed form is true for n = k:
" kik + 1)
Sl
Inductive step:

Using the recurrence relation uy, = uy_ + k,

ak+1=uk+k+1=ﬁ2L1—J+k+1
_klk+ 10+ 2k +1)  (k+ 1k + 2)
- 2 B 2

Ll

So true forn =k = true forn =k + 1, and

true for n = 1. Therefore, by induction, the
nln + 1)

2

closed form u, = is true for all n € N.
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g = 0 is given, so you can begin your induction at
=0

Replace ;. by its assumed value of

klk+1)
2

Keep in mind what you are aiming to show. In this

(k+ Dk +2)

case you need to show that u;,, = >



Recurrence relations

You can adapt the technique of proof by mathematical induction to prove closed forms for
second-order recurrence relations.

® When you are proving the closed form of a second-order recurrence relation by

mathematical induction, you need to:

» show that the closed form is true for two consecutive values of # (basis step)

+ assume that the closed form is true for n = k and n = k - 1 (assumption step), then show

that it is true for n = k + 1 (inductive step).

A sequence a, satisfies the recurrence relation a, = 2a,_; + 84,_,, with ay = 4, a, = 10.
Prove by induction that g, = 3(4") + (-2)" for all non-negative integers 7.

Basis step:
Whenn=0,a,=3x4°+(-2)°=3 x1+1=4
Whenn=1a,=3x4"+(-2)"=12-2=10
So the closed form is true for n = O and n = 1.
Assumption step:

Assume the closed form is true for n = k and
n=k-1:

ay = 3{4“ + {"2]k and a;_, = 3'{4k_1:' + {”2:'k_1
Inductive step:

sing recurrence relation a, = 2a;_4 a)_o
U the re ence relat 2 + Ba

iy = 2a; + Ba,_,
2(3(44) + (—2)k) + 8(3(4+1) + (-2)k-1)
= 2(3(44) + (-2)%) + 8(3(4+) + (-2)k1)
= G644 + 2(=2)% + 24(4%1) + 8(-2)"
= 64K — (-2)+1 + g[4K) + 2(-2)k+
= 12(4% + (=2)+" = 3[(4++1) 4 (—2)k+
So true for n = k and n = k — 1 = true for

n=k+1andtrueforn=0and n=1.
Therefore, by induction, the closed form for the
nth term, a, = 3(4") + (-2)", is true for all non-
negative integers.

The Fibonacci sequence is defined recursively by

Uy =Wy 1+ U, 5, 0n>2, wWithu,=u,=1

Show that the closed form is true for two
consecutive values of n. You are given g, = 4
and a, = 10, so substitute n =0 and n =1 into
the closed form.

Keep in mind what you are aiming to show.
In this case you need to show that
Ay = 3(6F41) 4+ (—2)k+1

Replace a, with its assumed value of
3(4%) + (-=2)% and @,_, with its assumed value of
3(4+-1) + (—2)k1

Simplify and factorise. Simplify by replacing
+2(~2)* with —(-2)(-2)% = —(-2)%+1, 24(4%-1) with
6(4%) and 8(~2)%1 with 2(~2)2(-2)%-1 = 2(-2)k+1

Show that the closed form for the nth term of the Fibonacci sequence is given by

(1+V3)" -(1-V3)"
u, = G2
215
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| Watch out JUVARE

Basis step: 1+ \:,5}1 - \-"5]1 /5
Whenn =1, u, = ' .- ' — ": =1 second-order recurrence
, 22""5 S 2V5 relation, so to prove it by
ieanebie (1+V5) oilles V5) induction you need to show
22y5 that it is true for
. IIRE RS SRR G D 1 n=1and n = 2 as your basis
45 45 step. You then assume it is true
So the closed form is true forn =1 and n = 2. forn=k—1andn=kand show
Assumption step: thatitis true forn=k + 1.
Assume the closed form is true forn=k -1 and n = k.
(1+v5) (1 - v5) (1+v5)" -1 - v5)"”

Sou = — and u,_, = —

2k/5 2615

Inductive step:
Using the recurrence relation uy,, = uy + t;_y, Keep in mind what you are

1445 -l =B {1 445" — (1 — B aiming to show. In this case you
Upy = = - Py need to show that
- - k-t st it Bic e oA
" [1 =48] = (1 =¥5] » 2(1 +v5) - 2(1-v5) Up1 = PYREN S
2k/5

1 +v5)" + 20+ v51) = (1 = v5)* + 201 - v5))
i 2;"\*’"5

o \,.#5]"'(1 + ) ) ko »-"5“‘(1 i 2 | ) Look for factors of (1 + /5) and
> 1+V5) : 1-45 (1-v5).
= 2;"\;;5

(1 + 5JA(T +2V5) = 5J£(1 _2V5)
= 2k/5
1+ B - =B
- ok+,/5

Sotrueforn=k—-1andn=k = trueforn=k+ 1, and

true for n = 1 and n = 2. Therefore, by induction, the closed ; :
You must write down a conclusion

statement, and state that you are
L is true for all n € N, using mathematical induction.

form for the nth term of Fibonacci sequence,
_(1+V5) (1 -v5)
i 2

Exercise @

®1
® 2
® 3
® 4
EP) s

Given that u,,; = Su, + 4, with u, = 4, prove by induction that u, = 5" — 1.
Given that u,,, = 2u, + 5, with u, = 3, prove by induction that u, = 2"** - 5.

Given that u,,, = 5u, — 8, with u; = 3, prove by induction that u, = 5" + 2.

Given that u,,, = 3u, + 1, with 4, = 1, prove by induction that «, = %
3u, -1
A sequence uy, Uy, Uz, Uy, ... 1s defined by u,,, = — with u, = 2.
a Find the first four terms of the sequence. (1 mark)
b Prove, by induction for n € Z*, that u, = 4(%)” =l (5 marks)
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Recurrence relations

Given that u,,, = 4u, — 9n, with u; = 8, use mathematical induction to prove that
u,=4"+3n+1,neZ. (5 marks)

Given that u,,,; = 2n — u,,, with «, = 0, use mathematical induction to prove that
2u,=2n-1+(=1)",neZ*. (5 marks)

Given that 2u,,, + u, = 6, with u, = 4, use mathematical induction to prove that
1y-2
u,=2- (3" ,nez (5 marks)

Given that u,, = 3nu,._,, with #; = 1, use mathematical induction to prove that
u,=3""n (5 marks)

The diagram shows the three different ways that 4 people can be paired up.

A B A B A B
*—
C D G D [y D
Let P, be the number of ways of pairing up a group of 2n people, so that P, =1 and P, = 3.
a Explain why P, satisfies the recurrence relation P, = (2n - 1)P,_, (3 marks)
2n)!
b Hence prove by induction that P, = % foralln e Z*. (5 marks)

Given that u,,,, = Su,,, — 6u,, with u, = 1 and u, = 5, prove by induction that u, = 3" — 2",

Given that u,,, = 6u,,, — 9u,, with u, = =1 and u, = 0, prove by induction that u, = (n — 2)3""".
Given that u,,, = 7u,,, — 10u,, with u, = 1 and u, = 8, prove by induction that u, = 2(5"") = 2"\
Given that u,,,, = 6u,,, — 9u,, u, = 3 and u, = 36 prove by induction that u, = (3n — 2)3".

A sequence u,, Uy, Us, Uy, ... 1s defined by u,,, = Su, — 3(2"), with u; = 7.
a Find the first four terms of the sequence. (1 mark)

b Prove, by induction for n € Z*, that u, = 5" + 2". (7 marks)

The nth Lucas number L,, is defined as follows.
Fad. b, sz 3 With- =1 and Ey=3.

Use mathematical induction to prove that the closed form for Lucas numbers is

|'_ n . 1"_ n
L,,=(1+2‘5) +(1 2‘5) (7 marks)

Mixed exercise o

® 1 Solve the recurrence relation u, — 2u,_; + 1 = 0,with u, = 4. (3 marks)
2 a Solve the recurrence relation u, = u,_; — n, with u, = 2000. (3 marks)
b Hence, or otherwise, find the first negative term of the sequence. (2 marks)
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a Solve the recurrence relation u, = 3u,_, + 5, with u, = 0. (3 marks)
b Find uy,. (1 mark)
¢ Find the first term of the sequence to exceed 10 million. (2 marks)

At the end of each year, a sustainable lumber company harvests 20% of its trees. To replace this
stock they plant 1000 new trees. At the beginning of the first year, the company has 12000 trees.

Let T, represent the number of trees remaining at the end of the nth year.

a Explain why the number of trees owned by the company can be modelled by the recurrence
relation 7, = 0.87,_, + 1000, with 7, = 12000. (3 marks)

b Solve this recurrence relation to find a closed form for 7). (3 marks)

¢ In the long run, how many trees can the lumber company expect to have at the end of each
year? (1 mark)

At a salmon farm, the population of salmon increases by 25% each month. At the end of each

month, X salmon are removed for sale.

At the beginning of the first month there are 2000 salmon in the farm.

Let S, represent the number of salmon remaining at the end of the nth month.

a Explain why the number of salmon in the farm can be modelled by the recurrence relation

59t ~AX"
N - with S, = 2000. (3 marks)
b Prove, by induction, that S, = (3)"(2000 —4X)+4X,n=0 (5 marks)

¢ Explain how the long-term population of the fish farm varies for different values of X. (2 marks)

The Smiths buy a new house in March 2018, costing £200000. They have a deposit of £25000.
At the end of each month, interest of 0.25% is added to the balance, and the Smiths’ monthly
payment of £1200 is deducted from the balance.

a Write a recurrence relation showing the balance in pounds, b,, at the end of the
nth month. (3 marks)

b By solving your recurrence relation, determine the year in which the Smiths will pay off
their mortgage. (5 marks)

The diagrams show intersecting lines drawn on a two-dimensional plane.

1 line 2 lines 3 lines 4 lines

Assuming that all the lines are non-parallel, and that no three lines intersect at a common point,
the number of points of intersection when # lines are drawn, P,, is given by

Pi=0, P=1, P;=3
a Use the diagram above to write down the value of P,. (1 mark)
b By forming and solving a suitable recurrence relation, show that P, = %n(n -1). (4 marks)

¢ Hence find the number of intersections formed when 100 such lines are drawn on the
plane. (1 mark)
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8 A sequence of patterns is formed by drawing dots in the shape of a rhombus, as shown in the
diagram. The number of dots needed to draw the nth shape is represented by ¢,.

°
@ o e
° o o e 0o 0
® o e o o o e o 0 o
L ° o ® o o0
@ o o
°
Write down the values of s, ¢, and 7. (1 mark)
Find in term of ¢,_,, the recurrence relation for ¢,. (2 marks)

Solve your recurrence relation for ¢,, and hence determine the number of dots in the 100th

pattern. (3 marks)
L p\(1 4y .. - .

Calculate 0 ¢/\0 3) giving your answer as a 2 x 2 matrix with elements given in

terms of p and gq. (3 marks)

” 1 a
Given that ( é ;1) = ( 0 b”)’ write down recurrence relations for «, in terms of a,,_,
n

and b, in terms of b,_,. (2 marks)

n
Solve your recurrence relations, and hence find ( 0 3) , giving your answer as a 2 x 2 matrix
with elements given in terms of #. (4 marks)

10 Square pyramidal numbers S, are positive integers that can be represented by square pyramidal
shapes. The first four square pyramidal numbers are 1, 5, 14, and 30, as shown in the diagram

below.

S, =1 S,=5 S, =14 S, =30
a Write down Ss, S, and S5. (1 marks)
b Find a recurrence relation for S, in terms of S,_,. (2 marks)
¢ Solve your recurrence relation to find a closed form for S,,. (3 marks)

11 A sequence of numbers is defined by u, = (n*> + n)u,_,, with u; = 1.

Prove, by induction, that u, = %n!(n + 1! (5 marks)

12 A sequence of numbers is defined by u,= (n + 2)u,,_,, with u; = 1.

Prove, by induction, that u, =

(n+2)
6

(5 marks)

147

Recurrence relations



Chapter 4

n a drug trial, a bacteri opulation 1s modelled as increasing at a rate o o each hour.
(E/P) 13 In a drug trial, a bacterial population is modelled as i ing f 20% each h

E/P

14

148

A proposed antibacterial agent is introduced, and kills bacteria at a rate of k(2") bacteria per
hour, where k is a measure of the concentration of the agent.

At the beginning of the trial there are 100 bacteria present, and after n hours there are u,
bacteria present.

a Form a recurrence relation for u, in terms of ,_,, stating the initial condition. (2 marks)
b Show that u, = (100 + %) (1.2") - %(2”) (5 marks)

Flagstones come in two different sizes. Large flagstones have a length of 2m, and small
flagstones have a length of 1 m. The diagram shows a large and small flagstone, and a path of
length 7m made from a combination of these flagstones.

2m Im - Tm =

B EN =

Let f, represent the number of ways in which a path of length nm can be made from a
combination of large and small flagstones.

a Draw the three possible paths of length 3m. (1 mark)
b Explain why f, satisfies the recurrence relation

Ju=Luot + fuoas With fi =1 and f>, =2 (3 marks)
A path of length 200 m is to be made.

¢ Show that the number of ways in which this path could be constructed is given by

% ((1 +2\f§)2‘" ) (1 -25)2“') ek

A ternary string is a sequence of digits, where each digit can be either 0, 1 or 2.

There are 8 different ternary strings of length 2 which do not contain consecutive 0s.
01,.10::02,.20,.11,.12. 21,27

Let 7, represent the number of ternary strings of length » with no consecutive 0s.

a Find 1, and 1. (1 mark)
b Explain why ¢, satisfies the recurrence relation ¢, = 2¢,_, + 21,_». (3 marks)
¢ Find . (1 mark)
d Find:

i aclosed form for 7, in terms of n

ii the number of different ternary strings length 15 which do not contain
consecutive 0s. (5 marks)

a Find the general solution to the recurrence relation
Upyy = Uysy + 2“}:: JE (3 marks)

b Given that ; = 1 and u, = 2, find the particular solution to the recurrence relation. (3 marks)

a Find the general solution to the recurrence relation
Xy =T1%,,, — 10x,+3,n=1 (4 marks)

b Given that x; = 1 and x, = 2, find the particular solution to the recurrence relation. (3 marks)
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Solve the recurrence relation a, = 2a,_, + 15a,_, + 2", with a; =2 and a, = 4. (8 marks)
A sequence satisfies the recurrence relation u, = —2nu,_; + 3n(n — Du,,_,, with uy =1 and u; = 2.
. . . . 1!
Prove, by induction, that a closed form for this sequence is u, = %(5 -(=3)") (7 marks)
a Find a closed form for the sequence defined by the recurrence relation
u, =V2u, | — t,_y, With uy =1, =1 (5 marks)
b Hence show that the sequence is periodic and state its period. (3 marks)

Messages are transmitted over a network using two types of signal packet. Type A4 signal
packets require 1 microsecond to transmit, and type B signal packets require 2 microseconds to
transmit. The packets are transmitted consecutively with no gaps between them.

The number of different messages consisting of sequences of these two types of signal packet
that can be sent in n microseconds is denoted by S,

a Write a recurrence relation for S,,, in terms of S,,, and S,. State the initial conditions for
your recurrence relation. (3 marks)

b Solve your recurrence relation to find an expression for S, in terms of x. (5 marks)

Challenge

1 The circles in the diagram have been
subdivided into regions by drawing all
possible chords between points drawn
- = § 3 g 16

on the circumference of the circle. Let C,
denote the maximum number of regions
that are formed in this way when n points are drawn on the circumference of a circle.

a Find C,.

b Explain why it is always possible to choose a new point on the circumference of the circle
such that all the new chords drawn from that point do not intersect the existing chords at
any existing points of intersection.

¢ Find, in terms of C,_; and n, a recurrence relation for C,,.

d Solve your recurrence relation, and hence determine the maximum number of regions
created by 100 points.

The diagram shows a tetrahedron A BCD. ¢
A spider walks along the edges of the tetrahedron, starting and ending
at vertex A. A walk of length » traverses exactly n edges, so that there
are three possible walks of length 2: B
A—->B—> A
A->C—> A
A->D—> A 4

a Explain why there are no possible walks of length 1.
b Find the number of possible walks of length 3.

¢ By formulating and solving a suitable recurrence relation find a closed form for the total
number of possible walks of length n.

149



Chapter 4

Summary of key points

1 Arecurrence relation is an equation that defines a sequence based on a rule that gives each
term as a function of the previous term(s).

150

The order of a recurrence relation is the difference between the highest and lowest subscripts
in the relation.

A sequence u, is called a solution to a recurrence relation if its terms satisfy the recurrence
relation. It is also called the closed form of the sequence.

A first-order recurrence relation is one in which u, can be given as a function of n and

u,_, only.

A first-order linear recurrence relation can be written in the form u, = au,_, + g(n).

* If gm) = 0, then the equation is homogeneous.

 The solution to the first-order homogeneous linear recurrence relation u, = au,_, is given by
U, = Upd" Or u, = ua™ .

» The solution to the first-order non-homogeneous linear recurrence relation u, = u,_;, + g(n)
is given by u, = u, + zn:g(r).

» When solving a recu;r_elnce relation of the form u, = au,_, + g(n), the form of the particular
solution will depend on g(n):

Form of g(n) Form of particular solution
pwitha=1 A
pn+qgwitha=1 An+pu
kp"withp #a Ap"
ka" Ana"

To solve the recurrence relation u, = au,_, + g(n),

« Find the complementary function, which is the general solution to the associated
homogeneous recurrence relation u, = au,_,.

» Choose an appropriate form for a particular solution then substitute into the original
recurrence relation to find the values of any coefficients.

« The general solution is u, = CF. + PS. = ca”" + PS.
« Use the initial condition to find the value of the arbitrary constant.

If u, = F(n) and u, = G(n) are particular solutions to a linear recurrence relation, then
u, = aF(n) + bG(n), where a and b are constants, is also a solution.

A second-order linear recurrence relation can be written in the form
u, = au,_, + bu,_, + g(n), where a and b are real constants.

« If gm) =0, then the equation is homogeneous.
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B 9 You can find a general solution to a second-order homogeneous linear recurrence relation,
u, = au,_, + bu,_,, by considering the auxiliary equation, 12 — ar — b = 0.
You need to consider three different cases:

Case 1: Distinct real roots
If the auxiliary equation has distinct real roots o and 3, then the general solution will have
the form u, = Aa" + B(3" where A and B are arbitrary constants.

Case 2: Repeated root
If the auxiliary equation has a repeated real root «, then the general solution will have the
form u, = (4 + Bn)a" where A and B are arbitrary constants.

Case 3: Complex roots

If the auxiliary equation has two complex roots a = re and 3 = re~", then the general
solution will have the form u, = r"(4 cosnf + Bsinnf), or u, = Aa" + B3", where A and B are
arbitrary constants.

10 To solve the recurrence relation u, = au,_, + bu,_, + g(n),

* Find the complementary function, which is the general solution to the associated
homogeneous recurrence relation u, = au,_, + bu,_.

» Choose an appropriate form for a particular solution then substitute into the original
recurrence relation to find the values of any coefficients.

» The general solution is u, = C.F. + PS.
+ Use the initial conditions to find the values of the arbitrary constants.

11 For the recurrence relation u, = au,_, + bu,_, + g(n), with auxiliary equation with roots « and
3, try the following forms for a particular solution:

Form of g(n) Form of particular solution
pwitha, 3#1 A
pn+q,witha, 31 An+p
kp"withp#a, 3 Ap"
pwitha=1,38=%1 An
pn+qwitha=1,08%1 An® + pn
pwitha=8=1 An?
pn+qwitha=p5=1 An? + pn?
ka" witha # 3 Ana”
ka"witha =3 Anca”

12 You can prove that a closed form satisfies a given recurrence relation using mathematical

induction.

13 When you are proving the closed form of a second-order recurrence relation by mathematical

induction, you need to:

* show that the closed form is true for two consecutive values of n (basis step)

 assume that the closed form is true for n = k and n = k — 1 (assumption step), then show
that it is true for n = k + 1 (inductive step).
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Matrix algebra

After completing this chapter you should be able to:

e Find the eigenvalues of a matrix - pages 153-166
e Find the eigenvectors of a matrix - pages 153-166
® Reduce matrices to diagonal form - pages 166-179
® Understand and use the Cayley-Hamilton theorem - pages 179-182

You can use matrices to solve
systems of coupled differential
equations in problems involving
closed systems, such as a
predator-prey model.

<« Core Pure Book 2, Chapter 8

—=» Exercise 5C, Challenge

1 Find the determinants of the following matrices.
3 4
= (1 2)

< Az( 23 -kz.)

Find the value of k such that the matrix A is singular.
< Core Pure Book 1, Chapter 6

17
b(-1 2 1
(T

< Core Pure Book 1, Chapter 6

3 The matrix (; g) represents a transformation.

Show that the line with equation 3y + 2x = 0 is invariant
under this transformation. « Core Pure Book 1, Section 7.2




Matrix algebra

@ Eigenvalues and eigenvectors

You need to be able to find the eigenvectors and eigenvalues associated with a square matrix.
= An eigenvector of a matrix A is a non-zero column vector x which satisfies the equation
Ax = Ax

where i is a scalar.

= The value of the scalar 1 is the eigenvalue of the w e e e
matrix corresponding to the eigenvector x. and means ‘particular’ or ‘special.

The image of an eigenvector v under a linear transformation has the same direction as v, but may
have a different magnitude. The eigenvalue can be interpreted as the magnification factor of the
eigenvector under the transformation.

=y 3

AX
Under the transformation, the eigenvector
X maps to the vector ix.

ot

X

= If x is an eigenvector of a matrix M representing a linear transformation, then the straight
line that passes through the origin in the direction of x is an invariant line under that

transformation.
If the corresponding eigenvalue is 1, then every point @ The origin is always an invariant
on this line is an invariant point. point under any linear transformation.
If x is an eigenvector of the matrix A then, by definition ¢ Core Pure Book 1, Chapter 7
Ax = ix = Ix

Rearranging,
Ax - Ix=A-i)x=0
As by definition x is non-zero, the matrix (A — A1) is singular and has determinant zero, that is

det(A- A =0 @ You can show that if matrix M is such that

Mx = 0 and x is non-zero, then M is singular.
= Exercise 5A Q13

If you can find a scalar A that satisfies this equation, then it will be an eigenvalue of A.

= The equation det(A — Al) = 0 is called the characteristic equation of A. The solutions to the
characteristic equation are the eigenvalues of A.

In the case of a 2 x 2 matrix, the characteristic equation is quadratic.
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Find the eigenvalues and corresponding eigenvectors of the matrix A = ( 21 54)

a-a=(5 3)-4o )

=l Alle T a0

2 -4 5 ‘
= e

=(2-M-4-4-5x(-1)
=-8-21+41+42+5
=42+24-3

detihA -2 =0 = 42+21-3=0

det(A — AI)

The eigenvalues are the solutions to

det(A — AI) = 0. You begin by finding A — AI, and
then finding its determinant as a polynomial
inA.

This equation is the characteristic equation

A=1NA+3)=0
A=1or-3
The eigenvalues of A are 1 and —3.

Find an eigenvector of A corresponding to

the eigenvalue 1:

(& 3)6)=1C)

e El

Equating the upper elements,

of A.

An eigenvector is a solution to Ax = Ax. In this

case, you have to find a column vector x = (;)
satisfying the equation when 4 = 1.

Equating the lower elements gives —x — 4y =y,
which leads to x = —5y. This is the same
equation as you obtain from the upper
elements and so gives you no extra information.
With 2 x 2 matrices, one equation gives
sufficient information to find an eigenvector.

Here you have a free choice of one variable.
You can choose any non-zero value of y and

2x + 5}-‘ =X
= x =-5y
lety=1,thenx=-5%x1=-5

An eigenvector corresponding to 1 is (_,‘?)

Find an eigenvector of A corresponding to

the eigenvalue -3:

(5 2)6)=-30)

(2_\' + 5_1-‘) _ (=3
-x -4y~ (—3_1-‘)
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then evaluate x. It is sensible to choose a
simple number that avoids fractions.

Problem-solving

There are infinitely many eigenvectors for any
given eigenvalue. Any non-zero scalar multiple

of (_15) will also be an eigenvector of A with

eigenvalue 1.

Repeat the procedure used for A = 1 with 4 = -3.
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Ec;luatip@ the UPPSF Sie’maptﬁ‘ The lOW@F EIementS WOUld glve = = 4y = —3}’,

Bk et which is equivalent to y = —x.

5x+5y=0=y=-x

Let x =1, then y = -1
Any multiple of this vector is also an

An eigenvector corresponding to =3 is ( 1 )
: ) i g =" eigenvector of A with eigenvalue -3.

You are sometimes asked to find a normalised eigenvector.

a\ . s 5 =
m Ifa= (b) is an eigenvector of a matrix A, then the For any non-zero vector a,
a the unit vector in the direction
|al of a is written as a.

unit vector a = b is a normalised eigenvector of A.

& Pure Year 1, Chapter 11

In the example above, the normalised eigenvectors are

=2 5 1 1

V=512 + 12 V26 y1%4+:(-1) V2
R et O Bt R T o

V(=5)2 4 12 /26 J12 + (-1)2 V2

Sometimes, the characteristic equation has a single repeated solution or no real solutions. This leads
to either repeated eigenvalues or complex eigenvalues.

Find the eigenvalues and corresponding eigenvectors for these matrices:

L8 —18) =8 0) _(3 -2)
aA‘(z 9, "B‘(_o = BC= 1

a A-JI= (3 = A _51_8)') @ Explore eigenvalues and O

eigenvectors using GeoGebra.

3-1 -18
det(A — AT) = ‘ S o ,1‘
=(3 -2 -1)-(-18)(2)
=A2+61+9
AP+6l+92=0=(1+3)2= Solve the characteristic equation for matrix A.
Hence A = =3 is a repeated eigenvalue.

Find the corresponding eigenvector(s):

2 Z5)0)=-20)

Equating the upper elements,

3x =18y = -3x = x = 3y

S0 a corresponding eigenvector is (:15) —— Setting y =1 gives x = 3.
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_i85 @
bB_AI“( ) —B—J
g | =0 A 0 ‘
det(B — AI) = ‘ 0 ol
=(-3-4)(-3-4)
=(-3-A2
Hence 4 = -3 is a repeated eigenvalue.

Find the corresponding eigenvector(s):

o 3l =-3)
(. o -3lly =73,
Equating the upper elements,

-3x = -3x
This equation does not establish a
relationship between x and y.
Hence x and y can take any arbitrary value
and every vector is an eigenvector of B.

The simplest pair of linearly independent

O‘).

: = e (
eigenvectors is (O) and 1,

c C—AI=(3‘3 ‘2]

4 e
detC-im=|[37% 2

=3 -AN-1-4)-(-2)4)

=12-21+5
2-21+5=0
A-12+4=0
A=1%2

Find the corresponding eigenvectors:
i B ) ot Ly
Fora=1+2i (5 _5)(}) =0 +2i;)
Equating the upper elements,
3x-2y=(1+2)x = (2 - 2i)x =2y

Setx=1s502-2i=2y=y=1-i

So the eigenvector corresponding to
wsson{fttiln: |

1+ 2iis (.1 -~ |)

i I —

ol aimic. (.4 —1 )(1) 2 2')(__1-'_)

Equating the upper elements,

3x-2y=(1-2)x= (2 + 2i)x = 2y

Setx=1,s502+2i=2y=y=1+Ii

So the eigenvector corresponding to

1-2is (1 Ll)
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m A set of vectors is linearly

independent if no vector in the set can be written
as a linear combination of the others. For a set

of two vectors, this means that one cannot be
written as a scalar multiple of the other.

Similarly, equating the lower elements leads to
=3y =-3y.

You could give any two linearly independent
vectors as your eigenvectors but it

is convention to choose (é) and ([1))

This matrix has two distinct complex eigenvalues.
Note that if a matrix with real elements has
complex eigenvalues, they will occurin a
conjugate pair. « Core Pure Book 1, Chapter 1

Problem-solving

The eigenvectors corresponding to complex
eigenvalues can be written with one real and
one complex element. In this form, the complex
elements will be conjugates of each other.



A transformation 7: R? — R? is represented by the matrix

4 —5)
1 =2
a Find the eigenvalues of A.

-

Matrix algebra

b Find Cartesian equations of the two lines passing through the origin which are invariant under 7.

With practice, you can write down this line

inedsl] Tlalg AT ety
detid—im) = [474 2

=4 -AM-2-4+5
=-8-41+24+12+5
=A2-21-3
=@-31+1)

detfA —AL) =0 = 1 =3 or -1

The eigenvalues of A are 3 and —1.

o (5 2)6)=30)

Equating the upper elements,
4x - 5y=3x=x=5y

S0 an eigenvector is (‘?)
The line through the origin in the direction of

(‘?) is invariant under T,

The equation of this line is y = ;‘;_\:

(7 22)5)=-1C)

Equating the upper elements,
4x - Sy=—-x=>x=y

S0 an eigenvector is (1)
The line through the origin in the direction of
(1) is invariant under T,

The equation of this line is y = x.

without the previous working.

Problem-solving

Find the eigenvectors. The directions of
the eigenvectors are not changed by the
transformation, so each eigenvector will
specify an invariant line through the origin.

Check your answer:
(4 —5)(5y)_ 20y - 5\ (15y 7
=g ¥ . 5};_2}) - 3y

e i Sl

[y
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Exercise @

|

6

@ 6
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Find the eigenvalues and corresponding eigenvectors of the following matrices.

2 4) ( 4 -1 g —2)
a(l 5 L 4.) ¢ (_0 4,
Find the eigenvalues and corresponding eigenvectors of the following matrices.
a M= (:% {1)) b N= (g 2) m For part b, give two linearly

independent eigenvectors.

Find the eigenvalues and corresponding eigenvectors of the following matrices.

a A= (_43 _;) b B= @ _41) m The eigenvalues will be
- - ' ' complex.

A transformation 7: R> — R? is represented by the matrix
(3 4)
a=(5 5

a Find the eigenvalues of A.

b Find Cartesian equations of the two lines passing through the origin which are invariant
under 7.

Show that the matrix M = ((]) }) has a repeated eigenvalue and find the corresponding
eigenvector.

The matrix A = (:1}’ _kl) has a repeated eigenvalue.

Find the value of k. (4 marks)

The matrix M = (’,1{ :3)

Find the set of possible values of k. (4 marks)

has complex eigenvalues.

Show that any 2 x 2 matrix of the form A = ( 7 b), a, b € R, has eigenvalues a + bi. (3 marks)

—=b a

The linear transformation 7: R?> — R? maps the point (5, 2) to the point (15, —6).
Write down an eigenvector of the matrix representing 7" and its corresponding eigenvalue.
(3 marks)



3
10 a Show that the matrix (I ,)1) has no real eigenvalues.

b Hence explain why the corresponding linear transformation has no invariant lines.

L

11 The matrixMz( i

) represents a linear transformation 7.
5

Ll n| &

a Find the eigenvalues and corresponding eigenvectors of this matrix.
b Show that the eigenvectors are perpendicular.
¢ Explain why every point on the line y = 2x is invariant.

d Fully describe the transformation 7.
(E/P) 12 Show that if 4 is an eigenvalue of matrix A, then 42 is an eigenvalue of A%

13 Misa 2 x 2 matrix, and x is a non-zero vector.
Given that Mx = 0, show that M is singular.

Challenge

The linear transformation T is represented by the matrix (_1 0)_

-2 1
Explain why T has infinitely many invariant lines, and fully describe all
such invariant lines.

B You can also find the eigenvalues and eigenvectors of a 3 x 3 matrix.

3 x 3 matrices have cubic characteristic equations.
Often questions will give you a hint which will help
you to factorise the cubic. However, if a hint is not
given, you may have to search for one of the
eigenvalues using the factor theorem.

Matrix algebra

(3 marks)
(1 mark)

(3 marks)
(2 marks)

(1 mark)
(3 marks)

(3 marks)

(3 marks)

The factor theorem states that, for a
polynomial f(x), f(p) = 0 if and only if (x — p)
is a factor of f(x). « Pure Year 1, Chapter 7
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Find the eigenvalues and corresponding eigenvectors of the matrix A = (

2 1 -3 1 © B
A-iI=|0 2 1]=-40 1 O
o -4 -3 0 © 1

2 1 =3 4000 2 -4 1
=10 2 1T]1-10 4 0Of= 0] 2-12
0 -4 -3 O 0 1 0] -4

-3
1
-3 -2

O
detA-iD=| 0 2-1 1
O =4 =54
T o i 10 2-2
sig=alf 2" SLalHs stalvesld

=2 -2 -A-3-A+4)-0+0
=2 -M-6-21+31+ 42+ 4]
=2 =Mz +1-2
=2 -AdA+2)4=-1

detA =JI)=0=(2-AA+2)A-1=0

= L=2—7Zor]

The eigenvalues of A are -2, 1 and 2.

Find an eigenvector of A corresponding to the eigenvalue -2:

0

5 5 )b

2x + y — 32 -2x
2y +z =|-2y
-4y — 3z -2z
Equating the middle elements,
2y+z==-2y=z=-4y
Let y =1, then z = —4.
Equating the top elements and substituting y = 1 and z = —4,
2x+y—-3z=-2x
4x =-y + 3z
=-1-12=-13 =>_\'=—l:i
=13
An eigenvector corresponding to -2 is 1

160

i =4
%
—4 3

As with 2 x 2 matrices, the
eigenvalues are the
solutions to det(A — AI) = 0.
You begin by finding

A - Al and finding its
determinant. Witha3 x 3
matrix the characteristic
equation is a cubic which
will have 3 roots and hence
3 eigenvalues.

An eigenvector is a solution
to Ax = Ax. In this case,

you have to find a column
X

vector x = (y) satisfying

the equation when 4 = -2.

Here you have a free
choice of one variable. You
can choose any non-zero
value for y or z and then
evaluate the other variable.

Equating the lowest
elements gives an
equivalent equation to
the one you obtained
from the middle elements
and so gives you no extra
information. With 3 x 3
matrices, usually two
equations will give you all
the information you need
to find an eigenvector.



Find an eigenvector of A corresponding to the eigenvalue 1:

2 1 =3\/(x X!
o 2 1 y) =1 y)
Q -4 -=-3/\z z
2x+y - 32 X
2y +z =y
~ay-3z) |z
Equating the middle elements,
2y+z=y=>yp=-—z
Let z =1, then y = -1,
Equating the top elements and substituting y = -1 and z = 1,
2x+y—-3z=x
xX=—-y+3z=1+3=4

4
An eigenvector corresponding to 1 is (—1),
1

Find an eigenvector of A corresponding to the eigenvalue 2:

33 )-8

2x+y - 32 2x
2y + z =| 2y
-4y — 3z 2z

Equating the middle elements,

2y+z=2y=z=0

Equating the bottom elements and using z =

-4y - 3z=2z2=4y=-5z=0=y=0
Equating the top elements,

2x+y—-3z=2x=2y=3z=>y=0,z=0
Llet x =1

1
An eigenvector corresponding to 2 is (O)
o)

Matrix algebra

Repeat the procedure with
=1

Any non-zero multiple of
this eigenvector would also
be a correct eigenvector.

This calculation differs
from the calculation for
the other two eigenvalues
in that these two
equations give you that
y=z=0and thereisno
choice of values.

The variable x appears in
no equation and so can
take any non-zero value.
1is the simplest value to
take.

A 3 x 3 matrix will always have at least one real eigenvalue since a cubic equation always has at least

one real solution.
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a

162

2 -1 1
The matrix A={0 3 5

2 1 0

a Show that -2 is the only real eigenvalue of A.

b Find a normalised eigenvector of A corresponding to the eigenvalue —2.

2 -1 1 A O O 2-i1 -1
A-JI=|0 3 5|-10 4 Of= ) 3-4
(=B 16 ©) O 0O 4 2 1

R 1. 1
detA-iI)=| O 3-2 5
8 M o=
w2l B8 Bl € Bl B2
=e-a° 7t S[-e02 5[+1]2 3

(2 -A-31+12-5-10-2(3 -4

=-134+512+1-26
detlA —AL)=0=-A2+512+1-26=0
A3-512-1+26=0
:i,1+2;|:,12+k,1+13;|=o“

Equating coefficients of x?2,

—6A+242-10+342-43+514-10-6 + 24

5=2+k=k=-7 J
A+ 22 -71+13)=0
The discriminant of 42 = 74+ 13 =0 is

b2 —4ac =492 -52=-3 <0

The quadratic factor 42 — 74 + 13 has no real roots.

