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How to use this book

. How to use this book

The Pure Mathematics Year 2 Practice Book is designed to be used alongside your Pearson Edexcel
AS and A level Mathematics Pure Year 2 textbook. It provides additional practice, including problem-
solving and exam-style questions, to help make sure you are ready for your exam.

+ The chapters and exercises in this practice book match the chapters and sections in your
textbook, so you can easily locate additional practice for any section in the textbook.
+ Each chapter finishes with two sets of problem-solving practice questions at three different

difficulty levels.

+ An Exam question bank at the end of the book provides mixed exam-style questions to help you

practise selecting the correct mathematical skills and techniques.

Use the practice books for extra practice, problem-solving questions and exam-style questions.

Use the exam-style
guestions in every
exercise to check that
you are working at
exam standard.

1

. Finding your way around the book

m Radian measure
Camvert these angles from radians 1o degrees, R
e D + comarsradians o degrons.
giving your answers to | decimal place, where el 18 ok
appropeiate ks
adr edn doMmd e VInd f 19md
& Canvert the following angles 1o mdiass giving @y
To cOnwert dagroes ta rdans
muiphy by 1

ans, giving your answers ta 3 significant figures
i I e

Skeich the following graphs, marking any poinis QN
where the graphs intersect with the cooedinate waes. $EZL L o i
8 p=taniolorl= s x waliies i tarms of A you mist shatch the
- Bragh in adians.
=x
Wishout ising a cakculator ind the exact vidues of (O v oo ach part in

these Erignnometric rtias.

o) () esnl-in)

torms of trignnemstiic ratios of vluts
betwien 0 and .

One-to-one match
between exercises
in this practice book
and sections in your
textbook.

Hints in each exercise
remind you of the

key skills, formulae or
techniques for that
section. If you need
more help, look at the
corresponding section
of your textbook.



How to use this book

. Exam-style questions are flagged with (£) and have marks allocated to them.

. Problem-solving questions are flagged with (7)

Humerical methods

Bronze questions might
have more steps to

lead you through the
technique, or require a more
straightforward application of
the skills from that chapter.

Problem solving B-T4:]

flxpm —txadnt =2

s f i) = I} in the interval [1.1, 1.2]. 12 marks)

b Taking x, = 1.2 25 0 first appeoximation to e, apply the Newtan - Raphsan peocess once to
i) o obtain 1 second appravimation 1o e Give your answer to 3 decimal places (2 marks)

e By cansidering n change af sign of fix] in o suitable interval, verify that your answer i
part bis cormct 103 docimal phices. @

———————— fix} = e sinix)
2 Show that there is & oot @ of f{x) = in the mterval 1.5 < @< 2 12 marks)
b Taking x, = 1.7% as n first approsimation to e apply the Newton-Raphsan process ance to
114} to obinin 0 second appranimation 1o @ Give your answer to 3 decimal places. (2 marks}
e By considering n change of sign af fix)in a suitable interval, shaw that your answer 1o
pant bis cormect 10 3 decimal plices. 12 marks)

Silver questions are more
challenging, and provide
less scaffolding. If you're
struggling with the Silver
question, try the Bronze
question first.

“The diagram shows the curve with equation y = fx).

where f[x) = |2ces = 1.

The paint #, with coardinates (p. q), s & statianary point

an the curve. The equation {41 =} has o rat @ i the

imterval | = =2

a Find the coordinates of the point £ lesving your

answer in tems of ¢ where necessary. &}

b Explain why x, = s not suitable o wse a5 o first
mmatin f wsing the N jan for e {1 mark)

& Taking ¥, = 1.5 25 a first appeoximation to @, apply the Newtan-Raphsan peocess once to

11} t0 obdain u secand approximition 1o & Give your answer ta 2 decimal places. (2 marks)

You can find more exam-style — TP — xamquestion bank 02, 012,18, 622, 029, 037
questions on this chapter in
the Exam question bank.

y=Hx)

One challenge of the exam
is that you aren’t usually

told which techniques or it o oo e s b ek
strategies you need to apply 1

y 0

The cocodinates of A and #are (6, 3

d (-4, &, 0) sespectively.

—  Eachchapter ends with two

sets of exam-style problem-
solving questions which draw
on material from throughout
the chapter and from earlier
chapters.

Gold questions involve tricky
problem-solving elements,
or might require you to think
more creatively. If you can
answer the Gold questions
then you can be confident
that you are ready to tackle
the hardest exam questions.

Exam question bank

. . iivens that the distance from A 10 8 &s 533 units. find the e wabues of k. i
to a particular question. o il SRS R
The questions in the Exam + Coeuie 121 and 25 -
question bank are not A st wies
ordered by topic, so you need
to choose the appropriate
mathemanca[ 5k||[5 b Expluin why the student is incorrect. 12 marks)
d 3 Ciiven that m = Jeosee & and u = sin x. express au in terms of #. 14 marks}
4 Thecurve © has equation p = 20 & 2y = g
* Find o 12 marks)
b Find the equation of the tangent 1o C ot the paine {0, =1} 13 marks}
& Given that = mact b e — o £ find the value of the constants
a,b,, dand e b 6 marks)
& Solve 4cos x = 3secx in the interval =1 B0° = x = 180F. {4 marks)
8 7 Giventhate= 2 =,
There are a lot more questions 5 marks
in the Exam quEStIOI"t bank b Ilcn:r_ormmru‘m:.Illlﬂlllc\.nlucofEal|-|:'. 13 marks}
than the[e Wi“ be On yoUr L] }IIIJ[__Iin x -jl.lll'\lnl.\'. {3 marks)
Ll ~ o in partial fractions. 5 marks)
exam paper. Don't try and e N
tackle them a“ at once, bIJt equations x =+ L p= (24 Did-nacA {4 marks}
make sure yOU tl‘y some Of thE 1 & Use the expansicn of ,mca.\ N \]hf\um: .m..hunems.«r >|.n.r. 13 marks)
b Hence solve the squation sin 3x = sin x in the interval i =0 5 = . 13 marks)

trickier questions from the
end of the question bank.

1m
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Algebraic methods

m Proof by contradiction

EP)s
E) 6

EP) 7
EP) s

Write down the negation of each statement. @ T

a There are infinitely many prime numbers. of another statement is called the negation
; of the statement.
b If #°is even, then n must be even.

¢ If pqgis odd, then at least one of p and ¢ is odd.

Prove by contradiction that there is no greatest @ You prove a statement by contradiction
even number. by assuming it is net true. Then use logical

steps to show your assumption leads to
something impossible. You can then conclude
that your assumption was incorrect, and the
original statement was true.

Prove by contradiction that if « and b are m L T

ntegers, then a* —4b -7 # 0. integers @ and b such that @ — 4b — 7 = Q.
Rearrange and use the fact that any odd
number can be written in the form 2n + 1,
where n is an integer.

Prove by contradiction that there is no smallest

- . @ A rational number can be written in the
positive rational number.

form 4 b where ¢ and b are integers.
An |rrat|onal number cannot be written in
the form 4 b’ where a and b are integers.

The set of rational numbers can be written as Q.

Prove by contradiction that if #° is odd, then » must be odd. (3 marks)

Prove by contradiction that there are no non-zero integer solutions to the equation x> — 3? = 1.
(4 marks)

Prove that V5 is irrational. (6 marks)

Prove by contradiction that the difference between any rational number and any irrational
number is irrational. (6 marks)

m Algebraic fractions

Simplify: 1 2 1 To multiply algebraic fractions, first
a(x-3)x— b X x 5 7 factorise the numerators and denominators
-9 3 X+ 2x+1

where possible. Then cancel any common
x+5x YV~ 2y factors, and multiply the numerators and

y-2 x? multiply the denominators.




2 Slm;;llfy: " Ox2—16 3x—4 m To divide two algebraic fractions,
T e + a0 b TR '10 multiply the first fraction by the
) reciprocal of the second fraction.
B ) ) R s 13
£ 5xy T
3 Express as a single fraction in its simplest form: m L
5 2 4 5 . ’
S S BT | b 2x-3) + 3+ 1) find a common denominator.
2x  _Ix g X+l I 2%
x-5 x+5 2x-3 x+2

4 Express as a single fraction in its simplest form: m D —_—
5x 3 2 1

e +52—3 b o 12+ T denominators to find the lowest
common multiple.

¢ ) o 5 shas A S
4y +4x+1 4x°-1 X*+3x+2 x*-2x-3
5 Slmphfy X e gjf Ig ; = g (4 marks)
< -
(E/P) 6 Slmphfy 2 22x 1215 X rx_ 5x6f 4 (4 marks)
2x*—5x 3k e
7 Express 35x-1FT3x_12%2 fraction in its simplest form. (4 marks)
8 Express 7y 3x5x2 3 2*c5+ jasa fraction in its simplest form. (4 marks)

(E/P) 9 f(x)=x+xi3+x2_gg_15,xeR,x¢—3,x¢S

x3=-2x2-10x+15

a Show that f(x) = G+3)x=7) (4 marks)
b Hence show that f(x) can be further simplified to give f(x) = % (4 marks)
m Partial fractions
Express in partial fractions: @ o
g 8x—1 D et R W
(x+1)(x-2) K+)x-2) x+1 x-2
Y%+ 13 Then find 4 and B by rearranging and
b 2x-1)(x+3) substituting suitable values of x.

e 7-llx
Gx-D(2x+1)




Algebraic methods

2  Express in partial fractions: )
E p Factorise each denominator to work out

g 1X=15 b 3x+7) the denominators for the partial fractions.
x2-5x x2-9
c 9x-1
2x*-9x -5
3 Express in partial fractions: m R
2. .
a% 6x2-43x+50_A, B . C
! : x(x-2)(x-5 x x—-2 Xx-5
4x*+11x+9 You can also find 4, B and C by multiplying
b G- +2)(x+3
(x=Dx+2)(x+3) across and comparing coefficients. Often a
Sx2—=22x+6 combination of substitution and comparing
¢ x(x-3)2x-1) coefficients is the most efficient way to find
the numerators.
4 Given that % =4+ B 5+ 2*{’ m Start by multiplying both sides by
find the values of the constants 4, B and C. S lrsio e ictions
4 __A B

(E/P) 5 Given that

G+D0i-2) 7+l +3=, find the values of the constants 4 and B. (3 marks)

(E/P) 6 Express % in partial fractions. (3 marks)
7 Express 3 5 in partial fractions. (3 marks
9-y
—x2—
8 Given that G _313;3(; _:LS) (;:_ 3) = x‘:l T vcfS + ZxC— 3 find the values of the constants 4, B
and C. ) ) ) (4 marks)
9 Given that 5 ixl_);cll 7) = A+ xf A 2, find the values of the constants 4, B and C.
(4 marks)
m Repeated factors
- 5x+ 2 .
1 9= ‘Cz(‘f 2) ° F IR glveg thatC @ X is a repeated factor, so you need
f(x) can be expressed in the form G +-5+ =5,  separate denominators of x and x* in the
find the values of the constants A, B and C. expanded partial fraction.
8x’—x+3 1
2 ) LS
gx) (x+1) Q2x-1y X ) m (x + 1) is a repeated linear factor, so you
Given that g(x) can be expressed in the form need denominators of (x + 1) and (x + 1)
A B C

x+1+(x+l)2+ l,ﬁndthevaluesof

the constants A, Band C.



@3
@) 4

EP)s
EP 6

4x -1 A

Ox+ 1) =51t (2x?— 7 Find the values of the constants 4 and B. (3 marks)
; x2+7x+32 A B

Given that =Dt 3P =x-2 e G+ 3 find the values of the constants 4, B

and C. (4 marks)

Express % in the form ’: + % ¥oe C: 3 where 4, B and C are constants to

be found. (4 marks)

Express % as a sum of partial fractions. (6 marks)

m Algebraic division

1 Use algebraic division to show that
g m This is an improper algebraic fraction because the

(E/P) 5
(E/P) 6
EP) 7
EP) s

x2=5x+7
x-3

=x- 2+ 3

1 degree of the numerator is greater than or equal to the
degree of the denominator. You can divide the numerator by

the denominator to obtain a polynomial and a remainder.

a Find the remainder when x> — 5x + 9 is
divided by x + 1.

x?-5x+9 ;
x+1

where 4, B and

b Hence, or otherwise, write

the form Ax + B+ ¢ ;
x+1

C are constants to be found.

x}*=x2-9
x+3

Given that =Ax’+Bx+C+

D
X+ 3

find the values of the constants 4, B, C and D.

Given that
X?=2x2+5=(Ax>+Bx+ C)(x-4)+ D

find the values of the constants 4, B, C and D.

18x2+22x — 7
(x+2)(3x—1)

B )
vl b=l

=A+

. 2 e
Given that 2x7 = 4x7 4 5x = |

x=-3
and D.
3x2+5
Gmf:rlthat—_'_2 = Ax? +B+
4x?-5x-3 _ B C
Gwenthat—( % + 1) (2% 1)=A+x+1+_2x—l’

Find the values of the constants 4, B and C.

=AXx*+ Bx+ C+ xl_)

m For part b, you can use the relationship
F(x) = Q(x) x divisor + remainder to write

o+

remainder
divisor

divisor

m You could use algebraic long division, or
you could multiply both sides by (x + 3) and

use substitution and comparing coefficients.

m You can compare coefficients when the
identity is written in this form.

(4 marks)

3 find the values of the constants 4, B, C
(4 marks)

ﬁnd the values of the constants 4, B and C.

(4 marks)

find the values of the constants 4, B and C.

(4 marks)



Algebraic methods

9 3x4—5x3+6x2-12x+5=(Ax2+ Bx+ C)(x2+2) + Dx + E
Find the values of the constants 4, B, C, D and E. (5 marks)

Problem solving BIS 4.

Bronze
1
a Simplify B’xx;k—_xIZ (3 marks)
: By~ 1 . s
b Hence, or otherwise, express o1 oy sa single fraction in its simplest form.
(3 marks)
Express 2 =3x _ £ as a single fraction in its simplest form (7 marks)
2 +x-6 x*+x-2 '
2x3+3x2-5x-6. &
Express I 15540 D the form Ax + B+ D Ewhere A, B, C, D and E are
constants to be found. (9 marks)
OO Set B
39x2—-49x + 15 . .
Express Gx=27(1 —x) as a sum of partial fractions. (4 marks)
30
Show that M can be written in the form 4 + —2— + C and find the values of the
x*—x-6 =t s
constants 4, B and C. (5 marks)

3x2+3
2x*=5x2—4x+3

The graph of y = f(x) has a vertical asymptote with equation x = —1. Use this information to
express f(x) as the sum of three fractions with linear denominators. (8 marks)

f(x) =

\[TAIgA4[199 — Exam question bank Q5, Q9, Q49, Q62, Q69, Q75, Q78



2 Functions and graphs

m The modulus function

f(x) = Ix? + 5x|. Write down the value of: @ e

a f(-3) b f(2) c f(-1) non-negative numerical value. It is written as |a.
In general:

g(x) =12 = 3x| + 1. Write down the value of: o [f(x)| = f(x) when f(x) =0

a g(1) b g(10) ¢ g(-1) o |f(x)| =—f(x) when f(x) <O0.

Sketch each graph and mark the coordinates
of any points of intersection with the
coordinate axes.

@ The graph of y = lax + bl is the graph
of y = ax + b with the section of the graph
below the x-axis reflected in the x-axis.

ay=Ix+1 b y=Rx+1|

c y=0Bx-4 d y=1I13-2xl
e y=|%x+3| fy=-Bx+1l

i For each pair of functions, sketch y = f(x) and y = g(x) on the same set of axes.

ii H 1 f. — ‘).
ii Hence solve f(x) = g(x) m You can solve f(x) = g(x) algebraically by

a f(x)=R2x-3,g(x)=7 solving two equations. For example, in part a:

b f(x)=12-5xl, g(x)=3x+5 2x—-3=17 (1)

¢ f(x)=13x+2l, g(x)= % i —@x=3)=7 @

Solve the inequality |4x — 5| > 2x.

Write your answer in set notation. m OVElp s li= el Gl

of y =]4x — 5| and y = 2x to work out which
values of x satisfy the inequality.
+ Year 1, Section 3.4

a Sketch the graph with equation y = |4x + 3|, marking the locations of any points where the

graph cuts or meets the coordinate axes. (2 marks)
b Find the values of x which satisfy |[4x + 3| < 7. (2 marks)
a f(x) =15 - 3x|. Sketch the graph with equation y = f(x), stating the coordinates of any points

where the graph cuts or meets the coordinate axes. (2 marks)
b Find the values of x for which f(x) = x. (4 marks)
Solve the inequality [2x — 6] > 5 — x. (4 marks)
a Sketch the graph with equation y = —|3 — x]. (2 marks)
b Find the values of x which satisfy —|3 — x| = - ; > (5 marks)



m Functions and mappings

1

State whether each mapping from the set of
x-values to the set of y-values is one-to-one,
many-to-one or one-to-many.

Functions and graphs

@ A mapping transforms one set of
numbers, the domain, onto another set of

numbers, the range.

ap=5—x b y=10-3x
y.h \“y
0 X
0 \;
¢ yV=x+9 d y=sinx

J}

T~

0} \/;E

‘ |
=y

2 State a possible domain which would make each
mapping a function and write it using function
notation.

ay=vx+2

m A mapping is a function if every
element in the domain maps to one distinct

element in the range. This means functions
are either one-to-one or many-to-one.

b y= ¢ y=tanx

x+1
It is possible to convert some mappings into

functions by restricting the domain.

3 For each function: @ You should only sketch the graph of

i sketch the graph of y = f(x) the function for values of x in its domain.

The range will be the set of y-values that
are mapped to by the function.

ii state the range of f(x)

iii state whether the function is one-to-one or
many-to-one.

af(x)=(x+2),xeR, x=0 b f(x)=3sinx,xeR,0=<x=<180°

¢ f(x)=2e",xeR, x=0 d f(x)=Vx-3,xeR, x=3



4

EP) s

The function f(x) is defined by

m This is an example of a piecewise-defined
i 35— %x_, xeR,x<?2 function. It consists of two parts, one linear for
(x) = (x—47+2, xeR, x=2 x < 2 and one quadratic for x = 2. The function
i ’ ' is not continuous as it jumps at x = 2 but it is

a Sketch the graph of y = f(x). still defined for all real values of x.

b Explain why f(x) is a function and state the value of f(2).

¢ State the range of f(x).

d Solve f(x) =11.

The function f is defined by f:x > x*—=3x+4, xeR, 0 =x <4,

a Find the range of f(x). (3 marks)
b State whether the function is one-to-one or many-to-one. (1 mark)

The function f(x) is defined by

) = e'+5, xeR,x<0
() = x2-8x+6, xeR,x=0

a Sketch the graph of y = f(x). (4 marks)
b State the range of f(x). (1 mark)

The function g defined by g(x) = x> — 5x + 8 has domain x € R, x = a. Given that gis a
one-to-one function, find the smallest possible value of the constant a. (6 marks)

The function h(x) is defined by

h(x) = 2+x, xeR, x4
) =\ 10x-x2-17, xeR. x> 4

a Sketch the graph of y = h(x). (4 marks)
b State the value of h(4). (1 mark)
¢ State the range of h(x). (1 mark)
d Find the exact values of x for which h(x) = 5. (4 marks)

m Composite functions

|

Given f(x) = x%, g(x) = x - 2 and h(x) = %, find:

a fg(4) b gf(2) c g(-1) m fg(x) means apply g first, then apply f, so
f =f :

d gh(6) e fgh(10) BT

Given the functions p(x) = 3x - 1, q(x) =4 — x* and r(x) = % find expressions for:

a pq(x) b qr(x) ¢ pi(x) m In part a, pq(x) =3(4 —x?3) — 1.

d rp(x) e pqr(x) Simplify your answers as much as possible.



Functions and graphs

The functions f and g are defined by f : x — [4x — 5| m
- For part b, sketch y = fg(x) and

: I -
and g:x = == respectively. ¥ = 2x on the same set of axes. The

a Find fg(-5) b Solve fg(x) = 2x number of points of intersection will
' i - be the number of solutions to the

equation fg(x) = 2x.

flx)=e, xe Rand g(x) =2Inx,xe R, x > 0.
a Find an expression for gf(x), simplifying your answer. (2 marks)

b Show that there is only one real value of x for which gf(x) = fg(x). (3 marks)

f(x) = 4x* — 8x, x € R and g(x) = k — x, x € R where k is a non-zero constant.

a Find the range of f(x). (3 marks)
b Find an expression for gf(x) in terms of x and k. (2 marks)
¢ Given that the range of gf is gf(x) < 6, find the set of possible values of k. (2 marks)

The function f is defined for all real values of x as f(x) = 8 — (x — 2)%.
a State the range of f(x). (1 mark)
b Find the value of ff(-2). (3 marks)

Given that f(x) = 2x%, x € R and g(x) = ﬁ xeR, x#1,

a state the range of f(x) (1 mark)
b find an expression for fg(x) (2 marks)
¢ solve the equation fg(x) = 18. (4 marks)

The functions p and q are defined by p: x — 3", xe Rand q : x = x - 2, x € R respectively.

a Find an expression for pq(x). (2 marks)
b Find an expression for gp(x). (2 marks)
¢ Solve pq(x) = gp(x), giving your answer in the form {E—g (3 marks)

m Inverse functions

1

For each function f(x),
(%), m The inverse of a function
i determine the equation of the inverse function f'(x)  maps the elements in the range of

the function back onto the original

elements in its domain. The graphs of
v—3 v =f(x) and y = f(x) are reflections

af:x»2x-5xeR bf:xe 5 ,xeR in the line y = x.

ii sketch the graphs of y = x, y = f(x) and y =f'(x) on
the same set of axes.

cf:x—»x*-1,xeR df:x—=1-3x,xelR
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For each function g(x),

31U The domain of g(x) is the range of
i determine the equation of the inverse function g~!(x) and the range of g(x) is the domain

g'(x) of g71(x).
ii state the domain and range of g'(x)
iii sketch the graphs of y = g(x) and y = g7'(x) on the same set of axes

iv solve the equation g(x) = g7'(x).

agx)=2x-3,xeR,x=0 b glx)=vVvx-2,xeR,x>2
¢ g¥)=—T5 xeR x>3 d g =(x-12-5xeR x=>1

Nesd o ;
fx)=% xeR,x#0 @ A function f(x) is self-inverse if

a Show that f is self-inverse. f(x) = F1(x).
b Write down an expression for ff(x).
The function g is defined by

g:xbx’-4x,xeR, 0=x=<6
Explain why the function g does not have an inverse.

@ Sketch the function to check whether it
is one-to-one for the given domain.

The function f(x) is defined by f(x) = 3;‘__35, xeR, x#3.

a Show that ff(x) = x. (3 marks)
b Hence write down f~'(x). (1 mark)
The function f is defined by f : x » In(Bx - 1), xe R, x > %

a Find f™'(x) and state its domain and range. (4 marks)

b Sketch the graphs of y = f(x) and y = f~'(x) on the same set of axes, stating the exact
coordinates of the points where the graphs cross the axes. (4 marks)

The function g(x) is defined by g(x) = x> -6x+ 8, x e R, x > 3.

a Find g7'(x) and state its domain and range. (6 marks)
b Find the exact value of the solution to the equation g(x) = g~'(x). (3 marks)
The function f is defined by f(x) = %, xeR, x>3.

a Find f™'(x) and state its domain and range. (4 marks)
b Solve the equation f~'(x) = 8. (2 marks)

€ » - If(0)] and y = (1x])

1

10

For each function f(x), sketch the graphs of
y=f(x) and y = [f(x)|.

aflx)=x2-x-12,xeR

AP To sketch the graph of y = [f(x)|:
e Sketch the graph of y = f(x).
e Reflect any parts of the graph below the
b f(x)=cosx, 0 < x = 360° X-axis (where f(x) < 0) in the x-axis.
e Delete the parts of the graph below the x-axis.



Functions and graphs

For each function f(x), sketch the graphs of @ T eketih e Aot

y =f(x) and y = f(|x]).

e Sketch the graph of y = f(x) for x = 0.

af(x)=6+5x-xLxelR

b f(x) = 2sinx, =360° < x < 360°
The diagram shows a sketch of part of the curve with
equation y = g(x), x € R.

On separate diagrams, sketch the curves with equations:
a y=|g()

b y=glxI)

The diagram shows a sketch of the curve with the equation
y=flx), xeR.

The curve has a turning point at P(3, —5) and also passes through
the point (0, 4).

a Write down the coordinates of the point to which P is
transformed on the curve with equation y = |f(x)|. (2 marks)

b Sketch the curve with equation y = f{|x[). On your sketch, show
the coordinates of all turning points and the coordinates of the
point where the curve cuts the y-axis. (3 marks)

Sketch the graphs of:
a y=llnxl

b y=In(xD

e Reflect this in the y-axis.

y.il

¥

= g(x)

=y

In each case, state the coordinates of any points of intersection with the axes.

The diagram shows a sketch of the curve with equation y = f(x).
The curve passes through the points P(-4, 0), Q(0, —10) and
R(3, -15).

On separate diagrams, sketch the graphs with equations:
a y=|f(x) (3 marks)
b y=1f(x] (3 marks)

On each sketch, where possible, show the coordinates of the points
corresponding to P, Q and R.

Y Y y =1f(x)
\
0 X
(3,-5)
(2 marks)
(3 marks)
p ly= f(x)l
0 X
0
R

11



'? The function g is defined byg:xHxiz,xelR, x # 2.

a Sketch the graph of y = |g(x)|. Indicate clearly the equation of the vertical asymptote and
the coordinates of the point at which the graph crosses the y-axis. (3 marks)

b Find the values of x for which |ﬁ| =4, (3 marks)

m Combining transformations

1 The diagram shows a sketch of the graph of y = f(x). VA

y=1)
The curve passes through the origin O, the point A(2, 8) and the -
point B(8, —16). R
Sketch the graph of y = f(x + 3) + 4 and find the coordinates of 9 .
the images of the points 4 and B.
B

m y = f(x) + a is a translation of the graph of y = f(x) by the vector (g)

y=f(x + a) is a translation of the graph of y = f(x) by the vector (—Oa)

+— Year 1, Section 4.5

2 The diagram shows a sketch of the graph of y = g(x). y=g(x) y,
The curve passes through the points 4(-2, —=7), B(0, -2) and C(2, 4). /\
Sketch the graphs of: 0 / x
— —ofX B
a y=3glx-1) b y=g(3)-2
Find the coordinates of the images of the points 4, B and C.

A

y = glax) is a horizontal stretch by scale factor % of the graph of y = g(x).
In part a, apply the translation first and then the stretch. + Year 1, Section 4.6

¥ =ag(x) is a vertical stretch by scale factor a of the graph of y = g(x).