So -2 is the only real eigenvalue of A.

23 o)<t

2x -y +2 -2Xx
3y+5z |=|-2)
2x +) -2z

Equating the middle elements,

3y+5z=-2y=y=-z

Llet z =1, then y = —-1.
Equating the bottom elements,
-y -2z
2x+y=—2z=x= pty e

The question implies that
A =-2isaroot of the
characteristic equation
and so (4 + 2) must be

a factor of the cubic.
Equating a coefficient

has been used here to
complete the factorisation
but you can use any
appropriate method.

To show that there is only
one real root of the cubic,
show that the discriminant
of the quadratic factor is
negative.



Matrix algebra

D ]

Substituting y = =1 and z =1, -
The working gives | _1 | as the eigenvector but,

=
=B !
] , as any multiple of this is also an eigenvector, it
T2 - is sensible to multiply this by 2, or -2, to avoid
An eigenvector of Alis 2 _4 | = -2 : ; l : U RS e
1 ; working in fractions.
The magnitude of this eigenvector is A normalised eigenvector is found by dividing
V=12 + (=2)2+ 22 =3 all of the terms by the magnitude of the original

A normalised eigenvector of A is eigenvector.

Iro =

would also be correct. If a column vector x is

wWire W

a normalised eigenvector of a matrix, then —x is
also a normalised eigenvector.

2 1 1
The matrix A=|1 2 1
1 1 2

a Show that 1 is a repeated eigenvalue of A and find the other distinct eigenvalue.
b Find two linearly independent eigenvectors corresponding to the eigenvalue 1.
2-1 1 1

1 2-4 1
1 1 2-4

‘2—,1
1

a detlA — AT)

=2 -2 +ﬂ]2;4

1 ‘ _ 1‘1 1 ‘
2-12 1 2-4
=@2-MMz2-A2=-1-11-A+A-1
=2 -Ai*-41+3]+21-2
=2-AA=-31=-1+21-=1)
=(A-1M2A-6-12+31+2)
=— =112 =-51+4)=-1- 1241 -4)

Factorise the cubic. Since
you know that 1 is a root of
the cubic, look for the factor
(4 = 1).

The solutions to detlA — AL) = O are 1 repeated and 4.

S50 1is a repeated eigenvalue and 4 is the other eigenvalue.

2x+y+:z X

blx+2y+z]= (})
X+y+ 2z z Equating the middle and

bottom elements both give

you the same equation

so the elements of the

eigenvectors only need to

satisfy this one equation.

Equating the top elements,

2x+y+z=x=x+y+z=0
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To find two linearly independent eigenvectors,

y=0andz=1=x=-1
y=landz=0= x= -1
The choices of y =0 and
So two linearly independent eigenvectors z=l,andy=1andz=
=1 =1 are arbitrary but guarantee
are (?) and (2}) that the eigenvectors are

linearly independent.

| Watch out BV

repeated eigenvalues
will give two linearly

independent eigenvectors.
Exercise @

1 Find the eigenvalues and corresponding eigenvectors of the matrices
3 ‘00 4 -2 -4
al2 4 2 b2 3 0
-2 0 1 2 -5 -4

EP) 2 M:(—?Q -02 _3)

18 0 -8

a Show that -2 is a repeated eigenvalue of M and find the other distinct eigenvalue. (4 marks)

b Find two linearly independent eigenvectors corresponding to the eigenvalue 2. (3 marks)

3 -1 2
3 A=|{3 -1 6
-2 2 -2

Find the eigenvalues and corresponding eigenvectors for matrix A.

2 2 -
4 ThematrixA=(-3 2 0
1 4 -3

a Show that —1 is the only real eigenvalue of A.

b Find an eigenvector corresponding to the eigenvalue —1. _
g . ) @ Find the roots of
¢ Find the two complex eigenvalues and their the quadratic factor in the
corresponding eigenvectors. characteristic equation for
matrix A.

2 -1 3
(E 5 Thematrix A=[0 2 4

0 2 0
a Show that 4 is an eigenvalue of A and find the other two eigenvalues of A. (4 marks)
b Find an eigenvector corresponding to the eigenvalue 4. (2 marks)
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(E/P) 12 Explain why every linear transformation from R? to R? must have at least one invariant line.

1 1 3
The matrix A=(2 4 -1
4 4 3
Given that 3 is an eigenvalue of A,
a find the other two eigenvalues of A

b find the eigenvector corresponding to each of the eigenvalues of A.

( 2 2 1)

The matrix A=|-2 4 0

4 2 5

a Show that 2 is an eigenvalue of A.

b Find the other two eigenvalues of A.

¢ Find a normalised eigenvector of A corresponding to the eigenvalue 2.

4 2 1
The matrix A=|-2 0 5

0 3 4
a Show that -2 is an eigenvalue of A and that there is only one other eigenvalue.
b Find an eigenvector corresponding to each of the eigenvalues.

1 -1 0
The matrix A = (—1 0 l)
. Z 1
Given that 2 is an eigenvalue of A,
a find the other two eigenvalues of A
b find the eigenvector corresponding to each of the eigenvalues of A.

2 4 1 2
Given that ( 2) is an eigenvector of the matrix A, where A = ( 1 a 0)
=i -1 1 b

2
a find the eigenvalue of A corresponding to ( 2)
b find the value of ¢ and the value of b -1
¢ show that A has only one real eigenvalue.

d Find the two complex eigenvalues and their corresponding eigenvectors.

3 0 0
A=(1 1 1
4 -1 3

a Find the eigenvalues of matrix A and hence find a set of eigenvectors.
Matrix A represents the linear transformation 7: R*—R?,
b Find vector equations of the invariant lines under 7.

Matrix algebra

(4 marks)
(4 marks)

(2 marks)
(2 marks)
(2 marks)

(4 marks)
(4 marks)

(4 marks)
(4 marks)

(2 marks)
(4 marks)
(2 marks)
(6 marks)

(6 marks)

(4 marks)

(2 marks)
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(A]

1 8 _4
9 9 79
ThematrixM=| & % 2 |represents a reflection in plane I1.
s s 0
9 9 9

Find the eigenvalues and eigenvectors of M and hence find the
Cartesian equation of the plane I1.

@ Reducing matrices to diagonal form

Calculations with matrices can often be simplified by reducing a matrix to a given form. In this section
you will learn how to reduce some matrices to diagonal form.

= A diagonal matrix is a square matrix in which all of the ,
elements which are not on the diagonal from the top left [
to the bottom right of the matrix are zero. The diagonal
from the top left to the bottom right of the matrix is called
the leading diagonal.

" leading diagonal

For example, (

1 0\ /a O 100 m Any non-zero elements must be on
), ); and (1)

0 4 0
0—2_.0b.0

o)
0 0 the leading diagonal. Forexample, ([0 1 0
are all diagonal matrices.

L@

[T S
a 0 and (0 0 1) are not diagonal matrices.
® The general 2 x 2 diagonal matrix is (0 b)' 0 0 O

® To reduce a given matrix A to diagonal form, use the following procedure.

» Find the eigenvalues and eigenvectors @ A matrix which can be reduced to diagonal

of A. form in this way is called a diagonalisable

» Form a matrix P which consists of the matrix. Not every matrix can be diagonalised,
eigenvectors of A. although any n x n matrix with # distinct

« Find P-1. eigenvalues can be. In your exam you will only be

asked to diagonalise matrices of this type.

A diagonal matrix D is given by P-'AP.
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a Find a matrix P such that D = P-'AP is diagonal.
b Write down the diagonal matrix D.

.

Gl B aen gEn e
a [#74 2 |=@-pe-0n-2x1

=42-74+10

A2=-72+10=0=1=50r2

(7 3)6)=40)
Ford=2,4x+2y=2xs0x=-y 7]

A corresponding eigenvector is (_11 )

ForA=54x+2y=5xs02y=x

A corresponding eigenvector = (?)

soP=(7 )
bdetP==-1x1-2x1=-=-3
Hence P! = —%(_11 __f)
D =P 'AP
-4 25 35 )
==y ZI% %)

Matrix algebra

Find the eigenvalues of A.

Find the eigenvectors of A.

Find P-1. Remember that for any non-singular
. ‘a b il & =i
matr A:(“ ),A—l :—( )
& @ detA\-¢ «a
« Core Pure Book 1, Chapter 6

The matrix D consists of the eigenvalues of A
along the leading diagonal in the same order as
the eigenvectors are given in matrix P. All other
elements are zero as required.

= When you reduce a matrix A to a diagonal matrix D, m L

the elements on the diagonal are the eigenvalues

of A.

The above process for diagonalising a matrix relies on
finding the inverse of P. For larger matrices this can be
a time-consuming process. If a matrix is symmetric
you can diagonalise it more easily.

= A matrix, A, is symmetricif A= AT,
The elements of a symmetric matrix are
symmetric with respect to the leading
diagonal.

P which diagonalises a given matrix, A,
with the diagonal matrix D. P is formed
from the eigenvectors of A, and D has
the eigenvalues of A on its leading
diagonal.

m AT is the transpose of matrix A.

It is the matrix formed by interchanging
the rows and columns of matrix A.
« Core Pure Book 1, Section 6.5
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1 dx 3
) and|» « 0] aresymmetric matrices.
' ' 3 g 0

1
For example, (3 P

If the matrix A is symmetric, you can carry out orthogonal diagonalisation.

= The procedure for orthogonal diagonalisation of a symmetric matrix A is:

* Find the normalised eigenvectors of A.

» Form a matrix P which consists of the normalised eigenvectors of A.

» Write down PT,

A diagonal matrix D is
given by PTAP.

@ For any symmetric matrix, the normalised eigenvectors
are mutually perpendicular. This means that the matrix formed
from the normalised eigenvectors has the property that P-! = PT.

Matrices which have this property are called orthogonal matrices.

The matrix A = (

2 -1
-1 2

a-ie(5 (5 9= 22
2-4 -1 .- |
‘ -1 b =2-A2-4-1

=42-41+3=01-114-3)
detlA - I)=0=1-101-3)=0
= A=lor3
A=
2 =N (xX\ _ (X
(& 2)6)=1G)
(' 2x—y\ _ \)
ek 2™ (_1-‘_.
Equating the upper elements,
X — == =X
let x=1,then y=1.
An eigenvector corresponding to the
: g e (’1'
eigenvalue 1 is 1).

The magnitude of H) ST 2 = D

A normalised eigenvector corresponding to

1

the eigenvalue 1 is 1
v

168

). Reduce A to a diagonal matrix.

To diagonalise a symmetric matrix, you need to
find normalised eigenvectors of the matrix, so
start by finding the eigenvalues.

m If you are using orthogonal

diagonalisation, you need to find the normalised
eigenvectors.

To convert an eigenvector x to a normalised
eigenvector, divide each of the elements of x by
the magnitude of x.



5 2)6)=20)

(353)-

—X + 2y 3y

Equating the upper elements,
2x—-y=3x=>y=-Xx

Let x =1, then y = —1.

An eigenvector corresponding to the

eigenvalue 3 is (._11.),

The magnitude of ( 11 ) is V12 + (=12 = /2.

A normalised eigenvector corresponding to

2]

Ve

the eigenvalue 1 is ( 2 )

1l
® TR R e
S-S el &
5
3 = '“\-‘Ia I\_I' TN
"‘-__________,/
|
- e
|\.'-|_‘ il
+ |
” =
S N
|
< |
m|—‘ na| ™
| +
|\|N r\,|‘
"‘"-.________,/

- -

i

"»|a |\I

S

—_
“»-.___./ R)|_' R)|—‘

ol

mI:-U ,f\_|;_:

Peiis

e

1l
e
= rol=
|
pal— pa|—
o ol
+ |
ol ol

The diagonal matrix is given by D = (2} g) e il

Matrix algebra

1

The negative of this vector, , is also correct

2
and would just as appropriate for diagonalising
the matrix.

Form the orthogonal matrix P from the
normalised eigenvectors by using the
eigenvectors as the columns of the matrix.

In this case, as P is symmetric, PT = P.

The non-zero number in the first column, 1, is the
eigenvalue corresponding to the eigenvector
1

V2
i

used as the first column of P.

The non-zero number in the second column, 3, is
the eigenvalue corresponding to the eigenvector
1

”1? used as the first column of P.
e
1 1
If you had taken P as ”? ‘f then D would
\ V2 V2
be 5 3

A similar result is true for 3 x 3 matrices.
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BThe process of diagonalising matrices is the same for 3 x 3 matrices.

11 2
A=|4 2 -3
4 2 3

Find a matrix P and a diagonal matrix D such that D = P-'AP.

=1 -A2-A3B-4+¢)
- 43 - +12)+ 28 - 42 - 1))
=-A+1NA-3)2-4)

So eigenvalues are -1, 3 and 4.

1R [ G = X
4 2 -3 y) =4 y)
4 2 3/\z z
A=-1:
Equating the top elements,

X+yp+2z==x=2x+y+2z= (1)

Equating the middle elements,

4+ 2y —3z=-y=4x+3y-3z=0 (2)
Equating the bottom elements,
A+ 2y +3z=-z=24x+ 2y +4z=0 (3)
(2) - (3) gives y — 7z = Note that equation (1) is just a
R — 8 multiple of equation (3),.50 Fhe
) £ system can be solved using just
-9 equations (2) and (3).
A corresponding eigenvector is (‘14).
2 It is conventional to give an
A=3: eigenvector in integer form, so
Equating the top elements, multiply the x, y and z values
e DB e e D 0 through by 2 before stating the

eigenvector.
Equating the middle elements,

Ix + 2y -3z=3y=>4x-y-3z= (2)
Equating the bottom elements,

4+ 2y +3z=3z2=4x+2y=0 (3)
Equation (3) gives y = —2x
Setting x =1 gives y = -2 and z = 2.

1
A corresponding eigenvector is (—2).
2
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B A=4:

Equating the top elements,

X+p+2z=4x=-3x+y+2z=0 (1
Equating the middle elements,
4x + 2y - 3z=4y=>4x-2y-3z=0 (2)

Equating the bottom elements, . .
i You can write down matrix D

ML R et Al el =250 3 by entering the eigenvalues
B) -2 gives 4y + 2z=0 — corresponding to the order of the
Setting y = 1 gives z = -2 and x = 1. eigenvectors in P in the leading
) diagonal of D.

-1
A corresponding eigenvector is ( 1 )
-2 You can check your solution by

-9 1 - -1 0 O finding the inverse of P using your
SoP= ( ) and D = ( )

14 -2 1 B 3 @ calculator, and then finding the
2 2 =2 0 O 4 matrix product P-1AP.

7 5 5
The matrix A=|5 -2 4

5 4 =2
2
a Verify that | 1 ] is an eigenvector of A and find the corresponding eigenvalue.
1

b Show that —6 is another eigenvalue of A and find the corresponding eigenvector.

1
¢ Given that the third eigenvector of A is (— 1), find a matrix P and a diagonal matrix D such that
-1
PTAP =D.

7 o5 SN0 144+5+5 24 2 To show that x is an eigenvector of
a (5 -2 4)(1)=(10—2+4)=(12):12(‘J) — A you have to find a constant, 4,
5 4 =2/\1 10+4-2 12 1 such that Ax = Ax.
2
Hence [ 1 | is an eigenvector of A corresponding to the

1

eigenvalue 12.

T T 4 0 0
b A-M=15 -2 4]-{0 4 O

B 2 gl heige
74 B 5
=( 5 -2-1 4
5 4  -2-1
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172

When A = -6,

F g 5 5
SO 18 4
5 4 P i)

det(A — AT}

MO

oW

- 44_.‘54 .‘54
‘13‘4 4|7 %5 4|25 4
= 13016 = 16) - 5(20 - 20) + 5(20 - 20) = O

So -6 is an eigenvalue of A.

Find an eigenvector corresponding to —6:

¢ 2 23

7x + 5y + 5z -6x

S5x-2y+4z|=|-6y

5x + 4y - 2z -Gz

Equating the top elements,
7x+ 5y +5z=-6x= 5y + 5z=-13x

13

y+z=-%x (1)
Equating the middle elements,

Sx—-2y+4z=-6y =4y + 4z =-5x

y+z= —;j-_\' (2)
From (1) and (2),

"3-— :3_-—\.
la-\'—_4.\ =

Substituting x = O into (1),

=

y+z=0=y=-z

Let y =1, then z = 1.

0
An eigenvector corresponding to the eigenvalue -6 is ( 1).

-1

1
Find the eigenvalue corresponding to (—1):
-1

AN 7-5-5\ (-3 1
5 -2 4 (—1): 5+2-4|=| 3 =—3(—1)
5 4 -2/\-1 5-44+2 3 2

The corresponding eigenvalue is —3.
2

The magnitude of (‘J) isvV22 +12 +12 =G
1

I n

To show that —6 is an
eigenvalue, it is sufficient to
show that substituting A = -6
into det(A — AI) gives 0.

You do not have to solve the
cubic characteristic equation
completely.

| Watch out BTSN

product in part cis given

as PTAP. This tells you that
you need to use orthogonal
diagonalisation. This is
possible because the matrix
A is symmetric.

You will need the eigenvalue
corresponding to this

eigenvector for the third non-

— zero element of the diagonal
matrix D. You already know
that the other two elements
are 12 and —6.
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B 5 The matrix P is made up
Ve of columns of normalised

A normalised eigenvector corresponding to 12 is | 7= |. eigenvalues. P is an

i orthogonal matrix and so

ve P"=P-1 Hence thereis
no difference between the
expression P-1AP, used to
diagonalise A in this example

O and the expression PTAP,
used in Example 8.

0]
The magnitude of ( ‘J) i5 V02 +12 + (-1)2 = /2.
-1

A normalised eigenvector corresponding to -6 is 7z |.
‘ll r r
The magpnitude of | -1 ] is V12 + (1) + (-1} = V3.
-1 You know that P is a matrix
with the normalised
3 eigenvectors as its
A normalised eigenvector corresponding to =3 is —% . columns and that D is the
R diagonal matrix with the
V3 corresponding eigenvalues as
the elements of the leading
B diagonal. Multiplying the
z 23 e O 0 matrices out is a laborious
SoP=|%# 7% —-&|adD=|0 -6 O process and you should not
§ . o do this unless the question
= - —= o 0 -3 P q
el ot requires it.

There are many applications in which diagonal matrices are easier to work with. For example, you
can use matrix diagonalisation to solve problems involving coupled differential equations or coupled
recurrence relations.

The two sequences x,, and y, satisfy the recurrence relations
X, .1 =4x,+y,, with x; =1
Vna1=2X, + 3y, with y; =2 n=1

These recurrence relations can be written in matrix form as
xu+ 1 ! .7(”' . X] 1
=A(.)w1th(.)=() i
(J’JH+]) Mul? M 2

_ (4 1)
whcrcA_(2 3):

a Find the eigenvalues and corresponding eigenvectors of A.

b Hence write down matrices P and D such that P-'AP = D where D is a diagonal matrix.
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New sequences u,, and v, can be formed from x, and y, using the transformation

Uy’ ] Xy
(P”) =5 (.Vn)
Upyt Uy,
¢ Show that (1_, ) = D(v )
n+1 n
d Hence find closed form expressions for the original sequences x, and y,.

‘4 £ 1 ‘ m Closed form means that you need to find
a
2

sl | SIS R USR] x, and y, in terms of n only. « Chapter 4
=A2-72+10
=(A-5)1-2)
So eigenvalues are 5 and 2.
z 3)5)=4)

A=

Equating the top elements,
dx +p=5x =p=x

A corresponding eigenvector is H)

Ai=2:

Equating the top elements,

4x+y=2x=y=-2x

A corresponding eigenvector is (_2).
_ gl (5 @
b P‘(a —2_) A (.o 2)
Use the transformation with n replaced by n + 1.
c (HHHI) - ]( \u+l) ’_ P !
1n+“_ = )n+
e xn+1) M (Xn)
B P“A[‘l\,”) — Replace (}’m with A )
= P-'APP-(}) Use the fact that PP = 1.
=0P-(,") =b(}) as required. ~————— Replace P-'AP with D.
5 (h‘n+1') g (’5 O') (‘H,,') Use the result from part ¢ and your answer for D
1"n+“. o "‘u.

0 2/4 ’7 to set up recurrence relations for u and v.
56 U= B and v, =2V,

Use standard results for recurrence relations to
write down closed forms for u, and v,. « Section 4.2

- 11—1 n—1
Hence tpy =y, x5 and v, = v x 2

() =#G2) = G =7 = 2)6)

Use the transformation to set up a relationship
. i n—1 : n—1 B i
ftah e EaEe between (y ) and (v ) in terms of P.

n; n

Vo=, — 2v, =ty x 5™ = 2y, x 2™
Form two equations for x, and y, in terms of u,

v, and .
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When n = 1, m You know the initial values of x, and

TR v, but you need to find the initial values of u,
= ] 1

- 5 and v,.
=i, — V,
S0 Uy =% and v; = —% i i
173 Substitute n = 1 and solve the resulting
Hence: simultaneous equations to find u; and v,.
X, = %[5”_1:' = f;"fgu_].]
Y, = %[‘5”—'-_‘,- PR Write the expressions for x, and y, in closed form.

Diagonalisation can also be used to compute large powers of matrices efficiently.
: .o (a 0\ . fa¥ 0)
= For a diagonal matrix D = (0 d)' Df = ( o &
This result holds for diagonal matrices of larger sizes as well.
Consider the matrix product P-'AP = D where D is a diagonal matrix.
Then A = PDP-! and A* = (PDP-!)¥,
AX= (PDP-)(PDP-!) ... (PDP-))
=PD(P-'P)D(P-'P) ... (P-'P)DP-!
= PD*P-!

Hence to calculate A¥, you only need to find matrices P, D and P-! and apply the result from above.

A=(3 )

a Find a matrix P and a diagonal matrix D such that P-'AP = D.
b Hence find A°.

a Find the eigenvalues and the eigenvectors of
A:

3 -4 1

— 1=1
5 B g 0= 4 or 4

For 1 =1, a corresponding eigenvector is (_21 )

Find the eigenvalues and the eigenvectors of A

For A = 4. a corresponding eigenvector is (1) R way,

(—1 1 1 0
P=(3 4Jado=(5 4
AS = PDP-
; Use your calculator to find the inverse of

P = J_(_1 1) [ matrix P.

3\z2 1,
DS = ( P ) Find DS. 46 = 4096

O 4096,
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Agzéf(_zj 1)(5 45%)(_21 ”

Compute the matrix product. If you were working
with a larger power you could leave your elements
in index form.

(_21 1_)(_51_532 40196)
(8193 4095'_(‘2731 13@5)
= 38190 4096)_ 2730 1366/

[
wl—

Exercise @

1

176

For each of these matrices, find a matrix P and a diagonal matrix D such that P-'AP = D.

(5 4) (-3 —2)
2 A=(3 § ba=(3 5
Reduce the following matrices to diagonal matrices.
1 3) ( 1 —2)
A (3 1 L3
4 =2
e=(5 3
Find a matrix P and a diagonal matrix D such that D = P-'AP. (7 marks)
: 3 V2

Th trix A = .

¢ matrix ( 73 ;)
a Find the eigenvalues of A. (3 marks)
b Find normalised eigenvectors of A corresponding to each of the two eigenvalues

of A. (4 marks)
¢ Write down a matrix P and a diagonal matrix D such that PTAP = D. (2 marks)

7 4

A=(y 1)
a Show that (%) and (_21) are eigenvectors of A. (4 marks)
Adam says that because A is symmetric, the matrix P = (% _2 ) is such that PTAP is a diagonal
matrix.
b Explain Adam’s mistake, and find a matrix Q such that QTAQ is diagonal. (3 marks)

The two sequences x,, and y, satisfy the recurrence relations
X, 41 =2x,+4y,, withx, =3
Vpr1=3X,+y,, withy, =1 n=1

These recurrence relations can be written in matrix form as

() =G win (1) = (5) n=1
2 4)

where A = (3 1):



a Find the eigenvalues and corresponding eigenvectors of A.

Matrix algebra

(5 marks)

b Hence write down matrices P and D such that P-'AP = D where D is a diagonal matrix.

New sequences u, and v, can be formed from x, and y, using the transformation
()=
Vn Y

uu+] un
¢ Show that (v ) = D(v )

n+l n

d Hence find closed form expressions for the original sequences x, and y,.
3
7 M=;

5 i

a Find a matrix P and a diagonal matrix D such that P-'MP = D.

(2 marks)

(2 marks)
(5 marks)

(7 marks)

b Hence, or otherwise, find M, giving each element in terms of suitable powers of 2. (5 marks)

ﬂ 8 For each of these matrices, find a matrix P and a diagonal matrix D such that P-'AP = D.

1 4 -1 I 2 i
a A=|-1 6 -1 b A={6 -1 0
2 -2 4 -1 -2 -1

(E) 9 The matrix M is given by

1 23
M=|0 1 2
0 3 0

a Explain why matrix M is not orthogonally diagonalisable.
b Show that 3 is an eigenvalue of M and find the other two eigenvalues.
¢ For each of the eigenvalues, find a corresponding eigenvector.

d Find a matrix P such that P-'MP is a diagonal matrix.

3=

[
=3
[

o @l"" Ii'ill*‘

CP 10 The matrix P =

™ S[= F[=
=3

ol

a Show that P is an orthogonal matrix.

=1
|
iy

The matrix A =

Ll S LY SR OO
[—

3
2
1

—

b Show that PTAP is a diagonal matrix.

@ You can use your

calculator to find PL.

(1 mark)
(4 marks)
(4 marks)
(2 marks)
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2 0 2
The matrix A = (0 2 0). Reduce A to a diagonal matrix.
2 0 2

5 3 3
The matrix A=(3 1 1].

311
The eigenvalues of A are 0, —1 and 8.
a Find a normalised eigenvector corresponding to the eigenvalue 0. (2 marks)
-1

2
Given that ( 1 ) is an eigenvector of A corresponding to the eigenvalue —1 and that (1) is an
1 1

eigenvector of A corresponding to the eigenvalue 8,

b find a matrix P and a diagonal matrix D such that P-' AP = D. (3 marks)
7 0 =2
The matrix A= 0 5 =2
-2 -2 6
a Given that 9 is an eigenvalue of A, find the other two eigenvalues of A. (4 marks)
b Find eigenvectors of A corresponding to each of the three eigenvalues of A. (4 marks)
¢ Show that the eigenvectors found in part b are mutually perpendicular. (2 marks)
d Find a matrix P and a diagonal matrix D such that PTAP = D. (2 marks)
1 2 0
Thematrix A=|2 1 V5]
0 V5 1
a Show that 4 is an eigenvalue of A and find the other two eigenvalues of A. (4 marks)
b Find a normalised eigenvector of A corresponding to the eigenvalue 4. (3 marks)
-2 v 5
Giventhat| 3 |and| 0 | areeigenvectors of A,
=y 2
¢ find a matrix P and a diagonal matrix D such that P-'AP = D. (3 marks)

The eigenvalues of the matrix

2 2 -3
A=l 2 2 3
-3 3 3

are 4,, 4,, 43, where 1, > 4, > 4,.

a Show that 4, = 6 and find the other two eigenvalues 4, and 4;. (4 marks)
b Verify that |Al = 4, 1, 4;. (2 marks)
¢ Find an eigenvector corresponding to the eigenvalue 4, = 6. (2 marks)



1 1
Given that (1) and (—1) are eigenvectors corresponding to 4, and 4s,

0 1

d write down a matrix P such that PT AP is a diagonal matrix.

Challenge

A closed ecosystem has a population of kingfishers and a population of fish.
The number of kingfishers, x, and the number of fish, y, at time
t years are modelled using the differential equations
x'= 03x-02y M
y'=-01x+ 0.4y
At time ¢ = 0, the number of kingfishers is 5 and the number of fish is 20.

This information can be written in matrix form as
2 o xo) ( 5 )
a =A o =
()=20) G = (2o
0.3 —0.2)

-01 04
a Find the eigenvalues and corresponding eigenvectors of A.

whereA:(

b Hence write down matrices P and D such that PDP-! = A, where Dis a
diagonal matrix.

New variables u and v can be formed from x and y using the transformation
u X
(v) 2l l(y)
¢ Show that (“:) = D(u).
v v

d Show that u = ¢; %% and that v = ¢, % where ¢, and ¢, are unknown
constants.

d Hence solve the system (1) of differential equations.

@ The Cayley-Hamilton theorem

Consider the matrix M = (.1 3).

4 2
The characteristic equation for this matrix is
|1Z’1 23/1|=0:>(1—A)(2—,1)—12=O:>—10—3/1+,12=0

and M‘3=(3+ g)(i g)z(ig 196:)

Now consider the matrix expression
—10I - 3M + M?

where I is the identity matrix and M is the matrix above.
_anfd O} afd 3) (13 9'_(0 0
10(0 1_) 3(_4 2) *\12 16_)_ 0 0_)

Matrix algebra

(3 marks)
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Hence —10I — 3M + M2 = 0, the zero matrix.
This result illustrates the Cayley-Hamilton theorem.

® The Cayley-Hamilton theorem states that every square matrix M satisfies its own
characteristic equation.

: 3 2 2 b 3
Demonstrate that the matrix A = (3 3) satisfies its own characteristic equation.

‘5 3_ 4 3 % ,1‘ =(5-AB-1)—-6=9-81+4° Find the characteristic equation of A.
0[50 2AS 2V 31 16! Find A2,
a=(3 55 5)=(a 1)

91—8A+A2=9@ ?)‘42 3*(5}1@

oz ( o') _ s Substitute I, A and A? into the characteristic
S oy equation and show that it equals 0.

Given that
e 2 )
A=y 4
a find the characteristic equation of A.
b Hence show that A3 =13A — [8L.

1-1 2
3 -3 -2

So characteristic equation is 42 + 24 - 9 = 0.

‘:U—MEB—D—G

a ‘

b By the Cayley—Hamilton theorem,
Use the Cayley—Hamilton theorem to

A: SIbsEA L M produce an equation in Aand L.
A = 9A - 2A° (2)

Substitute (1) into (2): L Multiply both sides of (1) by A.
AZ = 9A - 2(2T - 2A) L

Hence A® = 13A — 18I as required. Substitute for AZ.
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Given that

L. 2 .l
M=(-1 0 2
2 10

a find the characteristic equation of M.

b Hence, by using the Cayley—Hamilton theorem, find M-!.

li=sd 28 |
a -1 =4 2| =01-AA2=-2)-2(1-4)+ (-1+ 24)
2 1 =i .
=—A2+A2+ 21+ 5
So the characteristic equation is 43 - 42 - 24 -5 =0.

b By the Cayley—Hamilton theorem,

M3 - M2 - 2M = 51

Use the Cayley-Hamilton theorem.

= M?-M - 2I = 5M™ (1)
L Multiply by M-. Remember that
1 2 i le g2hid 1 i3 5 MM-1=Iand IM1=M1
M? = (—‘J @) 2)(—1 O 2) = (3 O —1)
2. % erneg 1 0 T 4 4
1 3 5 . 2 H 2 00
ML—M—2I:(3 O —1)—(—1 O 2)—(0 2 O)
T 4 4 25 ' @ Q) ©ni2
-2 1 4 Find M?, substitute into equation
= ( 4 -2 —3) (1) and solve for ML,
-1 3 2
28 4 L
Hence M- = l( 4 =2 —3)
=1 13 2 |

1 Demonstrate that the following matrices satisfy their own characteristic equations:

a ( 3 4) b (—2 1) o ('? —4)
=1 2 30, 0 3,
® 2 Given that
6 2
a=(5 3
a find the characteristic equation of A. (2 marks)
b Hence show that A* = 61A — 1801. (3 marks)
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Given that
4 -2
M=(; %)
a find the characteristic equation of M. (2 marks)
b Hence, use the Cayley-Hamilton theorem to find M~ (3 marks)
6 3
A= (0 4_)
Find the values of p and ¢ such that A = pA® + ¢l. (3 marks)

Demonstrate that the following matrices satisfy their own characteristic equations.

1 0 1 7 2 -1
a2 2 2 b {0 -1 3
0 -1 3 1 0 2

Given that
1 4 1
M=(2 0 -1
32 0
a show that the characteristic equation of M can be written as A* = 4>+ 94 — 6. (3 marks)
b Hence show that M4 = 10M?2 + 3M - 61. (3 marks)
Given that
-1 1 1
A=|-2 0 4
4 -1 3
a find the characteristic equation of A. (3 marks)
b Show that A2 - 2A —1=20A"1, (3 marks)
¢ Hence find A1, (3 marks)
-3 2 -1
M=(1 2 3
1 0 0
Find the values of «, b and ¢ such that M = aM? + bM? + 1. (4 marks)

Challenge Problem-solving

Show that any 2 x 2 matrix of the form A = (i b) satisfies its own You can change the scalar

d : :
characteristic equation and hence prove the Cayley-Hamilton theorem 0 mtg th? £EI0 matvrlx 0 .by
multiplying by the identity

for 2 x 2 matrices. )
matrix: 01 = 0.
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Mixed exercise o

® 1

® 2

The matrix M = (1 ) has eigenvalues 4, = 5 and 4, = - 15.

8 -11,
a For each eigenvalue, find a corresponding eigenvector.
b Find a matrix P such that PTAP = ((5} 3 ](5})

A transformation 7: R? — R2 is represented by the matrix

-5 8)
3 -7

a Find the eigenvalues of A.

-l

Matrix algebra

(4 marks)

(3 marks)

(3 marks)

b Find Cartesian equations of the two lines passing through the origin which are invariant

under 7.

The matrix A = (; —2.)

has a repeated eigenvalue.
a Find the value of k.
b Hence find any eigenvectors for the matrix A.

The matrix represents a transformation 7: R2 — R2,

(3 marks)

(4 marks)
(3 marks)

¢ Find the Cartesian equation of any lines passing through the origin that are invariant under

the transformation 7.

. a d .
The matrix M = ( P 1) has complex eigenvalues.
a Find the set of possible values of a.
b Given that @ = -1, find the eigenvectors of M.
The matrix represents a transformation 7: R> — R?2,
¢ Explain why there are no invariant lines under the transformation 7.

The matrix A is given by
4 -3
2 -1 )

a Show that 2 is an eigenvalue of A and find a corresponding eigenvector.

-

Given that the other eigenvalue of A is 1,
b find a matrix P and a diagonal matrix D such that D = P-'AP.

The two sequences x, and y, satisfy the recurrence relations
X g = 20— Vo With X =2
Vus1=4x,-3y,, with y; =3 n=1

These recurrence relations can be written in matrix form as

be)=alr)  G)=G) =

(2 marks)

(6 marks)
(4 marks)

(1 mark)

(4 marks)

(4 marks)
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2 -1
where A = (4 _3).
a Find the eigenvalues and corresponding eigenvectors of A. (5 marks)
b Hence write down matrices P and D such that P-'AP = D where D is a diagonal matrix.
(2 marks)
New sequences u, and v, can be formed from x, and y, using the transformation
Uy, i Xy
(v}'l‘) = P 1(}JJI)
un+1 Uy,
¢ Show that (Vm) = D(v,,)- (2 marks)
d Hence find closed form expressions for the original sequences x, and y,,. (5 marks)
-1 2
A=(y 1)
a Find a matrix P and a diagonal matrix D such that P-'AP = D. (5 marks)
b Hence, or otherwise, find A, (3 marks)
Given that
4 5
. (-1 2)
a find the characteristic equation of A. (2 marks)
b Hence show that A3 =23A - 78I. (3 marks)
T i
A=y )
Find the values of p and ¢ such that A = pA? + ¢l. (3 marks)
Given that 1 is an eigenvalue of the matrix
310
2 4 0
1 0 1
a find a corresponding eigenvector (2 marks)
b find the other eigenvalues of the matrix. (3 marks)
0 1 1
A=l 2 1 -1
-6 -5 -3
a Find the eigenvalues of matrix A and hence find a set of eigenvectors. (7 marks)

Matrix A represents a transformation 7: R — R?,

b Explain why every linear transformation from R? to R* must have at least one invariant line.
(1 mark)

¢ Find the vector equations of the invariant lines under 7. (3 marks)



(E 13

(E 14

(E 15

(E 16

2 0 2
A=|2 2 0
0 1 3

a Show that 4 is an eigenvalue of A and find the other two eigenvalues.

b Find the corresponding eigenvectors of A.
Matrix A represents a transformation 7: R? — R3.