3 f(x) = e~ Sketch the graphs with equations:

o)

Show, on each diagram, the point where the graph crosses the y-axis.
For part a, state the equation of the asymptote.

a y=-2f(x)-1 b y=—f(

@ The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.

These graphs can be considered as vertical stretches with scale factor —1.
+— Year 1, Section 4.6

12



Functions and graphs

The diagram shows a sketch of the graph of y = f(x). VA
P

The graph cuts the y-axis at the point (0, 3) and the point = f(x)
P(1, 5) is the local maximum turning point. 3
On separate sets of axes, sketch the graphs of:
a y=fl-x)+1 (3 marks) _

0 X
by=f(x+2)+3 (3 marks)

On each sketch, show the coordinates of the point at which your graph intersects the y-axis, if
known, and the coordinates of the point to which P is transformed.
The diagram shows the graph of y = f(x). V4 y=1f(x)

The points P(3, 5) and Q(5, 1) are turning points on the graph.
On separate diagrams, sketch the graphs of:

a y=-3f(x)+1 (3 marks)
b y=1(x])-1 (3 marks) 0

For each graph, indicate the coordinates of any turning points.

The diagram shows a sketch of the curve with equation y = f(x). 14

The curve passes through the origin O and the points A(9, 10) 4

and B(-9, -70). -l

On separate diagrams, sketch the graphs of: g X
o f(x;— 2) (3 marks) ¥ = fx)

b y=1f2x)-3 (3 marks) B

Indicate on each diagram the coordinates of the points corresponding to 4 and B.

The function gis definedby g: x> (x+ 1)’ -4, x e R.

a Draw a sketch of the graph of y = g(x), labelling the turning point and the x- and
y-intercepts. (3 marks)

b Write down the coordinates of the turning points on the graphs with equations:

i y=2(gx)+2 ii y=-3g(x+1) iii y=g2x)+1 (6 marks)
The diagram shows part of the graph of y = f(x), x € R. y
= f X
The graph consists of two line segments that meet at the point Y=
P(5, -2), as shown in the diagram. 5 ~
i : 0 E X
On separate diagrams, sketch the graphs of: _4\/
a y=2fx+5) (3 marks)
b y=|f(-x)]| (3 marks)

On each diagram, show the coordinates of the point corresponding to P.

13



m Solving modulus problems
1
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The function f is defined as
f(x)=2x+1]-3,xeR

a Sketch the graph of y = f(x).

m Use transformations to sketch the graph.
Start with y = |x]|, then apply a translation by the

vector ( 0 ), then a stretch with scale factor 2 in the
b State the range of the function. y-direction, and then a translation by the vector ( 03).

¢ Solve the equation f(x) = x + 4.

The function g is defined as
gx)=9-3x-2,xeR

) Skefell thelpraphetihcunchion; m The part of the function inside the modulus

b State the range of the function. signs must always be greater than or equal to 0.
¢ Give a reason why g-'(x) does not exist.

d Solve the equation g(x) = 3, giving your answer in set notation.

For each function f(x):

i sketch the graph of y = f(x)

ii state the range of the function.
aflx)=2xI-1,xeR

b f(x)=2-3x+1,xeR
Ix -2l

c f(x)=5+ 3 ,xelR
The diagram shows a sketch of part of the graph y = f(x), y — f(x)
where f(x) = 3|2 — x| + 4, x = 0. Ji=te
a State the range of f(x). (1 mark)
b Solve the equation f(x) = x + 20. (3 marks) 0| X
¢ Given that the equation f(x) = k, where k is a constant, has two distinct roots,

state the set of possible values for k. (2 marks)
a Sketch the graph of y = |x| - 5. (3 marks)
b Explain why |x] — 5 < |x — 5| for all real values of x. (3 marks)
a Sketch the graph with equation y = |5x — 4|, stating the coordinates of any points where the

graph cuts or meets the axes. (2 marks)

Find the complete set of values of x for which:

b |5x-4|>3-2x (4 marks)
¢ |Sx-4|=> % - 2x (2 marks)



Functions and graphs

7 Given that p and ¢ are positive constants,
a on separate diagrams, sketch the graphs with equations:
i y=3x-pl| i y=[3x-p|l+g

Show, on each sketch, the coordinates of any points at which the graph crosses or meets the
axes. (4 marks)

Given that the equation |3x — p| + ¢ = 2x + 8 has solutions x =0 and x = k,

b find k in terms of p. (4 marks)

ORI Set A

The functions f and g are defined by f : x —» 3 -2x3, x € Randg:xl—)%—S,xe R, x > 0.

a Find the inverse function f™'(x). (2 marks)

b Show that the composite function gf is given by gf : x — % (4 marks)

¢ Solve gf(x) = 1. (3 marks)
 sitver J

The function f is defined by f(x) =e> + 2, x € R.

a Find f-!(x). State the domain of this inverse function. (3 marks)

The function g(x) is defined by g(x) =In(x + 3), x e R, x > -3.

b Find fg(x) and state its range. (4 marks)

¢ Solve fg(x) = 66. (3 marks)
| Gold_

The function f is defined by f:x — -J:Exs— A i 3+2xeR,x>1.

a Show that f(x) = 2222 x> 1. (4 marks)

b Find the range of f(x). (2 marks)

¢ Find f™'(x). State the domain of this inverse function. (3 marks)

The function g is defined by g: x — 3x? -4, x e R.

d Solve fg(x) = % (3 marks)

15



Problem solving B-1S4:]

The diagram shows a sketch of the graph y = f(x), where f(x) = k — 3|x — 4|. '} /\

The graph cuts the y-axis at (0, —6).

a Find the value of k. (2 marks) 19)
b State the range of f(x). (1 mark) / y = f(x)
On separate diagrams, sketch the graphs of: /0, -6)
¢ iy=|f ii y=1flx]) (4 marks)
d Solve f(x) = % + 1. (5 marks)
 silver _
The diagram shows a sketch of the graph y = f(x) where y = f(x) y
f(x) =2|x+ 3| - \
a State the range of f(x). (1 mark) \/O‘ *
On separate diagrams, sketch the graphs of:
b iy=|fx) i y=f(x]) (4 marks)
¢ Find the set of values of x for which f(x) = 4 — 0.5x. (5 marks)
d Find the set of values of & for which f(x) = k has:
i 0solutions ii 1 solution iii 2 solutions. (3 marks)
 Gotd J
f(x) = a — |x + b|, x € R, where ¢ and b are real constants. y

16

The diagram shows the graph with equation y = f(x). = f(x)
The graph cuts the x-axis at the points (-8, 0) and (4, 0).

a Find the values of a and b. (3 marks) /.( =) O‘ “, O\

b Find the set of values of p for which the equation f(x) = px + 5 has:

i 0solutions ii 1 solution iii 2 solutions. (6 marks)

[\ [TR{GA[1 — Exam question bank Q26, Q32, Q55, Q63, Q66, Q79, Q82, Q85



Sequences and series

m Arithmetic sequences

For each arithmetic sequence: . " :
q m In an arithmetic sequence, the difference

i write down the first 4 terms of the sequence between consecutive terms is constant.

ii write down the values of ¢ and d. The formula for the nth term, u , of an
a 4dn+3 b 7-=13n arithmetic sequenceisu =a + (n — 1)d,
o B ily d 2n—5 where a is the first term of the sequence and d

2 is the common difference.

For each arithmetic sequence, find an expression for the nth term and find the 10th term.
3 2,6, 16,14 b 5,3.1,-1,..

¢ -2,1,4,7, ... d 8,5y, 2y, -y, ...

Calculate the number of terms in each arithmetic sequence.

8258, ...,959%8 @ Find an expression for the nth term,
b 75,73,71, ...,-3,-5 u , and set it equal to the final term in the
¢ -3,1,5,....109, 113 =2 ale

d -4k, -2k, 0, ..., 98k, 100k

In an arithmetic sequence, the fourth term is
17 and the 10th term is 47.
Find the first term and the common difference.

@ Use the general form for the nth term to
set up two simultaneous equations in ¢ and d.
+ Year 1, Section 3.1

The first term of an arithmetic sequence is 20 and the common difference is —%

a Find the value of the 25th term.
The rth term of the sequence is 0.
b Find the value of r.

The nth term of an arithmetic sequence is 3n — 4.
a Write down the first three terms of the sequence.
b State the value of the common difference.

An arithmetic sequence has first term ¢ and common difference d.

The fourth term of the sequence is —2 and the ninth term is —22.

a Find the value of a and the value of d. (3 marks)
The nth term of the sequence is —54.
b Find the value of n. (3 marks)

17



8 a, b and c are three consecutive terms in an arithmetic sequence.

a Show that ¢ ; €=p. (3 marks)
The first three terms of a different arithmetic sequence are 15, p? and —p, where p is a constant.

b Find the two possible values of p. (3 marks)
9 The first three terms of an arithmetic sequence are &, 4k — 3 and 3k + 10.

a Find the value of k. (3 marks)

b Find the value of the 50th term of this sequence. (3 marks)
m Arithmetic series

Find the sums of the following arithmetic series: m S I

asS+9+13+17+... (20 terms)

b3+8+13+18+... (15terms)

¢ 12+10+8+6+... (40 terms)

d8+7.5+7+65+... (25terms)

2 Find the sums of the following arithmetic series: m ST b WoTnE e
a6+9+12+ ... +5l1 b 52+47+42+ ... +(-103)  value of n from the given last
term.

¢c 2+1+4+...+175 d 120+ 112+ 104+ ... +0

3 Prove that the sum of the first 60 natural numbers m The natural numbers are the

is 1830. -
positive integers, 1, 2, 3, 4, .....

Sl e B
5 = ol BEOTEEE EREEe

Work out 25, and divide the
result by 2.

4 Find the least number of terms required for the sum of m Find the values of ¢ and d

the arithmetic series 5+ 8 + 11 + 14 + ... to exceed 1000. S
for this series, then find the least

positive integer n that satisfies
S,=% (2a+ (n-1)d) > 1000
5 The rth term of an arithmetic series is 4r — 5.
a Write down the first three terms of the series.
b State the value of the common difference.

¢ Show that S = n(2n - 3).

18
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Sequences and series

Cnn+1
a Prove that the sum of the first » natural numbers is ( 2 )

You may not use the formula for the sum of an arithmetic series in your proof. (3 marks)

b Hence find the sum of the even integers from 2 to 200. (2 marks)

U, U, .... u are the terms of an arithmetic sequence.
a Given u, =103 and u,, =79, find the value of u,..
The sum of the first n terms of the sequence is 1925.

b Find the value of n.

An arithmetic sequence has first term ¢ and common difference d.

The sum of the first 12 terms of the sequence is 366.

a Show that 12a + 66d = 366. (2 marks)
Given also that the eighth term of the sequence is 38,

b write down a second equation in @ and d (1 mark)
¢ find the value of @ and the value of d. (4 marks)

An arithmetic sequence has first term ¢ and common difference d.

The sum of the second term and the sixth term is 14.

a Showthata +3d="7. (3 marks)
The sum of the first 20 terms of the sequence is —120.

b Find the value of @ and the value of d. (4 marks)

The first term of an arithmetic series is ¢ and the common difference is d.

The 15th term of the series is 11 and the 20th term of the series is 32—7

a Show that that the first term of the series is —10, and write down the second term. (4 marks)
The sum of the first n terms of the series is 2055.

b Find the value of n. (4 marks)

The second, third and fourth terms of an arithmetic sequence are 3k, 4k + 5 and 7k
respectively, where k is a constant. Show that the sum of the first # terms of the sequence is
kn?, where k is a rational number to be found. (5 marks)

The third, fourth and fifth terms of an arithmetic sequence are 3k, 4k + 3 and 6k — 9
respectively, where k is a constant. Show that the sum of the first # terms of the sequence is a
square number. (5 marks)
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m Geometric sequences

1
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For each geometric sequence, find:
g d ' m The formula for the nth term, u , of a

i the common ratio geometric sequence is u, = ar"~"', where a is

i the nth term. the first term and r is the common ratio.

a 2,6, 18,54, ... b 60,30, 15,7.5, ...
¢ 10,-20, 40, -80,... d 40, 60,90, 135 ...

a Write down the sequence from question 1

Ehe . m A geometric sequence alternates if the
which is alternating. g 9

terms are alternately positive and negative.
b Given that p, ¢ and r are three consecutive terms
in a geometric sequence, show that pr = ¢°.

The terms 5, x and x + 10 form the first three terms of a geometric sequence.

U

Given that the terms of the sequence are positive, find: m
! u

2

a the value of x b the 10th term of the sequence. u,u,

Find the first term in the geometric progression m I —
4,12, 36, 108, ... that is larger than 1000 000. @=anncr =3 shyouneed tolin
the smallest positive integer that satisfies

4 x 3"71 > 1000000

You can solve this inequality by taking logs
on both sides. + Year 1, Section 14.6

The fourth term of a geometric series is 16 and the seventh term of the series is 250.
For this series, find:

a the common ratio b the first term.

The first three terms of a geometric sequence are k + 4, 3k and 2k°, where k is a positive
constant.

Find the value of k. (4 marks)

The third term of a geometric sequence is 108 and the sixth term is 32. Find:

a the 20th term (3 marks)
b the first term in the sequence which is less than 1. (3 marks)
A geometric sequence has first term 150 and common ratio r, where r > 0.