¢ Write down the vector equations of any invariant lines under 7.
The matrix M is given by

4 1 -1
M=|1 0 3
1 2 1

a Show that -2 is an eigenvalue of M and find the other two eigenvalues.

b For each of the eigenvalues, find a corresponding eigenvector.

Matrix algebra

(4 marks)
(4 marks)

(2 marks)

(4 marks)
(4 marks)

¢ Find a matrix P such that P-'"MP is a diagonal matrix and write down the diagonal

matrix D.

3 4 -4
A=l 4 5 0
4 0 1

a Show that 3 is an eigenvalue of A and find the other two eigenvalues.
b Find an eigenvector corresponding to the eigenvalue 3.

2

(3 marks)

(4 marks)
(2 marks)

2 2
Given that the vectors ( 2 ) and (— 1) are eigenvectors corresponding to the other two

-1 2

¢ find a matrix P such that PT AP is a diagonal matrix.

2 -2 0
A=|-2 1 2
0 2 5

eigenvalues,

=

-1 |

b Given that 6 is the third eigenvalue of A, find a corresponding eigenvector.

¢ Hence write down a matrix such that P-! AP is a diagonal matrix.

2 2
Show that ( 3) and (—l) are eigenvectors of A, giving their corresponding eigenvalues.

(3 marks)

(4 marks)
(2 marks)
(3 marks)

a Show that for all values of the constant «, an eigenvalue of the matrix A is 1, where

o 0o 2
A=l 4 3 0
-2 -1 1

2

(3 marks)

An eigenvector of the matrix A is (—2) and the corresponding eigenvalue is 3 (3 # 1).

1
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b Find the value of « and the value of 3.
¢ For your value of a, find the third eigenvalue of A.

2 2 2
M=|0 2 0
3

0 1

a Show that the matrix M has only two distinct eigenvalues.

b Find a set of eigenvectors for the matrix.

a Determine the eigenvalues of the matrix

¥

3 -3 6
0 2 -8
0o 0 -2
3

b Show that (1) is an eigenvector of A.

7 -6
B=|1 2
1 -3

¢ Show that (1) is an eigenvector of B and write down the corresponding eigenvalue.

0

2
3)
2
3

0

d Hence, or otherwise, write down an eigenvector of the matrix AB, and state the
corresponding eigenvalue.

Given that

|

1
-1
3

{ M|
[,
3 -3

a find the characteristic equation of A.
b Show that A2+ 2A — 111 =-6A"".
¢ Hence find A

Challenge

The trace (tr) of a matrix is defined as the sum of the elements along
the leading diagonal.

LetA:(i 3) andB:(; f)

h

a Show that tr(AB) = tr(BA).
b Hence prove that, if there exists a non-singular matrix P such that

186

P
i —

0
q)' then the trace of matrix M is equal to p + ¢.

(4 marks)
(2 marks)

(4 marks)
(4 marks)

(4 marks)

(2 marks)

(3 marks)

(2 marks)

(3 marks)
(3 marks)
(3 marks)



Matrix algebra

Summary of key points

1

10

11

An eigenvector of a matrix A is a non-zero column vector x which satisfies the equation
Ax = ix, where 1 is a scalar.

The value of the scalar 4 is the eigenvalue of the matrix corresponding to the eigenvector x.

If x is an eigenvector of a matrix M representing a linear transformation, then the straight
line that passes through the origin in the direction of x is an invariant line under that
transformation.

The equation det(A — A1) = 0 is called the characteristic equation of A. The solutions to the
characteristic equation are the eigenvalues of A.

a

a
Ifa= (;) is an eigenvector of a matrix A, then the unit vector & = |bl is a normalised
eigenvector of A. H
A diagonal matrix is a square matrix in which all of the elements

which are not on the diagonal from the top left to the bottom
right of the matrix are zero. The diagonal from the top left to the
bottom right of the matrix is called the leading diagonal.

The general 2 x 2 diagonal matrix is (S g)

To reduce a given matrix A to diagonal form, use the following procedure:
+ Find the eigenvalues and eigenvectors of A.

« Form a matrix P which consists of the eigenvectors of A.

+ Find P-1.

« A diagonal matrix D is given by P~'AP.

When you reduce a matrix A to a diagonal matrix D, the elements on the diagonal are the
eigenvalues of A.

A matrix, A, is symmetric if A = A". The elements of a symmetric matrix are symmetric with
respect to the leading diagonal.

The procedure for orthogonal diagonalisation of a symmetric matrix A is:
« Find the normalised eigenvectors of A.

« Form a matrix P which consists of the normalised eigenvectors of A.

« Write down P,

+ A diagonal matrix D is given by PTAP.

: g O S g 0)
ForadlagonalmatrlxD_(O a’)’D_(o )

The Cayley-Hamilton theorem states that every square matrix M satisfies its own
characteristic equation.
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Integration
techniques

After completing this chapter you should be able to:

® Derive and use integration reduction
formulae - pages 189-197

® Use integration to calculate arc length - pages 197-205

e Use integration to calculate the area of a surface
of revolution - pages 206-212

Prior knowledge check

1 a By considering sin(x + 2x), show that
sin3x = 2sinx — 7sin3x
b Hence, or otherwise, find fsin3xdx.
< Pure Year 2, Section 11.3

2 Use integration by parts to find:
a [xcosxdx b [xV1T-xdx

X

C fsg] X dx « Pure Year 2, Section 11.6 | =

3 Use the substitution x = sinhu to find
A cooling tower on a power station
4 . .2 -
f\f 1L ab 2ok « Pure Year 2, Section 11.5 can be modelled as a surface of
1 & LoteHUire Hookie; Chapterio revolution called a hyperboloid. It
Bl - .

4 Evaluate J;)n xv1 + sinh?xdx. is formed by rotating a hyperbola

« Core Pure Book 2, Section 6.5 through 360° about a vertical axis.
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@ Reduction formulae

B In your A level course you used trigonometric identities to find indefinite integrals such as [sin?xdx,
and integration by parts to find indefinite integrals such as [x2e*d.x. However, when integrals similar
to these involve higher powers, such as [sin®xdx, or [x“e*dx, the working can become very tedious.

In some cases, you can write an integral such as
[sin"xdx or [x"e*dx in terms of similar
integrals involving lower powers. A relationship
such as this is called a reduction formula.

= A reduction formula allows you to write a
recurrence relation for an integral
I, = [f(x, n)dx in terms of related integrals
I, I, etc

low enough that you can find it directly.

a showthat I,=x"e*—nl,_,n=1
b Hence find [x%e*dx.
dv

a letu=x"and —=¢e*
dx

So that 2L nx""and v=e*
dx
Then I, = [x"e*dx = x"e* — [nx"'exdx

= xle¥ — nfx”‘%-"dx

I, = x"e* = nl,_,

b [x4exdx =1,
L, = x%e* - 41
= x4e* — 4(x3e* - 31)
=¥%e? - d13ct + 12(x?e® - 2L}

x4e® — 4x3e* + 12x%e¥ - 24(xe~ — 1) |—

= x4e¥ — 4x3%e* + 12x2e* — 24xe*
+ 24 [exdx
xte* = 4x3%e* + 12x2e* — 24xe*
+24e* + ¢

Given that I, = [x"e~dx, where # is a positive integer,

Integration techniques

You need to be able to apply the formula

for integration by parts:
fu%dx =uy— fv:—idx

<« Pure Year 2, Section 11.6

m The symbol 7, is used to represent

an integral involving a parameter n. Usually the
parameter will appear as a power of n.

By applying such a formula repeatedly, you can eventually express the integral in terms of a value of n

Apply the integration by parts formula. x"

reduces in power by 1 when it is differentiated,

so choose x” for i and e* for%

X

This is the reduction formula for 7,. Note how
the general integral I, is written in terms of the
same integral but with n reduced by 1. Since the
formula reduces n by 1 each time it is applied, it
will eventually be possible to express I, in terms
of I, which is [e*dx.

Apply the reduction formula from part a.
Use I, = x"e* — nl,_, withn=3,2 and 1.

Substitute I, = [e¥dx
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Ba Show that, if I, = fsm”xdr then 7, = —%sm” Ixcosx +——1,.,

b Apply the reduction formula found in part a to find [ sm“u dx.

—l

Problem-solving

a let u = sin*'x and gE = sinx

du ;’C To use integration by parts, write sin” x as
= o inf<x # = - . .
So T (n = 1)sin"2xcosx and v = —cosx o
Then I, = [sin"xdx
= —sin"'xcosx + [(n — 1)sin"2xcos2x dx Differentiate sin”~Lx using the chain

rule. Be careful with negative signs when

= —sin"'xcosx
carrying out integration by parts.

+ (n — 1)f5‘|r1”‘2x{T — sinx)dx

= —sin"'xcosx + (n — 1) [sin"2xdx ; :
J 2 Substitute cos?x = 1 — sin?x to express

= (n = 1) [sin"xdx the integral as powers of sin x only.
=—sin"'xcosx + (n — N,_, — (n - 1],

=T 4+ (-0, =-sin""xcosx + (n— 11 _—L Substitute 7,_, for fSin"‘zxdx, and I, for
nl, = —sin"'xcosx + (n — 1)1, fSin"xdx_
= _..%5'”1”—1 Xcosx + ”_"'11"_

L Collect terms with I, on the left side of

the equation.

=—£5in3,\‘co5x+= (T — cos2x)dx

= —lsindxcosx + 3 fdvc _ fco5 S Substitute n =;| into the reduct;zoE .
m formula I, = ——sin*!xcosx + —I ,

=—35|n3,\‘co5x+g.’c G5m2x+( Ui U

Substitute 3(1 — cos 2x) = sin2x

i 4 T i B P .
b [sin“xdx = Z5iN°Xcosx + 4f51r1 Xdlx

Sometimes, after using integration by parts, you may need to use an algebraic or trigonometric
identity to produce the reduction formula.

2n
Show that, if 1, = f xT=xdx, then I, = 5=, ,n > 1.
m This is a definite integral.

P e dli & = When you use integration by parts to

o dx 5 5 evaluate a definite integral you have to
So ¢ = nx s evaluate uv between the given limits.
Then, integrating by parts,

21 3 o
I, = [__%xnm _ X)*J] '/-I- LF%!L\‘”"(T - x)2dx L_ Ifn= 1, them [ ]{1} =)
z .

=(0-0)+ [Znxm(1 - x)}dx
o)
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f” = %f;,\f”_1(1 - Y)\1 - X dx.

oy 2n

ey Ny
3 n-1 3 n
So(3 + 2n),=2nl,,
2n
La f 2n + 3111—1

I, = [tan"xdx, where 7 is a positive integer.

=2

L= . I tan™'x —T ;'

I, = [Jtan"2xtan?xdx = [tan"2x(sec2x — 1)dx

= ftan"2xsec?xdx — ftan"2xdx

Soul, = tan"™x — I, ,

Consider the general definite integral 7, = Esin”x dx.

a Prove that,forn=2,nl,=(- DI _,

b Find the values of: i f%sin‘-‘xdx i f_ sin®xdx
0 0

a From Example 2, part a, we know that

I, = [—sin1x xXE+ (-1 EE."|r1”‘2,\‘01x - (n-1 E5in”,\‘d)c
sin"xcosx]2 _ fo _( )fo
= (0= 0) + (- 1) [?sinm2xdx - (n - 1) [*sin"xdx
o} e}

= -1 [?sin"2xdx — (n — 1) [*sinxdx
( )fo sin ( )fo sin
!u = [:n = 1:]};1—2 = [:n g 1:]1;!
= 1” + [:n - 1)111: = (H = 1)1111—2
Sonl,=(n-

g

W,_s, n = 2 as required.

1}!—41 n= 41

el

boAs T = (”
n

=
L= (250)(2=3)

and so on.

Iu—4 =

Use [(f(x))"f(x)dx =

Integration techniques

Use the identity (1 — x)3 = (1 — x)yT = x

Collect together terms in 7.

By writing tan” x as tan"-2xtan2x, and using 1 + tan2x = sec2x, establish the reduction formula

f(x)ml
n+1

r 1¢]

[ Watch out Jrieas

definite integrals, so your
answers will be numerical
values, and not functions
(O37 2'%

The same working from
Example 2, part a, can be
applied here to arrive at
the definite integral to be
evaluated from x =0to

X—E
2

Collect terms in [, and 7,_,.
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If nis odd,
A (n — 1

=
|
w

n

= 3
|

= (*

)

)

- (0623)
)

)

)

|

= =
15Nl

W ™

=
s
—_— e —

Wi Wi Wl
™ e v’ ™ vt

o~

=
|
Ny

I,,:(n—1

I
- (252
I

N

o~

Sl MW MW
= mnl—= =

Use (1) with n = 5.

Given I, = fomz tanh”xdx,n =1
1 3 n-1
= (3 2
-

-1
b Hence, show that Z %(%) g =In (%)

a Showthat [ =1,_

f tanh®" x dx
= [™tanh*2xtanh? Xdx

= [™tannm-2 x(1 = sech?x)dx

. [ln2
You may assume that }ilmf "““tanh”xdx = 0.

= f tanh™2 x dx —f tanh"2 xsech?xdx

Use (2) with n = 6.

Problem-solving

To answer part a, you need to start with
the same approach as for the derivation
of a reduction formula for [tan”xdx in
Example 4. In this case, you can substitute
1 — sech?x for tanh?x after rewriting the
integrand to include a factor of tanh?.x.

i nfr i 1 -y n+1
Using [(foo) oo dx = ey A

= 1 [tanh"‘ s

I
I~

ra

= 1 (tanh(In2))!
n-1

gives [tanhm2xsech?xdx = than hn-1x

2x_1

Use the definition, tanhx =

1 fe2hn2 _ T)”"‘
= Loic— B
n—2 n-1 (SEInd +1

Lr = In—
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Integration techniques

gt (Q)zr ] I Substitute n = 2r + 1 into the
TpURE ToemS e | reduction formula and write
Sl ) G i(3] “ in terms of I,_, and I
;E (—J) = ;(12,._] )| 5, \5 2r-1 2r+1-
Put r=1 I -Jly
r=2 Js-k Problem-solving
r=3 b-K Use the method of differences to
: simplify the finite series.
r=k Ja_1- Do « Core Pure Book 2, Section 2.1
k. q g.2r
503 5:(5) =1 - L
o 2r ; ¢ o i
R é (i)) = I = im Dy FlnFi an expression for the infinite
=l = ‘ series.

So i—(j)ar lnetanh,\dx
=1 <F Use the result given in the question:

= [lnco5hX]g }melnztanh"xd_'C:O, <0
= In{cosh(ln 2)) — In(cosh(0)) 0

B |n(8|n2 + e—lnE) —int
- 2

2+l)
i 2 )
_In( > @)

= In(%’) as required.

j!i_r)llzkﬂ =0.

The derivation of some reduction formulae will require clever substitutions and/or algebraic
manipulations. Often, in such cases, the question will guide you to a successful strategy.

A general indefinite integral is defined as / fSIEln; =1
s 251n((n + Dx)
a By considering /,,, — I, show that [, = SRR S + 1,
5 osinbx s
b Hence, show that f% Snrdx = (12/3 - 17V2)
Problem-solving
i I fs'm((rz + 2)x) J‘S‘m B . .
a ly-1I,= T Al At Use sin4 —smBA 5 .
fsin((rz + 2)x) — sinnx =2C05( iz )Sin( = )
= . dx 2 2
sinx ] : with 4 = (n + 2)x and B = nx.
2605((" et ”X)gm(m +2)x - m) This can be found in the formula
) 2
= . dx booklet.
SINX
2coslln + 1)x)sinx
= . dx
SInx

" f 2 cos((n + Nx)dx

= 2 sin((n + 1)x)
n+1

2sin((n + 1)x)

50 In+2 = n+ 1

+ I, as required

193



Chapter 6

fsnrjéth =}
sInx
2sin5x
Ie=1lio=—% I Since the reduction formula is for
2sin5x I,.; apply the formula with
B L.z n = 4; and then apply the reduction
_ 2sin5x i 2s5in3x i formula again.
3 5
_ 2sin5x . 2s5in3x
AR T Repeatedly apply the reduction
2s5in5x | 2sin3x | 2sinx formula until 1, appears, which
= + + + I ; . ;
2 3 1 is an integral that can be easily
_ 2sin5x i 25in3x A fSl.nOd,\‘ evaluated.
5 3 sinx
= 25|25,\‘ + 25g3,\‘ + 2sinx+ 0
el ) ) : Now the result for the indefinite
Thus, f Lgxdx = [2 SinSx + 25in 3% + 2 sinx] ——  integral /; can be used to evaluate
sinx 5 5) x . e
N 4 the given definite integral.
_ (25"1(%) " 2sinm " 25in£)
- 5 5 3

) (25‘”(’—21) 25in(%)

3] 3
"X B " B8
443 1742 1 7 /

Exercise @

|

2

3

194

Given that I, = [x"e:dx,

a show that I, = 2x"e: = 2nl,_ ,,n =1

Given that [, = f:x(ln x)"dx,n €N,

b Hence find [x3ezdx.

a show that [, ——EZ—EI neN b Hence, show that fe Inx)*d . i
n=75 "1 ) lx(nx) x=—7
e Pl __2n = : :
& J;)x v1 —xdx, then I, I+ 31,,_], n=1. m This reduction

Use this reduction formula to evaluate fo] (x+ D(x+2)1 —xdx.

formula is derived in
Example 3 above.



Integration techniques

Given that I, = [x"e~*dx, where n is a positive integer,

a showthatl, =-x"e~+nl_,n=1 (7 marks)
b find [x3e-rdx (4 marks)
¢ evaluate J;) 'Xte—dx, giving your answer in terms of e. (4 marks)
= [tanh" xdx
a By writing tanh” x = tanh”-2 xtanh? x show that, forn = 2,
I=1_,- nl ltanh”“x (6 marks)
b Find [tanh®xdx (3 marks)
¢ Show thatJ;)l"Ztanh“xdx =In2- % (4 marks)
1 n i 1 n-14. _ n=2 -
Given that [tan”xdx = o tan™!x — [tan"2xdx, This result was
a find [tan*xdx (4 marks)  derived in Example 4.
b evaluate J;) “tan’ xdx (3 marks)
Ls 93 =«
E} [\ P ik
¢ show that fo tan®xdx = 5 3 (4 marks)

v
Given that I, = f (In x)"dx where a > 1 is a constant,

a show that, forn= 1,1, =a(lna)" —nl,_, (8 marks)
b find the exact value off (Inx)3dx (4 marks)
¢ show thatf (Inx)®dx = 5(538 - 144) (4 marks)

Using the results given in Example 5, evaluate:

a fisin?xdx b Fsinzxcos“xdx
0
1 | FE——— . . ' '

c f x3y1 = x2dux, using the substitution x = sinf
0

d f;sin8 3tdt, using a suitable substitution.

sin?" x

Given that I, =f TR R L »
11 2+
a write down a similar expression for /,,,, and hence show that I, - [,,, = 5121:? r; lx (6 marks)
sin“ x T sin® X 4 ?\f2
b find f cos x X, and hence show thatf cos 2 ux=ln(l + V2) -— (6 marks)

; 3n
a Given that [, = J(; x(1 = x?)"dx, show that /, = m[”‘" (6 marks) @ After integrating
b Use your reduction formula to evaluate ;. (4 marks) by parts, write x* as

x(1-(1-x%).
Given that [, = f (a? — x?)"dx, where a is a positive constant,
a show that, forn >0, [, = 22nf _1 y S (9 marks)
b Use the reduction formula to evaluate:
1 " 3 I e
i 1 — x2)*dx ii 9 —x)dx iii /4 — x*dx 9 marks

J @ -x7 INEED I X ( )

¢ Check your answer to part biii by using another method. (7 marks)
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Given that I, = f:x” V4 - x dx,

a establish the reduction formula 7, = 2?18%1”_], n=1 (8 marks)
b evaluate J;) V- x dx, giving your answer correct to 3 significant figures. (3 marks)

Given that I, = [cos” xdx,
a establish, for n = 2, the reduction formula n I, = cos" ! xsinx + (n — 1)[,_,. (8 marks)
Defining J, = f:”cos”x dx,

b write down a reduction formula relating J, and J,, _», for n = 2. (4 marks)

¢ Hence evaluate: i J, i J. (4 marks)

d Show that if » is odd, J, is always equal to zero. (4 marks)
5 1 |

Given that [, = fn x"/1=x%dx,n=0, @ Write xn 1= as

a showthat (n+2)[,=(n—- 1)l,_,,n = 2. (6 marks) xm1(xy1 = x2) before

b Hence evaluate fol x7y1 = x2dx. (4 marks) integrating by parts.

Given that I, = [x"cosh xdx,

a show that forn = 2, I, = x"sinh x — nx""'coshx + n(n - 1)1,_, (8 marks)
b find [x*coshxdx (4 marks)
¢ evaluate f]x3cosh xdux, giving your answer in terms of e. (4 marks)

sin F?X

n=0

2 2

Given that I, = f

a write down a similar expression for 7, _,, and hence show that
2sin((n — 1)x)

L-I,= P (7 marks)
b Find:
i f wdx ii the exact value of f S0 ¢ d,\ (6 marks)
sin x
Given that I, = [sinh”xdx, n € N,
a derive the reduction formula n [, = sinh"! xcoshx — (n — 1)1,.,, n = 2. (9 marks)
b Hence:
- In3 .
i evaluate J;J sinh® xdx
ii show that J;'m"m sinh*xdx = %(3 In(1+v2)-V2) (7 marks)

Consider the definite integral I, = f 3 tanhn x dx, n=1.
0

a By rewriting tanh” x as tanh”-2 xtanh? x and using the identity tanh?x = 1 — sech?x,

1 1y -1
show that [, =1, , — o (5) ,n=2. (6 marks)
b Hence, show that ;2r (2) =In 3
(You may assume that lim J;m tanh”"xdx =0.) (9 marks)



E/P

b Find the exact volume of the top.

Challenge

Integration techniques

e 3
19 a Givenl, = f] x2(nx)"dx, n = 0, prove that, forn =1, I, = % —% 1
A company has designed a spinning top using 3D graphing software.  ya
The design consists of a solid created by rotating the portion of the

curve y = 3x(Inx)? from x = | to x = e, as shown in the diagram.

(6 marks)

(7 marks)

a Derive a reduction formula for I, = fx“ (Inx)"dx, where a is a rational
number such that @ # -1 and n is an integer such that n = 1.

b Hence, find [Vx (Inx)*dx.

@ Arc length

You can use integration to find the length of
a curve between two points on the curve. This
length is usually referred to as the arc length.

Consider the graph of a curve C whose equation
is y = f(x). Suppose P(x, y) is any point on the
curve C and that Q(x + 6x, y + 8y) is another
point on C'that is close to P.

Let s represent the length of the arcon C
between any two points 4(x,, v,) and

B(xg, yp), and let ds be the small portion of this
arc between points P and Q.

A c

m You have previously used ‘arc length’

to refer to the length of an arc of a circle. In this
chapter, ‘arc length’ is used to refer to the length
of any continuous section of a curve measured
from one point on the curve to another.

m dx and 8y ('delta x” and ‘delta »')

represent, respectively, a small change in x and a
small change in y. Similarly, ds represents a small
change in the length, s, of an arc.
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Since P and Q are close to each other, the small arc length between them, s, can be approximated by
the line segment PQ.

)2 2 Ay
Thus, (85)% = (3x)? + (3y) 2 . aasd This use of Pythagoras’
Dividing through by (8x)* gives (ﬁ) =1+ (-i) Hicors ks key o detingiallof
dx ox the arc length formulae.
N o a H d H
As O moves closer to P, 6x — 0, ﬂ — ds and > . 4

ox  dx &x  dx
Thus, as 6x — 0,
55\ (<‘3y)2 (ds )2 B (dy)z
(6x)~1+ dx dx =i+ dx

| 2 " .
ds | (dy) The positive square root is taken so

that s increases as x increases.
Integrating this with respect to x gives an expression for the arc length, s.

Similarly, dividing (85)2 = (3x)2 + (8y)? through by (8y)2 and taking the limit as 8y — 0 gives

ds | dx\°
— =01+ =
dy | (dy)

and then integrating with respect to y gives an alternative expression for s.
You can use either of these approaches to find an arc length of a curve given in Cartesian form.

® Let s be the length of the arc with endpoints 4(x,, yz) and B(xg, yg) on the curve C.
« If Chas Cartesian equation y = f(x) on the interval [x,, x;], then:

Xg | 2
| d
s=f V‘l - (_y) dx
X, dx
« If C has Cartesian equation x = f(y) on the interval [ y,, y;], then:

§= f F2, (dx)z dx m You can use either version of the formula,

|
y \('I 1% depending on which is more convenient.
A

dy
If the equation of the curve is given parametrically, that is, in the form x = f(5), y = g, then
dividing (§)2 = (6x)2 + (6y)? through by (61?2 and proceeding to the limit, gives

4 (8- (3
de | \de dr
If the values of the parameter at points 4 and B on the curve are ¢, and t5 respectively, then

integrating with respect to 7 gives an expression for the arc length, s.

= |If sis the length of the arc between the points A(f(7,), g(t)) and B(f(z;z), g(tz)) on the curve
with parametric equations x = f(7), y = g(1), then

g | 2 d 2
o= [ () (L) a
¢, \dt) " \dr
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You also need to know how to find the length of an arc along a curve that is given in polar form.

The diagram shows the curve with polar equation
=f(0). P is the point (r, 0), and Q is the nearby

point (r + &r, @ + 66). The length of the arc between

Pand Qs ds. As ¢ — 0, PR can be approximated

as the arc of a circle with radius r and angle 46,

so using the formula / = 6 for arc length, PR = rd6.

==
I

r=f(@

or,4 Or +8r, 0 + 80)
Rr, 6+86)} Ss

;86—-—» A

For small values of 66, PQ and PR are approximately
straight, so POR approximates a right-angled triangle.
Hence (3s5)? = (r50)2 + (6r)2.

e SRR EEEEEN L

Initial line

Dividing through by (56)? gives

R 2
B e ()
(56‘) B (69 m A curve in polar form can be defined

by an equation of the form r = f(f)), where r is

Then taking the limit as ¢ — 0 gives the distance from the origin and @ is the angle
e measured anticlockwise from the positive x-axis.
E =r2+ (E) « Core Book Pure 2, Chapter 5
do 1" " \do

Integrating this with respect to 6 gives an expression for the arc length, s.

= If 5 is the length of the arc between the half-lines 6 = a and 6 = 3 on the curve with polar
equation r = f(6), then

g " e a
L@
Example o

Find the length of the arc PQ on the curve with equation y = % vc% V1
where the x-coordinates of P and Q are 8 and 15 respectively. o
p=1y i
i & Gl e
f -
k ( = 0 $ 5 %
Choose the appropriate arc length formula.
@ Explore the use of integration to O For this example, the curve's equation is given
find the arc length between two points in Cartesian form. Since it’s easier to find %

using GeoGebra.

dy’
integrating with respect to x.
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Length of arc PO = fﬁ\,-"'T + (VX)2 dx
8
= fﬁf‘l + X)zdx
8 o
2 12177
= [g(‘] + ,\)'d](;5

2

g

_ 74
3

(162 - 9%) =264 - 27)

A curve is defined by the parametric equations
x=3+2cost,y=2t+2sint, t € R.

2 dv 2
L ) + ( }) = 160052(%)

de dr

b Find the exact length of this curve between the

a Show that (

' m
points where 1 = 3 andt=m

a x=3+ 2cost = %‘;:—-25'”1.'
. day
y =2t + 2sint = a=2+2cosf
dx dy\*

) =(=2sin0)2 + (2 + 2cost)?
= 4sin?t + 4cos?t + Bcost + 4
= 4(sin2t + cos2t) + Becost + 4

=8 (dl) +(E

Problem-solving

In this example, the straight-line distance from P
to Q should be close to the length along the curve
from P to Q. P and Q have y-coordinates 15.085
and 38.730 respectively, so the distance formula

gives

PQ=1(15-8)2+ (38.73 — 15.085)2 = 24.66... ~
So, the answer looks correct. This check is only
appropriate if the curve is approximately straight
between the two given points.

NE

x=3+2cost
y=21+2sint

=Y

Use the identity

=8Bcosl + 8
"2!
= 8(2c05 cm

TGCOSZé -85+8

1)+«‘3>

1'6co52i

5 25 required

c0s2A =2cos?A4 - 1.

Use the formula

b Arc length = f \I."T6coszédr
= 4f co5—d.’
=4 [2 sin ]

— sin—

= ﬁ(sm > 3

)

~8(1-1)
=4

200

& 2
day
dt) +(dt)

e J‘I}'III (dx dy



Integration techniques

[ The curve C shown in the diagram has polar
equation r = 5¢?. Find the length of the arc of
C between the points on the curve with § =0

T
and f = 7
dr
r=5e2 = —=10e2 .
z - Initial line
Arc length = f;v’l{562f})2 + (10e2)2 4p _—L
e ';' ."II A Ij’ |7Z
) fo\ Iz Use the formula s = J‘:&IIII}'Z + (%) do
= 5\..-"5f%ezﬂd9 a
o}

= 5/5[1e2d?
= 5/5[3e?| . @ Explore the use of integration to

Rz find the length of an arc on a curve with a polar
=—FHe"=1) . :
2 equation using GeoGebra.

Find the exact length of the arc on the parabola with equation y = %xz, from the origin to the
point P(4, 8).

, dy
y=hx2 LA Start by ﬁndingd—}
dx 7
Xg | o 5
Using s = f 1I,"1 + (d_)x) dx Choose the appropriate formula.
by -
Length of arc OP = V1 + x2dx

Using the substitution x = sinhu, so that

dx = coshudu, Problem-solving

arsinhd r =
Arc length = fo V1 + sinh?u coshudu You need to use a hyperbolic substitution to find
arsinha R f\fl + x2dx. &« Core Pure Book 2, Section 6.5
= f cosh®udu
0
_ [fersih4 (1 + cosh 2u)
~Jo 2 ol —— Choose the appropriate method of integration.

arsinh4

= 15 Iu - %5‘|nh 2.&{]0

1 : rsinh4
= 5 [u + sinhu coshuly™

= Larsinh4 + 54V1 + 16 — 5(0 + 0) ——— Use coshu = /1 + sinh?u and sinhu = 4.
- 1531r‘5'|r1h4 + 217
= 2in(4 + V17) + 2/17 Use arsinhx = In(x + V1 + x2)
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Exercise @

1 Find the length of the arc of the curve with equation y = %x 2, from the origin to the point with
x-coordinate 12.

2 The curve C has equation x = Incos y. Find the length of the arc of C between the points with
m

y-coordinates 0 and 3

3 Find the length of the arc on the catenary with equation y = 200511(%), between the points
with x-coordinates 0 and In4.

4 Find the length of the arc of the curve with equation y? = %x{ between the points with
y-coordinates 0 and 2v3.

5 The curve C has equation y = %sinh22x. Find the length of the arc on C from the origin to the
point whose x-coordinate is 1, giving your answer to 3 significant figures.

CE) 6 Points 4 and B, with x-coordinates 1 and 2 respectively, lie on the curve
y=72x2-Inx), x>0
Show that the length of the arc from A4 to B is %(6 +1n2). (5 marks)

CE) 7 The diagram shows the curve with polar equation r = e” between the points
where # =0 and 0 = 7.

f=1

2

r=e’0=f=mw

Initial line

Find the exact length of the curve. (6 marks)

(E) 8 The line y = 4 intersects the parabola with equation y = x? at the points 4 and B.

VA
A y=4 /B
y=x
0 X
Find the length of the arc of the parabola from A to B. (6 marks)
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The circle C has parametric equations x = acosf, y = asinf, a > 0. Use the formula for arc
length to show that the length of the circumference is 27a. (6 marks)

The diagram shows the astroid with parametric equations

x =2acos’t,y =2asin’t,0 <t <2r

Find the length of the arc 4B, and hence find the total length of the curve. (7 marks)

Calculate the length of the arc on the curve with parametric equations x = tanhu,
» = sechu, between the points where u =0 and u = 1. (7 marks)

The cycloid has parametric equations x = a(f + sinf), y = a(1- cos#).

Find the length of the arc from § =0 to 0 = 7. (7 marks)
Show that the length of the arc, between the points where = 0 and ¢ = % on the curve
defined by the equations x = ¢ + sint, y = 1 — cost, is 2. (7 marks)

Find the length of the arc on the curve given by the equations x = e’cos¢, y = e'sin ¢,

between the points where 1 =0 and ¢ = % (6 marks)

The diagram shows the cardioid with polar equation r = 1 + cos®.

H = j
i r=1+cos#
i
! Initial line
i
Find the total length of the cardioid. (5 marks)
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r

2

(? 16 The curve C has equation y = In(cosx), 0 = x <
E

| dv 2
a Show that V'Il + (é) =secx (4 marks)

b The length of the arc on C from the origin to the point with x-coordinate % isInk.
Find the exact value of £. (4 marks)

CE 17 Consider the curve which is the portion of the graph of y = In(1 — x2) from x = —% to

= % The length of this curve is s.

1

7]+ x?
a Show thats= | 7 3 dx (4 marks)
b Find the exact length of s. (6 marks)

E/P) 18 A graphic designer has created a symbol (shown in the diagram) that is modelled b
EP) grap g y g y
the two curves, x = =y~ from (=1, 1) to (0, 0), and x = y* from (0, 0) to (8, 4).

& &4 @ The equations are given in the form
i x = f(y) so it will be easier to use the formula for
i arc length that involves integrating with respect
L1 ! to y. Integrating with respect to x is not possible
1 ) d
; ! g for the whole length of the given arc since d—y is
-10 8 x not defined at (0, 0). *
The scale for the graph above is 1 cm per unit.
Find the length of the curve to the nearest tenth of a centimetre. (8 marks)

@B 19 The diagram below shows an electricity wire that hangs between two poles located at x = —b
and x = b.
Ya

- .

—h 0 b l;t
The shape of the curve is called a catenary, and its equation is y = acosh (%) - 40.

a Show that the length of the wire is 2a sinh(%). (5 marks)

b Given that the poles are 50 metres apart, and that at its lowest point the wire must be
20 metres from the ground, find, to 4 significant figures:
i the length of the wire
ii the height above the ground at which the wire should be attached to the poles. (4 marks)
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20 A jewellery designer is making a brooch from silver wire. The wire is bent into a shape modelled
by the curve C shown in the diagram, with parametric equations x =313 -, y=3t%, -k =t=k

E/P

Find the exact length of the curve.

VA

] X

All units are in cm.
The design requires the wire to cross itself at the point marked A4.
a Find:
i the range of possible values of k
ii the minimum length of wire needed to make the brooch. (8 marks)

b Given that k = %_, find the length of wire needed to make the brooch in centimetres.
Give your answer in centimetres, correct to 3 significant figures. (2 marks)

An engineering company is submitting a bid to construct an aircraft hangar as shown in the
diagram (not to scale).

v =50-=20cosh (0.05x)

VA
p
25 300/'
0 i<
1

The hangar is 300 feet long and 50 feet wide at the base. The roof of the hangar has the shape
of the curve with equation y = 50 — 20 cosh (0.05x), —25 = x = 25.

The inside surface of the roof will be coated with soundproofing foam, that costs £17 per
square foot to apply.

Find the cost of applying the foam to the nearest thousand pounds. (7 marks)

Challenge

The function fis defined as f(x) = ﬁt\ft3 -ldyls=x=<4 2/
The diagram shows the curve with equation y = f(x). =
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Chapter 6

@ Area of a surface of revolution

BThe curve C with equation y = f(x) is rotated
through 27 radians about the x-axis generating
a surface (called a surface of revolution).
Consider a small arc PQ of length ds that is

a distance y from the x-axis. When arc PQ is
rotated about the x-axis it generates a very
narrow cylinder with radius y and surface area
38 - a small portion of the total area of the
surface of revolution created by rotating C.

m The lower-case letter s represents the

length of an arc; whereas capital S represents the
area of a surface. Correspondingly, ds is a small
change, or small length, of an arc, and §S'is a
small change, or small area, of a surface.