The fifth term of the sequence is 50.

a Show that r satisfies 4Inr + In3 = 0. (3 marks)

b Hence, or otherwise, find the value of r correct to 3 significant figures. (1 mark)



Sequences and series

9 The first three terms of a geometric series are Sk, 4k + 3 and 6k + 7, where k is a positive
g p
constant. Find:

a the value of k (6 marks)

b the first term in the sequence to exceed 10000. (3 marks)

m Geometric series

1 Find the sums of the following geometric series. Give your answers to 3 significant figures if

necessary.
a2+6+18+54+ ... (10 terms) The sum of the first n terms of a geometric
B il B g Pl (12 terms) series is given by the formula
B 6510 — D e (8 terms) =45 21 (asiertouseifir > 1)
d 810+ 540 +360+240 + ... (Oterms) O Sn= A= r#1 (esiertouseiflrl <1
2 Find the sums of the following geometric Hint

First find the number of terms, #, using

series. Give your answers to 3 significant
nth term = ar" ™.

figures if necessary.
a 5+10+20+ ... +640 b 13122 +4374 + 1458 + ... + 2

c 1024—256+64—...—1—16 d 128 + 192 + 288 + ... + 1458

3 Find the least value of n such that the sum Hint
of the first n terms of the geometric series
346+ 12+ 24 + ... exceeds 1000000.

Work out the values of a and r from the terms
given. Use the formula for the sum to n terms to
set up an inequality, and use logs to find the least
positive integer that satisfies the inequality.

® 4 The fourth term of a geometric series is 24. The fifth term of the series is 48.
For this series, find:
a the common ratio b the first term

¢ the sum of the first 20 terms.

® 5 A geometric series has first term 10 and common ratio % Calculate:

a the 10th term of the series to 3 decimal places (2 marks)

b the least value of n such that the sum to » terms is greater than 20. (4 marks)

6 A geometric series has first term 20 and common ratio %

Given that the sum to k terms is greater than 50,

In0.5
In0.8

b find the smallest possible value of k. (1 mark)

a show that k >

(4 marks)
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7 The first three terms of a geometric series are 2k — 4, k + 2 and k — 1, where k is a positive

integer.

a Find the value of k. (6 marks)
b Hence find the 20th term of the series, correct to 3 significant figures. (2 marks)
¢ Find the sum of the first 20 terms of this series, correct to 3 significant figures. (3 marks)

8 The second term of a geometric series is 96. Given that a + ar + ar* = 292.8, where a is the
first term of the series and r << 1 is the common ratio, find the sum of the first 10 terms of the
series. Give your answer to 3 significant figures. (9 marks)

9 A geometric series is such that the sum of the first two terms is equal to the third term.

a Show that the common ratio of the series is independent of the first term. (2 marks)

Given further that the common ratio is positive and that the first term of the series is 2,

b find the sum of the first 20 terms of the series, correct to 3 significant figures. (8 marks)
m Sum to infinity
1 a Explain why the geometric series Hint

A geometric series is convergent if

2+0.2+40.02+0.002 + .... is convergent. M 1

b Find the sum to infinity of this series. This means that the sum of the first # terms in the
series tends to a limit as »n increases.

This limit is called the sum to infinity of the series

and can be found using the formula §_ = Ta——r

2 For each of the following series:
i state, with a reason, whether the series is convergent.

ii If the series is convergent, find the sum to infinity.

a5+2+08+032+... b01+03+09+12+...
¢ 81-27+9-3+... d20+18+16+ 14 + ...

3 The fifth term of a geometric series is 2.4576 and the seventh term is 1.572 864.

a Explain why this series is convergent. You can use the general form of the nth term
b Find the sum to infinity of the series. of a geometric series to find the values of @ and r.

4 A geometric series has first term 8 and sum to infinity 25.
. . _ o
m Substitute into S_ = =5

a Find the common ratio.

A different geometric series has sum to infinity 40 and common ratio %

b Find the first term.
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5 For a geometric series with first term a and @ a(l
common ratio r, S, = 80 and S_ = 81. 5=

a Find the possible values of r. so§, =S, x (1 - F‘")

a dS __——}"

b Given that all the terms in the series are positive, find the value of a.

® 6 The first term of a geometric progression is 4 and the sum to infinity is 12.

Find the common ratio. (3 marks)
® 7 a State the condition for an infinite series with common ratio r to be convergent. (1 mark)
b Find the sum to infinity of the geometric series % + % + 33’—2 + ... (3 marks)

8 Ina convergent geometric series, the common ratio is r and the first term is 4.
Given that S_ =20 x S, find:
a the value of the common ratio, giving your answer to 4 significant figures (3 marks)

b the value of the fifth term. (2 marks)

9 The first term of a geometric series is 80. The sum to infinity is 120.

a Find the common ratio. (3 marks)
b Find, to 2 decimal places, the difference between the fourth and fifth terms. (2 marks)
¢ Calculate the sum of the first 6 terms. (2 marks)

10 A geometric series has first term ¢ and common ratio r.

The second term of the series is 12 and the sum to infinity of the series is 10.

5
a Show that 50/ — 50r + 12 = 0. (4 marks)
b Find the two possible values of r. (2 marks)
¢ Find the corresponding two possible values of a. (2 marks)

Given that r takes the smaller of its two possible values,

d find the smallest value of n for which S exceeds 9.99. (2 marks)

m Sigma notation

For each series:
@ The Greek capital letter 'sigma’ is used to

i write out every term in the series. represent a sum. For example,
ii Hence find the value of the sum. i (2r+1) =3+ 5+ 7 +9, which is an arithmetic
a 26:(4.»-—3) b i2f3 s;rieswitha=3,d=2andn=4.
N P
c Z 0s(90r°) d 23(—%)
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An arithmetic sequence has nth term u = 5n — 1.

a Write down the first term and the common difference of the sequence.

12
b Hence find ) (5r - 1).
r=1
A geometric sequence has nth term
u =3 x2"!

a Write down the first term and the

common ratio of the sequence.
20
b Hence find } 3 x 2r-!

r=1

Find:
10
a ) (3r+2) b Y3
r=1 r=1
¢ 25(3)

30

> (5 — 2r) represents an arithmetic series.
r=§
a Explain why

,.i(s -2r= rE}:I(S —2r) = ZT‘,I(S -2r)

30

b Hence find ) (5 - 2r).
r=8

n
@ Yaxb-'=a+ab+abt+ab+ ... +ab"!
r=1

is the sum of an 1 term geometric sequence with
first term @ and common ratio b.

m In part b there is no r in the expression
following the summation, so 3 is added to itself
20 times.
Part c is a geometric series. Find the first term and
the common ratio.

m Use 2(5—21'}= E(S—Zr)+ i: (5—2r)

r=m+1

15
Find the value of ) 4 x 37! (3 marks)
r=10
10
Find ) 10 x 3 (3 marks)
r=1
13
Given that ) (3r + 6) = 750,
r=1
a show that (k — 20)(3k + 75) = 0. (3 marks)
b Hence find the value of k. (1 mark)
k
Given that Y 4 x 27 = 262136,
r=1
a show that k = In32768 ?3368 (4 marks)
20
b For this value of k, calculate ) 4 x 2. (3 marks)
r=k+1
The infinite geometric series given by 1 + 4x + 16x* + ... is convergent.
a Write down the range of possible values of x. (3 marks)
Given that ¥ (4x) ! =5,
r=1
b find the value of x. (3 marks)
10
Show that Y (4 + 3r+27-1) = 1228. (4 marks)
r=1



Sequences and series

m Recurrence relations

EP)s

(E/P) 6

Find the first four terms of the sequences defined by the following recurrence relations:

n+ 1 o .
A recurrence relation defines each termin a
bu, =u-4u=10 sequence in terms of the previous term.
4
G R
un+ 1= 2 3 ul -

For each sequence:

i state whether the sequence is m In an increasing sequence u, > u forallne N,

increasing, decreasing or periodic In a decreasing sequence u, < u forallne N.
ii if the sequence is periodic, write In a periodic sequence, the terms repeat themselves in
down its order. a cycle. This means there is an integer k such that
U, =U, for all ne N. The value k is called the order of

a 3,7, 11,1519, ...
b 1,0,-1,0,1,0,-1,0, 1, ...
¢ 11,8,5,2,-1, ...

the sequence.

For each sequence:

i write down the first 5 terms of the sequence
ii state whether the sequence is increasing, decreasing or periodic

iii if the sequence is periodic, write down its order.

au=3n-1 hoou=2 ¢ u, =sin(180n - 30°)
du =2u+1Lu=1 e u =4-u,u=38 fu, =u-4u=10
A sequence a,, a,, a., ... is defined by
— : ! maz=k+{—l)l=k—l
(=
=(k—-1)+(-12=k and ;
a =a+ =1y ( )+ (=1) and so on
The sequence is periodic. You can find the sum of the
a Show thata, = a,. values in one period and use this to find the sum of the
Given that k = 3, first 400 terms.
400
b find Ea‘_
r=1

¢ write down the value of Ay,

A sequence is defined for n = 1 by the recurrence relation u = pu _+ g, u, = 4 where p and ¢
are constants. Given that u, = 3 and u, = 1, find the values of p and ¢. (4 marks)

A sequence is given by u, =5, =ku — 8, where k is an integer.

a Show that u, = 5k* — 8k - 8. (2 marks)
b Given that u, = 40, find the value of k. (3 marks)
¢ Hence find the value of u.. (2 marks)
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A sequence has nth term u_= sin(90n°), n = 1.

a Find the order of the sequence. (1 mark)
b Find %:ur. (2 marks)
A sequernce of numbers a, a,, a,, ... isdefined bya, =k, a,, =54 +4,ne N,

a Find a, in terms of k. (2 marks)
b Show that iar is a multiple of 4. (3 marks)
A sequence 0}-1;umbers a, a, a, ...isdefinedbya =3,a  =1- ﬁ, ne N,

a Find Szﬂjlai_. (3 marks)

50 49
b Hence find z‘ a+ ,Zla" (1 mark)

1 N

m Modelling with series

1

26

Matt is training to compete in a
marathon. He starts with a 6 km run
one Sunday.

m Real-life situations can be modelled with series.
Any situation where a sequence of values increases or
decreases by a constant amount can be modelled as an

He then increases his run by 2km each arithmetic sequence.

following Sunday.

a Show that on the fifth Sunday of training he runs 14 km.

b Find an expression, in terms of #, for the length of his run on the nth Sunday.

A marathon is 42 km.

¢ After how many weeks will Matt be running the length of a full marathon?

Matt trains for a total of 20 weeks.

d How many kilometres will he have run in total in his entire training period?

At the end of year 1, the adult

population of a town is 28 000. m Any real-life situation where a sequence of

values increases or decreases in the same ratio can be

A model predicts that the adult modelled as a geometric sequence.

population will increase by 2.5%

Numerical answers must be given to an appropriate
each year. g BRER

degree of accuracy.

a Show that the predicted adult
population at the end of year 2
is 28 700.

Answers to questions about modelling situations must
be given in the context of the question.

b Write down an expression for the predicted population at the end of year n.

¢ Find the predicted population at the end of year 10.

d Give one criticism of this model.



Sequences and series
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A girl saves money over a period of 52 weeks. She saves 10p in week 1, 15p in week 2, 20p in
week 3 and so on until week 52. Her savings can be modelled as an arithmetic sequence.

a Find the amount she saves in week 52. (3 marks)

b Calculate her total savings over the 52-week period. (3 marks)

Emma wants to take out a £6000 loan. She wants to make 24 monthly repayments on the loan.
She finds these two options.

Option 1: Payments increase by a fixed amount each month. First payment is £120 and final
payment is £396.

Option 2: First payment of £110. Payments increase by 7% each month.

Identify the cheapest loan option for Emma and work out the difference in the amount of
interest charged. (8 marks)
A car was purchased for £15000 on Ist January. On 1st January each following year, the value
of the car is 75% of its value on Ist January in the previous year.

a Show that the value of the car exactly 3 years after it was purchased is £6328 to the nearest
pound. (1 mark)

b Find the number of years it takes after purchase for the value of the car to fall below £1000.
(3 marks)

The cost of home insurance with an insurance company for the first year is £250.
Every year the cost increases by 5%.

a Find the cost of home insurance for the fourth year, giving your answer to the nearest penny.
(2 marks)

b Find the total cost of home insurance for the first 10 years. (3 marks)

The insurance company offers a discount on home insurance to customers who also purchase
car insurance.

10% discount in annual payment up to a maximum of £35

¢ Find the total cost for home insurance for the first 10 years with this discount. Give your
answer to the nearest pound. (4 marks)

A ball is dropped from a height of 2 metres. After each bounce, the ball reaches a height which
is % of its previous height. The successive heights of the ball can be modelled as a geometric

series.

a After how many bounces does the ball first bounce to a height which is less than 10cm?
(7 marks)

b How far has the ball travelled in total when it hits the ground for the 10th time? (4 marks)

¢ Give one criticism of this model for large numbers of bounces. (1 mark)
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Bronze

An arithmetic sequence has 16th term 25, and 25th term 47.5.

a Find the first term of the sequence. (3 marks)
The sum of the first n terms of the sequence is 712.5.

b Find the value of n. (4 marks)

An arithmetic series is defined as p + 2p + 3p + .... + 200 where p is a constant.
Given that the sum of this series is 1700, find the value of p. (5 marks)

An arithmetic sequence has first three terms 3k + 2, 5k + 7 and 7k + 12, where k is a constant.

Given that the 60th term of the sequence is positive, find the range of possible values for .

(5 marks)
Problem solving AISd:)
Find f: 3 x (%) , giving your answer as a fraction in simplest form. (5 marks)
r=8
. k - ..

Given that Y (2r — 5) = 299, where k is a positive constant, find the value of k. (6 marks)

r=%

16
Given that Y (3r+ 2"+ k) = 131 550, where k is a constant, find the value of k. (6 marks)

1

r=

\UTALSAL (I — Exam question bank Q24, Q27, Q61, Q64, Q68, Q73, Q76, Q80
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Binomial expansion

m Expanding (1 + x)"

1 Find the binomial expansion up to and .
including the term in x* of: @ o1 +(x) —)1 + nx( _
nn-—1 e = =2
1 : i h X2+ 5
1+x)? ) ' 2! 30
a (1+x) b (I+x) c (1+x)

o +.("("_ 1) ..F:!(n it 1))x*+

-4 -5 -3
d d+x) e (1+x) fd+x) This expansion is valid when x| < 1,n eR.

2 For each expression:

i find the binomial expansion up to and ) ) o
including the term in x* m Replace x with (bx) in the binomial
. expansion formula. Remember that
ii state the range of values of x for which (bx)" = bx"
the expansion is valid. :
1 5 The expansion of (1 + bx)" is valid for |bx| < 1,
S I NI = X\3
BTz PVI=x ¢ (1+3) or lxl < 5
1 X\
d (1-50" e s f(l-%
1 -2x ( 3 )

3 a Find the first four terms, in ascending powers of x, in the binomial expansion of V1 —4x.
b By substituting x = 0.01 in your ejliansmn, @ T
find a decimal approximation for V6. 62
ﬂl—Avaoasmﬂsxﬁﬁ_gJE

¢ State why the approximation is valid for

x=0.01.
4+ x -1
4 fr)=—AtE | ;
(x) = m Write f(x) as (4 + X)(1 + 3x)

a Find the first three terms, in ascending powers of x, of the binomial expansion of f(x).
Give each term in its simplest form.

b State the range of values of x for which the expansion is valid.

5 Given that the binomial expansion of (1 + kx)=, kx| < 1,is 1 — 8x + Ax? + ...

a find the value of the constant k (2 marks)
b find the value of the constant 4, giving your answer as a fraction in its simplest form.
(3 marks)
; 1 —x
6 =773
a Show that the series expansion of f(x) up to and including the term in x* is
1 —4x+ 12x% - 36x° (4 marks)
b State the range of values of x for which the expansion is valid. (1 mark)
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7 g(”\)_1+4x 1 -2x

a Find the series expansion of g(x) in ascending powers of x, up to and including the term in x°.

Simplify each term. (6 marks)
b State the range of values of x for which the expansion of g(x) is valid. (1 mark)
¢ Find the percentage error made in using your expansion in part a to estimate the value of
2(0.01). Give your answer to 2 significant figures. (3 marks)
8 a Find the binomial expansion of V1 - 6x, Ix] < é in ascending powers of x up to and
including the term in x°, simplifying each term. (4 marks)
b By substituting x = ﬁ, find a decimal approximation for V2. Give your answer to 5 decimal
places. (5 marks)
9 a Use the binomial expansion to show that % ~]1-3x- 3Tx lag ==L (6 marks)

b Substitute x = % into \J% ~1-3x- 3; to obtain an approximation for V3.
a

Give your answer in the form b where a and b are integers. (3 marks)

m Expanding (a + bx)"

1 For each expression:

m To expand (a + bx)" where @ and b are

constants, first take out a factor of a”.
= (e(r e = (r+2)
(a+bx)"= (a(1+ax =g 1+ax

The expansion of (a + bx)" is valid for ‘gx‘ =]

i find the binomial expansion up to and
including the term in x*

ii state the range of values of x for which
the expansion is valid.

a(2+3x)3 b V4-x c (8+2x)

el

a
or x| < H
b

2 For each expression:

 Hint_ V2 - g+ wia-n

= 2(1 - %)é 1-x"

i find the binomial expansion up to and
including the term in x*

ii state the range of values of x for which
the expansion is valid.

3 b 1 -—x c ’4+x
5-2x (2-x)? 1 -x
3 Given f(x) = (5 - 3x)7,

a find the binomial expansion of f(x), in ascending powers of x, up to and including the term
in x*. Give each coeflicient as a simplified fraction. (5 marks)

b State the range of values of x for which the expansion is valid. (1 mark)
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a Find the first three terms in the binomial expansion of m, x| < 3.

Give each coefficient in simplified surd form. (5 marks)
b Hence or otherwise, find the first three terms in ascending powers of x, of the expansion

of el (4 marks)

N6 + 2x
The first three terms in the binomial expansion of - are 1.z + 2x
p Taibe "3 27" 8L

a Find the values of the constants ¢ and b. (6 marks)
b State the range of values of x for which the expansion is valid. (1 mark)
¢ Find the coefficient of the term in x* in its simplest form. (2 marks)

1
a Use the binomial expansion to expand (8 — 5x)°, |x| < 8 in ascending powers of x, up to

and including the term in x?, giving each term as a simplified fraction. (5 marks)

b Use your expansion, with a suitable value of x, to obtain an approximation for V7.
Give your answer to 3 decimal places. (2 marks)
=2 2

8N =724y "3-5x

a Find the series expansion of g(x) in ascending powers of x, up to and including the term in x°.

Simplify each term. (6 marks)
b State the range of values of x for which the expansion of g(x) is valid. (1 mark)
¢ Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks)
d Find the percentage error made in using your expansion from part a to estimate the value of

2(0.01). Give your answer to 2 significant figures. (3 marks)
a Use the binomial expansion to expand \ 81 _-"37; in ascending powers of x, up to and

including the term in x°, giving each term as a simplified fraction. (8 marks)
b State the range of values of x for which the expansion is valid. (1 mark)

¢ By substituting x = 0.1 into your expansion, find an approximation for V7, giving your
answer to 5 decimal places. (3 marks)

m Using partial fractions

1

4x+1 . .
E i T tial fractions.
A (1+x)2-x) L @ Partial fractions can be used to simplify

b Hence, or otherwise, expand __Ax+1 more complicated algebraic fractions and make
(1+x)(Q2-x) them easier to expand using the binomial

in ascending powers of x, up to and expansion. — Saction il

including the term in x2.

¢ State the range of values of x for which the

R ; m Choose a range of values for x that is valid
expansion is valid.

for all the binomial expansions that you use.
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3x . .
a Express G+ as partial fractions.

m As (3 + x) is a repeated linear factor, use

b Use the binomial expansion to show that two partial fractions with denominators (3 + x)
35 and (3 + x)? respectively. +— Section 1.4

G+ ) = %x + Bx? + Cx?, where Band C

are constants to be determined.

¢ State the range of values of x for which the expansion is valid.

a Expr‘ess (x-35)(x+4) using partial m As the degree of the numerator is the
fractions. same as the degree of the denominator, first
i Efbnce srpthervise, expand 27( +5x-8 divide the numerator by the denommator..
x-5)(x+4) + Section 1.5
in ascending powers of x, up to and
including the term in x?.
¢ State the range of values for x for which the expansion is valid.
_ 8x -1 - -
a Express f(x) = =29 +49 as partial fractions. (3 marks)
b Hence, or otherwise, expand = ol —in ascending powers of x, up to and including
. (I =2x)(1 +4x)
the term in x?. (6 marks)
¢ State the range of values for x for which the expansion is valid. (1 mark)
10x+4 A B A = I
d+207 = 1+2x + T+ 207 Ixl < 3, where A4 and B are constants.
a Find the values of 4 and B. (3 marks)
b Hence, or otherwise, find the first three terms in the expansion of % (6 marks)
Ix2+5x-7 _ B C
x+3)(x=3) =A+ P + oY where 4, B and C are constants.
a Find the values of 4, Band C. (4 marks)
b Hence, or otherwise, find the first three terms in the expansion of M (6 marks)
(x+4)(x=3)
¢ State the range of values for x for which the expansion is valid. (1 mark)
N_ 2x*+5x+12 __ A B C
S =10 T Gl 22
a Find the values of 4, Band C. (4 marks)
b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x, up to and
including the term in x*. Simplify each term. (6 marks)
¢ Explain why the expansion is not valid for x = 0.5. (1 mark)



Binomial expansion

Problem solving B4

The binomial expansion of (1 + IOx)'-l’ in ascending powers of x, up to and including the term
inx3is 1+ 5x + px? + g3, [10x] < 1.

a Find the value of p and the value of g. (4 marks)

b Use this expansion with your values of p and ¢ together with an appropriate value of x to
obtain an estimate of (1.5)". (3 marks)

¢ Find the percentage error made in using your expansion to estimate the value of (1 .5)‘1}
Give your answer to 2 significant figures. (3 marks)

a Find the binomial expansion of V1 — 6x in ascending powers of x, up to and including the

term in x*, simplifying each term. (4 marks)
b Substitute x = % into the binomial expansion to find an approximation for V3.

Give your answer as a fraction in its simplest form. (5 marks)
¢ Explain why the expansion is valid for this value of x. (1 mark)
a Use binomial expansions to show that \J% = 14+ 2x+2x. (6 marks)

A student attempts to use this expansion to find an approximation for V5. The first few steps
of the student’s working are shown below.

INF Sx e
I =%
I Bx =15 = bx
o
=g
Substitute x = 15 into expansion

b Explain the error in the student’s working. (2 marks)

¢ By substituting a suitable value of x into the approximation, obtain an approximation for
V5, giving your answer to 5 decimal places. You must state the value of x you chose and
justify your choice. (3 marks)
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a

a Use the binomial expansion to show that 5 _1 T %+ %Tx + 9% and state the range of

values of x for which the expansion is valid. (5 marks)
b Obtain the binomial expansion of a _lx)z up to and including the term in x2. (2 marks)
¢ Given that % can be written in the form B :43x) + q fx) + a _Cx)z, find the

values of the constants 4, Band C. (5 marks)
d Hence find the binomial expansion of % up to and including the term in x.

(3 marks)

e State the range of values of x for which this expansion is valid. (1 mark)
a Express f(x) = 83‘;-:_1—)(2“224 using partial fractions. (5 marks)
b Hence, or otherwise, find the series expansion of f(x) in ascending powers of x, up to and

including the term in x2. Simplify each term. (5 marks)
¢ State the range of values of x for which the expansion is valid. (1 mark)

By considering the series expansion of

S |
2x2+5x+ 3
V1 + 3x

RSy e e (e
show that 5 s 3~ 318 ~ 216

or otherwise, use binomial expansions to

(10 marks)

\[TAIGAL IS — Exam question bank Q14, Q33, Q51, Q57, Q60, Q70, Q81
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m Radian measure

1

Convert these angles from radians to degrees,
giving your answers to 1 decimal place, where
appropriate.

S T
a? b-8- cdn

a Convert the following angles to radians, giving

your answers as multiples of 7.

i 18° i 32.5° iii 320°

d 0.34rad

m To convert degrees to radians

multiply by%

e V2rad

m To convert radians to degrees

b Convert the following angles to radians, giving your answers to 3 significant figures.

i le° i 124° iii 260°

Sketch the following graphs, marking any points

where the graphs intersect with the coordinate axes.

a y=tan2xfor0s=x<nx
b y=cos(x+mfor0=x=2nx

cy= sin(%x) +lfor-n=x=nm

Without using a calculator find the exact values of

these trigonometric ratios.

a cos(%{) b tan(—%) ¢ sin(—%)

Sketch the following graphs on separate sets of axes, marking any points where the graph

intersects with the coordinate axes.
a y=2cos2xfor-2r=x=<90

b y= sin(.x—%) for-r=sx=nm

In the triangle POR, PO = 12cm, QR = 8cm and RP = 9cm.

m Take note of the domain given for
each graph. When the domain includes

values in terms of &, you must sketch the
graph in radians.

m Start by expressing each part in
terms of trigonometric ratios of values

between 0 and .

f 1.9rad

Radians

(3 marks)
(3 marks)

a Find the size of angle QRP, giving your answer in radians to 3 significant figures. (3 marks)

b Find the area of triangle PQR, giving your answer in cm? to 3 significant figures.

The diagram shows the curve with equation
y=sin(x+%), O=sx<=4n
Write down the exact coordinates of the points

where the curve intersects with:

a the x-axis (3 marks)

b the y-axis. (1 mark)

g

¥y =sin (.r + %ﬂ)

(3 marks)

=y
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8 The diagram shows three ships 4, B and C. The ships are in the same N

horizontal plane.
Ship B is 600 m due north of ship A. B
Ship Cis 800 m from ship 4 on a bearing of g radians. 600m
a Find the distance between ship B and ship C in metres to
3 significant figures. (3 marks)
b The bearing of ship C from ship B is 6. Find the value of 6 in %
degrees to 3 significant figures. (3 marks)

m Arc length

800m

ol

An arc AB of a circle, with centre O and radius rem, @ Use / = 10 to find the arc length.

subtends an angle 0 radians at O. Giving exact values
where possible, find the length of 4B, /cm, when:

L T r=6.5,9=2Tﬂ )1

¢ r=2.3,0=0.35rad

2 Anarc AB of a circle, with centre O and radius rcm, m Make sure your calculator is

subtends an angle 0 radians at O. The length of 4B is

[cm. formula for arc length.