Using the formula for the surface area of a
cylinder gives 8S = 27y bs.
58S S  dS ds ds

Thus, - Zﬂ}’%. Taking the limit as éx — 0, = — o and e

Hence, using the formula for ad—s from the previous section,
2

2

| 2 F= a2
ds | S . dy
B;zZTrya;:Z?ryvl + (a) d_x_\'“. (d_x)

ds dy ds _ [ (dy

Integrating this with respect to x gives a formula for the surface area S.

= If the curve with Cartesian equation y = f(x) between the points (x,, y,) and (xg, y;) is
rotated through 27 radians about the x-axis, then the area of the resulting surface of
revolution is given by

Xp ']T
S=2ﬂ'fx y\'“(ﬂ) dx

A

= If the curve with Cartesian equation x = f())) between the points (x,, y,) and (xg, y;) is
rotated through 27 radians about the y-axis, then the area of the resulting surface of

revolution is given by
Xp

S=2r| x/1+(SX)dy or S=2m| x1+(SY) dx
1y \ dy X, \ dx

Using results derived in the previous section on @ _ -
arc length, the formulae for the areas of surfaces When rotating a curve given in the form

of revolution formed from curves defined by y =f(x) about the y-axis, it is often easiest to use
; . ; the second formula given here.

parametric equations or polar equations can

also be found.
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= If the curve with parametric equations x = f(7) and y = g(#) between the points (x ,, y,) and
(xp yp) is rotated through 27 radians about the coordinate axes, then the areas of the
resulting surfaces of revolution are given by:

tg | 2
- aviss=2e (4 4 (2)
Rotation about the x-axis: S = Zn-J;A yv (dt + dr dt

f& ldx\E . (dy)
» Rotation about the y-axis: S = 27 : xv (5) + (_ﬁ) dr

= [If the curve with polar equation r = f(6) between the points where 6 = « and 6 = 3 is rotated
about the given lines, then the areas of the resulting surfaces of revolution are given by:

3 f 2
« Rotation about the initial line, #=0: S = Zn-f rsin Bb."rz - (%) de
T p | dr\?
+ Rotation about the line 8 = t—z—: S= wa r €oSs 9\‘.' r¢+ (E) de

m The line 8 = 1% is the vertical line through the origin.
« Core Book Pure 2, Section 5.1

The curve C has equation y = %\/}(3 - X).

. . Choose the appropriate formula. Given that the
The arc of the curve between the points with

equation for the curve is in Cartesian form, and it

x-coordinates 1 and 3 is completely rotated is being rotated about the x-axis, use the formula
about the x-axis. Find the area of the surface fxs "4dy 2

enerated. S= 01+ (—) dx.
g 0 X, }'\' dx

This means that you need to start by finding d_J;

3 d)’ 1 1
y=x:—%xx: = = 3lx—z - x2) v
dp\2
204 + (Ej—) =14+gx -3 +5x
- Sy e 1 c
Saidztg .
T i 12 i
=Z( '/-i-_\”'r'} 0 } >‘
1 3\\

— = [ -
_Wﬁ [1+3\ z X ) dx
1 o
:ﬂ[,\‘+—3—\3—;\-5]
1 ) L
—37:'—?)”(
16
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Chapter 6

ﬂ The curve with parametric equations x = ¢ — sint, y = 1 — cost, from 7 = 0 to 7 = 27, is rotated
through 360° about the x-axis. Find the area of the surface generated.

x=t-sint,y=1-cost

0 2'ﬁ. ?(

dx _ o

at =1-cost, dl_S]m

ax\* (@)‘2_ che

50(6“) + s =(1 - cost)® + sin®t
=2 -2 cost
=21 — cost)
=45‘|nEi

2

£ | )
=] (2 (2
5_2?{) “.'(dr) e at

=27 [gﬁ(‘l - cost)2 SinLd!
Jo 2

= 27."[0%4 5'1r13éd£

= g 5 N
—5ﬂ'fo sin 251n2d£

_ 2w, ei) .
—57."[0 (1 cos” 5 5|r12d£

Choose the appropriate formula. Given that the
equations for the curve are in parametric form,
and it is being rotated about the x-axis, use the

Jﬁﬁ I|'I dx\2  (dy)’
formula S =27 . Jf"&l (a) + (a) dr.

2 dr\?
Start by finding (c(jj—“:) + (d_}r)

Problem-solving

You need to take the square root of

T
((3_):) +(E)ti)’501et2A=mnd use the

identity cos24 = 1 — 2sin?A4 to write 1 — cos ¢
as 2sin? %
2

Use the subsitution u = cosi

g []‘1(1 — u?) du
=-16T [u - %a‘%]?
=-ten((1-3) - (-1+3))

= &4
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m Explore the use of integration to o

find the area of a surface of revolution
using GeoGebra.



B The curve with polar equation r = 4 + 4sin ¢ from
0= —% taif= % is shown to the right. The curve

is rotated through 27 radians about the vertical line
b= :1:— forming a surface of revolution.

Find the exact area of the surface

r=4+ 4sinfl = %246059

S=2n [ (4 + 4 sinf)cos0(4 + 4 5in0)? + (4 cos6)? df
=8 f(T + 5inf)cos 0y/42 (1 + sin6)? + 42 (cos6)? df
= 327:]‘_5:_,(1 + sinB)cos V(1 + sinf)2 + (cos6)? df
= 327 [%,(1 + sinf)cos6V1 + 250 + 5in?0 + cos?0 df
= 327 [ (1 + sinf)cos8V2 + 25inf df

2

= 16?rfi(2 + 2sinfcos0V2 + 2sinf df

let u =2+ 2sinf = du=2cosfdl
Substituting gives

S=86m f;u\-’"u dit = Sﬁfgu*}du

=c5?r[.§.u!ﬁr
167
—=rid=~D)
6 nsy _ DI2T
5 (25) = 5

the y-axis. Find the area of the surface generated.

Vs

y=coshx

R

(0]

B h dy e
y=coshx = T sinhx

formula:

" :
S=21‘Tf

Integration techniques

r=4+ 4sinf

_bi\._../:; Initial line

Choose the appropriate formula.
Given that the equation for the
curve is in polar form and it is
being rotated about the vertical
lined = i%, use the formula

i Illi
= ZwL rcosﬁ'xu (dﬂ) de

Problem-solving

Look at the integrand to try and
determine a successful strategy to
integrate it. The derivative of
2+2sinflis2cosf, soa
substitution of u = 2 + 2sin 6 will
simplify the integral.

The arc of the curve with equation y = cosh x, from (0, 1) to (In2, %), is rotated completely about

Choose the appropriate formula. Although
you are rotating about the y-axis, the curve is
given in the form y = f(x), so use the alternative

———
dy
'\Il = (dA) dx
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- 2?rf|nng"'1 + sinh?x dx
(9]

= 2?rf|'12 xcoshxdx
2 Use integration by parts with u = x and

=2 ([xsmh gt f;gsinhx d,\‘) dpy Rl
dx
= 2w ([xsinhx — cosh x]'”p
= 2m(In2sinh(In2) — cosh(In2) + 1)

1
AN

ﬁ(%1r12 -—%4» 1)

(3In2 - 1)

Exercise @

1 a The section of the line y = A between the points with x-coordinates 4 and 8 is rotated
completely about the x-axis. Use integration to find the area of the surface generated.

o=

b The same section of line is rotated completely about the y-axis. Show that the area of the
surface generated is 607.

2 The arc of the curve y = x*, between the origin and the point (1, 1), is rotated through 4 right
angles about the x-axis. Find the area of the surface generated.

3 The arc of the curve y = —\2 between the origin and the point (2, 2), is rotated through 4 right
angles about the y-axis. Flnd the area of the surface generated.

(E) 4 The curve with parametric equations x = sin’z, y = cos?t, 0 < 1 < —, is rotated through

21
27 radians about the y-axis to form a surface of revolution. Find the exact area of
the surface. (5 marks)

5 The curve C has equation y = cosh x. The arc s, on C, has end points (0, 1) and (1, cosh 1).
a Find the area of the surface generated when s is rotated completely about the x-axis.

b Show that the area of the surface generated when s is rotated completely about the

y-axis is ZW(E ; 1).

3
CE) 6 The curve C has equation y = 2L + %

2
a Show that V'Il + (é) = %(Xz + —) (3 marks)

The arc of the curve between points with x-coordinates 1 and 3 is rotated completely
about the x-axis.

b Find the area of the surface generated. (5 marks)
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The diagram shows part of the curve with equation
X3+ y3=4. Find the area of the surface generated
when this arc is rotated completely about the y-axis.
(6 marks)

The graph with polar equation r = cos from 6 =0 to 0=
0 = is a circle. Find the exact area of the surface
generated by rotating the circle completely about

the line § = J_r% (6 marks)

r=cosf

s -———---- N[y

o Initial line

The finite arc of the parabola with parametric equations x = at’, y = 2at, where a is
a positive constant, cut off by the line x = 4a, is rotated through 180° about the x-axis.

2
Show that the area of the surface generated is 8a3 Tes= 1) (6 marks)

The arc, in the first quadrant, of the curve with parametric equations x = sech¢, y = tanh,

between the points where 1 = and ¢ = In 2, is rotated completely about the x-axis.
27

5 (6 marks)

Show that the area of the surface generated is

The arc of the curve given by x = 372, y = 2£3, from 7 = 0 and ¢ = 2, is completely rotated
about the y-axis.

a Show that the area of the surface generated can be expressed as 367 J;)Zﬁ V1 + t>dt. (3 marks)

b Find the exact value of the surface area. (4 marks)

The arc of the curve with parametric equations x =2, y =1 — % 13, between the points
where 7 = 0 and ¢ = 1, is rotated through 27 radians about the x-axis.

Calculate the area of the surface generated. (6 marks)
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Chapter 6

The diagram shows the curve defined by the parametric equations  y,

3 -3 ™
X=acos’t,y=asin’t, o <1<
where a is a positive constant.

)
2

The horn of a hi-fi speaker is modelled as the surface of
revolution formed when this curve is rotated through 27
radians about the x-axis. The scale on the diagram is 1 unit = 1 cm.

a Find, in terms of «, the surface area of the horn. L (6 marks’j

b Given that the diameter of the smaller opening of the horn is 3 cm, find the value
ol (2 marks)

The part of the curve y = e*, between (0, 1) and (In2, 2), is rotated completely about
the x-axis. Show that the area of the surface generated is w(arsinh2 — arsinhl + 25 - 2).

(8 marks)
The curve with polar equation r = e, between where # =0 and 6 = %, is rotated
completely about the vertical line 0 = i%, forming a surface of revolution.
Find the exact area of this surface. (6 marks)

A mathematics student is working on a project
to measure the surface area of an apple.

a1
Il
El

[ ie) AFTR... R | ... |

She decides to model the surface of the apple ps i hicesy

with the polar equation r = 3 + 3cosf from 6 = 0
to 0 = 7 that is rotated 360° about the horizontal
line 0 = 0.

If each unit on the graph of r =3 + 3cosf

represents 1 centimetre, then find the approximate
surface area of the apple to the nearest one-tenth
of a square centimetre. (7 marks)

fnitial line

Q

A company manufactures small bowls. A model VA
of the bowl is shown in the diagram.

This model is created by rotating the portion

~2
of the parabola y = \? from (5, 5) to

(5v2, 10) about the y-axis. The company applies
a special ceramic coating to the outside surface
of each bowl (including the circular base). The
cost of the ceramic coating is £0.02 per square
centimetre. If each unit in the model represents

1 cm, then find the cost for applying the ceramic
coating to one bowl. (8 marks)
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Mixed exercise o

1 a Given that I, = [(Inx)"dx for n = 1, show that [, = x(Inx)" - nI,_,. (4 marks)
b Hence, find the exact value of fl *(Inx)3dx. (3 marks)

Find the exact arc length of the curve y = 3x7 = 1 between the points (0, —1) and (1, 2). (5 marks)
2.5
2"
x-axis, forming a surface of revolution. Find the exact area of the surface.

The arc of the curve y = cos x from the point (0, 1) and ( O) is rotated 27 radians about the

A light fixture consists of an illuminated cord hung from two points on the same horizontal
level. The curve formed by the cord is modelled by the equation

%
4
The units are cm. Find the length of the cord, giving your answer to 3 significant figures.

y=4cosh(3), 20 < x <20

A curve is defined by the parametric equations x = ¢3, y = 3¢%. An arc of the curve from
t=0to ¢t =2 is rotated completely about the x-axis. Find the exact area of the surface
that is generated.

Given that I, = F,\‘” cosxdux,
0
a find the valuesof: i I, i /)
T n

b show, by using integration by parts twice, that 7, = (5) —nn-N0I,_,,n=2.

¢ Hence show thatffﬁ cosxdx = %( w3 = 247 + 48).

d Evaluate f5x4 cos xdx, leaving your answer in terms of .
0

A curve C is defined by the parametric equations x = a(cosf + #sinf) and y = a(sinf — fcos?),
a > 0. Find, in terms of «, the length of an arc of the curve from where # =0 to 6 = .

Given that I, = J;J] x(1 = x)5dx, n =0,

a show that /, = I, _,,n=1

_3n

In+4

b Hence find the exact value of J;)l(l +x)(1 - x)% dx.

The curve C has parametric equations ya
x=t-Int,y=4vVi,1=t<4

a Show that the length of Cis 3 + In4. (3 marks) C

The curve is rotated through 27 radians about
the x-axis.

b Find the exact area of the curved surface
generated. (4 marks) 0

H‘F
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10 Josh is creating a frame out of wire in the B
shape of a cardioid with equation
r=1-cosf, shown in the diagram to the
right. If each unit represents 10cm, then find
the length of wire that Josh needs to make his
frame. (5 marks)

r=1-cosf

—---ln

11 The curve C shown in the diagram has equation )? =4x, 0 < x < 1.

yl

Y

Initial line

The part of the curve in the first quadrant is rotated through 27 radians about the x-axis.

a Show that the surface area of the solid generated is given by
1 —_—
T l,l' - -
4 fo VT +xdx

b Find the exact value of this surface area.

¢ Show also that the length of the curve C, between the points (1, -2) and (1, 2), is

Ix+1

I
given by 2 o x

dx

d Use the substitution x = sinh?# to show that the exact value of this length is
2(vV2 +In(1 +v2))

12 The curve C has parametric equations x = cosf, y = In(sec + tanf) — sin .

™ has length L. Show that L = In2.

An arc of the curve from 0@ =0to 0 = 3

sin((2n + 1)x)
— ¥
sin x

3

13 Given that I, = f

sin 2nx
a showthatl, -1, = TA

b Hence find Is. o
ssin((2n + 1)x)

¢ Show that, for all positive integers n, f .
) i 0 sin x
determine this value.
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B 14 The diagram shows part of the curve with equation y2 = %x(x - 1)

YA

y= Lxte- 12

Q

. 43
a Show that the length of the loop is 3

The portion of the curve above the x-axis between O and A is rotated completely about the x-axis.
b Find the area of the surface generated.

@f‘B 15 The figure below shows a spherical cap of height / for a sphere of radius r.

m Rotate an appropriate portion of the circle
about the y-axis.

Show that the surface area of the cap is S = 27rh. (8 marks)

16 Given that [, = [sec”xdx,
a by writing sec” x = sec" 2 xsec?x, show that, for n = 2,

(n—-1)I,=sec"?xtanx + (n — 2)I,_,
b find /.

¢ Hence show that stec‘-‘xdx = %(? V2 +3In(1 +v2))

Challenge

The diagram shows a Cornu spiral, which has parametric equations
t Tu? t . (mwu?
x= LCOS(T) du, y= J;sm(—z—) du,0=t=a

Ya

0 X
Find the length of the Cornu spiral.
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Summary of key points

B 1 Areduction formula allows you to write a recurrence relation for an integral 7, = ff{x, n)dx in
terms of related integrals I, ,, I, ,, etc.

n=1s

2 Let s be the length of the arc with endpoints A(x,, yz) and B(xg, ¥z on the curve C.
« If C has Cartesian equation y = f(x) on the interval [x,, xg], then:

fw (&)

- If C has Cartesian equation x = f(y) on the interval [ y,, ], then:

SANCK

« If the equation is given parametrically, with the values of the parameter at 4 and B being ¢,
and t respectively, then the arc length is given by

{
* dx\’ dy ’
=f (&)« (&) «
« If the equation is given in polar form, r = f(f), and the length of the arc is between the half-
lines @ = a and # = 3, then:

i (T T
_| |2 dr)
s L\‘r +(d do

3 Thearea, S, of the surface generated when the arc 4B on the curve C is rotated completely
about the x-axis is 27 [y ds, and about the y-axis is 27 [xds.

These can be used to give the following results:

dx

.\‘3||

d
+ Rotation about the x-axis: § = erf yv 1+ (di}) dx

. . » [ rdx ol Y
+ Rotation about the y-axis: § = 27 v1+ dy dy or S=2w xv1+ — ) dx

Vi E dx

If Cis given in parametric form, the results are:

Ip
, . 'I dA dy g
« Rotation about the x-axis: S = Z'n' v - + T d¢

i
B ( o d_}’ 2
+ Rotation about the y-axis: S = ZwJ:A xv (E) + (a) dr

If Cis given in polar form, the results are:
3
I

d

rc059\/r +( )

f
+ Rotation about the initial line, 8 =0: S = Zﬂf rsmf?MIr + (dr) do

(a]

« Rotation about the line 8 = i%l &= wa

¥
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Review exercise

a Find the general solution to the
recurrence relation

u,=4u, +1,n=1 4)
b Find the particular solution to
the recurrence relation given that
Uy="1. (2)

« Section 4.2

The diagram shows the first four
pentagonal numbers.

. W

p=1 p,=5 p,=12 p,=22
a Find p, and p,. 1)

b Find, in terms of p,_,, a recurrence
relation for p,. 2)

¢ Solve the recurrence relation to find
a closed form for the nth pentagonal
number.

d Find p,q.

3
(1)

« Sections 4.1, 4.2

Solve the recurrence relation
u,=2u, +3n+1,forn=0,
where u, = 11.

C))

« Section 4.2

A sequence is defined by the recurrence
relation

u,,, —3u,=10, withu, =7

a Find u;.
bi
ii Find the smallest value of n for

which u, is greater than 1 million. (4)
« Section 4.2

(1)

Solve the recurrence relation.

@D s

E® ¢

A hospital patient receives 100 mg of a
drug every 4 hours. Once administered,
20% of the drug remaining in the patient’s
body is lost every hour.

Initially, the drug is not present in the
patient’s body.

Let u, represent the amount of the drug
in the patient’s body immediately after the
nth dose.

a Find, in terms of u,, a recurrence
relation for u

n+1-

2
b Solve the recurrence relation for u,. (3)
The amount of the drug present in the
patient’s body must not exceed 160 mg.

¢ What is the maximum number of doses

that can be administered in this way? (3)
« Sections 4.1, 4.2

A finance company loans a customer,
Heather, £3000 to help her buy a car.

The company charges a fixed rate of
interest of 1.8% per month for this loan
which is added on the last day of each
month.

Heather agrees to make repayments of
£300 on the first day of each month,
starting with the second month.

Heather needs to form a recurrence
relation which defines the amount still
owed, a,, after n repayments.

a Define a correct recurrence relation
which Heather can use. ()
Heather’s final repayment to settle the

loan will be less than £300.
b Use your recurrence relation to calculate

the value of the final repayment Heather
will need to make. 3)

« Sections 4.1, 4.2
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Review exercise 2

A sequence has the general term
u, =k —4n
a Verify that this sequence satisfies
the recurrence relation u, = u,_, — 4. (3)
b A different sequence has the general
term v, = ¢(1.271).
Verify that this sequence satisfies the
recurrence relation v,=1.2v,_, 3
¢ Both sequences have the same initial
condition when n = 0.

Express ¢ in terms of k.
< Section 4.2

A sequence is defined by the first-order
linear recurrence relation,

Uy = 0.Tu, =k, a,=4
a Given that this relation is known to be
homogeneous, state the value of k. (1)

b Find a closed form for the

sequence. 2)
¢ Section 4.2

A sequence is formed by adding blocks to 12

form towers as follows:

Tower 1 Tower2 Tower 3 Tower 4

1G4 F

The (n+1)th tower is formed by adding an 13

n x n square of blocks to the bottom of
the previous tower.

Tom, Jack and Sam each use a supply of
blocks to build their own copy of each
tower.

a Express the total number of blocks
b, needed to build all three copies of
Tower n. Give your answer in the form

bn = bn—l + g(n)_, bl = k
where g(n) is a function to be

determined and k is an integer to be
determined. 3)

@ 11

b By solving your recurrence relation,
show that a closed form for b, is given
by

by=3(2n*=3n2+n+12) @)

« Sections 4.1, 4.2

A sequence has recurrence relation
u,=4u, , +2n+ 1 withu, =7.

Solve the recurrence relation. )
< Section 4.2

A bank card reader uses codes which
comprise a string of digits from 0 to

9. The only acceptable codes are those
containing an even number of zeros (or
no zeros).

The number of possible acceptable codes
of length n string is denoted by «,,.

a Show that
a,=8a, ,+10%"!, a,=9 3)
b Using a particular solution of the form
(1071, show that a, = 3(8" + 107 (6)

« Sections 4.1, 4.2

A sequence satisfies the recurrence
relation

iy =+ 3Du,_y, u;=1
Prove by induction that the closed form is
given by
_(m+3)
Un=""4

@
«Section 4.4
a Prove that if u, = F(n) and u, = G(n)

are particular solutions to u, = au,_;,
then u, = bF(n) + ¢G(n) is also a
particular solution. 4)
A sequence satisfies the recurrence
relation a,, = 3a,_, — 4n + 32", a, = 8.
b Using F(n) = 2(2") and G(n) = pn + ¢
as possible particular solutions, show
that the closed form is

a,=53"-62M +2n+3 )
¢ Prove by induction that this closed
form is correct. 5)

« Section 4.4



14 The size of a population of bacteria,
P, after n hours, is modelled using the

E/P
recurrence relation
2py = Tpu-t = Spu-2, Po = 400, p; = 448
a State the order of this recurrence
relation and justify your answer. ?2)
b Solve the recurrence relation to find a
closed form for p,. 5)
¢ Hence determine the size of the
population after 12 hours. 1)
d State one reason why this model may
not be suitable for the long-term growth
of the population of bacteria. 1)
« Section 4.3
(E 15 a Find the general solution to the
recurrence relation
“n+2:4un+1+5umn;2 (3)
b Find the particular solution to the
recurrence relation given that u, = 8
and u, = -20. 3

(E 16

@p 17

« Section 4.3

Consider the recurrence relation
3u,,,+ 10u,,, — 8u, =20

a Find a constant k such that u, = kis a
particular solution to this recurrence

relation. 2)
b Hence solve the recurrence relation
given that u, =0 and u, = 1. 5)

« Section 4.3

Rectangular 2 inch by 1 inch dominoes
can be placed in a row horizontally

or vertically. The diagram shows one
possible row of length 8 inches.

8 inches >

Let x, represent the total number of
different ways that a row of length
n inches can be formed.

@ 1

@1

@

Review exercise 2

a Explain why x, satisfies the
recurrence relation x,,, = X, + X,
Xyp=dy%,=0, 3)

b Find the number of possible ways of
forming a row of length 8 inches. (1)

¢ i By solving the recurrence relation in
part a, find a closed form for x,.

ii Find the number of ways of forming

a row of length 2 feet. (5)
« Sections 4.1, 4.3

Consider a second-order recurrence
relation of the form u, = ru,_, — su,_,.
The general solution is known to be
u, = A(3" + B(5")
a Find values for r and s. 3)
b Given that u, = 1 and B is such that
B =34, find the value of u,. 3)

« Section 4.3

A recurrence relation is defined as

u, = pu, »—4u,_, , where p € R.

When solving to find the general solution,
the auxiliary equation is known to have
complex roots.

a Find the range of possible values
for p.

Given that p = -5,

b find a general solution to the
recurrence relation in the form
u, = Ala + b)" + Bla — bi)"

¢ find a particular solution to the
recurrence relation given the initial

conditions uy, = 1 and u, = 2. 4)
<« Section 4.3

(&)

3

A sequence satisfies the recurrence relation
M” = ].0“”_] — 251‘,{”_2, Uy = l, Uy = 3.

a Solve the recurrence relation to find a
closed form for u,,. (5)

b Use mathematical induction to
prove that your solution satisfies the
recurrence relation.

C))

« Sections 4.3, 4.4
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21 Consider the second-order, linear non-
homogeneous recurrence relation,

E/P
u, = 4u,_, + Su,_» + 2n?
a i Find the complementary
function. 3)
ii By finding a suitable particular
solution, state the general solution.
6)
b Given that u, = u, =0, find a closed
form for u,.

©))

« Section 4.3

Prove by induction that the recurrence
relation r, = r,_, + 12r,_, with initial

conditions ry = 1 and r, =11 has closed
form r, = 2(4") — (=3)". (5)

« Section 4.4

@ﬁ 23

Sections of rectangular flooring
measuring 2m by 1 m may be used

in various arrangements to cover a
rectangular area measuring 2m by nm,
such thatn € Z*.

Floor fitter Daisy knows that there is
only one plan view arrangement to show
how she can use sections to cover an area
when n = 1 but there are two different
plan view arrangements possible when
n=2,

a Using sketches, or otherwise, state how
many different plan view arrangements
are possible when #n = 3 and when
n=4.

Using your results from part a and the
notation that a, represents the number
of different plan view arrangements of
sections for a 2 x n area,

©))

b create a second-order recurrence
relation for a, 3)
¢ find the closed form of your recurrence
relation 5

d prove by induction that your closed
form is correct. 5

« Sections 4.1, 4.3, 4.4
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EP) 25

4 -5
M=(6-&)
a Find the eigenvalues of M. 3)
A transformation 7: R* — R*is
represented by the matrix M. There is a
line through the origin for which every
point on the line is mapped onto itself

under 7.
b Find the Cartesian equation of the
line. 2)

« Section 5.1

A transformation T: R> — R?is
represented by the matrix

k 2
A=(e 2)
where k is a constant.
For the case k = -4

2

a find the image under 7 of the line with

equation y =2x + 1. 2)
For the case k = -2, find:
b the two eigenvalues of A 3)

¢ the Cartesian equations of the two
lines passing through the origin which

are invariant under 7. 3)
€ Section 5.1

The eigenvalues of the matrix M, where

4 =2
M=(1 1)
are A, and A,, where 4, < 4,.
a Find the value of 4, and the value

of 4,. 3)
b Find M. 3)
¢ Verify that the eigenvalues of M are

A'and 4,71 2)

A transformation 7 R? — R?is
represented by the matrix M. There are
two lines, passing through the origin,
each of which is mapped onto itself
under the transformation 7.

d Find the Cartesian equation for each

of these lines. 3)
¢ Section 5.1



27 Two singular matrices are defined as

Pz(é ;) ang Qz(—46 -23)

a Find the eigenvalues and associated
eigenvectors of both P and Q.

“4)

b A third matrix R has an eigenvalue
which was also common to both P and
Q. Show that this means that R must
be singular. 2)

« Section 5.1

EP) 28

The matrix C = (i _32) has complex

eigenvalues. Find the set of possible
values of k. 4)

« Section 5.1

A transformation 7:R? — R2is

EP) 29

3
represented by the matrix M = ( P 3 1),

where p € Z*+.

a Given that M has repeated eigenvalues,
find p. 4)

b Find the Cartesian equation of the
invariant line passing through the
origin under 7.

3

« Section 5.1

EP) 30

A matrix A has a real eigenvalue, 4, with
corresponding eigenvector v.

a Prove that A7 is an eigenvalue of A3
with corresponding eigenvector v. (4)

b Explain why any real eigenvalue of A*
must be non-negative. 2)

« Section 5.1

A transformation 7:R? — R2 is such
that that the point (1, 3) is mapped onto
(-3, -9) and the point (6, 4) is mapped
onto (3, 2).

T is represented by the matrix M.

EP) 31

State the eigenvalues and corresponding
eigenvectors of M. 5)
« Section 5.1

® 32

@

EP) 34

D35

@ %

Review exercise 2

: 6 -1
The matrix A = (2 3 )

a Show that 5 is an eigenvalue of A and
find a corresponding eigenvector.  (4)

Given that the other eigenvalue of A is 4,
b find a matrix P and a diagonal matrix
D such that P'AP = D. 4)

« Section 5.2

A transformation T:R?2 — R2is
represented by the matrix
4 6

= (6 -1 )
Show that the two different
invariant lines, passing through
the origin, under 7 are normal
to each other.

ai

(6)

ii State a special property of M which
causes these lines to be normal to
each other.

(1)
b Write down a matrix P and a diagonal
matrix D such that PTMP = D. )

« Section 5.2

: 3 2
Given that A = (_1 4),

a find the characteristic equation
of A. 2)

b Hence show that A*>=35A -981. (3)

« Section 5.3

Find the eigenvalues and corresponding
eigenvectors for the matrix

g =8 1
3 & 3
=5 9 4

4 3 0
The matrixX=(0 1 4

21 5
a Show that 7 is the only real eigenvalue

« Section 5.1

of X. 4)
b Find the eigenvector of X
corresponding to the eigenvalue 7. (2)

¢ Explain why every 3 x 3 matrix must
have at least one real eigenvalue.

(1)

« Section 5.1
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32 4
@’g 37 The matrix A = (2 0 2) has an
4 2 k
0
eigenvector( 2 )
-1

a i Find the eigenvalue of A
corresponding to this given
eigenvector.

ii Find k. 4)
Another eigenvalue of A is 8.

It is known that A has a repeated
eigenvalue.

b i Prove which of the eigenvalues is
repeated.

ii Using each eigenvalue, find two
more eigenvectors of A such that
both are linearly independent to the
eigenvector given in the question. (8)

40 A non-symmetric 3 x 3 matrix A has been
diagonalised such that P'AP = D where,

1 -1 2 300
P'=1 0 1 JandD=(00 0
-2 1 -2 00 -4

a State the eigenvalues of A and find
each corresponding eigenvector. (6)
b Hence find A. 5)

<« Section 5.2

I d: 2
CE 41 a Given thatAz(O 2 1),use the

102
Cayley—Hamilton theorem to deduce
that A3 — SA2+6A-1=0 A3
b Deduce further that
AA-2IA-3D =1
and hence find A, @)

« Section 5.3

« Section 5.1 @B 42 A 3 x3 matrix M has characteristic

1 0 1

(E/P) 38 The matrix M = (0 2 0)

4 3 1

a Find the eigenvalues and
corresponding eigenvectors of M.  (8)

The transformation 7:R3 — R3 is

represented by the matrix M.

b Find the Cartesian equation of the
image of the line % =y= _i under this
transformation. (6)

¢ Section 5.1

@fP 39 A 3x3 symmetric matrix, S, has three

real eigenvalues 4,, 4, and 4, with
corresponding eigenvectors v,, v, and v,
as follows,

1 1
i = 1,v1=(2), Azz—l,vzz(—2)
3 1
4
;u3=8,\"3=( 1 )
=7

equation, A3 — 141 - 19 =0.

18 -2 -3
a Giventhat M2=| 1 4 4 |,

25 1 6
find M. (©)

A transformation 7:R3 — R3is
represented by the 3 X 3 matrix Q.
Q is diagonalised using
200
M QM={0 5 0
00 -1
b Find Q. (6)

« Sections 5.2, 5.3

@D 43 I,= [sec"xdx,n=0

a Prove that, forn = 2,
(n— DI, = sec"2xtanx + (n — 2)I,_, (6)

b Using your reduction formula, find
[secindx )

« Section 6.1

a Find a matrix P and a diagonal matrix @B “ I, = f x"cosxdx,n=0

D such that PTSP = D. 4)
b Hence use P and D to find S. 5

« Section 5.2
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a Prove that, forn = 2,

o \% (%)"_1(% + n) —nn = DI,_,(6)



@p 45

@D 4

@p 48

b Find the value of I, to four decimal
places.

C))

« Section 6.1

};{:fx"(a—x)%dx,n =0,a>0

0

3an
a Prove that [, = o 41,,_], n=1 (6)
Given that I, = %a%,
b find the value of a. (6)

« Section 6.1

An arc is defined by the curve y = (ax3):
between x = 0 and x = 4 where a > 0.

a Find the length of the arc in terms

of a. 5)
Given that the arc has length 16,
b calculate the value of «, giving your
answer to four decimal places. )

« Section 6.2

A parabola has equation y2 = 2x + 16.

An arc of length L forms a section of this
curve between y =0 and y = 3.

a Show that L is given by

3
L=[|T+y2dy @)
0
b Hence find the exact value of L. 5)

« Section 6.2

An arc lies on a curve with parametric
equations x=¢2—1land y = %ﬁ - 2 with
O0=str=2 s

Show that this arc has length % (6)

« Section 6.2

A length of wire is bent into a flat spiral
such that its shape is defined by the polar
equation r =6 for 0 < 0 < 4x.

a Using a substitution of the form
) = f(x), or otherwise, show that the
length of wire, W, needed to make this
spiral is glyﬁg“l%y
W = f seci xdx

0

(6)

@ s

@ s

Review exercise 2

b Hence calculate W to two decimal
places.

3

« Section 6.2

A parametric curve is defined by x = 27
and y=1-1,¢= 0. A surface is created
by rotating an arc of this curve, defined
by 1 = ¢ = 4, around the y-axis. Find

an exact expression for the area of this
surface of revolution. (5)

« Section 6.3

An arc is defined by the curve
y=va-x? -1 < x=<1.The area of
the surface obtained by rotating this arc
around the x-axis is 24.

a Find a. (6)
b Using a sketch or otherwise describe
the nature of this surface.

3

« Section 6.3

Consider a curve with polar equation
r=ycos28.

An arc is formed by a section of this

i
curve when 0 =0 < 1

This arc is rotated around the initial line,
giving rise to a curved surface.

Find the exact area of this curved surface.

(6)

« Section 6.3

An arc is defined by the function f(x) = e*
when)=x = 1.

Find the area of the surface when this arc
is rotated about the x-axis, giving your

answer correct to three decimal places. (8)
« Section 6.3
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Challenge

) 1 Arecurrence relation is defined by
an+l = 3‘1” o Zﬂn_l, ao - O, al =1l

a3 =2
ﬁhmatnxa!\._(1 0)'

Emma has created a closed form for the
recurrence relation using A:

ay Ay

n -_—

") =(%)

a Prove by induction that Emma’s closed form
is correct.

b Find diagonal matrices P and D such that
P'AP=D.

¢ Use P and D with Emma’s closed form to

d Verify the answer to part d by solving the
recurrence relation.
< Sections 4.3, 4.4, 5.2

2 The solid formed by rotating the curve y = 31?’

x > 1 by 2 about the x-axis is sometimes
called Torricelli's Trumpet.
YA

a Find the volume generated by the solid.
b Show that the area of the surface of

revolution generated is wa % 1+ %dx
il

¢ Explain why
z-nf J1+—dx>2ﬁf —dx

forall x = 0.

d Hence explain why Torricelli’s trumpet has
infinite surface area.

« Section 6.3
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Exam-style practice

Further Mathematics
AS Level
Further Pure 2

Time: 50 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 a Using a suitable test, and without performing any division explain why 1485 is divisible

by 11.

b Use the Euclidean algorithm to find integers p and ¢ such that
1485p + 143¢ =11

¢ Hence find integers a and b such that

1485a + 1430 = 22

2 Theset G={1,3,7,9,11, 13,17, 19} forms a group under the operation of multiplication

modulo 20,

a Complete the Cayley table below for this group.

X20

1

7

9

11

13

17

19

1

3

i

11

9

19

11

s

13

17

13

19

9

b Explain why (G, x,,) cannot contain a subgroup of order 3.

¢ Find three different subgroups of (G, x,,) of order 2.

3 Lis the locus of points on an Argand diagram satisfied by |z — 3| = v2|z + 9|
a Sketch clearly the locus L.
On the same Argand diagram a finite region R is bounded by L and the condition
0 =arg(z+21) s%
b i Show this region on your sketch.

ii Find the exact area of region R.

(1)

C))

(1

C))
(1
2

C))

3

225



Exam-style practice

4

226

Given M = (_63 l ;p) and p € R, and that M has distinct, real eigenvalues,
a find the range of possible values for p. 3)
Given further that one of the eigenvalues of M is I,
bi findp

ii find the other eigenvalue of M. 3)
¢ Find a matrix P and a diagonal matrix D such that P"'"MP = D. @)

Dishwasher salt should be added regularly to a dishwasher to enhance its performance.
A new dishwasher is initially filled with 500 g of salt.