Giving your answers to 3 significant figures, find the
radius, rcm, when:

a z:sﬁ,e:% b /=20,0=1.8rad ¢ 1=9.25, 0 =0.45rad

3 Anarc AB of a circle, with centre O and radius rcm, subtends an angle 6 radians at O.

The length of AB is /cm.
Giving your answers to 3 significant figures, find the angle, 6 radians, when:
al=121,r=34 b 1=7235,r=092 ¢ I=¥5,r="2

4 The shape ABCD consists of a triangle ABC joined to a

sector ACD of a circle with radius rcm and centre 4. The lines
AB=28.6cm and BC =7.3cm, and angle DAC = 1.52 radians.

in radians mode when using the

Given that the length of the arc DC is 6.08 cm, find: 1 R6om B
a the length r (2 marks)
b the perimeter of the shape ABCD. (2 marks)
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Radians

The shape ABCDEA consists of a right-angled triangle BCD joined
to a sector ABDEA of a circle with radius 8 cm and centre B.

The points A, B and Clie on a straight line with AB = 8cm and the

size of the angle ABD is T radians.

9 C B gcm A4

a Calculate the exact length of the arc DEA, giving your answer as a

multiple of 7. (2 marks)
b Calculate the perimeter of the shape ABCDEA to 3 significant figures. (4 marks)
The shape comprises a triangle XYZ, with XY = 6¢cm and ¥ A
ZX =4cm, and part of a circle. The circular arc ZWis a w$em
major arc of the circle with centre X and radius 4cm. The X
point W lies on the line XY and the angle ZXW = « radians.
Given that the exact length of arc ZW is %cm, find:
a the exact value of o in radians (2 marks)
b the area of triangle X'YZ, giving your answer to 1 decimal place. (3 marks)

A circular cake is cut into 12 exactly equal slices, so that the horizontal cross-section of each
slice is a sector of a circle.

Si

Given that the arc length of the cross section of each slice is ?cm, find:
a the diameter of the cake (2 marks)
b the exact angle, in radians, between the two straight edges of each slice. (1 mark)

m Areas of sectors and segments

1

2

a Find the area of the sector of a circle of radius 5c¢m, given that the @ Draw a diagram

sector subtends an angle of 0.45 radians at the centre of the circle. ol EaCh sectar il th e

b Find the area of the sector of a circle of radius 7.3cm, given that the ~ given information.
sector subtends an angle of 1.2 radians at the centre of the circle. Use A = %rzg to find

¢ Find the radius, rcm, of a circle, given that a sector of the circle seclor area.

O

has an area of 3 cm” and the sector subtends an angle of
% radians at the centre of the circle. @e

d Find the angle, 6 radians, subtended by a sector at the centre of a

circle, given that the circle has radius 7.2cm and the sector has an
area of 33.696cm?.

Find the area of the shaded segment in each of these sectors. @ Use the farmula
C 0 Scm Az%rz(s—sine)

e 0 3cm b o
[ N\_6cm In part ¢ you need to find
—_— o—. . & 6 first. You can do this by
3 / using the cosine rule.
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Find the shaded area in each of these circles with centre C.

a b c

(R la
The sector PORS is part of a circle with centre Q and radius Sm. 0
The length of the line segment PR is 5V3 m.

Sm Sm
a Calculate the exact size of angle POR in radians. (3 marks)
R P
b Calculate the exact area of the sector, giving your
answer as a multiple of 7. (3 marks)
S

¢ Calculate the area of the segment PRS, giving your
answer to 3 significant figures. (3 marks)

The shape consists of a triangle 4 BE joined to a sector BCDE of D

a circle with radius 8 cm and centre B. The points A, B and C lie '
on a straight line with AB = 19cm and BC = 8cm. 0.73 rad‘j‘z\cm
A 19cm B 8cm (

E

B

Given that the size of angle 4 BE is exactly 0.73 radians, find, giving
your answers to 3 significant figures:

a the area of the shape (4 marks)
b the perimeter of the shape. (5 marks)
The diagram shows the sector OA B of a circle of radius rcm. A
The area of the sector is 37.8cm? and angle AOB is 1.2 radians. ST
a Show that r = 3V7 cm. (3 marks)
The shaded segment R is enclosed by the arc 4B and the straight line 4B. 0 i
b Find the area of R, giving your answer to 1 decimal place. (3 marks) rem

B
The diagram shows a sector AOB of a circle with centre O and radius rcm. 0

The angle AOB is 6 radians. The area of the sector AOB is 12cm?.

a Given that the perimeter of the sector is 6 times the length of the arc
AB, find the exact values of 8 and r. (4 marks) rcm rem
The shaded segment 7 is enclosed by the straight line AB and the arc AB.

b Use your values of 8 and r to find the area of T, giving your answer to 4A~———=8
3 significant figures. (3 marks) r



m Solving trigonometric equations
1

(E/P) 5

EP 6

Radians

Solve these eqya.ltlons for 0 in the 1ntcr.val‘ ‘ m Make sure your calculator is in radians
0 = 0 = 2x, giving your answers to 3 significant e

figures when they are not exact.

a sinf =0.5 b tan6 =-2 m For parts ¢ and d, rewrite the equations
¢ 5co0s0 =3 d V2sin@+1=2 in the forms cos@ = ... and sin@ = ...

Solve these equations for 6 in the given intervals, @ Check that your final values are within

giving your answers to 3 significant figures when
they are not exact.

the given range.
a2+3sin80=4,0<0=<ng

b 6cos@-1=-4, -0 <21

c \Etane—?z—S,—bréG =7

d V2c0s20-0.6=04, 1< 60 <31

Solve these equations for 6 in the interval 0 = 6 =< 27, giving your answers to 3 significant

figures.
a tan’0+3tanf = -2

b 3sin“6-2cosB+1=0 to form a quadratic equation.

@ For part a, use the substitution u =tan @

& cos(9+ _7;) =05 For part b, you need to use the identity

4
d sin(20+0.6) = 1

sinf@+ cos’8 =1

Find all the values of 8 in the interval 0 = 6 = 2x for which:

cos( 6~ 7¢) = c0s(15
a cos(0- g) =cos({3)
b tan20 =0.6

Give your answers to 3 significant figures where they are not exact.

a Given that 4sinx = 3cos.x, find the value of tanx.

b Solve 4sin2x = 3cos2x for -7 = x = 7, giving your answers to 1 decimal place.

a Show that the equation 2cos”x + 3sinx = 3 can be written in the form
2sin’x —3sinx+ 1 =0
b Solve 2sin’x - 3sinx + 1 =0 for 0 = x = 7, giving your answers exactly.

a Solve sin(39+ E) =-0.2intherange 0 =< 0 < 3n

4 2
Give your answers to 3 significant figures.

b Find the exact values of 6 in the interval 0 = 6 = 7 for which 4cosx = 6tan x.

(3 marks)
(3 marks)

(1 mark)
(5 marks)

(2 marks)
(4 marks)

(4 marks)
(6 marks)
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m Small angle approximations
1

EP 6

40

When 6 is small, find the approximate values of: m WUhen @ ==l anid menclree i

5 sin 30 tan40 Stan6 — 6 radians, sin® = 0 and tan 0 = 6.
6 sin26 sin460
When 6 is small, find the approximate values of: m hE e amall ana e n e 1
1 — cos26 cos66 -1 . Otan6 radians, cos@ =1 — &
Osin O sin30tan 6 1 —cosb
When 6 is small, show that: m Use the small angle approximations
20 —sin36_ _ 1 cos0-1__1g and then simplify.
6tan40 40 sin @ 2
sinf +tanf _ 1
l-cos20 0

Given that 0 is small and is measured in radians, use the small angle approximations to find an
approximate value of

1 —cos20

30sin20 (3 marks)

Given that 6 is small, use the small angle approximations for sin 6, cos 6 and tan 6 to show that

3tan® —4cosO + 5
sin@ + 1

=20+ 1 (3 marks)

a Given that 6 is small, use the small angle approximation for cos 6 to show that
5cos’0 +6¢cosO +1 =12 - 86 (3 marks)

Josh tests the approximation in part a on his calculator by using 6 = 10°, and his working is
shown below.

5c05210°+ 6cos10°+ 1 = 11.76, to 4 significant figures.
The approximation gives 12 — 8(10)* = -788

Therefore, 5cos?0 + GcosB + 1 = 12 — 867 15 not true for 6 = 10°.

b Is Josh correct? Give full reasons for your answer. (2 marks)



LGLIE ORI -8 Set A

Bronze

The diagram shows an equilateral triangle 4 BC with side length 6 cm.
A segment of a circle with centre C'is attached to 4B, and an identical

segment of a circle with centre A is attached to BC.
a Write down the exact size of angle CAB in radians.
b Find the exact area of triangle ABC.

¢ Find the exact area of the sector with centre 4 and arc

BC, giving your answer as a multiple of 7.

(1 mark)
(2 marks)

(2 marks)

d Hence show that the shaded area of the shape is (127 — 18V3) cm?2.

A shape comprises a rhombus enclosed by two
arcs of circles. Arc BAD has centre C and arc BCD
has centre 4. Some of the dimensions of the shape
are shown in the diagram.
a Find the exact area of the rhombus ABCD.
(3 marks)

b Find the exact area of the sector with centre 4 and

arc BCD, giving your answer as a multiple of 7.

D

A

Radians

¢ Hence show that the shaded area of the shape is %(647: — 48Y3) cm>.

A shape comprises a rhombus surrounded by two
arcs. Arc BAD has centre C and arc BCD has centre 4.
Angle DAB is 0 radians.

Show that the area of the shape is

)

where a and b are integers to be found. (8 marks)

1
6cm C

(2 marks)

(3 marks)
(2 marks)
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Bronze

Problem solving B4

a Sketch the following graphs on the same set of axes:

i y=tanxfor0<x=<2r i y=1 i y=-3 (3 marks)
b Show that the equation 3tan?x + 8 tanx — 3 = 0 can be written as
(3tanx — 1)(tanx + 3) =0 (1 mark)
¢ Hence solve the equation 3tan®x + 8tanx — 3 = 0 for 0 < x < 2, giving your
answers to 3 significant figures. (3 marks)

a Show that 3cos’x = 5(1 — sin x) can be written as

3sin’x — 5sinx+2=0 (3 marks)

b Hence solve 3cos’x = 5(1 - sinx) for -1 = x < 7, giving your answers to 3 significant
figures where they are not exact. (4 marks)
Solve cosx = 3tanx for 0 = x =< 3, giving your answers to 3 significant figures. (8 marks)

L [TRIGYAL TS — Exam question bank Q25, Q30, Q35, Q41, Q44, Q46
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Trigonometric functions

m Secant, cosecant and cotangent

1

EP) 7

Without using your calculator, work out the exact @ 1
SeG = T
values of’ Cos X sinx
1 COS X
el = A e = el
a sec30° b cosec Sf c ccnt—%r tanx sinx

Use your calculator to find the values of the

. = 5 m Your calculator may not have keys
following, giving your answers to 3 significant

for these functions. For example, for

figures: part a, find tan 3.6 rad, then find its
a cot3.6rad b cosecl53® ¢ sec%r reciprocal.
Find the exact values of:
a sec150° b cot(-135°) ¢ cosec %
Show that:

sec60° _ 3

“osec 100 = 2 b cosec 4 cot =6
Prove that:
a sec(—0)=secH b cot(6+ m)=cot0
ABC is a right-angled triangle, with angle ACB = x, and A
sides AC = 5c¢cm and BC =4cm.
) Scm
Write down the exact value of:
a secx b cosecx ¢ cotx
e
B 4cm

Show that cot% - cosecf Va am{_ where a and b are integers to be found. (2 marks)

m Graphs of secx, cosecx and cotx

1

a i On the same set of axes, sketch the graphs of m
The number of solutions to the
y=secxandy=3in the interval 0 < x < 27. equation is the same as the number of

ii State the number of solutions to the equation points of intersection of the graphs.

secx =3 =0for0<x<2rm The graph of y = sec.x is undefined for

values of x for which cosx = 0. It has

b i On the same set of axes, sketch the graphs ) i
vertical asymptotes at these points.

of y = cosecx and y = —sin x in the interval

-180° = x = 180°
@ The graph of y = cosecx is
ii Explain how your graphs show that there are undefined for values of x for which
no real solutions to cosec.x = —sin.x. sin x =0, and has vertical asymptotes at

these points.
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On separate sets of axes, sketch the graphs of
y =cotx and y = —tan x in the interval
-360° = x = 360°.

ii Hence state a relationship between cot x and
—tanx.

On the same set of axes, sketch the graphs of

interval -r = x = 377{

@ The graph of y = cot X, is undefined
for values of x for which tanx =0, and

has vertical asymptotes at these points.

y =secx and y = cosecx in the

ii Hence state a relationship between sec x and cosec x.

Sketch the following graphs on separate sets of
axes in the interval 0 =< x = 360°, showing the
coordinates of any maximum and minimum
points, and any points of intersection with the
coordinate axes.

a y=1+cosecx b y= —cot%x
The graph shows the curve y = cosec(x + %) in
the interval 0 = x =< 4r. ¥y

Write down:

m Start by sketching the graph of
sec.x, cosecx or cotx, and then apply

each stretch or translation to transform
the graph.

¢ y=3sec2x

a the coordinates of the y-intercept

b the turning points of the curve

¢ the equations of any vertical asymptotes.

a Sketch the graph of y =2 + 4 secx in the interval —360° =< x = 360°.

(3 marks)

b Given that the equation 2 + 4 sec x = @ has no real solutions, find the range of possible

values for a.