The dishwasher uses its supply of salt at a rate of 30% per week.

Each Saturday the dishwasher owner adds a further 50 g of salt to the supply.

The amount of salt in the dishwasher s, immediately after n Saturday additions may be defined
by a recurrence relation in the form

s,=as,_,+b,sy=c
a Deduce appropriate values for @, b and c. 2)
b Solve your recurrence relation and show that the closed form may be expressed by
5, = 22Q2a" + 1) 5)
Within the dishwasher a sensor measures the salt supply to the nearest 0.1 g.
This sensor causes a warning light to come on when the salt level falls below x g.
This warning light first came on during the 12th week of operation but was only noticed
on the Saturday of that week just before the usual weekly top up.
¢ Find the range of possible values for x. 3)



Exam-style practice

Further Mathematics
A Level
Further Pure 2

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 Solve the congruence equation 17x = 2 (mod 75)

2 Pisthe set of all prime numbers less than 20.

A family of sets exist which all have four members {1, a, b, ¢}, such that a, b, c € P and
a<b<ec

Colin deduces that there must be a finite number, N, of unique sets in this family.

a Find N.

Three possible members of this family of sets, denoted by S,, Sz and S, are
Si=31,5,.7,.11] Sp=1{1,3,7,9} Se=itl, 5.5

b Prove that the set S, forms a non-cyclic group, G ,, under the binary operation of
multiplication modulo 12.

[You may assume only that the law for associativity is already proven|]
The set S, forms a group, G, under multiplication modulo 10.
The set S¢ forms a group, G¢, under multiplication modulo 8.

¢ Show that the group G, is isomorphic to exactly one of the groups G or G.

Janet believes that when a = 2 in any of the sets belonging to this same family it is impossible

for any such set to form a group under multiplication modulo n, where 7 is even.

d Explain why Janet is correct.

3 The point P represents a complex number z in an Argand diagram. Given that
20z -il=1z-4|
a find a Cartesian equation for the locus of P, simplifying your answer
b sketch the locus of P.
¢ On your sketch from part b, shade the region for which
2Iz-il <z -4l and larg(z + 1)| < —721
d Find the complex numbers for which

V20z-il=lz-4l and larg(z + 1)| =

i

ro =

C))

(2

3

2

(©))
2
2

C))
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10a
4 M=|020),aeRr
a 00
For some value of ¢ > 0, M has only two real eigenvalues.

One of these eigenvalues of M is —1.
a i Find the value of a.

ii Determine the second eigenvalue of M and justify which of the two eigenvalues is
repeated. ()]

M has three linearly independent eigenvectors.

The normalised eigenvector corresponding to the eigenvalue of —1 is

_L
V3
0
2
V3
b Find the two remaining eigenvectors, giving your answers in normalised form. 3)
¢ Write down a matrix P and a diagonal matrix D such that P'MP = D. 2)

5 The total income, in pounds, of a charity in year » is denoted by I, = S, + M, + D,, where
S, represents annual income from sales made in the charity’s shops
M, represents annual income from annual membership fees
D, represents annual income from donations

The charity has formed three related models to try and predict its income in future years

as follows:
1
Su+] = gfn
Mn+] = 4Sn+] - Sn

D, = d, where d is constant
a Show that these models give rise to the overall recurrence relation model
Lz = ¢l — gl +d 3)
b Given that [,=d and I, = %d, find a closed form for 7, (6)
The charity states in its advertisements

‘In the long term our ability to make a difference is entirely dependent on maintaining the
value of the donations we receive.’

¢ Explain how the model supports this claim. 2)

228



6 Consider the curve C generated by the parametric equations

x=-1)? and yzgt%

An arc A of this curve C is defined by 0 = ¢ = a, where constant, a > 0.
It is known that the arc length of A is 8.

a Find the value of a.

When this same arc A is rotated 360° around the y-axis, a curved surface is formed.
b  Find the exact area of this curved surface.

7 Given that
F= f"sinz"xdx, nezZ,n=0
0

a establish the reduction formula

_ 2n+1)
bui = (2n+2 ’

Helen has developed the solution
f" 5t 5 Q2m)m
sin*xdx =

0 (n!)222n
b Given that /; = 7, use the reduction formula to prove by induction that Helen’s solution
is valid.

8 Find the total number of positive integers less than 10000 that contain the digit 7
a exactly once

b at least once.

Exam-style practice

®)

“4)

(6)

®)

)
(&)
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Answers

CHAPTER 1
Prior knowledge check

1

Assume there are finitely many primes: p,, p., ..., p,.

Consider N = p,p,...p, + 1. Then ged(V, p;) = 1 for any of

the p.. So N is not divisible by any of the p.. Thus, N is either

prime or divisible by some other prime, ¢. But since all the

primes have been listed already, no such ¢ exists. So, by

contradiction, there are infinitely many prime numbers.

Basis: n=7: 37 = 2187 < 5040 = 7!

Assumption: 3¢ < k!

Induction: 3*+1 = 3(3%) < 3k! < (k + Dk! = (k + 1)!

(n=7=3)

So if the statement is true for n = k, it is true for n = k + 1.

Conclusion: 3" < nlforallne Z,n = 7.

a 108=2?x3%180=22%x3?x5

b ged(108, 180) = 36, lem(108, 180) = 540

Basis: n = 1: 1* + 2 = 3 is divisible hy 3.

Assumption: There exists N € Z such that &* + 2k = 3NV,

Induction: (k + 1)* + 2k + 2 = (k* + 2k) + 3k + 3k + 3
=3N+k+k+1)

So if the statement is true for n = k, it is true for n = k + 1.

Conclusion: n* + 2n is divisible by 3 for alln € Z.

5 343
Exercise 1A
1 a yes b no c yes d no
2 +1, +3, +5, 15
3 a +1,+2,+3, +4, +6,+12 b =1, +2, +4, +5, +10, +20
¢ +1,+2, +3,+6 d +1
4 a b=ka= bn=kan=klan), so an | bn.
5 b=kaand c=1b,soc=Ika)=(kla=a|c
6a g=13,r=4 b g=-13,r=8
¢ g=5r=06 d g=-6,r=3
e g=06,r=40 f g=-7,r=44
g g=0,r=44 h g=57,r=23
7a g=28,r=4 b g=-18,r=2
¢ ¢g=1692,r=4 d g=13,r=11

10

11

230

n can be written as 3g + r, where r € {0, 1, 2}

Then n? = 27¢% + 27¢% + 9qr® + ré.

r=0:n*=93¢")

r=1:n"=93¢"+ 3¢+ 3¢) + 1

r=2:n*=9(3¢" + 6¢° + 4q) + 8

So r* can be written in one of the forms 9k, 9k + 1 or
9k + 8 for some k € Z.

Any odd integer can be written as n = 2m + 1 for some
m e Z.So n*=4(m? + m) + 1. If m is odd, then m? is
also odd, and 2 | (m® + m), giving n* = 8k + 1 for some
k € Z.1f m is even, then m? is also even, and 2|m* + m,
giving n? = 8k + 1 for some k € Z.

Any integer can be written asn =5+ re (0,1, 2, 3, 4}.
nt*=625¢* + 500¢%* + 150¢°r* + 20 gr* + r* =5m + r*
r=0:nt=5m;r=1Lnt=5m+1
r=2:n*=5m+16=5(m+3)+1
r=3:n*=5m+81=>5(m+16)+1
r=4:n*=5m+ 256 =5(m+ 51) + 1

In every case, n* is in either of the forms 5k or 5k + 1
for some k € Z.

a=3qg+r, wherere {0, 1, 2}.

afa® + 2) =3k + r* + 2r, for some k € Z.
r=0:ala® + 2) = 3k

r=l:al@®*+2)=3k+3=3k+1)
r=2:ala®+2)=3k+12=3k+4)

2
So 3 | ala® + 2), and therefore M €7

Challenge
b p=2,s=-3
Exercise 1B
1a7 b 20 c 3
2 Any multiple of 6 that is not divisible by 42, e.g. 6, 12,
18::
3 a2 b 13 c 4
d 1 e 17 f 68
4 13
5a 6 b L
6a x=-17,y=7 b xr=-1,y=1
¢ xr=132,y=-535 d x=9,y=4
e r=29,y=39 f x=5y=4
7a 39=16x2+7
16=7Tx%x2+2
7=2x3+1
So ged(39,16) =1
b p=7¢9g=-17
8 a=-10,b=81
9 a x=2y=-17 b x=50,y=-425
10 a=700,b=-200
11 a 1

12

13

b 8r+3=06Brn+2)x1+(3n+1)
m+2=383n+1)x1+(2n+1)
3n+1=02n+1Dx1+n
2n+l=nx2+1
Soged(8rn+3,5n+2)=1

a Let ged(a, a + x) = d. Then there exist m, n € 7
(m # n) such that @ = md and a + x = nd. Then
x=(n-md. Sincen-meZ, d|x.

b Letx =1.Then ged(a, a + 1)|1, by part a.

So ged(a, a+1)=1foranya € Z.

a 1

b x,=28y,=77

¢ 63(28 - 231) -23(77 - 63¢)
=1764 - 1449t - 1771 + 1449t = 1764 - 1771 = -7
Sox =28 - 23t,y =77 - 631 is a solution for any
te Z

d Forallt =1, both x and y are positive, and for all
t = 2, both x and y are negative, so xy will always
be = 0.

Exercise 1C

1
2

3
4

a 1 b 8 c 4 d 3
a true b true ¢ flalse

d true e false f true

a 1,8,15 b -6,-13,-20 c. 1
If @ = b (mod m) then b = a + mqg for some ¢

Hence a = b + m(—g) so b = a (mod m)

a -2=3%# 2 (mod 5)
- - m km _km .. _ _km
b aisa multiple nfg, > =5 km = > (mod m)
a yes b no
a 21* =121 =1 (mod 5)
b 99" =(-1)" = -1 (mod 10)
c 21?]1]E]E]E OIE][J[F = 0 {mﬂd 7}
d 237 =(-1)"=-1=7 (mod 8)
1
a 49 b 43
6

@ Full worked solutions are available in SolutionBank.



11
12

13

12

2]1]0 + 3]1]0 + 4]1]0 + 5]1]0 = (_]]l[l[h + ll[l[b + [_1}]1]0 = 3
= 0 (mod 3)

a Base case: n = 0 holds since 1 = 1 (mod m)

Inductive step: Assume a* = b* (mod m)
a1 =qa x at = b x b* (mod m) = b*+! (mod m)
b E.g 1*=2*(mod 5), but 1 # 2 (mod 5)

14 52+ 1722 =3" + 3" (mod 11). 3° = 243 = 1 (mod 11)
So3"+3"=2x3x1*=6(mod 11)
15 a 8 b 1 c 9
16 16
17 a 3 b 13
Challenge
a 41 b 21 ¢ 43
Exercise 1D
1 a yes b yes ¢ no
d vyes e yes I yes
2 Let x be a positive integer with its digits written as

=1

10
11
12

13
14
15

Uy ... U300,
Then x = a, + 10a, + 10%a, + ... 10™a,,

10 = 0 (mod 2) then 10 =0 =0 (mod 2) for k=1, 2,3, ...
Hence x = a, + Oa, + Oa, + ... Oa,, = a, (mod 2)

So x is only divisible by 2 if it’s last digit is divisible by 2.
10 = 0 (mod 5) then 10* = 0¥ =0 (mod 5) for k=1, 2, 3, ...
Hence x = a, + Oa, + Oa, + ... Oa,, = a, (mod 5)

So x is only divisible by 5 if its last digit is divisible by 5.
N=100a + 10b + ¢

10 =1 (mod 9) then 10 =1 =1 (mod 9) for k=1, 2, 3
Hence N = (a + b + ¢) (mod 9)

So N is only divisible by 919 | (a + b + ¢)

N =10000a + 10006 + 100¢ + 10d + e

10 = -1 (mod 11) then 10* = (-1)* (mod 11) for
k=1,2,3,4,5

Hence N = ((-1)'a + (-=1)*b + (=1)*¢ + (-=1)'d + e) (mod 9)
N=(a-b+c—-d+e)(mod9)

So Nis only divisible by 11 if 11 |(a-b+c—-d + e)
10=1 (mod 3) then 10 =1*=1(mod 2) for k=1, 2, 3, ...
Hence x = a, + @, + s + ... 4, = @ (mod 3)
Soif3|(a,+a, +a,+...a,)then 3 |N.

100 = 0 (mod 4) then 10t = 0* = 0 (mod 2) for k=2, 3, ...
Hence x = a, + 10a, + Oa, + ... Oa,, = (a, + 10a,) (mod 4)
a, + 10a, is the number formed by the last two digits of x.
So x is only divisible by 4 if the last two digits are
divisible by 4.

6+1+5+9+2+8+5=36=4x9
6-1+5-9+2-8+5=0, so divisible by both 11
and 9.

6
a=1,b=3
198, 297, 396, 495, 594, 693, 792, 891, 990

a Since0<a=9and0=b=9,a+bisamultiple
of 9 between 1 and 18, i.e.a +b =9 or 18.

b 10a+b=-a+b(mod11)Sob-a=>5(mod11)
Given0<a=9and0=56<=9,-9<b-a=09,the
possible values of b — a are 5 and -6.

c 27

31,71, 39.79

935, 836, 737, 638, 539

2589, 3579, 3478, 4569

Answers

Challenge
a x=8a,+8  'a,_ ,+8 a, ,+ ..+ 8a, +a,

8 =1(mod 7) then 8 =1*=1(mod 7) for k=1, 2,3, ...
Hencex=a, +a,_; +,_»+ ... +a; +

So x is only divisible by 7 if

THa,+a, (+a, ,+...+a,+a)

i.e. if the sum of its digits are divisible by 7.

Divisible by 2 « last digit is even

Divisible by 4 « last digit is 0 or 4

Divisible by 8 « last digit is 0

Divisible by 3 < sum of digits a multiple of 3

Divisible by 6 < sum of digits a multiple of 6

Exercise 1E

1
2

o

11

12

13
14

15
16
17
18

a 2 b 1 c 0 d 11
a xr=2(mod?7) b x=6(mod?9)
¢ x=0(mod6) d x=3(mod11)
e xr=13(mod17) f x=1(mod?9)
g x=7(mod9) h x=9(mod11)

ged(27, 15) = 3,50 27 x n = 27 x 3 (mod 15)
= n = 3 (mod 5)

x =75 (mod 80)

no solutions; ged(12, 18) =619

no solutions; ged(15,25) =549

Let d = ged (a, m). So there are A, M € Z such that

a = Ad and m = Md. Then, for any solution x,

Adx =b+nMd = b =d(Ax - nM) = d | b.

But this is a contradiction, since d 1 b, so there are no
solutions to the congruence equation.

a 91=4x20+11,20=11+9,11=9+2,9
=4x2+1

2=2x1+0,s0ged91, 20)=1.

b n=5(mod 20)

a x=2(mod?7) b x =3 (mod8)

¢ x=0(mod3) d x=4(mod3)

e x=3(mod?5) f x=1(mod3)

a {0,1,2,3,.4,5,6,7,8,9,10,11)

b x=2,5,80r11

a a=-226,b=37

b x =507 (mod 733)

a a=-19,b=217 b 217

¢ x =80 (mod571)

a 3 b 3 c 34 d 58

a x=06(mod?7) b x =41 (mod 49)

¢ no solutions d x=9(mod 13)

e x =49 (mod91) f x=9(mod 27)

a x=4(mod?7)

b no solutions; ged(14, 21) =7 413

¢ x=3(mod?5)

d

e

r

a 2 b 2 ¢ x=88or439

a ged(39, 216) = 3 and 3 1 10, so there are no
solutions.

b x=39(mod72)

2,12 and 22

x = 244 (mod 277)
x =15, 40, 64 or 90
x = 28 (mod 37)

Exercise 1F

1
2

a 3 b
12

151
]

=]
=5
w
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Answers

3 x=9(mod 11)

4 22[! + 33!] + 440 + 550 4 66['
= [2!’:]3 % 22 + [3{1]5 - {4!’:](: % 44 + {5{1]5 » 52 i [6[.}]1]
=224+1+4+524+1=287=0(mod 7)
So 220 4 390 4 440 4+ 559 4 6% is divisible by 7.

5 a Ifpis prime and p { a, then a” = a (mod p).

b 2= (29" x 22=1 x4 =4 (mod 5)
6 a x2"=>x""%xr=1x2*=2%s0x"=4(mod11)

b 5

¢ (x+ 11k = 2% + 32%(11k) + 3x(11k)* + (11k)?

= 2° (mod 11)
7 52+172=(5")2+ (1712 =52+62= 25+ 36
=6 (mod 11)

8 Leta=6and p=3.Then 6’ '=6=0% 1 (mod 3).

Exercise 1G

1 a 120 b 10 c 20
d 336 e 77520 f 161700
2 24
3 36
4 16777216
5 a 2600 b 400
6 12600
7 32805
8 a 225 b 252
9 a 5040 b 42 c 2520
10 39916 800
11 a i 120 ii 60
b 360
12 840
13 a 40320 b 384
14 2:—0
15 a 4080
b i 2400 ii 1980 iii 3150
c 680
16 a 3024 b 3024 ¢ 216
17 a 32 b 10
18 a 111 b 228032
19 a 5985 b 2376 c 1134
20 a 1192052400 b 0.222(3s.1)
21 a 1352078
b 53970627 110400 ¢ 75600
Challenge
2n)!
70 [nln)!

Mixed exercise 1
1 12
2 a 721=4x150+121,150=121+29.121=4x29+5
29=5x5+4,5=4+1,4=4x1+0
so ged(721, 150) =1
b a=-149,b =31
a=-745,b=155
362=17x21+5,21=4x5+1,5=5%x1+0
so ged(362, 21) =1

b x=690,y=-40
4 a 3 b a=328b=-64
0x10+5x9+2x8+1x7+7x6+3x5+5x4
+2%x3+5x2+4x1=165=0 (mod 11)
i9 ii 7

]

Ll — o
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10
11

12

13
14
15
16
17

18
19
20
21

22
23
24
25
26
27
28

29

51% = 2601 = 1 (mod 100)
S099 + 517 = (-1)' + 51 x 1¥ = -1 + 51
= 50 (mod 100)

509 = (49 + 1)® = 1 = 1 (mod 7)

1

157
3+3+5+0+4+9=24, so divisible by 3.

3-3+5-0+4-9=0,so divisible by 11.

100a +10b+¢c=(99+a+ 9+ Db +c
=a+b+c¢(mod3)

so3|(a+b+c)e= 3| (100a+ 10b + ).

12

71280, 75284, 79 288

153, 252, 351, 450

a a=4,b=-1 b x =20 (mod 299)
a 3 b 3

¢ x=124,371or 618 (mod 741)

9 and 19

x = 242 (mod 500)

a gcd(39,600)=315 b x =154 (mod 200)

a Ifpis prime and p { @, then a” = a (mod p).
b 7
x =8 (mod 11)
a 1355 b 140
a 120 biéo ii 36
60480
a 3628800 b 14400
139838160
J 1
n n! =
* (3)=moamm B

n n n s
c ;(’J = ;{Number of subsets of S with r elements)

= total number of subsets of S

=2n
Challenge
a Suppose p { a. Then, since p is prime, there exist A,
x € Z such that 1 = Aa + ap, so Aa = 1 (mod p).
plab = ab=0(mod p)
= Aab=A x 0 (mod p) = b= 0(mod p) = p|b.
Following a similar argument with 1 = Bb + yp, p | a.
b Assume there exist coefficients of a, n and m such that
na = ma (mod p). Then (n - m)a = 0 (mod p), which
means that either a = 0 (mod p) or n — m = 0 (mod p).
pta=a#0,s0n-m=0(modp) = n=m(mod p).
But since 1, 2, ..., p — 1 < p, none of the coefficients of a
can be congruent to each other. Thus all p — 1 elements
of the set are unique modulo p and thus they must
make up the set {1, 2, ..., p - 1}.
¢ Taking the product of all elements in the set in part b,
ax2ax3ax..x(p-1a
=1x2x3x..x(p-1)(mod p)
= (p-Da"-'=(p- 1! (mod p)
gedip,p-1=1=a""'=1(mod p) = a” = a (mod p)
CHAPTER 2
Prior knowledge check
1a5b b 1
2as b 6 c 4 d 6
22 1 3z 0
33(] 3) b 5 c(_%l)
1 0 0 -1 :
4 B (0 a 30 %)

@ Full worked solutions are available in SolutionBank.



Exercise 2A

1

10

11

12

13

a Yes b Yes ¢ No
a Yes b No ¢ Yes d Yes
1 .
a 1 b ;-3i
1
" (1 0) b (i ©
0 1 01
a No b No ¢ Yes d Yes
a Yes b No ¢ No d No
e Yes f No
a ¢ _5%d ac
a —*—= = € 0, since ac, ad + be € Z.
b d” Tt ad+be
b Let e be the identity and a be any element in Q*.
a*e:%:a:bae=a2+ae=>a2=0=>a=0

But this is a contradiction, as a can be any element
in @, so there is no such identity e.
a i No ii Yes
b i?2
ii Assume there exist a, b € Z* such that a = b = 2.
Thena+b-2=2=b=4-a.
But (e.g.) for @ = 5, this gives b= -1 ¢ Z*, s0
there isn't an inverse for every element in 7+, so
Z+ doesn’t form a group under *.
(a* b))+ c=abc+ac+ab+a,
buta = (b+c)=abc+ab+a
So associativity fails and R is not a group under =.
Closure: Adding two integer-valued 2 x 2 matrices
gives another integer-valued 2 x 2 matrix.
Identity: 0 + A=A +0=A

a b\, [-a -b
Inverse: (c d) + (—c —d.] =0
Associativity: Assumed
Therefore the set of integer-valued 2 x 2 matrices
forms a group under addition.
Closure: (a 0)(6 0) = (ac 0) ac,bd € Z
= 0 b0 d 0 bd" :
Identity: IA = Al = A, where I is the 2 x 2 identity matrix.

10
Inverse: (J‘ 0) : =1 for any i
0 il\p %

Associativity: Matrix multiplication is always
associative. Therefore the set of diagonal 2 x 2
maltrices with 4 # 0 forms a group under matrix
multiplication.

Closure: (al !?1)(*512 bz):(a‘]ag ﬂ1b2+b||‘32) cM

0 /A0 ¢ 0 €162
wensit (3 3)(G ¢)=(6 oo 9)=06 o)
Inverse: Solve (g Zl(g ;):(é ?) so find that (g i’)

1 b
has inverse (g l“_r) eM
Associativity: Matrix multiplication is always associative.
Therefore M is a group under matrix multiplication.
Closure: Let f{x) = ax + b and g(x) = cx + d.
Then gf(x) = cax + (cb + d), which is of the same form.
Identity: f{x) = x gives [g(x) = gflx) = g(x) for all g(x)

Inverse: For f{x) = ax + b, I"'(x) = %x - g is the inverse.

Associativity: fg(h(x)) = fgh(x) = f{gh(x)) for all functions
f,g.h. Therefore the set of functions f{x) = ax + b,
a,b € R, a # 0 forms a group under function composition.

14

16

Answers

Assume there exist unique a, b, ¢ € G such that

ar*b=axc=e.Thencs(a+b)=c=*e=cand

(¢ # a) = b= e« b=b. By associativity, b = ¢, but since

b and ¢ are unique this is a contradiction. Therefore

any element in ¢ has a unique inverse.

a a+xa'=a'+*a=es50a=(a')

b (axb)+«b'sa)=a+exa'=a+a'=e
Bblsa=laxb)=bze+xb'=b+xb'l=¢e
So(a+by'=b"%al.

a?h? = (ab)* = a*b® = abab

= (a'a)ab(bb™") = (a~'a)balbb-")
= eabe = ebae = ab = ba

17 asb=bea=aca-beb=acbea-b
= e=(a=b)e(a=b),so0a-bisself-inverse.

Challenge

a Assume N°contains finitely many distinct elements with
N® = {a,, @»... a,). Then by 2, s(a,), s(a,), ... s(a,) € N°,
and by 4, they must all be distinct. But by 3, none of
these are 0. So 0, s(a,), sla) ... s(a,) are n + 1 distinct
elements of M which is a contradiction.

b Define the notation ‘- 1" to represent the element of [°
that has a given successor, i.e. S(n - 1) = n.
la+b)+c=(a+Sb-1)+c=Sla+bH-1)+Skc-1)

=S(Sla + (b - 1)+ (c- 1))
=Sla+Sb-D+c-1)=8Sa+b+(c-1)
=a+Sbh+c-1)=a+b+Slc-1)
=a+(b+c)

Exercise 2B

1
-1]1-1 1

=0 sl @ =

112 1 0
ol]1 0 -1
-110 -1 -2
Not closed, so not a group.
b |1 5 7 m
1 1 5 7 11
515 1 11 7
7 |7 A1 1 5
1mmy11 7 5 1
Closed, with identity 1 and all elements self-inverse.
Associativity always holds for addition. Therefore
the set is a group.

3 |1 2 3 4 5 6
1 1 2 3 4 5 6
212 4 6 1 3 5
313 6 2 5 1 4
414 1 5 2 6 3
5|15 3 1 6 4 2
6|6 5 4 3 2 1
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Answers

11 Since a|n, there exists b € S such that ab =, 0, but
0 # S, so0 S is not closed and hence does not form a
group under x,.

12 a

el e p A
e|le p g r s
plp e s t q r
g|lg t e s r p
r|lr s t e p gq
s|s r p L e
t |t g r p e s
b Closure: All entries in the Cayley table are in S,

Identity: The row and column corresponding to e
are the same as the column and row headings, so e
is the identity.

Inverse: e'=e, p'=p,g'=q s'=1so0all
elements have inverses in S,.

4ail 11 2 4 g
1 1 2 4 8
212 4 8 1
414 8 1 2
818 1 2 4
ii Sis closed, with identity 1.
1'=1,2"'=8and 4'=4
Associativity is assumed, so S is a group under x, ..
b 2x1=2,2x2=4,2x4=8,2x8=16=,4,s0
the element 2 has no inverse, so S is not a group
under x,,.
5a 0
b . lo 2 4 s
0|10 2 4 6
212 4 6 0
414 6 0 2
6|6 0 2 4
c 2=2,4=226=2%0=2%so02Iis a generator.
6a .19 1 2 3
oo 1 2 3
1 1 3 0 2
212 0 3 1
3|3 2 1 0
b Closure: All entries in the Cayley table are in S.
Identity: O is the identity
Inverse: 0-'=0,1'=2,31=3
Associativity: Assumed
So S is a group under ».
Ta g r s
g9 9 9 9
rlig r s
s|t s r g
|ttt ot
b r
¢ No; g and ¢ do not have inverses.
8 a True; all entries in the table are in A
b False; no row/column contains the same entries as
the corresponding column/row headings.
¢ False; e.g. 10 = (20 % 30) = (10 * 20) = 30.
d False; no identity element and = is not associative.
2% e 4 2 @&
oo 2 o0 2
1 1 0 3 2
212 2 2 2
313 0 1 2
b Not associative; e.g. (0 + 1) % 2= 0 % (1 % 2).
¢ x=00ry=2
10 a E.g. 9x 74 =666 =, 29 ¢ 5, s0.S is not closed, and
cannot be a group under multiplication modulo 91.
b 29
234

1 2 3 4 12 3 4
133(3241) h(3124)
12 3 4 1 2 3 4
6(1432) d(2413)
12 3 4 1 2 3 4
e(2314) f(4213)
(1234) h(1234)
4 21 3 2 31 4
14 a2 3x(9x11)=3x3=9;(3x9)x11=11x11=9
b Cayley table is

x [ 1 3 9 11

1(1 3 9 11
313 9 11 1
219 91 1 :3

1111 1 3 9

Closure: All entries in the table are in M.

Identity: The row and column corresponding to 1
are the same as the column and row headings, so 1
is the identity.

Inverses: 1"'=1,3"'=11,9"'=9

Associativity: By part a

So (M, %) is a group.

¢ 3'=3,32=9,3"=11, 3*=1, so M is a cyclic group

with generator 3. 11 is also a generator of (M, x).

31=3:3%=9,32 =73 =1 50icyclic:

Generators are 3 and 7.

b 12'=12,122=4,12% =8, 12* = 16, so cyclic.
Generators are 8 and 12.

c 2'=2,22=4,2°=8,2¢=7, 2° = 5, s0 cyclic.
Generators are 2 and 5.

16 If 6 generates a group G, then there exists a € G such

that 6a = 1 (mod 8). But then 6a = 1 (mod 2), which is

a contradiction, as 6a = 2(3a) is even. Therefore 6 has

no inverse and cannot generate a group under x,

17 G={1=5%4=525=5" 16 =54 17 = 5% 20 = 5%

18 a w®=1iso0,sincei*=1, * =1 and o will generate a
cyclic group of order 8, G ={w": n =0, 1, ..., 7}. This
is closed, with identity 1, and (") = @™ Complex
multiplication is always associative.

15 a

b %{1 =1 %(—1 +1, %{—1 -1

@ Full worked solutions are available in SolutionBank.



Ps | Pa
Ps | Ps Pr P2 Pz P

¢ Closure: All entries of the Cayley table are in P
Identity: The row and column corresponding to p,
are the same as the column and row headings, so
P is the identity.

Inverse: p,~' = p,, p,~' = ps, po! = P so all elements
have an inverse in P.

Associativity: (pp)p. = pppe = pdpp:)

So (P, <) is a group.

d p,' = pu ps=ps p’ = pa.pt =pspl =pLsoPisa
cyclic group generated by p,.

20 a h = [} ; g 3 g 2) (identity)
h, = ( ; ; ? 2 g 2) (reflection in horizontal)
hy = (i ‘:2_) 2 ;1 g g) (rotation by = about centre)
hy = ( é g i g g ?) (reflection in vertical)

b Cayley table is
o | hy hy h R
hy | hy h, hy h
ha | hy hy hy By
hy | hy hy hy, h,
hy | hy hy h, Ry

Closure: All entries of the Cayley table are in H.
Identity: The row and column corresponding to h,
are the same as the column and row headings, so
h, is the identity.
Inverse: All elements are sell-inverse.
Associativity: (hh)h, = hihhe = hihhy)

¢ Every element of H is self-inverse, so there is no
element that can generate all elements of the group.

Challenge
r = rotation 120° about y-axis, s = rotation 180° about z-axis
t = reflection in xz-plane, e = identity

Answers

s e r r*|s sr s\t tr r*|ls lsr tsr?

e|le r rtl|ls srosr|t tr r'|ts sr isrt
rlr r e |sr s sr|tr * t |tsr® ts Isr

Pl e r |srosr’ s | t  Ur|lsr lsr* s

s | s srosrfle r r*|ts tsrtsr*| t tr trf
sr|sr s s |r* e r |lsr tsr® ts |tr* L Ur

srf|srt s sr|r r* e |tsr* Is sr|tr r* 1

t| ot tr tr*|ts tsrisr*le r r*| s sr srt
tr | tr tr* L |lsr* Is tsr|r r* e |sr* s sr

|l ot tr|tsrotsr® ts |1 e r |sr s s

ts | ts tsr tsr®| t tr r*| s sr sr*|e r 1’
tsr|tsr Lsr® s |tr* 4 tr|sr st s | e r

tsre|tsr® ts tsr|itr tr* t |sr* s sr|r r e

Exercise 2C
1a6
baT1 4 5 7
g1 6 3 6 3
2 a gle a b ¢

|1 2 2 2

b No; no order 4 element, so there is no element that
could generate the group.

3 a6

glo 1 2 3 a
|1 6 3 2

¢ 10,2, 4)
4al 19 1 2 4 5 6
oo 1 2 4 5 &
1|1 4 0 6 2 5
22 0o 5 1 6 4
4l4a 6 1 5 0 2
505 2 6 0o 4 1
6|6 5 4 2 1 o0

ii Closure: All entries of the Cayley table are in H.
Identity: The row and column corresponding to
0 are the same as the column and row headings,
50 0 is the identity.
Inverse: 0°'=0,1"'=2,4"=5,6"=6,s0all
elements have an inverse in /.
Associativity: Assumed
So (H, ») forms a group.

b i lor2 ii {0, 4, 5} iii (0. 6)
5a 10;1,2o0r5.
b 2%, ..., 2" give all the elements of U, so U is a cyclic

group. Generators are 2, 6, 7 and 8.
¢ {1} (1,10} {1, 3,4, 5,9}
No; e.g. the element 2 has no inverse.
Yes; closed, identity 0, 2k has inverse -2k,
associativity follows since + is associative for all of Z.
¢ No; R is not a subset of Z.
d No;1+1=2,so the set is not closed.

o
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Answers

7 a |S|=8. 318, s0no subgroup of order 3 (by Lagrange).

b g|1 3 7 9 11 13 17 19

gl |1 4 4 2 2 4 4 2
¢ (1,3,7,9,11,9,13,17},{1,9, 11, 19)

8 a * | a b

c

ala b ¢

bl b ¢ a

c|l e a b

Closure: All entries of the Cayley table are in G.
Identity: The row and column corresponding to a
are the same as the column and row headings, so a
is the identity.
Inverse: a-' = a, b-! = ¢, so all elements have an
inverse in S.
Associativity: Assumed
So (G, ) is a group
b Sis nota group, as the order of any element of a
group would divide its order and 3 1 7.
9 S is the set of elements of the form e (8 € R).
(e“)(e¥) = e’ *" & S, s0 S is a closed subset of C,,.
e" =1 is the identity. e has inverse e ™.
Associativity holds on C.,, so also holds on S.
Therefore S is a subgroup of C_,
10 a 5 b 2 c 4 d 4
11 a Foranyg e G,|g|| p, so since p is prime, |g| € {1,
pl). But only the identity element has order 1, so all
other elements of ¢ have order p. If a has order p,
then a” = e, and the p distinct elements a’ are all
distinet, so generate the p elements of . Thus @ is
a cyclic group with generator a.
All non-identity elements have order p, so by part b,
they are all generators of G.
False; identity has order 1.
False; self-inverse element would have order 1 or 2.
True; x* has order 4 + 2 = 2.
False; (2%)? = (a?) = ex?=a? z e
True; Order 4 element = 4 | |G].
True; (x) = {e, x, 2%, 2%
False; G could be (x}, which is a cyclic group.
True; 2% = (x*) =e*=¢
True; 2° = (x*fF =ex=x
True; (x*)? = %, which has order 2.
False; x? has order 2.
1,2,4,8
{0),{0, 4),{0,2,4,6},{0,1,2,3,4,5,6,7)
14 All non-identity elements of ¢ will have order p or p*
lg| = p = {g) is a subgroup of order p.
lg| = p* = g™* = (g°)" = e, so {g") is a subgroup of order p.

-

12

13

e E———rgoe,e et TR

15 a No; inverses fail 1
a_c_ac 3 : ayvt b
b Yes; Rar = 0 so closed, identity = 1, (b) =
associativity holds on @, so holds on any subset of
Q too.
¢ Yes; closed, identity =1, 1! =1 and (-1)' = -1
d No; R is not a subset of Q.
e Yes; closed since 323" = 37+% identity = 3° = 1,
[3&]—[ = 3-0
I Yes; the trivial subgroup since 1 is the identity
element.

g No;e.g (-1)(-1) = 1, so not closed.
h No; e.g. (-2)(=3) = 6, so not closed.
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16

17

18

1

2

3 5\_ . (-1 0 . (10
Let (_2 _3) = A.Then A* = ( 0 _1) and A* = (0 1),
which is the identity element in the group of 2 x 2
matrices under matrix multiplication. So {A, A%, A%, A%}
forms a finite closed non-empty subset of the group,

and is a subgroup.

2=1234) ;;=(1234)

B X (1342‘”“1’“ 1 2z 3 af®

S ={r, r?, r*} is a closed finite subset of S,, so is a
subgroup of S, with order 3.

bealli 553kl 233

a |p|=21g/=06

¢ Rotation 120° anticlockwise; (¢%) = e = ¢", ¢%, ¢*}

Challenge

Let h € H.Then h* € H for all n € Z. But since H is
finite, for any m, € Z there exists m, € Z such that
hmo= b = hoh-me = e, where e is the identity
element of G. Therefore H contains the identity and
every element A" has inverse h-"= Associativity holds
since H C (. So H is a subgroup of G.

a x' has order n
=e=2rx' M=) =2r"=(rM"=e=("n
b Basis:n=1:y=z"5z
Assumption: y* = z-lx*z
Induction: y*! = (z-la*z)(z-'xz) = z-'xbexz = z-'ak 'z
So if the result holds for n = k, it holds for n = k + 1.
Conclusion: y" = z'x"z for alln € Z*.