The diagram shows a sketch of the curve y,
y = f(x), where f(x) = cot 3x, for
0 =< x < 180° x # 60°, 120°,

(0]

(1 mark)

\r=f®

a Write down the number of solutions
to the equation f(x) = x. (1 mark)

b Write down the solutions to the
equation f(x) = 0. (2 marks)

the interval -t = x =

On the same set of axes, sketch the graphs of y =

2+ 3cosecxand y=-xin
(3 marks)

b Write down the number of solutions to the equation 2 + 3cosecx + x =0 in

the interval -t s x = 1.

1

————and
2 + 3cosecx

¢ Deduce the maximum value of
which this occurs.

(1 mark)

give the smallest positive value of x at
(2 marks)



Trigonometric functions

m Using secx, cosecx and cot x

1

EP) 4
() 5

EP 6
(E/P) 7

Write down the value of:

a secx given that cosx =

1
4
b cosecx given that % =35 @ For part ¢, use

sinx _
cosx

tanx

« Year 1, Section 10.3

¢ cotx given that 2cosx = 3sinx

Simplify each expression, writing your answer as a
single trigonometric function.

@ Start by writing sec x, cosecx or

cot x in terms of sin x, cos X or tan x and

1

a cosxcotx + sinx b TR T

then simplify.

¢ cot3xsec3x

Solve the following equations for values of x in
the interval 0 = x = 360°, giving your answers to
3 significant figures where necessary.

a cosecx =2 b V3secx=4
¢ 3cotx=-2.5

cotx 4+ tanx

a Prove that S

= COseCx

cotx +tanx _ 4

b Hence solve in the interval 0 = x =< 360°, the equation e

a Prove that cos360 + sin30tan 360 =sec30

b Explain why the equation 2cos36 + 2sin360tan 36 = —1 has no solutions.

Solve 3sinx = 8cotx in the interval 0 = x = 2.

sinx 1 + cosx

- =2cosecx
1 +cosx sin .x

a Prove that

b Hence solve in the interval 0 = x < 27, the equation
iy — T -_T
sm(,\ 6) 1+ cos(z )

6
1+cos(x—%) ¥ sin( —%)

=5

m Trigonometric identities

1

Show that:
@ Use these iden

2  p— 2 2 e
a cosec-x + tan-x=sec-x + cot-x 1+ tan?x = sec2x

b cot’x + cos’x = (cosecx — sin x)(cosecx + sin x) 1 + cot?x = cosec?x

R sinx + cos’x=1
1. 1. =2+ 2tan*x
l1+sinx 1-sinx

tities:

m Write the equivalent equation for
sin X, cos X or tan x, then solve.

(4 marks)
(3 marks)

(4 marks)
(2 marks)

(4 marks)

(4 marks)

(4 marks)
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Given that sinx = % and that 90° = x < 180°,
find the exact values of:

m The interval 90° = x = 180° means
that x lies in the second quadrant, where
a Cosx b cotx € cosecx cosx and tan x are negative.

Solve these equations in the given intervals.
Give your answers to 3 significant figures when
they are not exact.

m Use the identities 1 + tan®?x =sec®x
and 1 + cot?x = cosec?x to write each
equation in terms of one trigonometrical

a sec’x+tanx=1for-r=sx=nx function only, and then factorise and solve.
b 3cot?x+9cosecx+ 1=0for0<x=<2r

¢ cosec’x+cot’x=3for0=x=2m

Given that 7cot’x — 5cosec’ x = 2, and that x is obtuse, find the exact value of cosx. (3 marks)

Solve sec’x = 5 + 3 tan x in the interval 0 = x = 360°, giving your answers to 1 decimal place
where necessary. (4 marks)
Given that cot’p = —4cosecp,

a find the value of cosecp (4 marks)
b show thatsinp =2 — 5. (2 marks)

¢ Hence solve cot’p = —4 cosecp in the interval 0 = p =< 27, giving your answers to 1 decimal
place. (3 marks)

Solve 2cosec’x + Scotx =5 in the interval -7 < x =< 7, giving your answers to 2 decimal
places. (4 marks)

m Inverse trigonometric functions

1

In each of the following cases, sketch y = f(x), m _
: s . arcsin x, arccos x and arctanx
showing any points where the curve intersects the

coordinate axes, and the domain and range of each
function.

are the inverse functions of sinx, cos x
and tan x respectively. These inverse
functions have a restricted domain to
a f(x)=arcsinx b f(x) = arccosx ensure they are one-to-one functions.

¢ f(x)=arctanx

Without using a calculator work out the following,

s ; m You can work these out without a
giving your answer in terms of .

calculator by considering exact values of

a arctan(l) b arcsin(—g) sin, cos and tan.

C arccos(%)



(E/P) 4

EP)s
EP) 6

EP) 7

Trigonometric functions

Without using a calculator work out the values of: : ’
Make sure you give your answers in
n

a arcsin(sin 5) the appropriate ranges for arcsin, arccos
and arctan.
b arccos (cos3m)

¢ arctan (tanSTjr)

a Sketch the graph of y = % + arcsin(x - l), clearly showing the exact coordinates of the

2

endpoints of the curve. (4 marks)
b Find the exact coordinates of the point where the curve crosses the x-axis. (3 marks)
Find in terms of =, the value of arccos (%) + arccos (—%) (2 marks)
The diagram shows the graph of Pisre
y=aarctan(x + b), wherea and bare =~ T -"""""'—_———_th
constants to be determined. y=garetneo)
a Find ¢ and b. (3 marks) (-3, 0)
b Find the coordinates of the point where o £

the curve crosses the y-axis, giving your
answer to 3 decimal places. (2 marks)

Given that arccos(x — 3) = —%, find the o
exact value of x. (3 marks)
HGLIE ORI -8 Set A
a Given that -CO8X_ 4 L=8SIX _ o that
I —smx COSX
cos’x + (1 — 2 sinx +sin’x) _
(1 - sinx)(cosx) {Zmarks)
b Hence show that secx =% (3 marks)
a Given that cot?x + cosec>x = g, show that cosec?x = 4 '5 ! (2 marks)
b Hence show that sec’x = % i 1 (3 marks)
= g
Given that L=1°X _ - how that cosec’x = —2—, z # 1. (5 marks)
I +tan*x l1-z
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HGLIE ORI -8 Set B

Bronze

a i Sketch the curve y = tan2x in the interval 0 < x =< m, showing the points where the curve
crosses the x-axis.

ii Write down the period of tan2x. (3 marks)

b i Show that the equation cot>2x — 4cot2x + 4 = 0 can be written as (cot2x — a)> = 0,
where « is a constant to be found.

ii Write down the value of tan2x, and hence solve the equation cot’2x — 4cot2x = —4

in the interval 0 =< x < 7, giving your answers to 2 decimal places. (4 marks)
a Given 4cot?2x + 12cosec2x + 9 = 0, show that sin2x = —% (4 marks)

b Hence solve 4cot?2x + 12cosec2x + 9 = 0 in the interval 0 < x < 360°, giving your answers
to 1 decimal place. (3 marks)

Solve 5 + 2cot?a = 7(1 + coseca), where a = 2x + Z, in the interval 0 < x < 2.
Give your answers to 2 decimal places. (7 marks)

([TRIGAL [ — Exam question bank Q3, Q6, Q15, Q21, Q42, Q58
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Trigonometry and modelling 7

m Addition formulae

a By substituting x =90° - 4 and y =
expansion of sin(x + y), show that
cos(A — B) =cos Acos B + sin Asin B

B into the

b By substituting x = 4 and y = —B into the
expansion of cos(x — y), show that
cos(A + B) =cos Acos B —sin Asin B

Write sin (x - %) in the form asinx + bcosx,

where ¢ and b are constants to be found.

b Write cos (x - %) in the form pcosx + ¢sinx,

where p and ¢ are constants to be found.

3) in the form 7 ==,

where m is a constant to be found.

¢ Write tan (x +

@ sin (90° — x) = cos x and

€0s (90° — x) =sinx

cos (—y) = cosy and sin (—y) = —siny
+ Year 1, Section 9.6

m The addition formulae for sin,

cos and tan are given in the formulae
booklet:

sin(4 + B) =sinA cos B +cos A sinB

cos(A+B)=cosAcosBFsinAsinB

_ tanA+tanB
Sl Rl 17tanA4 tan B

3 Express each of the following as a single trigonometric function:

tan76 — tan 360
2 T+tan701tan30

m Match each expansion to

b cos(3a s Sb)cos (3“ - Sb) —sin (3a £ Sb)sin(3a = Sb) the correct addition formula and

3 3 3 3
[ TSIHA—TCOS,\
EP 4 E ] e ) SN ft dt
KpreSS Sln(.l +)) 11'1 erms o an .x an any

Use the addition formulae to write:

® s

a %(cosx —3sin x) in the form cos (x + 6), where 0 < 0 <

b %(\ﬁ sinx — cos x) in the form sin (x + 6), where 0 < 6 < L

E) = cos x, show that tan x = %

@ :

Given that sin (x +

'? Showthat25in(x+%)+2$in(x+&r) (1 =3) sinx + (1 =V3) cosx.

m Using the angle addition formulae

1 Without using your calculator find the exact value of:

a SIH—COS£+ CC'SLSII'ILr

12 4 12 4 = -
tanﬁ+tan§

b c0s96°cos51° +sin96°sin 51° c

.
1—tan18tan9

write the resulting expression as
simply as possible.

(3 marks)
i1
2
2
(3 marks)
(4 marks)

@ Use the addition

formulae in reverse and your
knowledge of exact values of
trigonometric ratios.
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EP 6

@7

Use the fi la for sin (4 + B) to show that
@ Use the formula for sin( ) to show tha m For part a, write 135° as 90° + 45°.
l o D
sin 135 =5
V6 +\2

b Use the formula for cos(4 — B) to show that cos 15° = i

¢ Use the formula for tan(4 + B) to show that tan75° =2 + V3
. 3 . 8
Given that cos 4 = 5 and sin B = {5, where 4 and B m oy
are both acute angles, calculate the exact value of: cos B using sin?x + cos?x = 1
a cos(A4 + B) b tan(4 - B)
¢ cosec(A4 + B)

Given that cos 4 = %, and that A4 is acute, find the exact value of:

a cos(%—A) b tan(%+A) c sin(%—A)

Given that sin4 = %, where A is obtuse and cos B = —1—53, where B is reflex, calculate the exact
value of:

a sin(4 + B) b tan(4 - B) ¢ sec(4 + B)

2y T n
a Express tan ( a 6) in terms of tan I and tan 6 (2 marks)
b Hence show that tan% =2-3. (2 marks)
a Usesin(x + o) =sinx cos o + cosx sin & to show that sin 105° = @ (4 marks)
b Hence, or otherwise, show that cosec 105° = V6 -2 (3 marks)

m Double-angle formulae

1

50

Write each of the following expressions
i : Pl D mSiHZAEZSinACOSA
as a single trigonometric ratio.
c0s2A =cos?2A —sin?A=2cos2A—-1=1-2sin?4

a 25in% ccns%r b 4cos’7° -2 vnag _2tand
1 - tan’13.5° i
2tanl13.5°
Write each of the following in terms of a single trigonometric function.
a 6sin50cos56 b tan6(1 + cos26) © %
3

Given that sin 4 = 53, and that A4 is obtuse, find the exact value of:

13
a tan24 b cos2A4

m A is in the second quadrant, so only sin 4 will
¢ cosec24

be positive.



Trigonometry and modelling

® 4 Eliminate 6 from the following pairs of equations and express y in terms of .x.

a x=>5sin6, y=2-10cos26
b x=co0s26, y=4secH

5 a Show that cos*x — sin*x = cos 2x. (2 marks)

b Hence find the exact value of cos* % - sin* % (2 marks)

6 Given thata=2sinx, b=2cosx, ¢ =cos2x and d = tan2x,

a express ¢ in terms of a (2 marks)
b show that d = bzszaz (3 marks)
7 Giventhat r << 0 < % find the value of sing when cos 0 = % (4 marks)

m Solving trigonometric equations

1 Solve in the interval 0 =< x = 27, giving

SORARGTES TG |- ARl pIAe: @ Use the addition formulae to expand and

simplify the left-hand side of each equation.

. T : _
A St (x i §) +dsinx =0 Then write an equation in tan x and solve.
b cos (%r + x) =sinx

1

2

2 Solve in the interval 0 = 0 = 180°, giving
your answers to | decimal place where
necessary:

c cos(x+il—r)+sin(x+%) N

@ Start by using the double-angle formulae
to write the terms involving 26 in terms of 6.

a |l +cos20="7Tcos’6-1
b sin26=%sin9

¢ tanftan20=3

3 a Show that cos (x - %) = %(\.Gcosx +sinx).

b Hence solve the equation V3 cosx + sinx = 1 p
in the interval 0 < x < 2n, giving your m Ferpart b solve cos (x— 3) -

answers in terms of .

M| =

4 a Show that sin(x — 45°) = cosx can be written as tanx = a + \@, where a and b are real
constants to be found. (3 marks)

b Hence, or otherwise, solve sin (x — 45°) = cos x in the interval 0 = x = 360°, giving your
answers to 1 decimal place. (3 marks)
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a Show that 2 sin (x - %) = sin (x + %) can be written in the form V3 sinx — 2 cosx = 0.
(3 marks)
b Hence solve 2 sin (x - %) = sin (x + %) in the interval -t = x = 7.
Give your answers to 2 decimal places. (3 marks)
a Given that tan2x — tanx = 0, show that tanx + tan®*x = 0. (3 marks)

b Hence solve tan2x = tanx in the interval 0 = x = 2x. Give your answers in terms of 7.