Exercise 2D

1

a fla) e fla) = fla™ » a) = fleg) = ey = (Ha) " = fla™)
b Basis: n = 1: fla") = fla) = (f{a))
Assumption: fla®) = (fla))*
Induction: fla®') = fla* + a) = f{a*) - fla) = (@) - fla)

= (fla))+!

So if the statement is true for n = &, it is true for

n=k+1.

Conclusion: fla) = (f{a))” for all n € Z*.

a G: H

% |1 =1 i -i w0 1 2 3
1 1 -1 i -i 0 0 1 2 3
-1]1-1 1 - i 1 1 2 3 0
i i -i -1 1 2 2 3 0 1
-i| - i 1 -1 3 3 0 1 2

b Define f such that f{i*) = k£ (mod 4).
f{1) =0, f(i) = 1, f(=1) = 2, f(-i) = 3, so all elements of
G map to all elements of H.
One-to-one: f{i*) = f{i) = k= (mod 4), i.e. k=1 + 4n
for some n € Z. Then i = i#¥ = (if)(i*)" = i* x 1 = iF
So f(i*) = f{i’) = i* = i, so ['is one-to-one.
Preserves structure:
f(i* x i) = fi*) = k + [ (mod 4) = {{(i*) +, f(i)
So fis an isomorphism and G = H.

@ Full worked solutions are available in SolutionBank.



3 a Cayley table is

xs |1 3 5 7
1.9 & 5 7
3|39 1 7 5
Sl # A 3
Tl & 3 1

Closure: All entries in the table are in G.
Identity: The row and column corresponding to 1
are the same as the column and row headings, so 1
is the identity.
Inverse: All elements are self-inverse.
Associativity: (a xg b) xg € = @ x4 b x5 ¢ = a x5 (b x5 ¢)
So (G, x4) is a group.

b (x,y=(1,5),(3,7), (5 Dor(7,3)

¢ 5x,h=>5forall h € H, so 5 has no inverse, and H
cannot be a group.

d K=1{1,3,7,9)

e In(K, x,), 3*=9and 3* = 1, so 3 has order 4.
However @ has no elements of order 4, so G 2 K.

4 a ab=a=a'ab=a'a= b=e, buteand b are distinct,

50 ab # a. A similar argument holds for ab # b.

b G, G
o | e a c s le a b ¢
e | e a c ele a b ¢
ala e ¢ b and a|a ¢ e b
b|b ¢ e «a b|b e ¢ a
cle b a e cle b a e

¢ H# (G, with isomorphism f{a*) = i*.
g |1 7 11 13 17 19 23 29
g/ |1 4 2 4 4 2 4 2

b {1,7,13, 19} = cyclic group of order 4
{1,17, 19, 23) = cyclic group of order 4
{1, 11, 19, 29} = Klein four-group

¢ D, contains 4 reflections, so has at least 4 elements
of order 2, whereas ¢ has only 3 elements of order
2, 50 (G cannot be isomorphic to D,.

6al,T1 2 3 4 5 6
W|1 3 6 3 6 2

b {1} = trivial group
{1, 6} = cyclic group of order 2
{1, 2, 4) = cyclic group of order 3
¢ [ G — Hsuch that f{6Y) = 17*¢
7 a Since, forg e G, |g| | |G, lg| | p for all g € G, so the
order of each element in G must be either 1 or
p. Since only the identity has order 1, all other
elements must have order p. Thus there exists at
least one element g € G such that g” = e which
acts as generator for the other elements, so 7 is
isomorphic to the cyclic group of order p.
b f: G — Hsuch that f{7%) = ™"
8 f: G — H such that fle't) = 11* (mod 32)
9 @ has two elements of order 4, but / has no elements
of order 4, so G 2 H.
-1 0 )

10 a Order 1: ((1) (1)) Order 2: ( 0 1

orer (0 (5, 34O M, Mo M9

=1

b

c

Answers

The Klein four-group contains three elements of
order 2. ¢ only has one element of order 2, so any
subgroup ¢ of G can have, at most, one element of
order 2,50 ' 2 K,

H has three elements of order 2, but ¢ only has one
element of order 2, so G 2 .

Challenge

i (o 1ho 1} )G DG oy o

ii Closure: Let A and B be any two elements of S. The

b

entries of AB will all be either 0 or 1 since we are
working modulo 2. Let detA = ¢ and detB = b, which
are both either 1 or —1. Then det(AB) = ab is also
either 1 or -1, so det(AB) # 0.So A,Be S = AB e S.

Identity: (é ?)A = A(é ?J =AforallAeS.

Inverse:(é ?)((1) i)(} ?)[? é)self—inverse

0 1\ _(1 1
(] 1) B (] 0)
Associativity: Assumed
So S is a group under matrix multiplication modulo 2.

iii .S./D, (non-cyclic group of order 6)

i

(2 2
48 ( )
T2

Mixed exercise 2
1 a abi=a*h=>b=ab=b=a, butaandb are

=1

b

distinct, so by contradiction, ab® = a®b.
Since ab = ba, ab®* = ab = ab=a = b =e, but b and
e are distinct, so by contradiction, ab = ba.

xel1 3 5 9 11 13
1 13 5 9 11 13
313 9 1 13 5 11
515 1 11 3 13 9
9 13 3 11 1 5
1111 5 13 1 9 3
13113 11 9 5 3 1
81s|1 3 5 7 9 11 13 15
Isi]1 4 4 2 2 4 4 2
b No; no order 8 element
¢ |S|=8and 348 so Lagrange = no order 3
subgroup of 8.
d {1, 3,9, 11} has generators 3 and 11.
{1, 5,9, 13} has generators 5 and 13.
Rotation by % anticlockwise
|G] = 8: G = (M, M?, M?, M¥, M?, M6, M7, M)
iz Z_2 iz 2
¢ i Tz i BT T
Z 2 _2f\_z _&
z 2 2 2 2 2
0 -1 2 (-1 0 0 1 1 0
o (83l S Yoy o
{ 1 0 ) 0 -1 -1 0) 0 l)
a Second option
« |A|B|C|D
=l A|D|C|B|A
g
‘é' B|lC|D|A|B
E C|B|A|D]|C
“|p|la|B|Cc|D
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Answers

b Closure: All entries in the table are in the set.
Identity: The row and column corresponding to D
are the same as the column and row headings, so D
is the identity.

Inverse: All elements are self-inverse.

Associativity: Assumed

So the four options form a group under o.
¢ No; no element of order 4.

681 S lo a2 2 34 5 & 7
00 2 4 5 6 7 9
1 1 0 7 6 5 4 3 2
212 7 4 1 6 3 0 5
313 6 1 4 7 2 5 0
4|14 5 6 7 0 1 2 3
5|15 4 3 2 1 0 7 6
6|6 3 0 5 2 7 4 1
717 2 5 0 3 6 1 4
ii Closure: All entries in the table are in G.
Identity: The row and column corresponding to
0 are the same as the column and row headings, 10
s0 0 is the identity.
Inverse: 0, 1, 4 and 5 are self-inverse;
21=6,3"=7
Associativity: Assumed
So G forms a group under o.
bil4or5
ii {0,1,4,5),(0,2,4,6}or{0,3,4,7)
¢ G has no element of order 8, so cannot have a
generator and cannot be cyclic.
7 a Singular matrices do not have an inverse.
b Closure: detA = a and detB = b = det(AB) = ab.
So if neither A nor B is singular, then AB cannot be
singular.
Identity: (é (1))
oo e WY L fd b
w(a d_] _ad—bc(.—c a ) -
Associativity: assumed
So the set of non-singular real-valued 2 x 2 matrices
forms a group under matric multiplication.
8ai 13 4 8 10 14 16
214 8 16 10 14
4|8 16 14 4 10
8|16 14 10 8 4 2 12
w2z 4 8 10 14 16
1410 2 4 14 16 8
1614 10 2 16 8 4
ii Closure: All entries in the table are in G.
Identity: The row and column corresponding to
10 are the same as the column and row headings, 13

so 10 is the identity.
Inverse: 10 and 8 are self-inverse; 2-' = 14,41 = 16
Associativity: Assumed
So G forms a group under o.
b 42=16 and 4% = 10, so 4 has order 3.
¢ 2;2=21,4=228=2310=2514=2516=2¢
14; 2 = 14° 4 = 14%, 8 = 14%, 10 = 14°, 14 = 14",
16 = 142
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d

a

a

22=4,4°=16,8"=10,10=10,14°= 16, 16> =4
So H = {4, 10, 16} which has Cayley table

= | 4 10 16
4 (16 4 10
10| 4 10 16
16 |10 16 4

From the Cayley table, H is closed, so (H, <) is a
subgroup of (G, «).

Closure: For every n, m € Z, n + m is congruent to
one of 0, 1, 2, 3, 4, 5 (mod 6), so S is closed.
Identity: 0+ g=g=g + 0 lorallg € G, s0 0 is the
identity.

Inverse: 0 and 3 are sell-inverse; 1-'=5,21=4
Associativity: (a+ b)+c=,a+b+ec=,a+ (b +c)
So (S, +,) forms a group.

All elements can be written in the form 1¢ and 5’ for
some k, [ € Z, so the group is cyclic with generators
1 and 5.

416, so by Lagrange’s theorem, S cannot contain a
subgroup of order 4.

[0, 2, 4}
{“lnqurp-(a b)(c d):( ac — bd ad+bc)eq
== \-b al\-d ¢ —(ad + be) ac-bd) "
(10
Identity: (0 1) ) ) ,
Inverse: (_C;} 2) = (_Ez '::Z ) "!;‘I’Z) es
a? + b* a® + b?

Associativity: Matrix multiplication is associative.
So S forms a group under matrix multiplication.
Ris asubsetof §.(y = 0)

gosne (5 08 -2 S)<n
Identity: (é (1)) € R; Inverse: (g g) = (g S)

Associativity: Matrix multiplication is associative.
So R is a subgroup of S.

(é (1)) ¢ T, s0 T cannot be a subgroup of S.

g|1 5 7 11 13 17 19 23
gl|l1 2 2 2 2 2 2 2

 has no elements of order 4 so there is no element
that could generate an order 4 cyclic subgroup.
H is a cyclic group of order 8 with generator e*'.
G has no element of order 8, so cannot be cyclic.
So G H.
1 0
A:1,B:1,C (o Y
i Both A and B have elements of order 4, so are
both cyelic groups of order 4, and A = B.
ii € has no element of order 4, but B does, so
BZC.
ili A=BbhutBZC,s0oAZC.

coskr  sinfr
|G| = 6. Let g, = e e
-sing cosy

k|1 2 3 4 5 6
gl 6 3 2 3 6 1

S, has three elements of order 2, but ¢ only has
one, so (G £ S.

@ Full worked solutions are available in SolutionBank.



Challenge
5 IS4|=24'1 2 3 41
UL e {(1 2 3 ahle
1 2 3 4
(4 1 2 3)}
ieefi 33 40
iii e.g. (i é g %)(i
[1 2 4 3)’(1
e tenfy 73 G
1 2 3 4
(2 1 4 3)}
i e {(i 530G
1 2 3 41
(4 1 2 3)’(2
1 2 3 41
(3 4 2 ])’(4
d

=N e pote pe @D

o= I W

2

s
—
o
'S
3]

3 4 (l 2 3 4 }
4 2)’ 1 4 2 3)
3 4') (l 2 3 4)
4 2/'\1 4 2 3/
3 4) (l 2 :3 4)}
3 21 3 4 2
3 4') (l 2 3 4)
3 4/'\1 2 4 3/
3 4') (l 2 3 4)
4 1/\3 4 1 2f
3 4) (l 23 4)
3 4/\1 3 4 2/
3

1 s}

Every element in S, can be catergorised as one of the

following types:
(* * **) = all elements fixed

one element of order 1
(< * *) = two elements fixed, two swap
six elements of order 2
(< +) = two pairs of elements swap, order 2
six elements of order 2
(— — *) = three elements rotate, one fixed
eight elements of order 3
(o— )= four elements rotate
three elements of order 4
i S, has no element of order 6, so there is no element
that could act as generator for a cyclic subgroup of

[ES

order 6.

ii @ has four elements of order 4, but S, only has three
elements of order 4, so S, cannot have a subgroup

isomorphic to G.

CHAPTER 3

Prior knowledge check

1a

Im

(=2.4)

h

2 a Im#4

(0, )¢,

=
=Y

b x+2F+(y-4°=9

b y=x-3

3
4 a mh
(6, 0) I}
., 0 Re
ey (0,-2)
b Im A
0 Re
(-2,-2)
C Im#a
(-6, 0) )
o= Re
(0,-2)
Exercise 3A
1 a Im#4
x-6VF+y>=9
3 '___ry\
) 3U9 R;J
_3l-----=-=
3 [I+Q]2+ 2_ 256 Im4
15) ¥ 7 225
-7 Re
3

Answers
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Answers

c Im 4
d Im
0 Re
(14:-5)
(x—14) + (y + 5)2 = 100
e Imfp (22-4P+(y-6°=20
D
0 Ro
f Im#4
_8)k, ,_16
(h
ol a 8 12 Re
3 3 3
2 a arg(
240

b arg(z_3l =T Im A

s

wa|

Re

3 a Substituting x + iy for z and squaring gives
(x+1P+(y+1)P=4(x+4)7°+(y -2
which can be rearranged to (x + 5)* + (y — 3)* = 8,
which is the equation of a circle with centre (-5, 3).

b 2 \?

@ Full worked solutions are available in SolutionBank.



4 a argz—arg(z+4]=% s

Re
b (-2,2)
c 2/2
d (x+20P+(y-27°=8
e b6m+4
5 a Substituting x + iy for z and squaring gives

¥+yr=4x+ 4P+ y?)

which can be rearranged to (x + IT"’F +yt= %

which is the equation of a circle with centre [—% lJ:]

and radius %

b Im 4
|z] = 2|z + 4|

w| oo

b (x+32+(y-42=252<0y>0

¢ a:%,b=7r

d -8<Reizz<0
8 (x+12+(y+22=8y=>0

9 a agZi)-7
z=i\_m
b arg(z—4i)‘6
z-6-i\_2=n
¢ arg(_z—l—Zi)_B

10 a Substituting x + iy for z and squaring gives
(x+ 3P +y* =9((x - 5%+ )
which can be rearranged to
2+yr-12x+27=0.

b Im4

|z + 3] = 3|z - 5]

¢ 3»-"§(ms% +1 sin%

11 a Z]=6i,22=3,k=2
b Substituting x + iy for z and squaring gives
X2+ (y - 6)2=4((x - 3)2 + 1)

Answers

which can be rearranged to x% + y* - 8x + 4y = 0.

¢ o= —% d [4 - »-"'1_0. -2 - \"'E-]

Challenge

The locus is an ellipse with foci at @ and at —a, and major

axis of length b.

Exercise 3B
1 a Im4 b Im4
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.

/lrg[z +3)= %

-

bt
\ |z-2|=|z-6 - 8i
aN_ T
arglz - 4|- 2i) = 5~ R
] I
1
Earg{z—4—2i):\0‘
0 4 Re
lmll
-1 -
0 Re

b 57 n

Im 4 6 <argz < Y
______ 3
z+6]=<3
—Qw% 0] Re
S
b 16
Re(z) = Imiz)
I -
8 Re
T
3

y Re

3
Challenge
Im#4
4P
‘\‘\\‘.
\2 -
R ‘\‘
0 > N AN

Exercise 3C
1ai UL

H

»
u

3 -2-10

1
o 2 (-3
ii Translation ( 5 )

hit)j\

[ =B B R =

0 1 2 3 4 5¢U
ii Enlargement by scale factor 2 with centre O

c i Uk

4
-

/28
3 2 o
¥

2
r oy

1
T

=Y

-5 -4-3-2-10 1

ii Rotation % anticlockwise about O followed by
' . -2
Lranslatmn( ) )

dit)j\

[l S - - S S |

w, w,

0 1 2 3 456 74U

ii Enlargement by scale factor 3 with centre O

followed by translation (—OZJ

@ Full worked solutions are available in SolutionBank.



2 w=4z-8+12i
3 w=4diz
4 (u+1P+(-3°=64

5 a

B oo

U

|w - 2i| = 3

(T
=y

PR

-2
/ 0 u
Circle with centre (0, 0) and radius %

Half-line from (0, 0) at an angle of —%

Circle with centre (-1, ——} and radius = /5

The circle in the z-plane is |z| = 3, so the
corresponding locus in the w-plane will be such
that |w| = |z|* = 9, i.e. a circle with centre (0, 0) and

radius 9.
argw = arg(z%) = 2argz

Thus, if z moves around the circle |z| = 3 once,
w will move around the circle |w| = 9 twice.

The non-negative real axis: v =0, u =0
The non-positive real axis: v =0, u <=0

i 9ubstituling u + iv for w and squaring gives
w+(v- 2}2 4(u?* + v*) which can be rearranged to
w+ (- %]2 = gf', which is the equation of a circle.

ii Centre (0, %), radius 4

U A
R
2\
083
Wy

9 Rearrange to z =

This is the perpendi(:ular blsector of (0, 0) and (£, 0),
50 is a line in the w-plane.

1Y
=y

=

Rearrange to get z = -

€n|z—1|_—_1=:-2|w

Substituting u + iv for w and squaring gives
A2+ v =(u-17+ az which can be rearranged
to give (i + %]2 +v? =% which is the Pquatmn ofa

circle with centre (—_— 0) and radius 2 .

=y

Nr.n

Rearrange to get z = . Substitute x + iy for z and

u + iv for w and rearrange to get x =

Then the equation of line 2y = x gives
br =2u* - 3v + 202 whi(‘h can be rearranged to

(u— —}2 + (v —%]2 16> which is the equation of a circle

=2 = 2|w +i| = |w - i|, then substituting u + iv for
w and squaring gives 4(u?® + (v+ 1)) = u* + (v - 1)%,
which can be rearranged to give v* + (v + %}2 =3
which is the equation of a circle with centre (0, —



Answers

13 Rearrange to get z =

14 a Rearrange to getz =

15 w=z+3=z+

16 Rearrange to get z =

244

w—3i

Lzl =3 = 3w - 4|
w-4
= |w- 3i, then substituting « + iv for w and squaring
gives 9(u — 4)* + v?) = u* + (v — 3)*>which can be

rearranged to give (u - 3 + (v + 3)? = 22, which is the

. . . A . I
equation of a circle with centre (3, —3) and radius %

i ;}lw then substituting

u + iv for w and rearranging gives

u Juz+ v+ :
zZ=— ,—[ : ),sotherealaxm,y:ﬂ,
ul+v? o\ ut+w?
u>+ vt + v ERION: .
becomes —————— = 0 = «® + v* + v = 0, which
u? +p?

can be rearranged to u® + (v + %]2 = % which is a
circle with centre (0, 3) and radius 1

=4 = u=4u’ + 40°

b The line x = 4 becomes —%— =
u® + pv?

which can be rearranged to (u - g)? + v = 4, which
is a circle with centre (g, 0] and radius ¢
A28 _ 4 2 = 2Re(2)
|2
Since |z] = 2, -2 = 2Relz) = 2,50 w € [-4, 4]. k = 4.

1-3w
w

, then substituting u + iv

w—3u®-3p® . v :
' - - 1( - ) so the line
u®+ v us + p2

2x - 2y + 7 = 0 becomes 2(u — 3u® - 3v?)
+ 20 + T(u? + v?) = 0. This can be rearranged to

(e + 1 + (v + 1)* = 2, which is the equation of a circle
with centre (-1, -1) and radius V2.

for w gives z =

Challenge
w=iz+2i

Mixed exercise 3
1aizx=2

ii line; perpendicular bisector of (0, 0) and (4, 0)
b i (¢-14) +p2=%
16

ii Circle with centre 5 0) and radius %

A -
& & do lz-2+i| =3
0
m=v3
c arg(z+1l=%

44z 2 25
a (-3l +y'=%

q
b 4 +g-'3—4 N i(4 + ﬁ)

¢ Im
argz:%
R
Re
lz+ 2] =12z - 1]
4 a Im4
z-4-2i\_ =«
arg( 2258 = 3
6H¢
(4, 2)
0 Re

b 2/2
5 a Substituting x + iy for z and squaring gives
Hx+32+y)=(x-32+y2
which can be rearranged to 2% + y* + 10x + 9= 0.

b ImA
20z+3|=|z-3| -

c tand=+3
6 a A circular arc anticlockwise from 5 + 2i to 1 + 6i.
Since 0 = g it is a semicircle. Centre is (3, 4) and

radius is 2/2.
b 5+2/2

0
b 57 ¢ yes

@ Full worked solutions are available in SolutionBank.



10

11

12

13

1 u : v ;
a z=-=— ,—1(—, ,J,snthmmageo[‘x:%
woy2yp? \p?4op?
s —t =1 which can be rearranged to
uz+pt 2

(u — 1)* + v* = 1, which is the equation of a circle
with centre (1, 0) and radius 1.

b A
(-1 +v2=1

a Im 4

|z + 4i|=2

-6

b 6
¢ i Circle with centre (0, —=8) and radius 4
ii Circle with centre (4, 0) and radius 2
iii Circle with centre (-4, 0) and radius 2
iv Circle with centre (0, 4) and radius 2
2 —iw
w-1
_2+vu-1)-uv
T (w122

a z=

% i(—u{u -1)-v2+ a])
(o =1)° + p*
So the line x = 0 has image w =0,
(—1)2+p2
and this can be rearranged to v = 2u - 2, which is a
line in the w-plane.
by = x has image with equation
C+o)u-1)-uvr=-u?+u-2v-v?
which can be rearranged to (u + ) + (v + 22 = 3,

which is the equation of a circle with centre (3, 3|

i _ /1o

and radius |5 =,

Eim

s "{", so the image of the circle |z| = 1 is such that
w+

4 - iw . N,

] 1= |w + 4i| = |w + 1|, and then substituting
&

u + iv for w gives u? + (v + 4)% = (u + 1)? + v?, which
can be rearranged to 2u — 8v — 15 = 0, which is the
equation of line /.

w-6 .
Rearrange to get z = 2zl =2 = 2w + 3i| = |w - 6|,
getogetz=""—2x |z jw + 3il = |u - 6|

then substituting u + iv for w and squaring gives

4(u® + (v + 3)) = (1 — 6)* + v* which can be rearranged
to give (i + 2)* + (v + 4)* = 20, which is the equation of
a circle with centre (-2, -4) and radius /20 = 2/5.

a a=2,b=0,c=-3 b w=5

E 5
z z

17 13 13
14 a a=5b=—7c=-7

15 a

Answers

b x+y+1=0hasimagev+(u-1)+((u-1F+5=0
2w+ -u+v=0
This can be written as (u - 3)* + (v + 3)* = 3, which
is the equation of a circle with centre (3, -3) and

; /2
radius -=
2

¢ U A l

=~y

Challenge
flz)=-iz*+1+1i

Review exercise 1

1

o

Division algorithm gives n = 3¢ + r where r € {0, 1, 2}.

So there are three cases: (il n=3g + 0, (i) n=3g + 1

and (iii) n = 3¢ + 2. In each case, show that n® + 2n is

divisible by 3 by expanding (3g + r)* + 2(3g + r).

a Division algorithm gives 1096 = 25(43) + 21 # 17 so
not correct.

b Euclidean algorithm shows greatest common
divisor is 169, so not correct.

8

a 5365=26 x 201 + 139; 201 = 139 + 62
139=2x62+15;62=4%x15+2;2=2x1+0
ged(5365, 201) = 1 = 5365 and 201 are relatively
prime.

b a=-2509b=94

x=-353,y =49

a ged(270,75) = 15, so by Bezout's identity, there
are no integers such that 270a + 75b is a positive
number less than 15.

b Lowest common multiple of 75 and 270 is 1350
15 = (27002) + (75)-T), s0
405 = (270154) + (751-189)

(27005 x 10 + 4) + (750-10 x 18 - 9)

= (27004 + (1350)(10) + (13500-10) + (75)1-9)
= (27014 + (751-9)

So place the fish and 9 x 75 g weights together, and
4 x 270g weights on the other side.

a a=bmodn)=b=kn+a=b+c=kn+a+c
= a+c=b+c(modn)

b b=kn+a,d=mn+c
= bd = (kn + a)imn + ¢) = (kmn + ck + am)n + ac
= bd = ac (mod n)

¢ Sincea=banda+c=0b+c, using part a,
a*+ac=ala+c)=0bb+c)=b"+bc

25400 4 11200 = 1400 4 (-1)200=1 + 1 = 2 (mod 3)

32 = 5(mod 27)

25m+l 4 Bm2 =2 x 25n + 25 x 5" =2 x 32" + 25 x 5*

2x 5"+ 25 x 5= 27 x 5" =0 (mod 27)

10 6
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11

12
13
14
15

16

17

18
19

20
21

22

23

24

246

1000p + 100g - 10r +s=-p+ g -r+s(mod 11)
Soif11|(-p + g — r + s), then 11 |N.

3+8+4+8+5+1+7=236.9|36=9|3848517
(a, b) = (1, 8), (3, 6). (5, 4), (7, 2), (9, 0).

x = 6 (mod 8)

a ged(40,12) =4 and 4 11, so 40x = 1 (mod 12) has
no solutions.

b x=8(mod11)

a 18x =2 (mod 14), where 18x = n.

b n=720r198

a Ifpis prime and p { a, then a” = a (mod p).

b ByFLT 26 =36=46=56=65= 1 (mod 7)
Thus 220 + 330 4 440 4 550 4 {60
=22+3"+44+5%2+6"=4+1+28+25+1
=14=0(mod 7)

x=2orb5(mod7)

a GNNG

b Bezout’s identity is 1 = 3(26) - 11(7), s0 -11 = 15 is

the multiplicative identity of 7 modulo 26.
So 15y = x (mod 26).
¢ PEN
d No multiplicative inverse so cannot decode.
167960

For n to be divisible by 9 the digits must add up to

a multiple of 9. The digits 0 through 9 add up to a
multiple of 9, so if you omit two of them, those two
must also add up to 9, so if you omit 0, then you must
also omit 9; etc. This means there are only five possible
pairs of numbers that you can omit.

If you omit 0 and 9, then the remaining 8 digits can

be arranged in any order, giving 8! possibilities. In
each of the other cases, you cannot place 0 in the first
position; thus giving 7(7!) possible ways of ordering
the numbers. So, of the five pairs of possible omissions,
you have one choice that leads to 8! numbers, and four
choices that lead each to 7(7!) numbers.

Adding them up gives

Bl + (4 x 7T = 8(7) + 28(71) = 36(7).

a=36
a 128
b 35
c i 2401 ii 840
a i All entries in the Cayley table are members of S.
ii Identity element s because for every x € S,
SEX = X#S = X
b Test for inverse is x*y = e = y*x but p*t = s = t*p.
c egpxlg=r=p,.(pxqglxr=gq
a Closure: M is the full set of least residues modulo 6,

so the addition of any two elements modulo 6 will
result in one of the elements of M.
Identity: 0« m=m = 0 =m for all m € M.
Inverse: m = (6 — m) = 6 = 0 (mod 6), so m has
inverse 6 — m.
Associativity: Assumed
So M forms a group under =.

b Order 2: 3; order 3: 2, 4; order 6: 1, 5

¢ (7 has order 6. Lagrange’s theorem says that a
subgroup must have order dividing 6. 4 {6, s0 G
has no subgroup of order 4.

25

26

27

28

29

30

31

32

Since ¢ € G, there exists ¢ € G.

Soaxc=bsc=axscxc'=brcrxc'=a="5b

Let r = rotation 120°. Then r* = rotation 240° and

r# = rotation 360°= e, so ris a generator for all of R,

and the group is cyclic.

a Let (7 be the set of all positive integers less than 8 that
are relatively prime to 8. The Cayley table for G is

xs| 1 3 5 7

111 3 5 7

3 (3 1 7 5

515 7 1 3

7 | b 3 i

Closure: All entries in the table are in G.

Identity: The row and column corresponding to 1
are the same as the column and row headings, so 1
is the identity.

Inverse: All elements are self-inverse.
Associativity:
(axsb)xgc=axsbxse=axg(bxgc)

So (G, xg) is a group.

b Since all elements are sell-inverse, there is no
element that generates all elements of G, so G is not
cyclic when n = 8.

By the division theorem, k = mqg + r for some g, r € Z

such that 0 = r < m.

So b =at=am =la™ia" = a = la"-9a*

Buta™ a*e H,soa" e H

Since a™ is the smallest positive power of a in / and

r < m, r = 0. Therefore, k = mg and every element of H

is of the form (@™¥. Thus H has generating element

a™, so is cyclic.

a 4

b a and ¢ are inverses of each other, so would not
have an inverse in S = {e, a) or S = {e, ¢).

¢ Closure:e*=e exb=bx*e=b b*=e, soclosed.
Identity: e x b = b x e = b, so e is the identity
Inverse: e? = g, b” = e, so both elements are
sell-inverse.

Associativity: Follows from associativity of # in G.

a Order of any element must be 1 or p (all non-
identity elements). So any element a # e has order
p, and is a generator. C is cyclic.

b Lagrange’s theorem says that the order of a
subgroup must divide p. But since p is prime, its
only factors are 1 and p, so the only subgroups of
C are itself and {e}, so € has no non-trivial proper
subgroups.

Assume a € F such that a # e. Since F is finite with

order n, a must have order m = n so that a” = e and

km=n.Soa"=(a"=e"=¢e

Bezout's identity is mx + ny = 1.

So a =a™* " = (a)"(a") = (a*)". So there exists b = a*

such that b" = a.

Assume there is another element ¢ € ¢ such that

e"=a.Then bm = ¢ = b= ¢ = bl -w=¢l-m

= blb)v=clev,butb"=c"=e,sob=c and b

is unique.

@ Full worked solutions are available in SolutionBank.



33 a 24
b The Cayley table for V, is
e |y Uy Uy Uy
vy |y U Uy Uy
v, | v, v, v, v,
vy | Uy Uy U Iy
v, | v, v, v, v

All entries are elements of V,, so V, is closed under
composition, and V; is a subgroup of S,.

¢ Klein four-group, K,
34 a Order 1: 1; order 2: 11, 19, 29; order 4: 7, 13, 17, 23
b {1,7,13,19}
¢ {1,11,19, 29}
d H has element 1 with order 8, whereas (7 has no
element of order 8, so G 2 H.
35 a e¥,e%, 0%, 6%, e =1.|G|=5
b Im#4
2xi
——""'le i
4xi L Ss.
ey b
-" ‘\
{ 1
' 0 1 Re
Ay ¢
f):r'l\‘\ /”
es s e
bt a1 |
95
c eg
1 0,40 1y (-1 O 0 -1
3 2 (0 1)( o)’(o —1)’(—1 0)
-1 0y/1 0y/0 1} /0 -1
(0 l)’(O —1)’(—1 0)'(1 0)
b
g g B B 8 8 B 8B 8
B |8 B8 8 8 8 B 8 B8
8218 B B8 & 8 B 8 &
B: |8 B+ 8B 8B 8 B 8 B
Bs |8 B 8 8B 8 B8 8 8
8 |8 B8 & 8 B B8 8 &
Be [ B B 8 & 8 B 8 B8
8 |8 B 8 8 8 85 8 &
B: [ B B 8 & 8 B8 8 &

Closure: All entries in the Cayley table are in /.
Identity: The row and column corresponding to g,
are the same as the column and row headings, so g,

is the identity.

Inverse: g,' = g,; all other elements are sell-inverse

Associativity: Assumed
So H forms a group under ».

37
38

39

41

42

43

49

50

Answers

¢ Both groups are of order 8, and have five elements
of order 2, two elements of order 4 and one of order
1. Therefore G = H.

a Because T < T b Centre (1,0)
A <43 B
T _
pollr 7 534
12 2 2
Radius 2, centre (-1, 2)

=Y

a L and M are both circles, so are similar.
2014
b
5
3
202

0

a k=4 b 10«
By sketchi - L iz
y sketching region, deduce that( 5 ) = 2x.
Solg-pr=8x=qg-p=y8x
(For non-zero area, g = p=¢g-p = 0)
a 72 b Im(z) =10

Rearrange to get z = 2;" _21. lz|=1=|w-2|=|2w - 1|
Substituting u + iv for w and squaring gives
(u - 2)* + v? = (2u — 1)? + v*, which can be rearranged
to give u? + v* = 1, which is the circle |w| = 1.

Re

a Rearrange to get z =

L 5 and then subtitute u + iv

- . 1-u

for wto get z = L + i
8 w-1)2+0v?2 (u-1)2+0v?

= U 1 .
— = = = _ and rearrangin
(w-1)2+p2 2 ging
gives u® + v =1, or |w| = 1.

(5-iz-2i
o= ———

So Im(z) = 3 =

Z o
a Rearrange to get z = 1 “10, and then subtitute
L{" "

u + iv for w to get
_(u+l}(u—]]—ua+iu[1—u}—v[v+ 1)
VRN EEYE S ow-1Z40?

When argz = % X =y, 50

v+ Du-1)-ur=ull -u-viw+1)
and rearranging this gives u* + v* = 1, or |w| = 1.
b v=-u
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h d Y

PO, 1)
_/1
51 a

b w=¢"+ae"=Acosf +iBsin#
SoA+B=2andA-B=2a=A=1+a,B=1-a
Splitting w into real and imaginary parts gives
u=1(1+ a];:ns.‘) and U;z: (1 - a)sin#

u v
=>(1+a) +(1—a) =1
= uil -a)P+v*1 +a)=01-da*)
C /R )

(1N
N

1 ega=16,b=-24,¢c=3

2 Assume finitely many primes = 3 (mod 4). Write these
as Py, Po. ..., p,- So all other odd primes must be
=1 (mod 4).
LetN=2xpxpax...xp,+1.pyxpaxpyx..xp,is
a product of odd numbers, so is congruent to either 1
(mod 4) or 3 (mod 4).
2xpyxp,x...xp,=2(mod4) = N= 3 (mod 4). N
is not divisible by 2 nor by p; for any i, so N must be
a product of prime factors all congruent to 1 (mod 4).
But this would mean that N =1 (mod 4). This is a
contradiction, so the assumption that there were
finitely many primes = 3 (mod 4) must be incorrect.

3 a ab=braba® = blba)ba)a = blba)a = ba
b Cayley table is

=Y

L=
=y

* | e a b ab

el e a b ab
al|la e ab b
b | b ab e a

ab|ab b a e

All elements are in {e, a, b, ab}, so the set is closed,
so forms a subgroup of G.

¢ Suppose G contains no element of order p. Since
( is non-cyelic, it contains no element of order 2p.
Since p is an odd prime, the only factors of 2p are
1, 2, p and 2p, so this means that all elements of G
must be of order 2 (except the identity). By part a,
(; is abelian. Since |G| = 6, ¢ must contain distinct
elements a, b, e, and by part b, {e, a, b, ab) forms a
subgroup of . But 4 { 2p, so Lagrange’s theorem
says that ¢ cannot contain a subgroup of order
4. This is a contradiction, so ¢ must contain an
element of order p.

CHAPTER 4
Prior knowledge check
1 a 26,18, 54,162
2 a=2,b=-1
3 Basissn=1:2x1-1=1=1
Assumption: ;[2’ - 1) = k2

Induction: ki(Zr -D=k2+(2(k+1)-1)

"~ —k2+2k+1=(k+1)2
So if the statement holds for n = &, it holds forn = k& + 1.
Conclusion: The statement holds for all n ¢ Z+.

b 2(39

Exercise 4A
1 a u,=1.05u,, u,=7000 b £8508.54
2 a d,=0.78d,,+ 25, d,=156 b 134ml

3 Each month 0.5% is added to the balance so
Balance + interest = b,_, + 0.005b,_, = 1.005b,_,
£200 is paid off so this amount is reduced by £200.
k =1.005.
P,=1.01P,, + 50000, P, = 12500000
Uy =DR—=3,80 U, +d=bn+2=u,
Uy =6x2""+1,502U,,-1=6x2"+1=u,
a 1,4,9, n16
u,,,,l:;[Zi— V+2n+D-D=wu,+2n+1,n=1
Upp=ln+12=n2+2n+1=u,+2n+1
i 2000 x1.01"-! ii 1780 + 20n
S, =8, + 2000 x 1.01"" - 1780 — 20n
With 1 person there are no handshakes.
hin + 1) = hin) + n
1,1,5,13, 41,121
i B e e s
1,1,6,13,27,50
11 B,=2B, 4 - B,a n=3: By = 100
12 u, = (3 - n)2% u, , = (4 — n)2""
Aty — U, ) = (3 = n)27% — (4 — p)2™!
=(6-2rn-4+n)2"'=(2 -n)2™' =u,
13 a 10,10, 10, 10; 20,10, 10; 10, 20, 10; 10, 10, 20;
20,20.J,=5
b J=J_+J J=1,/=2
¢ 34 ways
14 a e.g. Initially there are 4 rabbits so F, = 4.
Fi =6 x4+ 4 = 28. Each subsequent year the
F,, = F,_, rabbits just born produce 2 offspring
each, and the F,_, older rabbits produce 6 offspring.
SoF, =2(F, —F,_)+6F,,+F,_ =3F,_ +4F,,
as required.
b e.g. assumes no female rabbits ever die.
15 a b,=2,b,=3
b Strings of length n ending with 0 that do not have
consecutive 1s are the strings of length n - 1 with
no consecutive 1s with a 0 added at the end, so
there are b, , such strings.
Strings of length r ending with 1 that do not have
consecutive 1s must have 0 as their (n — 1)th digit;
otherwise they will end with a pair of 1s. It follows
that the strings with length n ending with a 1 that
have no consecutive 1s are the strings of length n -
2 with no consecutive 1s with 01 added at the end,
so there are b, such strings. We conclude that
bn = bri—l + bﬂ—Z'
c b.=34

=1 & G

=]
e e o o o

]

248 @ Full worked solutions are available in SolutionBank.
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Exercise 4B : Exercise 4C
P i
1a =52 b b, =4 1 a neven: 511 +6(-1"2=-5+6=1=(1)"
¢ d,=10(-14" d x,=2(-3)r nodd: 5(=11 4 60=1)1-2=5 - 6= -1 = (1)
2 a u,=5+3n b xﬂ:2+%n+%nz b 5x6m1+6x6"2=6m15+1)=6"
¢ Yu=3-2n+Lnn+1)2n+1) ¢ 5181+ Ble™) + 6lA-1)7-2 + Bl6"-2))
d s,=1-2n+n? =-5A1-1)"% + 6AI-1)"-2 + 5B(6 1) + 686 "-2)
3a aq,=2"-1 b u,=3(-1)! = A=1)"2 + 6B6 1) = A=1)"2 + B6™")
¢ h,=37x3"-5) d b,=2+ 2y 2 a 5(37-6x5031)+9x 5372 = (45 - 90 + 45)3"2 = 0
4 a n-1teams play each other g,_, times. When an b -n3" - 6(-(n — 1)37) + 9(-(n — 2)37
nth team is added, this team has to play each of the =-n3"+ (bn - 6)3""' + (18 - 9n)3"*
other n — 1 teams once, so there are g, , +n -1 —(-9n+18n - 18 + 18 —9p)3"2 =0
games in total. Le.g, =g, +n-1.g,=0. ¢ Follows from parts a and b.
by ge=gp S r= 31 3 a cm([n + 2}1) + mq(ni = ('0‘5(?1’ +nl)+ co%(nf
o g'% %ﬁ ) - D) romsy e 2) +os(n)
nn + nin - T T
=0+ ) -1-(n-1)= 5 _—cos(n2]+ms(n2)_0
5a u,=c@d")+3 b sin({n + 2}%) + sin(ng] = sin(w + ng) + sin(ng)
b ii2x47+1) i 31-4%Y) iii }599 x 41+ 1) Com
6 a an:clgn]_%n_% :—s1n(n2)+sm(n2]=0
b u =Y25x 31— 25— 3) ¢ Follows from parts a and b.
n= 3
4 au, , + bu, .,
’ s, i2‘03523[0 g = alcF(n - 1) + dG(n - 1)) + b(cF(n - 2) + dG(n - 2))
e el =claF(n - 1) + bF(n - 2)) + dlaGln - 1) + bG(n - 2))
c n=T7 =cF(n) + dG(n) = u,
8 a D,=095D,, + 20,D,=200 5a a=A+Bn b u,=A+B(2)
b D, =200(2 -0.95" ¢ x,=(A+Bn3 d t,=A@+i)r+BR-ip
¢ Asn — oo, 0.95:1.—, 0, so the deer population 6 a=-8,b=7
appr:)aches 400 in the long term. 7a a,=2"+3" b u, =7 - n3n?
13 . S“‘. ) +11 ¢ $,= 2"+ 3057 d u, =301+ 201 + (1 - 20
nme 61 _ 1
11 u, =471 x 47— 6n - 8) 8 a u,=7-34 _ ,
12 a u = -5(27 - 201) b u,=-275 b wy,y—uw,=-4"< 0= u,is decreasing
13 a u,=2%¢-n) b 2G-n) Hall el ﬁ,;;s _
14 a uy=lw=k+1lu;=k+k+1 9 a u,i=2”(ms(n§)+('7— 1)sin(n§])
b u,. T _11 b cos and sin are periodic of period 2=, so period for
= -
¢ i Tends to infinity u,is 5 = 8.
: 1 i
ii Tendsto_—— 10 o, Tosd doadlad Tond el el f=00
Eil A!ternates between 0 and 1 Auxiliary equation is % - r — 1= 0, so r = 1+v5
iv Diverges to e and alternates 145\ 1- 5\
15 a 3n?+4n b a,=3n2+4n+?2 andLn=A( 2" ) +B( 2‘ )
¢ n=13 L 1 \F}A IB V5 1
16 a «,=89-nn+12n+1) b u,=-91 1=+ AR B -G8 =
¢ Adding an odd number, 89, to an even number L,= %A + %A + %B - T,B =3
nin + 1)2n + 1) gives an odd number. Solving these equations gives A = B = 1,
17 a u,=3-nln+1) 1+45 n 1_.-'3"
b -103=3-nln+1) = nln+1) =106 = 2 x 53, n and so the closed form is L, = ( 2‘ ) + ( 2‘ )
n+ 1 are consecutive integers while 2 and 53 are not. 11 a x,=A(2")+B(3" + %
c k=21 b u,=A@2)+B-1r-n-3
18 a u,=1.015u, , - P, u, = 2000 ¢ a,=Al=3)"+ B-1)" - 5(-2)
b u = %{1,01 5430 - P) + P) d a,=A3)"+ B-1)" + 2n(-3)"
" : 2
¢ P=127.61 e an=(A+Bn+f—8)3"
Challenge [ u, =AY+ B(5" +8+2n
a Disk cannot be moved from A to € in one jump, so must 12 a u,= %{7[3") - 5(-1)7-2)
move from A to B, then B to C. b a,=15- 2%+ (-1)
b A—B, B—C A—B, C—B, B—A, B—~C, A—B, B—( ¢ U, =ndi" -2 x 5%+ 6-2)"
¢ Transfer n— 1 disks from A to € (H,_, moves), then move d x,=(4n? - 8n + 6)5"
nth disk from A to B (1 move), then transfer n — 1 disks _7 _2f om S omy T
from C to A (H,_, moves), then move nth disk from B to Bw ke, . D By=yl f] L
€ (1 move), then transfer n — 1 disks from A to € (H,, 1‘: a u, :‘:1[6 )+B-15n b u,=3(6"-15n-1
moves). In total, /, = 3H, , + 2. 15 a k= 15 b u, = A[3% + Bn(37)
di H=3-1 i 59048 moves ¢ Up=(1-5n+5n?3"
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16 a

Auxiliary equationis /# - r + 1=0,s0 r = ¢, and 8
the general solution has the form
U, =Acos(%n) + Bsin(gn).

u0=0=:-A=0,andu]=3=>%B=3=>B=2v"3.

f—

So the particular solution is u, = 2»-'T’§sin(%n)_

b sin("—ﬂ = .:;in(ﬂ + 271') = sin(('q +36]7r) so the

3 3 9
sequence is periodic with period 6.
17 a 22
hi 5.=28 .+ 28.0.8,=1.8=3
¢ i s,=1B+2/3)01+v3)"+B-2/3)01-3))
ii 578272256 10
Challenge
1 u,= 9lzl 4z
2 q=43,b=-1, max(u,) = 2k, min(u,) = -2k
Exercise 4D
1 Basis: n=1:u, =5' - 1 = 4; Assumption: u, = 5 - 1
Induction: u,,, = 5u, + 4 = 5(5¢ - 1) + 4 = 51 — 1
So if the closed form is valid for n = &, it is valid for
n=k+1.
Conclusion: u, = 5" — 1 for all n M.
2 Basis:n=1:u, =2%- 5= 3; Assumption: u, = 2** -5
Induction: u,,, = 2u, + 5 = 2(22 — 5) +5 = 2k3 _ 5
So if the closed form is valid for n = £, it is valid for 11
n=k+1.
Conclusion: u, = 2"+ 2 — 5 for all n e M.
3 Basis: u, = 5 + 2 = 3; Assumption: u, = 5" + 2
Induction: u,,, = 5u, — 8 =5(5%"+2)-8=5+2
So if the closed form is valid for n = &, it is valid for
n=k+1.
Conclusion: u, = 5" + 2 for all n ¢ I.
3-1 3¢ -1 L
4 Basis: u, -y = 1; Assumption: u, = B
Induction: u,,, = 3u, + 1 = 3(3k = 1) il
L2 2
So if the closed form is valid for n = &, it is valid for
n=k+1. 3n_ 1
Conclusion: u,==——foralln e M.
2 ) 13
Sa u=2u=7 uJ:%,ﬂA:{l-_:;
'} ¥ k
b Basis: u,=3 - 1 = 2; Assumption: u, = 43) - 1
. - k1
Induction: u;,, = 3u, - 1=4(3)" -3-1
3 ksl
=43 -1
So if the closed form is valid for n = £, it is valid for
n=k+1. 14
ey
Conclusion: u, = 4(3| - 1 foralln e Z*
6 Basis: u; =4'+ 3 + 1 = 8; Assumption: u, = 4 + 3k + 1
Induction: u,,, = 4u, -9% = 4(4* + 3k + 1) - 9%
=4k 3 3k+1)+1
So if the closed form is valid for n = k, it is valid for
n=k+1.
Conclusion: u, = 4" + 3n + 1 for all n e Z*. 15
7 Basis: u, = % =0;
Assumption: 2u, = 2k -1+ (-1)*
Induction: 2u,,, = 4k — 2u, = 4k - 2k + 1 - (-1)*
=20k + 1) + (-1)&
So if the closed form is valid for n = £, it is valid for 16

n=k+1.
Conclusion: 2u, = 2n -1 + (=1)"
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Basis: 1, = 2 — (—l]_1 = 4; Assumption: u, = 2 - (-3

2
Induction: u;,, =3 - Ju, =3 -1+ %{—%]H
1 (k+1)-2
=2-(~)
So if the closed form is valid for n = &, it is valid for
n=k+1. B
Conclusion: u, =2 - (-1 " for alln e Z~.
Basis: u; = 3° x 1! = 1; Assumption: u, = 3*'k!
Induction: u,,, = 3(k + 1)u, = 3(k + 1)35'k!
= 3[.hl]—1[k g ])|
So if the closed form is valid for n = &, it is valid for
n=k+1.
Conclusion: u, = 3='n! for all n = Z=.
a 2n people. Any person can pair with any of the
2n - 1 others. Having made this pairing, the other
2n - 2 people can be paired in P,_, ways, so,
multiplying, P, = (2n - 1)P,_,

— b e Lo (2K

b Basis: P, = T T 1; Assumption: P, = SRl
. (2k)!
Induction: P,,, = (2k + 1)P, = (2k + Yor
@k+2)! (2K +2)

T2k + 2)26k! T 281 (k + 1)1
So if the closed form is valid for n = &, it is valid for
n=k+1.
Conclusion: P, = e
2"n!

Basis: #,=3-2=1,u4,=9-4=5
Assumption: u, = 3% - 25, u,,, = 31 - 2&!
Induction: i, = 5u,, — b, = 535! — 251) — 6(3* - 25
A 9[3&] _ 4[2&’) = k2 _ ghs2
So if the closed form is valid forn=kandn=%k + 1, it
is valid for n = k + 2.
Conclusion: u, = 3" — 2n for all n e M.
Basis: 4, =-3"=1,u4,=0x3=0
Assumption: u, = (k - 2)3%", u,,, = (k - 1)3*
Induction: u,,, = 6ug,, — 9u, = 6(k - 1)3* - 9(k - 2)3*!
- Z[k _ ])3!«[ _ (k _ 2]3.t+| = k3kst
So if the closed form is valid forn=kandn=%k + 1, it
is valid forn = k + 2.
Conclusion: u, = (k — 2)3* ! for all n e M.
Basis: ;=2 x5"-2=1,u,=2x5-2=8
Assumption: u, = 2(5%') - 251, uy,, = 2(5%) - 2*
Induction: u,,, = 14(5%) - 7(2%) - 20(5%") + 10(2")
= 10(5) — 2(24) = 2(54+1) — 2%+
So if the closed form is valid forn =kandn=%k + 1, it
is valid for n = k + 2.
Conclusion: u, = 2(5"') - 2! for all n = M.
Basis: 14, =1x3=3,1,=4x9=36
Assumption: u, = (3k - 2)3%, u,,, = (3k + 1)3*!
Induction: u, = 6(3k + 1)3%' — 9(3k — 2)3*
= (6k + 2 - 3k + 2)3%2 = (3k + 4)3%+2
So if the closed form is valid forn=kandn=%k + 1, it
is valid forn = k + 2.
Conclusion: u, = (3n — 2)3" for all n « M.
a u,=7,u,=29 u,=133, u, = 641
b Basis: 1, =5 + 2 = 7; Assumption: u, = 5k + 2k
Induction: u,,, = 5(5% + 2k) — 3(2%) = 5+ 4 2kt
So if the closed form is valid for n = &, it is valid for
n=k+1.
Conclusion: u, = 5" + 2" for all n e Z*.
1-5

for all n e Z*.

i 1+V5
Basis: L, = =1,
asis: L, 5 J_r : -
L2:1+2v'5+5+l—2\-"5+5=3
4 E

@ Full worked solutions are available in SolutionBank.



Assumption:

E\k _ JE\E
Ltz(]+\5) il v5)‘

2 2

+ V3

1 T k4l 1= ,-'E (=3
L*“z( 2») +( 2»)

Induction:

So if the closed form is valid forn = kand n =k + 1, it
is valid for n = k + 2.

1+ \-"F5_)n - (1 -5
2 2

n
Conclusion: u, = ( ) foralln e N.

Mixed exercise 4

1
2
3

=1

= 3(27) + 1
a u,=2000-fnn+1) b u,=-16
u, =337 -1 b 147620

a
¢ u,=11957420
a T, =number of trees planted in first year = 12000
Removing 20% of the trees compared to year n — 1
leaves 80% of this number of trees, i.e. 0.87,_,, then
to represent the 1000 trees planted, add 1000 to
this to get T, = 0.87,_, + 1000
b T, 6=7000(0.8)" + 5000 ¢ 5000
a S, =number of salmon at beginning of first year
= 2000
Increase of 25% in number of salmon means that
their number is multiplied by f ie. %S,,_,, As X
salmon are removed, you subtract X,
ie. S, =%, -X= M
b Basis: S, =1 x (2000 - 4X) + 4X = 2000

Assumption: 5, = (2)(2000 - 4X) + 4X
Induction: S, = 35, - X
= (5)*'2000 - 4x) + 3(4x) - X

= (52000 - 4x) + 4x

So if the closed form is valid for n = k, it is valid for
n=k+1. .
Conclusion: S, = {g} (2000 - 4X) + 4X for all n = 0.

¢ X < 500: Population tends to ee.
X = 500: Population is constant at 2000.
X < 500: Population dies out.

a b,=1.0025b,_, - 1200, b, = 175000

b 2033

a P‘t N 6 It n

b P,,=P1+E[r—l}=0+§r—[n— 1)
=tnn+D-1-n+1=1lnr-1)

¢ 4950

a ;=25 t,=36,1;,=49

b t,=t_,+2n-1

¢ t,=n% g =10000

10

11

12

13

14

16

17

Answers

1 4+3p
* (0 3¢ )
b a,=3a,,+4,b,=3b,, .
1 4 1 2(3*-1)
e
¢ mE2EL “lo 3/ “lo 3
& BBl K =05 =T
T T

S, = Lnln+ D20 + 1)
Basis: u, = 3 x 1 x 2 = 1; Assumption: u, = 3k!(k + 1)!
Induction: u,,, = ((k + 12 + k + DEKIK + 1))

= 2(k2 + 3k + 2)kI(k + 1)!

= 3k + 1)(k + 2)k1(k + 1)!

= 2k + DIk + 2)!
So if the closed form is valid for r = £, it is valid for
n=k+1.
Conclusion: u, = yn!(n +1)!

]

Basis: u, = % =1; Assumption: u, = g 22”
! !
Induction: u., = (k + 3}&%‘2}. = WT%)

So if the closed form is valid for n = k, it is valid for

n=k+1. -
Conclusion: u, = (n +6 L

-1 " k[Zf*], Uy = 100
b C.F.is A(1.2") and PS. is _%k(z”},

a u,=12u

so u, = A(1.2n) - %k[Z”l
Using u, = 100, A = 100 + %k and hence

Uy = (100 + 57")(1.2"} — 57"(2")

S N I N Iy i

b There are f, |, paths of length r ending in a small
flagstone and f,_, paths of length n ending in a long
flagstone. This gives a total of f, = f,_, + [, paths of
length n. There is one path of length 1m and there
are two paths of length 2m, so f; = 1 and f, = 2.

¢ Solving the recurrence relation gives

W l((] " “I..E)ml B (1 _ v!g)m‘l)
"B\ 2 2

=201 =201
Snforn:ZOo,amzé(P+v5) _(1_V5) )
V5 2

2

a t,=81¢=22

b 1If the final digit of the string is not 0, then there are
t,.., possibilities for the rest of the string for each
of final digits 1 and 2. If the final digit is zero, then
the penultimate digit must not be zero, i.e. can he
either 1 or 2, and then there are ¢,_, possibilities
for the rest of the string for each of these two cases.
Thus, t, = 2t, , + 2, »

¢ 1, =448

i t,=

1 ((24/3)(1+3)" + /3 - 21 - V3)")

L
ii 3799168
u, = A(2%) + B(-1)y
Ui=:2r-1
x,=A(2") + B(5") + 3
x, =351+ 3)

=

Te TR

251



Answers

18 a,=19(57 - 19(-3)" - 2n+4)
19 Basis: #,=25-1)=1,4,=3(5+3)=
: k! [k + 1)
Assumption: u, = T{S — (=3, upy = (5 - (=3)%1)
Induction: z, , = —2(k + 2% * 1! ” T 25 (-3)kn)

+ 3k + 2){k + 1]—‘{5 - (=3)%

_ [k+2)[5 C31) + 3 [k+2}

[k+2)

{5 - (=3)4

{5 - (-3)%3)

So if the closed form isvalidforn=kandn=4%k+ 1,it
is valid for n = k + 2.

Conclusion: u, 4( - (-3)%)

20 a u,= roq(T) +2 - l}sin(f)

b cos and sin are periodic of period 2, so period for

u, 1‘;&_8.

ry
21 a S,.=5.+5,5=15=2

=y n+1
1({{1++5 1-v5
v s (5559

Challenge
1 a 31
b Consider one of the points already on the
circumference of the circle (4), and one of the
existing points of intersection of two diagonals (B).
The line through these two points will meet the
circle at two points, A and €. Since there are finitely
many pairs (A, B, there will be finitely many points
C on the circumference of the circle such that the
line AC goes through an existing intersection point.
However, since there are infinitely many points
on the circumference of the circle, it is possible to
choose one, D, which doesn't coincide with any
of the points C, and thus the chords AD do not go
through any of the existing intersection points.

c C,=C_,+ n* n+in-2
d C,=2n*-1n3+8n2-3n+1;C=3926176
2 a Walks nflmgth 1 start at A and end at any of the
other points; the spider cannot return to A.
b 6
¢ u,=43"+3(-1)")
CHAPTER 5
Prior knowledge check
1a 2 b 8
2 k=6

3 1 3 X —x —x i h
(2 2)(_%1) = (%x) = (—%{—x})‘ so any point on the
line maps to another point on the line.

Exercise 5A
1 a Eigenvalues 1 and 6 have eigenvectors (

4) and 1)
respectively.

1 1)

b Eigenvalues 3 and 5 have eigenvectors (}) and (
respectively.

1
¢ Eigenvalues 3 and 4 have eigenvectors ( and ( 12

respectively.
Repeated eigenvalue -1 has eigenvector (})

b Repeated eigenvalue 4 has eigenvectors (é) and (?)

252

'S

|

10

11

12

1

e

a

b

a

Eigenvalues -3 + 2i and -3 - 2i have eigenvectors

( ) and ( ) respectively.
1 1

Eigenvalues 3 + i and 3 - i have eigenvectors
Sl A
( z 2) and ( 2 2) respectively.
1 1

5.7 b y=3x.y=x

The characteristic equationis (1 - - 1x0=0=41=1
is a repeated eigenvalue, and the corresponding

eigenvector is (1)
0

k=-

k=>4

(@— 22+ b=

O=(a-VP=-b=a-1==xbi

= l=a=xbi

y:

a

b

b

c
d

Zx, eigenvalue -3

Solve (2 -2 +12=0=(2-4)¢=-12=
2-l=24i=i=24+4i.

Corresponding eigenvectors are ( ]) and ( 1 ) which

do not correspond to straight lines in R
Eigenvalues 1 and -1 correspond to eigenvectors

(;) and (_12) respectively.

(B2

Line y = 2x corresponds to eigenvector G)
Reflection in the line y = 2x

Let x be an eigenvector of A associated to the
eigenvalue 1 so Ax = ix. Apply A = A(Ax) = A%x = A(ix)
= iAX = 22x. Therefore, 1% is an eigenvalue of A2

(ﬂ b)(x)z(aerby)=>ax+by=0andcx+dy=0

e d'\Y

cx + dy
c

Thus ¢ = o ad — be = 0, and the matrix is singular.

b

Challenge
The matrix has eigenvalue 1 with eigenvector (0) s0 all

1

points on the y-axis are invariant. The other eigenvector is

1

(] ] s0 all lines parallel to y = x stay parallel to y = x under

T. Since every line will cross the y-axis at one point, and
this point is invariant under T, every line of the form

y =x+ kis an invariant line of T, and there are infinitely
many of these.

Exercise 5B
1 a Eigenvalues 1, 3 and 4 have eigenvectors

b

0 1 0
-2].| 0 |and| 1] respectively.
3 -1 0

Eigenvalues -1, 0 and 4 have eigenvectors

-2 3 1
1 |.[-2]and| 2 | respectively.
-3/ \4 =1

T-4 0 -3
-9 -2-1 3
18 0 -8-1

equation —(2 + 2)2(2 - 1) = 0. So -2 is a repeated

eigenvalue and the other eigenvalue is 1.

<G

Set = 0 to get characteristic

@ Full worked solutions are available in SolutionBank.



=1

-1

3 Eigenvalue —4 has eigenvector (_3) and repeated
2

-2 1
eigenvalue 2 has eigenvectors ( 0 ) and (1)
1 0
2-4 2 -2
-3 2-1 0
1 4 -3-1
equation * - 22 -2=(1+ 1)2*-21+2)=0,
50 —1 is an eigenvalue. Since 4% — 21 + 2 has
negative discriminant, the other two eigenvalues
are complex, and -1 is the only real eigenvalue.

d

Eigenvectors 1 + i and 1 - i have eigenvectors

4 - 2i 4+ 2i
9 + 3i| and [ 9 - 3i | respectively.

Set =0 to get characteristic

10 10
2-14 -1 3
Set| 0 2-1 4[=0togetcharacteristic
0 2 -4

=0 to get characteristic

equation —(2 — 4)(4* - 72 + 13) = 0. Since 2> - 74 + 13
has negative discriminant, 4 is the only real

Eigenvalues %(7 +1y/3) have eigenvectors

Eigenvalue 3 has eigenvector ( )and repeated

eigenvalue 2 has eigenvectnr(
The matrix representing the transformation will

always have at least one real eigenvalue/eigenvector,
which defines an invariant line.

equation (2 - (A2 -21-8)=(2-D1-4)1+2)=0,

s0 the eigenvalues are -2, 2 and 4.

1
4
2
-1,6
Eigenvalues -1, 3 and 6 have eigenvectors

-2 1 5
1 |.|-1]and|[ 1] respectively.
1 1 8

2-1 2 1
-2 4-1 0 |=0togetcharacteristic
4 2 5-J
equation (2 — A)(4* - 94+ 20) = 0, s0 2 is an
eigenvalue of A.

Set

1
V6
4,5 c |+
i Vb
s
6
4-1 2 1
Set| -2 -1 5 | =0 to get characteristic
0 3 4-2

equation —(2 + 2)(4 - 5)* = 0, so -2 and 5 are the
eigenvalues of A.

1
Eigenvalues -2 and 5 have eigenvectors (—4)
2

5
and (1) respectively.
3

+/2
Eigenvalues 2, —/2 and 2 have eigenvectors

1 1 1
(1 - v"?), ( 1+42 ) and (—1) respectively.
\-"E - 1 - 1 - \-"E _1

4
a=3andb=4

Eigenvalue -1 has eigenvector ) and repeated

eigenvalue 1 has eigenvectors (
Equation of [7is 2x — 2y + z = 0.

Exercise 5C

|ra

———

wa|

b Eigenvalue 2 has normalised eigenvector

Eigenvalue 5 has normalised eigenvector

,_.._.__‘
B wl|"' ] [
w

wll [
]

:‘3||N| wll"

——

b Since the matrix is symmetric and Adam is using
PTAP, he should be using normalised eigenvectors.



Answers

10

11

12

13

(

-

o R
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—2 corresponds to (_11) and 5 corresponds to (;)

P:(_ll g)’nz(_oz g)

Upia Lt P (xn 1( ) _ un)
(0n- ) (ym‘l) = yn) e Hn D(an
%, =32 + (57, gy, = -3 (-2)" + 5%

r-(; 3o-(s 3

11 02
21 _ | 1 _ 2100
(ZI[H o 5 B zmt:)

1 1 1 5 00
P={1 1 0)].D=|0 4 0
01 -1 0 0 2

-2 -1 -1 3 0 0
P=(-3 -6 2|D=|0 0 0
2 13 1 00 -4

Matrix M is not symmeiric

1-2 2 3
Solve | 0 1-4 2(=0
0 3 -

= -A-3)A-1A+2)=0
so the eigenvalues are 3, 1 and -2.
Eigenvalues 3, 1 and 2 have eigenvectors

5% f1 -5
( 2),(0) and | -6 | respectively.
2/ \0 9

51 -5
2 0 -6
20 9

i
V2 Tz

|~ ==
|-
|~ S

wa|
I|"‘ &l
w|

=P", so P is orthogonal.

o ¢

e 1
Vb V3 =

—L and|_1 [, which are the columns of P,

(3%
||~ 5
roll"‘

= IJ

6\ 3
so using orthogonal diagonalisation, PTAP will be
diagonal.

0 0 0
0 2 0
0 0 4
0
il
\g
ol
\E
0o -L Zz
i 4 s (2 %0
P=|= = #|DP=(0 -1 0
o, L J 0 0 @
23 e
3,6
Eigenvalues 3, 6 and 9 have eigenvectors

1 2 2
2).[-2]and | 1 | respectively.
2 1 -2

1\ (2 1%, Ji2
2|.[-2]=2-4+2=0,(2].[ 1|=2+2-4=0,
20 %1 2/ \-2

c
2 2
1].[-2]=4-2-2=0, so the eigenvectors
-2 1
are mutually perpendicular.
i 2 32
3303 300
2 2 1
d P=(3 -3 E’D:(O 6 0)
21 2 00 9
3 3 3
1-4 2 0

14 a Set| 2 1-2 /5
0 V5 1-7
equation -(A - 42+ 2)(A1-1)=0,804, -2 and 1
are the eigenvalues of A.

=0 to get characteristic

side)
BT
3
b |75
%
2 _2 5
JI8 VI8 3 4 0 0
3 3
e Pull & 0,D=(0 = 0)
5 _J5 _2 0 0 1
8y 3
=i 2 3

15 a Set| 2 2-4 3
-3 3 3-4
Pquati(m —[J -0l -41i+3)=0,504=61,=4

=0 to get characteristic

and,!;
2 2
b |Al= 3‘
Al \ %
=—72—6x4x[—3]
g R ER
‘1 \E \E \§
11 1
) e
B 2 1
% 0 7
Challenge

a 0.5 corresponds to ( ]1) and 0.2 corresponds to (?)

b e a0 )

0 0.2

Y _ ol ot afT _ npot /Tl
¢ (v’)_P (_y’)_P A(EI)_DP (y)_D(a)
wh (0.5 0 Vuwy_ [0.5u "
a4 (5)=( 02)s)= (o5 Sotve w = 0.5 and
v' = 0.2 by separating variables to get u = ¢," and
Czpuz:
e 1= ?;Pnse+%09t}2z y= °»th15;+2;902:
Exercise 5D
o _ 3 4 (3 4 _
1 a 22-51+10 Oand(_l 2) -5 2)+101 0.
s oy 2 1) (—2 1)_ _
b 2+2i-3= Oand( o) +2(3 o)-3=o.

L2 2
¢ x2—10,1+21=0a.nd[0 ‘4) —10(7 ‘4)+211=0.

3 0 3
2 a i2-94+20=0
b By CHT, A% = 9A - 201, so A® = 9A% - 20A
= A7 =9(9A - 20I) - 20A = 61A - 1801

@ Full worked solutions are available in SolutionBank.



3 a i?2-102+24=0 b M“:(

[
o= &)=
e S

0

12
5

4 p:%,q—_-
a 1P-612+131-6=0and

1 0 1’ 1 0 1\% 1 0 1
2 2 2| -6l2 2 2| +132 2 2
0 «=1_ 3 0 -1 3 0 =1 3

-6I=0
b #-812+64+9=0and

S L 7 2 =1\
(0 =1 3) —8(0 =1 3)
1 0 2 1 0 2
7 2 -1
+6(0 =1 3)+9[=0
1 0 2

1-4 4 1
2 -1 -1
3 2 -i

=1

Multiply out to get characteristic

equation —2* + * + 94 — 6 = 0, then the result follows.

b By CHT, M® = M? + 9M - 6I, so M* = M* + 9M® - 6M
= M* = (M? + 9M - 61) + IM* - 6M
= M? = 10M? +3M - 6L.

7a *-212-1-20=0
b A* - 2A2 - A =201, s0 A2 - 2A - I = 20A"!

4 -4 4

c A-‘=%(22 -7 2)

2 3 2

1 1 8
8 a=?,b=?,c=—?
Challenge
Characteristic equation is A2 - (¢ + d)4 + ad - be = 0.

A? — (a + d)A + (ad - be)l

a?+be ab+ bd a b
(ac+cd bc+d2)_(a+d](c d]+{ad—bc](

1 0
0 1)

ab + bd - (a + d)b )
be + d? - (a + d)d + ad - be

(a2 +be—(a + dla + ad-be
ac + cd - (a + d)e
=0

Mixed exercise 5
1 a Eigenvalues 5 and -15 have eigenvectors ﬁ) and

( 1 J respectively.

2a -1,-11 b y=lx.y=-3x
9 3
3a k=-— b (2) c y=zx

4a -3-22<a<-3+2/2
Eigenvalues +i have eigenvectors (_ 1 Zi i).
¢ There are no real eigenvectors.
’4 ; ] _]_f A‘ = 0 to get characteristic equation

A2 =31+ 2 =0.1 = 2 satisfies this equation, and the

Set

w
=]

corresponding eigenvector is (g)

10

11

12

13

Answers

3 1 2 0
" P_(z 1)’D‘(0 1)
a EHigenvalues 1 and -2 have eigenvectors (}J and (i)
respectively.
1 1) 1 0)
b P‘(1 4 ’D‘[o -2
Upogy _I(Iml) _po1 (r‘n) _ _1(17:1' - un)
(UmIJ =4 Y C Yn <Ak yn) B D(on

d 2,=3+306-2 g =3+ 4(-2

a P=(g4)P=(5 1)

b {5 3)

8 i2-61+13=0

b A’-6A+131=0,50 A’ = 6A - 131 =A’ = 6A? - 13A
- A* = 6(6A - 131) - 13A = 23A - 781

P=5.9=%

0
a (0 b 2,5
! 1

a Eigenvalue -2 has eigenvector ( 1 ) and repeated
1

0
eigenvalue 2 has eigenvector (_1)
1
b The matrix representing the transformation
will always have at least one real eigenvalue/
eigenvector, which defines an invariant line, since
the characteristic equation is cubie.

A0

2-4 0 2
2 2-4 0
0 1 3 -4
equation = —-2% + 742 —= 164 + 16= 0. i = 4 satisfies
this equation and the other eigenvalues are
F3+iV7).

b Eigenvalues 4 and 43 + 1/7) have eigenvectors

]

a Set =0 to get characteristic

1 -1 V7
(1) and|_3 + i,/ 7| respectively.
1 2
a)-()
c r=(0]|+11
0 1
4-1 1 -1
a Set| 1 -1 3 | =0to get characteristic
1 2 1-2

equation (4 - 2)(4 - 3)(4 + 2) = 0, so the eigenvalues
are -2, 4 and 3.

b Eigenvalues -2, 4 and 3 have eigenvectors

5 1 0
-19].|1|and| 1 | respectively.
11 1 1

5 1 0 -2 0 0
P=(-19 1 1|,D={0 4 0
11 1 1 0o 0 3

]
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14 a

15 a

16 a

17 a

18 a

19 a

256

3-4 4 -4
4 5-4 0
-4 0 1-4

Set =0 to get characteristic

equation (3 — A)(4 - 9)(4 + 3) = 0, so the eigenvalues

are 3, 9 and -3.

2 -2 0\/2 2
(—2 i 2)(3 )=—(3)and
0 2 5/\1 -1
2 -2 0\/2 2
(—2 1 2)(—1) = 3(_1) s0 the eigenvectors
0 2 5/\1 1

2 2
( 3 ) and (_]) have eigenvalues -1 and 3
-1 1

respectively.

(:]i) ‘

w| =
wa|be

Ll we|re
wbe Wb
=

2
3

|
=

N

E
5~

-z
=

|

I

]

W

||—- =l

|
=

=
[

=

¥

Caleulating det (A - i) gives characteristic equation

Prla+dDPZ+(-7T-4a)i+B3a+4)=0.
-1* + (o + 4)(1%) = (-7 —-4a)(1) + (Ba +4) =0,
so 1 is an eigenvalue of A.

a==-2,3=-1

2

2-4 2 2

0 2-12 0
0 1 3-4

equation (3 — 2)(4 — 2)* = 0, so there are only two
distinet eigenvalues of M.

Set =0 to get characteristic

2
Eigenvalue 3 has eigenvector (0) and repeated

1

0 1
eigenvalue 2 has eigenvectors (_ 1) and (0)

1 0
-2,2,3
3 -3 6\/3 3 3
0 2 -8|(1]=2[1].s0](1]1isan eigenvector
0 0 -2/%\0 0 0
of A.

7 -6 2\/3 3 3
1 2 3]J[1]|=5]1].s0]|1]isan eigenvector
1 -3 2/\0 0 0

with corresponding eigenvalue 5.

3
(1) is an eigenvector of AB with eigenvalue 10.
0

B+2i2-112+6=0

A*+2A° - 11A+6I=0= A%+ 2A* - 11A = -0l
= A2+ 2A - 111 = -6A"!

6 -6 -2
Al=3-3 6 3

3 0 -1

Challenge
& g (ae+bg af + bh

. tr(AB) = b dh
ce + dg cf+dh) HAB) oo sbg i

ae +¢f be+d
BA = . tr(BA) = by + dh
(ag+ch bg+dfz) r(BA) = ae + ¢f + bg +
So tr(AB) = tr(BA).
b Using result from part a,
tr(P~'MP) = tr(P~'(MP)) = tr((MP)P!) = tr(M)
and tr(P-'"MP) = p + ¢, so tr(M) = p + g.

CHAPTER 6
Prior knowledge check
1 a sin3x =sin(x + 2x) = sinxcos2x + cosxsin2x
cos2x = 1 — 2sin?x; sin 2x = 2sinxcosx
sin3x = sinx(1 - 2sin®x) + 2sinxcos®x
sin3x = sinx — 2sin®x + 2sinx — 2sin®*x
sin3x = 3sinx — 4sin’x
sin*x = %sinx - %sian
b —3cosx + Lcos3x + ¢
2 a xsinx +cosx +c¢
b -2(1-2):(38x+2)+c
¢ —je(sinx + cosx) + ¢
jarsinhx + 1x/T+ 22 + ¢
1

4 13m2-1)

Exercise 6A
1 a I,= [x"eidx = 2x"ei - 2n [x"leidx = 2x"ei - 2nl,
b 2x%e: - 12x%: + 48xe: — 96e: + ¢
2al-= fex[lnx}"dxz %x2[ln;c}n]n _ B linx)n-tdx
i 1 2

e’ n
=% gl
2 2 2
b 14=%—213=—%+312=e2—3;1=—%+gn}
2 . 2 _
=—P’—+%dex= 8=
7
4 a [,= [xre*dy =-x"e" +nfx"erdr=—x"e* +nl,_,
b —e*(@*+ 32 +b6x+6)+c
c 24-9
5 a [,= [tanh*2xtanhxdx
= [tanh"2xdx — [tanh"2vsechZxdx
=1, ,- 1 1tanh"‘-‘;r:
b Incoshx - Jtanh?x - Jtanh'x + ¢
["*tanh*xdx = [A]m = [x - tanhx - Jtanh?x] e
Yo 0 : ‘o
ez _ 1 fe2mz _ 1\7
=1In2 - a2inz | _E(ezmz = ])
=In2 - % E 135 =In2 - 15;5
6 a tan’y+x-tanx+c

b In/2 - % )
tantxdx = [Ltansa]’ - [“tantxdx
J 5 & i

taniy — %tan:‘x] "+ [tan?xdx
- 0 0

=

= [ftan%x - Ltan®x + tanx]“ - Fdx
2 o o 0 “n
93

B

"5 3 .
7al= fﬁlnx]"dx: [x[lnx}"] —Jr::fﬂ[ln:c]"‘-1 dx
5 y o

=allna)" - nl_,

@ Full worked solutions are available in SolutionBank.



10

11

12

13

14

16

2(In2)* -
fﬂ(lnx]f’dx Ig=e—-6l;=e-6(e - 51

6(In2)* + 12In2 - 6

= -5¢ + 30I, = ... = 265e - 720(e - 1)
=265e - 720
=5(53e — 144) i
16 T 8 Ve
aF h = = e
35 32 ¢ 105 768
sin2m2 x
La=] cosE 9%
i 2n — ain?
I, =1, = IWM = [sin?*xcosxdx
- — 2n]+ 151112'“11:
sin*x i
I = dx = In|tanx + secx| - qm x—sinx +c¢
sin*x 772
fnqud =[r)i =2 + 1) - s
_ _ 3n a0 -
I= IEIZ(] '1]”][]-‘—7-‘;1 (1 - x3)n-1dy
=32 [1(1 - (1 - 291 - x)-1dx
3n 3n 3n
= 1 ey —SPpepape O g
545 2 2 3n+2
154

1, = [xla? - xzjﬂ]: + 2n ["x¥a? - x3n-1dx
o

=i I“'(az - (a? - x2))(a? - x2)"-1dx
‘0 :
: 2na?
=2na*l,,-2nl, = I,= P 11,,_,
Pl s g

E.g. Use substitution x = 2sinu, and then evaluate
4 f cos?udu
L =| ~2xn(4 - x}] - n[‘xn (4 - x)idx

- 3nj;} x4 - x4 - xdx = Snl,, - 2nl,

8n
>h=nes™
52.0(3s.1)
I, =sinxcos™'x + (n — 1) [sin?xcos" 2 xdx
= sinxcos™'x + (n — 1) [lcos™2x - cos"x)dx
=sinxcos™'x + (n - 1), — (n - 1)I,
= nl, =sinxcos"'x + (n - 1)[_,

=(n-1)J.
. 3w s 3D
i = i =
4 64
Jopy=m-1J,, ,=(r-1) ... (n - 1)J,, and since

J, = 0, this is zero.
Use integration by parts with u = x*! and

de s
— =x/1- 22 to get
dx : g

I= I 1 n-1 (1- 223 ] +3ln - 1]f1x"-2(1 - x2)idx
=i(n- 1)f xm2(1 - Z)y1 - x2dx
=in- 11.'n 2= 3=, =+ 20, =0~ 1,
16
315

I, = x"sinhx — nfx"'sinhxdx

= a"sinhx — nx"'coshx + n(n — 1) [x"2coshx dx
DI,
(4x* + 24x)coshx + ¢

= x"sinhx — nx"'coshx + n(n -
(x* + 12x* + 24)sinhx —

6—9—%
sin((n - 2)x)
L= sinx =
e, Jrsmrzx - sin((n - 2)x) e

sinx

17

18

19

2cos((n — 1)x)sinx
=f

Answers

=2[cos((n - 1)x)dx

sina
_ 2sinl(n - 1)x)
- n-1 B
b i 2sinx+32sin3x+c i -5
a Use integration by parts with u = sinh*'x and
4v _ sinhx
I, = sinh*'xcoshx — (n - 1) [cosh?sinh"2xdx
= sinh™'xcoshx — (n - 1) [(1 + sinh?x)sinh* 2 xdx
= sinh™'xcoshx - (n - 1)[,_, — (n - 1)1,
= nl_ =sinh"™'xcoshx - (n - 1)[_,
. 752
b i 215 .
ii I‘nrmnhl sinh4xdx = [1 ]umnhl
0
'{[th‘xcoshx]mmm - 3L
= I(msh(arsmhl] - }[ [sinhx cnshx] arsinhl _ In])
= -+ cosh(arsinh1) + 31,
=2arsinh1 - I cosh(arsinh1)
= %ln{l +42) - ﬁ{el"“*'g‘ + elliz))
= %(3ln[1 +12) - %(1 Pt _))
1+42
= %{311‘1[1 + \?] = \?}
a I,= [™*tanhn2x(1 - sech2x)dx
Yo

=l 2- j;"‘jtanh"-zx sechZxdx
=I,2- fn‘l u?du=1,, -
b %[%]b =121 = Loris
50 gi%f’ =h-lim I, =5L-0=1
And [, = fr;“‘?"tanhxdx = ln(cnsh{gj) =In %

e nglde < & _ 1
3flx[n:t:] p=rr el

a Il = [%ﬂ(]nx]"]': = =

b Zi11e*-8
9[ e J

Challenge
a (a+ 10, =x>"nx\" - nl,_,

b %w’ﬁ@ (Inx)® - 18(Ilnx)? + 24 Inx - 16)
Exercise 6B
1 Jﬁ
2 ln(2 +3)
3
1
s
5 6.82(3s.f)
dy ,
bge-d
s= f \.I1 +( (4x+ J) dx = 4]‘2 |(4le+ 1) dx
4x 1 ; '
- %fl (T")dx =1[2e2 + Infx|]’ = 1(6 + n2)
7 J2lem-1)
8 217 + 1Inl4 +/17)
dx : dy
9 E_. asind, 0 =acosé |
s= [“Va?sin’0 + a’cos’0 do = [*"add = [ab] " = 27a
‘0 Y0 1]
10 3a; total length = 12a
11 Zarctan(e) -

257



Answers

12 4a

dx . dy
13 — =1t +sint, —= 1 - cost
g = Lrsint o cos
§= f g +r0q£}2+q1n2£d£—f V2 + 2 costdt

—fi.zl-mq*ﬂdé chm dt=2 [2(;1112] =2

U]

14 \'2{84 -1)
15 8
dy  sinx
16 a a = ~Cosx = -tanx

Je
= l'll + (_y) =1 + (—tanx)* = Vsec*x = secx
_\ dx
b V3
dy _ 2« 501+(dy)2=(1—x2]2+4x2

178 dr 1-zx2 dx (1-x2)2
_[1+x22
_.1—x2)
[ (dy)*  14a2
| —

SO\'1+(E) T 1-g2
b 2In3-1
18 10.5¢cm

19 a s= ]“ A 1+ (;mhz( )dx: f" cnsh(%)dx

=2 F’rmll( )dx = 2aq1nh(b)

b i 51.46m ii 25.28m

2081 k>L i L
V3 V3

b 4.03cm
21 approximately £327,000

Challenge
62

5

Exercise 6C
1 a 45«

b S=2n[x1+Fdr =37 [*xde = 3] = 60r

2 T(10/10 - 1
57101 )

3 23“{5J5 1)

4 7/'2
5 a 8.84(3s.f)
b §= Z;Tf]xv'] +sinh?xdx = 27 flxcnshxdx
Yo ‘o

= Zw([xsinhx][: - fol sinhax dx) = Zw(e = 1)

b® G at e
| 2
[ dy | 1 132
(1+(@) =143
ol L o
T
h m
7 38471'9
5
8 x2

9 5=2r [*2atV4a% + 4a?dt
~0
=datx[*20/17+ Tdt
Jy !
=4qiy rsb‘.; du =%{5v"§ - 1]
1

10 dx = —sechftanht, % = sech?l
dt de

S=2g f"ztanhé\-"sech?ttanhz.: + sech® dt

[

=27 f"’ztanhzqﬁchada Zw[—wch.-:] i

5
dx dy 5
11 a E = 6t, T =6t

S = 2 [*362/360% + 361 d = 36w [*1*/T + 12 dt

%[255 +1)
11x
12 1=
9
2
13 a 93ra
80

14 §=2z "erVT+ e™de = 2n i) “V1+ 2 de with e* = ¢

b a=12

inh2
=27 f’"‘" cosh?udu with ¢ = sinhu
arsinhl

= 7 [**" (cosh2u + 1)du
“arsinhl
z arsinh2
= w[%sth.u + u]
arsinhl
i arsinh2
= w[smhu coshu + u]

arsinhl

= rlarsinh2 — arsinh1 +2,/5 - 2)
15 %{e -2

16 approximately 181.0cm?
17 £5.71

Mixed exercise 6

1 a [, =x(nx)»- f n(lnx)='dx = x(lnx)" — nf_,
b 2(n2?®-6(n2)%+12In2 -6
85/85 - 8

243

3 =2 +1Inl1 + 2]
4 594 (3s.1)
5 %{»? +1)

ss T
6 ail 1i§—1

2

b 1stintegration by parts:
u=2x" v =cosx; &' =nx""'; v =sinx
I, = [*x"cosxdx
= f

= |x" S;in:c]Z -n f antsinxda
0 0

=(3)"-n f Lt ginxda
z Jy
2nd integration by parts:
u=x"% ¢ =sinx; u' = (n -1)x"?% v = —cosx
f - lginxdx

—|x" 1c0qx] +(n-1) f "2 cosxdax
[fl == I]In 2

75 (g)" = nln - D1,
c fn;x:‘msxdx = (£)3 i Zfixmsxdx

= - 6[xqu + mr;x]

d ™ _ 321024
T

258 @ Full worked solutions are available in SolutionBank.



o

'|a|

Sa

I, = f (1 — x)ida

1]
L=[-30 —x]ix”] + [ (1 - )inxn-tdx

I,=10-0+ fo{—{l -1 - ¥)inx1)dx
=30 '@ - it - (1 - i da

H

n = _Hn—t = In}
3 Vo3
i ;,,(T” + 1) 3,
3n+4 3n
S
= 13n +4)=3nl,
3n
=] = ¥
39 "T3n+4"
70
dx _, 19 2
tdt

10 80cm

11 a

b

c

12 L=

Area of surface = er 2»;1:.h 1 +— dx

= 47rf0 »E.h"x 2 1 dx

= 47rf V1 +xdx
%{2 V2 -1) 2
Using the symmetry of the parabola, arc length is
2x the angth of the arc from origin to (1, 2)

- 2”‘1 IJS + 1
Using x = smhzﬂ, dx = 2sinh#coshdde
2f EE / SN0+ 1 o cinhgeoshods
Vx 1 sinhzg

=4 [cosh?6ds

=2[(1 + cosh2@)dd

_ 2(9 - sinh29) e

2

= 2(f + sinhf cosh#) + ¢
= 20arsinhVx + Va1 +2) + ¢

Lxt 1dx 2larsinh1 + V2]

s0 arc length = Zf

arsinhx = Inlx + V1 + xz}
= arc length = 2(/2 + In(1 + 2))

(s - (@'

= [3/sin®8 + (sech - cost)® dg
o

= F‘\-"sinzﬁ +sec’d + cos? 0 — 2do
)

= F\.-"tanz.ad.‘)
)

= Ftanﬁde
)

= [lnsecfi‘]?‘
(1]
=In2 - Inl1 =In2

13 a |

e J-sin{(Zn + 1)x) - sin((2n - 1)x) 2

sinx
2cos2nxsiny
e

sinx
= f 2cos2nx dx
_ sin2nx

n
B g sinl0x  sin8x  sinbx sindx
B F ¢ g = g o

i [sinZpx | sin((2n - 2)x)
c [Iu]“ - [ n 2 LD

=l =5
as sin(nr) =
Limits: 0, 1
y=-Llxi- 2
V3

Arc length of curve for y = 0:

+ sin2x

0 for all values of n € Z.
14 a

Answers

+X+C

z

+...+sin2x + x

1]

fol \'Illqg)zdx = f(; lv'll * (v%(%x' - %x‘i})z
i+
(1

4x

=Lxtsall=2
V3 V3

Arc length of curve for y = 0 is %
/

. arc length =é
V3
b T
3
15 By Pythagoras’ theorem: x° = r* — y°,
Y

Differentiating implicity: % =
Y

Area = 2~rf x|1+(§g) dy

- 2‘}11‘ xi,
;
= ZW-L_hdey e 27rj;_hrdy

= 2:rrrf: _hdy = 2nr[y]:_h

=2ar(r—(r-nh)
= 2arh
16 a [,= [sec*2xsec’xdx

o P
—%+L)dx= [ f%{%x+%+—

2
1] ' R O 3.1 1y
‘:'glul(\,-'_?(ixz-rix :}) = —(53X: + 35X _a}dx

= sec" ?xtany - [tanx(n - 2)secxtanxsec” xdx
= sec" Zxtany - (n - 2) [tan®xsec”*x dx
= sec"Zxtanx - (n - 2) [(sec®x — 1)sec”*x dx
= sec"Zxtanx - (n - 2) [sec"x — sec"“x dx
I, =sec"*xtany - (n - 2)1, + (n - 2)1,
= (n- 1)1, =sec"?xtanx + (n - 2)1,_,
b Isecdxtanx + Isecxtanx + 3In|secx + tanx| + ¢

¢ [fsecixdx
Iy

=] 3 3
= [458(: rtanx + i

=47/2 + 3In(1 +v2))

Challenge
Length = a

Zgecxtany + %ln|secx + tanx}];
1}
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Answers

Review exercise 2

1 a uﬂ=c(4“)—% b H"Z%
2 a p,=35p,=51 b p,=p,  ,+3n-2
c p,,:%{Sn—l] d 14950
3 u,=92")-3n-7
4 a 103 b i4(39-5 iin=12
5 a u,=(0.8)*u,,+100
b u,=169.38(1 - 0.8%)
c 3
6 a a,=1.018a, , - 300, a, = 3000
b £36.82
7a u,=k-4n=u,,=k-4n-1=4+%k-4n
Sou,1—-4=4+k-4n-4=u,
b v,=cl.2v) = p, | =cl1.20-1-1) = ¢(1.28-2)
So 1.2v,., = 1.2¢c(1.2"3Y =¢(1.2"Y) = p,
¢ c=1.2k
8 a k=0 b u,=40.7)"!
9 a b,i_b,“+3m—11Z b,=6

b ,,_6+SZ:|[:'—]J'z 6+3Z:rz

=6+gnn-1)2n-1)
=12n*-3n2+n+12)
10 u, = 11204" - 6n - 11)
11 a Any acceptable string n — 1 long can have digits 1 to
9 added to the end, so 9a, , ways.
Unacceptable strings n — 1 long can have 0 added
to the end.
Unacceptable strings = all strings — acceptable
strings = 10" —q,,,
So a, = 8a,_, + 10™!
When n = 1, there are nine non-zero digits, so a, =9
b Substituting a, = i(107-') into the recurrence
relation, find 4 = 5. The C.F. is a, = ¢(8"), so the
closed form is a, = ¢(87) + 5(10*-1). Using u, = 9,

this gives ¢ = 3. s0 @, = —(8" + 107

. 1+3N
12 Basis: n=1: = =1
asis: n i, 52
Assumption: uy = L ;43"
e B k+ 30 _(k+4)!
Induction: u, ,, = (k + 4) 52~ 24

So if the closed form is valid for n = &, it is valid for

n=k+1. (n+3)!
24

Conclusion: u, = for all n € M.

13 a F(n) and G(n) are solutions so F(n) = aF(r - 1) and
Gln) = aGln - 1).
u, = bF(n) + ¢G(n) = baF(n — 1) + caGln - 1)
=albF(n - 1) + ¢G(n - 1)) = au,_,
So bF(n) + ¢G(n) is a particular solution.
b i@2Y+pn+q
=342"") + 3pn - 3p + 3g — 4n + 3(2n)
=l=-6,p=2,q=3
C.Fis u, = c(3", s0 u, = c(3") - 6(2n) + 2n + 3

and using u, = &, this gives u, = 5(3) - 6(2n) + 2n + 3.

¢ Basissn=1:5x3-6x2+2+3=8
Assumption: u, = 5(3%) - 6(2%) + 2k + 3

260

14

15

16

17

18
19

20

21

22

=Pl

e oR

sES R R

a

b

Induction:
Upy = 3(5(3%) - 6(2%) + 2k + 3) —4(k + 1) + 3(2%1)

= 5(31) - 9(2%") + 6k + 9 — 4k — 4 + 3(2%")
=533 - 62" + 2(k+ 1) + 3
So if the closed form is valid for n = &, it is valid for
n=k+1.
Conclusion: u, = 5(3") — 6(2") + 2n + 3 for all n € M.
2nd order: Difference between highest and lowest
subscripts is 2.
p. =368 +32(8)"
1,907,717 (1,900,000)
Population grows exponentially and approaches
infinity. In real life, space/food available would limit
the maximum population size.
u, = A(=1)"+ B(57)
u, = 10(=1)" - 2(57)
k=4

e n
=) +h-are 4

1 way to make a length 1 inch, = sox; =1

2 ways to make a length 2 inches, = and ..
sox,=2

n + 2 inches = {n + 1 inches + =]

+ {n inches + ..I

S0 Xz = Xy + X,
34

iunz5”’3(“"5):5""3(1“’3)"
10 2 10 2
ii 75025
r=8ands=15 b ou=2
p <-4 i
U, =A(-2 + )" + B(-2 - i)
o3 - 20)=2 4+ D7 + (4 2i)(-2 - i)

un—[l —En]5"
Basis: n=0:(1-0)x1=1;n=1:(1-$)x5=3

Assumption: uy = (1 - 2k)5*, uyq = (1 - 2k + 3)5%-1
Induction: u,, = 10(1 - k)5* - 25(I - 2k)54-1
= 2(1 - 2Kj341. (7 - 2kjor

o
So if the closed form is valid forn =k and n =k - 1,
it is valid for n = k + 1.

Conclusion: u, = (1 - n)5" for all n € N.

i u,=AB5"+B-1"

i u,=AGY++ B -1p2-1p 2

3z
43 1 1, zf
i 96[5,4] 3(-1F -3 ¢ 8"3 32

Basis:n=0:2(1)-1=1;n=1:2(4) - (-3) =11

Assumption: ry =

2048) — (=3)%, p_y = 2(4%-1) — (=3)4-1

Induction: ry,, = 2(4% — (=3)% 4 24(44-1) - 12(-3)k-1

= 2(4k+1) - (~3)k+1

So if the closed form is valid forn =k and n=%k - 1, it
is valid forn = k + 1.

Conclusion: r, = 247 — (-3)"for all n € M.

23 a n=3has 3 arrangements; n = 4 has 5

b

arrangements.
a, =0, 1+, .0,=1,a,=2

@ Full worked solutions are available in SolutionBank.



24

26

27

28
29
30

31

¢ o (5 g 5)(1 + »-'3)" N (5 = «"5‘)(1 . \.-3)“
" 10 2 10 2

d Basissn=1:a,=1,a,=2
Assumption:
o — k
N (5 - »-'5)(1 = \-5)
10 2
k-1

o (5 + »g)(l + \-"'g)k
: 10 2

Ay = (5 + v"g)(l + vg) & N (5 - \-"g)(] - »ig)k_j
10 2 10 2
Induction: . .
a“:(s \,"'5)(1+v5) +(5—¢5)(1—¥5)
i wh 2 J V10 /A 2 L i
. (5”'5)(1 +\-'5) +(5—\-'5)(1 —»-'5)
10 2 10 2

B (5 + @)(1 + \.-'5‘)““ . (5 - 3)(] - fs‘)“*'
- 10 2 10 2

So if the closed form is valid forn=kand n=4%k -1,
it is valid for n = k + 1.

Conclusion:

"y (5 % \.@)(1 + 3) . (5 = «3)(1 2 3)
L 10 2 10 2

for all n € M.

a -6,1 b y=3x

a Thelinex =2

b 2 -5 c y=-dry=2x
4 Lenaay b %(_1] i)

¢ Eigenvalues of M-! are % and %

d y=cx,y=2

a For P: Eigenvalues 0 and 5 have eigenvectors

(—13J and (1) respectively. For Q: Eigenvalues 0 and

1 have eigenvectors ( 12) and ( 23) respectively.

b R has eigenvalue 0 so non-zero eigenvector v such
that Rv = 0Ov. So det(R - 0I) =0 = detR = 0, so R is
singular.

k{.—%
a p=7 b y=-x
a Av = v = A'v = JA%v = PPAv = PPy

b By the argument from part a, A* has eigenvalues of
the form i* = (4%)* = 0. ;

Eigenvalues -3 and % have eigenvectors G) and (6)

respectively. 4

32 a ((2) _3])(;) = 5(;) to get eigenvalue 5 has
eigenvector (})
b e=(} Yaman(3

33

34

a i Invariant lines are y = x and y = -3x so product
of gradients = -1, thus normal.
ii M is symmetric

L2 30
b P=(‘ﬁ ‘ﬁ)andD=(_5 0)

[

= 0 8
/3 V13

a 1*-71+14=0

b A°=T7TA-141= A*=TA* - 14A
=A*=T(7TA-141) - 14A = A* = 35A - 981

Eigenvalues -2, 0 and 1 have eigenvectors

4 10 1
3,1 3 Jand| 0 | respectively.
-7/ \-11 -1

36

37

38

39

41

42

43

Answers

Characteristic equation is 4* — 104* + 251 - 28 = 0,

sosince 77 - 10x 72+ 25 x 7 - 28 =0, 7 is an

eigenvalue of X.

23— 1042 + 254 — 28 _
A-T7 -

real roots, therefore i = 7 is the only real eigenvalue

of X.

g

Complex eigenvalues only occur as conjugate pairs,

s0 the cubic characteristic equation of a 3x 3 matrix

must have at least one real root.

i -1 ii k=3

i Characteristic equation is 2° — 64> - 154 -8 =0,
which factorises to (4 + 1)(4 - 8) = 0, so -1 is the
repeated eigenvalue.

2 -1y /0
ii Eigenvalue 8: |1 |; eigenvalue -1:| 0 || 2
2 1/ %1

Eigenvalues -1, 2 and 3 have eigenvectors

1 1 1
0 .| -1|and [ 0| respectively.
-2 1 2

A2 — 32 + 4 which has no

_Y_z
T2 10
? \c; \211 1 0 0
P=ﬁ _? oo aﬂdDZ(D =1 0)
3 1 2 0o 0 8
V14 Vb V21
6 2 -3
S=(2 0 0)
-3 0 2

Eigenvalues 3, 0 and -4 have eigenvectors

-1\ [0 -1
( 0 ) (2) and ( 1 ) respectively.
1 1 1
-11 7 -14
A=( 8 -4 8 )
11 -7 14
A has characteristic equation 4* - 52 + 64 - 1 =0, s0
the Cayley-Hamilton theorem says that
A'-5A"+6A-1=0.
AP -BA?+BbA-T=0=AA-2D)A-3D =1
= (A-Z2IMA -3 = A!

4 -2 -3
A'=[1 0 -1
-2 1 2

4 -2 -3
Mi=211 -10 4

-2 1 -8

23 36 -60
Q=3-12 101 -48
-12 6 -10

Use integration by parts with u = sec™* and % = sec’y

I, = sec™xtanx — (n — 2) [sec™2x(sec? — 1)dx
= (n-1)1I,=sec™*xtanx + (n - 2)[,_,
1

gsecirtany + %tanx +C

I, =[x sinx]é - n_fl_f a2 'sinx dx

=[x sinx]; - n[—x’*“cosx]j - n(n - 1}_f;x”'2msx dx
- L mntm
- \.-‘2‘(4) *

0.0471

n) -nln-1I,,
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Answers

45 a I, = —ﬁ[x"[a - x)i]; + %nj:x"'l[a - 2)idx
3an[
4 n-1 414 I 3n+4n—1

_3np g - 3an

-]

46 a -8 ((1+92)?-1) b 3.6967
27a
47 a r=5y>-8=-"=y

48 s_f [0+ @Rt = [ w4+ 2d

8 N 8 -8
=%L Vudu = EIH-L =
49 a Use substitution £ = tanx with _f;ﬁv@z + 1dé to get

W= [0 seczeyT + tanx dx = [P secizdx
Jo Jo

b 80.82(2d.p)

50 8?1’[5\-"33— 2\5’?]

51 a a=306
b y

x
)
52 Area = 271'(1 - é)
V2
53 22.943 (3 d.p.)
Challenge
1 a Basis:n=0: A"(a') (a])
Iy 0

Assumption: A*(a ) = ({2”)
0. k
Induction:

e[ _ (3 =2\(@\ _ (3@, - 2a) _ (ath
A (ﬂuJ - (] 0 )( oy J B ( [Lr3e] ) T e
So if the closed form is valid for n = k, then it is
valid forn =k + 1.

1 2 1
b P=( J,D:(

1 1 0 2)
C al[l[b - 2 o _ 1
d a,=2"-1,s0a,,,=2'""-1

2al [ 1 [T
b s=2n[ 31+ +(-%) dx=2:r.—j;jx|1+—dx
¢ Sincex>0,i>0:>|'l+l>l
x’f o

'hl

It +—dx> 2~rf Zdrforallx =0

So 2m, I'I,'

d 5> 271']1 Idx = 2n lim _[:de = 2r lim [Ina];

= Zw}‘i_m(hlk], which does not converge.
So the surface area of Torricelli's trumpet is infinite.

Exam-style practice: AS level

1a 1-4+8-5=0.11]|0=11]1485
b p=-5¢=52
¢ a=-10,b=104

2 a

x| 1 3 7 9 11 13 17 19
1|1 3 7 9 11 13 17 19
3|3 9 1 7 13 19 11 9
717 1 9 3 17 11 19 13
919 7 3 1 19 17 13 11
11|11 13 17 19 1 3 7 9
1313 19 11 17 3 9 1 7
17 (17 11 19 13 7 1 9 3
1919 17 13 11 9 7 3 1

b By Lagrange’s theorem, for a subgroup H of G,
|H]||G|. But 3 1 8, so there is no subgroup of G of
order 3.

¢ (1,91 11, 11}, {1, 19}
3 a,bi Im 4

arg(z + 21) =%

b ii 24x
4ap>2
bip=6 ii 9
1 5 10
¢ P=(] —3)’[’:(0 9)
5 a a=0.7,b=50,c=500
b CFiss,=A0.77.PS.is s, = 220

SoG.S.is s, :A(oyfa)+¥
S,=000=A-= 10;)0
So the closed form is

s, = 1999(0.77) + 20 = 50(3(0.77) + 1)
¢ 171.3<x<173.2

Exam-style practice: A level
1 =31 (mod 75)
2 a 56
b Cayley table is

xp| 1 5 7 11

1(1 5 7 11
5|5 1 11 7
T |9 11 1 5
11|11 7

151
—_—
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Closure: All entries in the Cayley table are in S,
Identity: The row and column corresponding to 1
are the same as the column and row headings, so 1
is the identity.

Inverse: All elements are sell-inverse

Associativity: Assumed

So §, forms a group under x,,.

Since all elements have order = 2, there are no
elements that can act as generator for the group, so
S, is a non-cyclic group.

S, has element 3 with order 4, so S, is a cyclic
group of order 4. S;- has 12 = 32 = 52= 72 = 1, so has
no elements of order 4, so S 2 S, Since there are
only two possible groups of order 4, S, must be
isomorphic to either S, or S,..

Assume n = 6. Then 2 = 4, which is not in the set,
so the set is not closed under x,, so cannot be a
group. Son = 4.

When n is either 2 or 4, 2° =4 = 0, but 0 is not

in the set either, so the set is not closed under x,,.
Therefore the set cannot form a group under x, for
any even n.

3 a (x+4)2+(y-2)7=34
b, c Ip 4
arg[z+1]=%
(x+4)P+ (y—27 =34
N
% Ro
7
w
arg(z+1}=—§
d -1+7iand -1 - 3i

+

=1

-l o

=]

8 a 2916

a

B oo

Answers

i V2
ii 2; 2 is repeated as (1 - 2) is a repeated factor in
the characteristic equation.
[2

31 /0
; (1)
1| \o
3

v 1
2.0 0 I3 V3

) (0 2 0 ) P=l0 1 o0
iz

3

0 0 -1

In+2 = S’m—2 + Mﬂ+2 + Du+2
= %Im‘l + [%‘rn-l = %In) +d
= %Im‘l - %’rn +d
it 1R
I,=5d(}) - 7d(}) +3d
Asn — oo, [, — 3d

a=2 167

bS5

L= [—cosxsin}f*“]x]z +(2n + 1)fﬁsinzﬂx coszdx
T 2 n
=(2n+ ])f sin®x(1 - sin®x) dx
Yo

o (21'3 + ])(In = Iﬂl+|]
2n + 11
2n+2"
C Olxa _
o (0Nzx20"
Assumption: [{; “sinZxdx =
Induction: i
LIS 2k+1 p7 .
sin®*ydy =J,,, = sin®x dx
I;: B0k Z'fo :
_ 2k + 1)(2k)!7 _ 2k + 2)!w
T 20k + 1)(kN222 T 22k + 1)(k!)22%
20k + 1)!x
([k + 1”}222“&1!
So if the solution is valid for n = k, it is valid for
n=k+1
Conclusion: The solution is valid foralln € Z, n = 0.
b 3439

= Iﬂ+l =

Basis: n = T

(2k)w
[kl] 22 2k
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addition 45, 51
modulo n 52
alternating sum 16
arbitrary constants 126, 128, 134, 137
complex 137
arcs of circles 89-93
major 90-1, 92
minor 90-1
arc length 197-201
Argand diagram
loci of points on 87-93
regions in 96-9
argument 97
arrangements see permutations
associativity 47-8
auxiliary equation 134-7

back substitution 125-8
Bezout's identity 7, 22-4
binary operations 45

Cartesian equations 87-8, 103
Cayley-Hamilton theorem 179-81
Cayley tables 51-3
chain rule 190
characteristic equation 153-5, 159-60,
162, 179-81
circles 87-93, 99
closed form 122, 125, 142-4, 174
closure 3, 45, 47
combinations 28-9, 33-4
combinatorics 28-34
common divisors 5
greatest 5-8
complementary function (C.F.) 128-9,
138-9
complex numbers 86-112
argument 97
see also Argand diagram;
transformations of complex
plane
composition 55, 56
congruence equations 20-4
congruent numbers 10
Coprime numbers 8
Cornu spiral 215
cyclic groups 58-9, 64-5
cylinder, surface area 206

definite integrals 190, 191
delta x (&x) 197

diagonal matrices 166, 175
dihedral group 58
dividend 3

264

divisibility 2

tests 16-18
division algorithm 2-4
division rules 21
divisors 2

eigenvalues 153-64, 167
complex 155,156
repeated 155

eigenvectors 153-64, 167
as direction invariant 153
normalised 155, 163, 168

enlargement 102-3

Euclidean algorithm 5-9, 23

Euclid’s lemma 40

explicit form 122

factor theorem 159
factors see divisors
Fermat’s little theorem 26-7, 40
Fibonacci sequence 137-8, 143-4
finite groups 51-9, 68-9
first-order recurrence relations 121,
125
homogeneous 126
linear 125
non-homogeneous 127-8
solving 125-31

generators 58, 64
greatest common divisor 5-8
groups 44-85
axioms for 45-9
classification 75-6
finite 51-9, 68-9
of permutations 54-6
of symmetries 57-8

half-lines 89, 96-7, 103

identity element 45-6, 47, 52
identity permutation 54
if and only if. notation 3
inequalities, to represent regions 96-9
initial conditions 121, 122, 126, 134,
138

integration 188-216

arc length 197-201

by parts 189-90, 210

reduction formulae 189-94

see also surface of revolution
intersection 97, 98
invariant lines 153
invariant points 153

inverse, of permutation 56
inverse elements 46, 47-8, 54
inverse matrices 166-7
isomorphism 72-7

Klein four-group 56, 58, 59, 76

Lagrange’s theorem 68

latin square property 49

leading diagonal 166

least residues 20

linear combinations 3, 7

linear independence 156

loci of points on Argand diagram
87-93

mathematical induction 142-4
matrices 152-87
Cayley—Hamilton theorem 179-81
diagonal 166, 175
diagonalisable 166
inverse 166-7
large powers of 175-6
orthogonal 168-9, 173
reducing to diagonal form 166-76
symmetric 167-8, 172
trace 186
transpose 167
see also eigenvalues;
eigenveclors
matrix multiplication 45
method of differences 193
Mobius transformations 104-7
modular arithmetic 10-13, 21
modular arithmetic groups 52-54
modular congruence 10-12
modulus 10
multiplication modulo n 52
multiplication principle 28, 31
multiplicative inverses 22-3, 26

normalised eigenvectors 155, 163, 168
number theory 1-43

one-to-one functions 73
order

in binary operation 45

of element 64, 66

finite 64, 66

of finite group 64-6

infinite 64, 66

of recurrence relation 125
orthogonal diagonalisation 168, 172
orthogonal matrices 168



parabola, length of arc on 201
Peano axioms 51
permutations (arrangements) 30-3, 54
groups of 54-6
perpendicular bisectors 87, 88
polar form 199, 207, 209
prime numbers 26
principal argument 97
product rule of counting 28
proofl by exhaustion 4
Pythagoras’ theorem 198

quotient 3

recurrence relations 120-51
coupled 173-5
forming 121-2
general solutions 126
initial conditions 121, 122, 126, 134,
138
order 125
particular solutions (P.S.) 126,
128-9, 134, 138-9
proving closed forms 142-4
see also first-order recurrence
relations; second-order
recurrence relations

recursive form 122

reduction formulae 189-94
regions in Argand diagram 96-9
relatively prime numbers 8
remainder 3

rotation 103

rules of arithmetic 12

second-order recurrence relations 122
homogeneous 134
linear 134
non-homogeneous 138
solving 134-9
self-inverse elements 51, 66
semicircles 89, 90, 93
sequences
closed form/solution 122, 125,
1424
explicit form 122
recursive form 122
subgroups 67-9
cyclic 68
non-trivial 67
proper 67
trivial 67
subsets 30, 31, 67
proper 67

successors 51
surface of revolution 206
area 206-10
symmetric groups 55
symmetric matrices 167-8, 172
symmetries, groups of 57-8
tetrahedron 149
Tower of Hanoi 130, 142
restricted 133
trace 186
transformations
composition of 57-8
Maobius 104-7
see also matrices
transformations of complex plane
100-7
see also enlargement; Mobius
transformations; rotation;
translation
translation 101, 102-3
transpose 167
two-row notation 55-56

unit vector 155

vectors, linearly independent 156
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