(3 marks)
a Express 2sin?x — cos 2x — cos x = 0 in the form acos*x + cosx — b = 0. (3 marks)
b Hence solve the equation 2sin’x — cos 2x — cos x = 0 in the interval -7 = x = 7.
Give your answers to 2 decimal places when they are not exact. (4 marks)
Solve the equation cos’x — 2sin’x — sin2x = 1 in the interval -r = x < 7.
Give your answers to 2 decimal places when they are not exact. (6 marks)

m Simplifying acos x + bsinx

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in
surd form.

|

3

Find the value of R, R > 0, and the value of m Expand the right-hand side and equate
tan o, given that: the coefficients of sin 6 and cos 6 to obtain two

a 20sin 0+ 21 cos 8= Rsin (6 + a) equations in R and ¢. Divide the equations to
eliminate R and find the value of tan o

b V3cos6-V55in6 = Rcos (0 + ) Square and add the equations to eliminate o
¢ 2sin6-3cosO= Rsin(6- @) and find the value of R.

Find the value of R, R > 0, and o, where 0 < o < 90°, given that:

a 2sinf+cosf= Rcos(0-«
( ) m Use the tan™ function on your calculator

b 12cos0-5sinf= Rcos(0+ &) to find the value of @ in each case.
¢ 4sinf—2cosB= Rsin(6- )

a i Express \3'sin 6 — cos O in the form m The graph of y = R sin (0 — a) is the
Rsin(6- o), where R>0,0 < oo < % graph of y = sinx stretched by scale factor R

2
ii Hence sketch the graph of in the vertical direction, and translated by the

o
y=3sin6-cos# in the interval 0 < 6 < 2. e (0)

b i Express2cos@—12sin@in the form Rcos(6+ o), where R > 0,0 < o < :'_2r

ii Hence sketch the graph of y =2cos#—V12sin @ in the interval 0 < 6 < 2.

r
2
ii Hence sketch the graph of y = 2sin 0+ 2cos 6 in the interval 0 < 6 < 27

¢ i Express 2sin 6+ 2cos 0 in the form Rsin(6+ o), where R> 0,0 < o <
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(E/P)4 h(6)=2sin6+4cos

a Given that h(8) = Rsin(6 + o), where R > 0 and 0 < o < 90°, find the exact value of R and
the value of o to 2 decimal places. (3 marks)

b Hence solve 2sin 0 + 4 cos 0 = 3, for 0 = 6 = 360°, giving your answers to 1 decimal place.
(3 marks)

5 a Express 3cos26 + 2sin26 in the form Rcos(26 — o), where R > 0and 0 < o < %, giving
the value of o to 3 decimal places. (3 marks)

b Hence solve 3cos26 + 2sin260 = 1, for —-r =< 0 = 7, giving your answers to 2 decimal places.
(5 marks)

¢ Given that k is a constant and the equation 3cos 260 + 2sin26 = k has no solutions, state the
range of possible values of k. (2 marks)

6

Express 8sin @ — 15cos @1in the form R sin (0 — &), where R and «a are constants, R > 0 and
== % Give the value of o to 2 decimal places. (3 marks)
(6) = 10

=234 8sin6—15c0s 0

b i Find the maximum value of g(6).

ii Find the value of 6, in the interval 0 < 6 < 2, at which this maximum value occurs,
giving your answer to 2 decimal places. (3 marks)

¢ i Find the minimum value of g(6).

ii Find the value of 6, for 0 = 6 = 2, at which this minimum value occurs, giving your

answer to 2 decimal places. (3 marks)
7 a Show that that 2sin (x - %r) — (3 = 2)sin x can be written as 2 sin x — cos x. (3 marks)
b Solve 2sin (x - %) - (3 -2)sinx= % in the interval - = x = 27. Give your answers to
2 decimal places. (4 marks)
T 4
¢ Find the maximum value of (2 sin (x - g) —~ (V3 -2)sin x) (2 marks)

m Proving trigonometric identities

1 Prove the following identities.

% = cos 2 x L1 Use the double-angle formulae.
For part b, write 4 = 36.
b % =cot30 For part ¢, write the left-hand side in terms of

sin x and cos x. Dividing the numerator and

1 1 . denominator by a common term might be helpful.
¢ zsecxtan2x=5sec2xsinx
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Prove the following identities. m Use the addition formulae
a cos(x —30°) - cos(x + 30°)=sinx

sin(a+b) coth+cota T _cosO+sinf
sin(a — b) ~ coth — cota CCOt(4_9)=COSQ—Sin9
Prove the following identities.
a 2sin (36+%) =sin30+ V3 cos30
— 3 —
Breosd A ensid o @ For part b, write cos34 as cos (24 + A).
¢ cot2x +tanx =cosec2x
Prove that V3 cosx — sinx = 2cos (x + 30°). (4 marks)
in 2
a Prove that % =tanx. (3 marks)
sin %
b Hence find the value of e (2 marks)
1+ cos 3~
Prove that 2sin (29 - i—r) =22sin@cos O —V2 + 22 sin26. (4 marks)
a Prove that cos*x — sin*x = cos 2x. (3 marks)

b Hence, or otherwise, given that x is acute and tan x = % find the value of cos2x. (2 marks)

m Modelling with trigonometric functions

1

54

Georgia performs somersaults in the air while trampolining. Georgia’s height above the
trampoline, / metres, at time 7 seconds after she begins performing somersaults can be
modelled by the equation

h=0.3-0.3cos(2401)°

a State the maximum height Georgia

: m For part a, cos @ has a maximum value of
reaches above the trampoline. priasee

1 and a minimum value of —1. So the maximum
b State the time it takes Georgia to reach value of & occurs when cos (2401)° = —1.
this maximum height for the first time.

¢ Given that Georgia performs one @ _ _
somersault every time she jumps, find For part ¢, start by using the period of curve

according to the model, how many to find out how long it takes to complete one
somersaults she will complete in 30 somersault.
seconds.

d Criticise the model with respect to Georgia’s path through the air.
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2 The depth of water beneath a toy boat floating in a stream can be modelled by the equation
d=40.5 + 2.5sin(mr)
where dcm is the depth of the water and ¢ is time in seconds.
a Calculate the depth of water beneath the boat after 3 seconds.

b Find the maximum depth of water beneath the T

boat according to this model. For part b, use the maximum value

of the sine function to find the maximum
¢ Calculate the times that the depth of water depth of water.
reaches this maximum in the first 5 seconds.

d A larger toy boat needs a minimum depth of 40cm of water to be able to float properly.
State whether the water in the stream is deep enough.

3 Charlotte’s blood pressure can be modelled by the function
P =105+ 25sin (4507)°

where P is blood pressure in mm Hg and ¢ is time in seconds.

a Write down Charlotte’s maximum blood pressure. This is known as systolic pressure.
b Write down Charlotte’s minimum blood pressure. This is known as diastolic pressure.
¢ Calculate Charlotte’s blood pressure after 4 seconds.

d Find the times that Charlotte’s blood
pressure is 1 10mm Hg during the first 2 seconds.
Give your answers in seconds to 2 decimal places.

4 A toy company records the average daily S
sales of a new toy during its first year of

production. It models the data with the
equation

S=6-3sin(0.5/+3),0<t<12

There are six different times in part d.

where S is the number of toys sold in 01 2 3 456 7 8 9101112 1
thousands, and ¢ is time in months after
1 January 2018.

The graph shows sales over the year.

a Write down the maximum number of recorded sales, and state in which month this
occurred. (2 marks)

The employees of the company are paid a bonus in any month during which the daily sales
average exceeds 8500 on any day.

b State the months in which a bonus was paid. (4 marks)
¢ Calculate the average daily sales on the final day in December. (2 marks)

d Tom says that the model predicts that sales will increase during the first few months of 2019.
State whether you think he is correct. (1 mark)
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5 a Express ﬂcos B—ﬂsinﬂ in the form Rcos(0+ o)°, where R > 0 and 0 < o < 90°.

@
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2 2
(4 marks)
b i Find the minimum value of S\I_COSG stm 0.
ii Find the value of 6 for 0 < 6 < 360° at Wthh the minimum occurs. (3 marks)

The height of water at the entrance to a harbour over a period of 24 hours can be modelled by
the equation

h=9— icos (301) + ism(SOI)

where &, metres, is the height of the water and ¢ is the number of hours after midnight.

¢ Write down the maximum height of water over the 24 hours, and the first time
that this occurs. (3 marks)

d Write down the minimum height of water over the 24 hours, and the final time
this occurs.

(3 marks)
e Find:
i the first time after which the water rises above 9 metres
ii the first time after which the water falls below 9 metres. (4 marks)
a Express 0.2cosx + 0.35sin x in the form Rcos(x — o), where R >0and 0 < a < &
Give a to 1 decimal place. (4 marks)

The temperature of an electric heater can be modelled by the equation
T=30+0.2cos2m +0.35sin2m

where T'is the temperature in Celsius and m is the time in minutes after the heater reaches the
required temperature. All angles are measured in radians.

b Calculate the temperature of the heater 1 minute after it has reached the required
temperature. (2 marks)

¢ Find the difference between the maximum and minimum temperatures of the heater after it
has reached the required temperature. (2 marks)

d Calculate the times during the first 8 minutes, after the heater has reached the required
temperature, when it reaches maximum temperature. (4 marks)

a Express 132sinx — 72cos x in the form Rsin(x — o), where R>0and 0 < o0 < Z
Give a to 1 decimal place. (4 marks)

The share price of a company during the first year after it is floated on the stock exchange can
be modelled by the equation

P =200+ 1325in(0.87) — 72cos(0.8¢)

where P is the share price in pence and ¢ is the time in months since the company was floated
(assuming it was floated on the 1st of January). All terms in 7 are measured in radians.
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b Write down the maximum share price and the month in which this first occurred. (3 marks)

¢ Write down the month in which the shares were at their lowest price, and find the lowest

share price. (3 marks)
d State during which month the share price fell below 100p. (2 marks)
Luke purchased 2000 shares in the company at its flotation price, and sold them at the end of
12 months.
e Find the profit or loss made by Luke. Give your answer to 2 significant figures. (2 marks)

Problem solving RBS1S 4.

The graph shows a curve that models the blood pressure of a patient during the first
5 seconds of measurement.
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The model has the equation
y=a+bsin(cx)°
where y is blood pressure in mm Hg and x is time in seconds, and «, b and c¢ are real constants.
a By considering the maximum and minimum values of y, find the values of a and 5. (3 marks)

b By considering the period of the curve, find the value of ¢, and hence write the equation of
the curve. (2 marks)
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The graph shows a curve that models daylight »4
hours on any day of the year in a particular (180, 16)
city.

The model has the equation
y=a+bsin(x-c)° 8
where y is the number of daylight hours,
and x is the number of days after 1 January,
and a, b and ¢ are real constants.

Y
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There are a minimum of 8 daylight hours at
the start of the year, rising to a maximum of 16 daylight hours on day 180.
a Find a, b and ¢ and write the equation of the model. (4 marks)
b Describe two transformations that could be made to the curve with equation y = sinx to

obtain the curve given in the model. (2 marks)
¢ Find the number of days in the year which experience more than 14 hours of sunshine.

(2 marks)

The height of a car on a big wheel is modelled by the equation

h=a+bcos(ct—d)°
where / is the height of the car above ground in metres, ¢ is time after the ride starts, in
seconds, and a, b, ¢ and d are real constants.
The initial height of the car is 2m, and the maximum height reached on the ride is 22 m,
which occurs 90 seconds after the start of the ride. The car completes four full revolutions,
and the ride ends with the car in its initial position after 12 minutes.
a Find the values of a, b, ¢ and d and hence write the equation of the curve. (5 marks)

The fairground operator decides to increase the speed of the wheel so that it completes five
full revolutions in 12 minutes.

b Amend the model to reflect this change. (2 marks)

Revathi says that the length of time the car is more than 20 m above the ground will be the
same for both models.

¢ Determine whether Revathi is correct. (2 marks)
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HGLIE ORI -8 Set B

a Express 12sin2x — 5cos2x in the form R sin(2x — &), with R>0and 0 < o < %
Give the value of ¢ in radians to 3 decimal places. (4 marks)

b Show that 12 — 3cosec2x = 5cot2x can be written as 12sin2x — 5cos2x = k, where kis a
positive constant to be determined. (2 marks)

¢ Hence solve 12 — 3cosec2x = 5cot2x in the interval 0 < x < 27 giving your answers
to 1 decimal place. (4 marks)

a Express 7cos?x — 3sin?x — 8sinx cosx in the form ¢ cos2x — b sin2x + ¢,
where a, b and ¢ are constants to be found. (3 marks)

b Solve the equation 7cos?x — 3sin?x — 8sinx cosx = 4 in the interval 0 < x < 2m. Give your
answers to 2 decimal places. (4 marks)

¢ i Show that 10cos® x — 8sin xcosx can be written in the form acos2x — bsin2x + k,
stating the values of a, b, and k.

ii Hence deduce the exact maximum value of 10cos® x — 8sin xcos x. (4 marks)

a Express l—zssin 4x — 4 cosdx — 4 cos2x — 4 in the form cos 2x(a sin2x — bcos2x — ¢),

where a, b and ¢ are constants to be found. (3 marks)
Hence or otherwise:
b solve 12—Ssin 4x = 4(cos4x + cos2x + 1) in the interval 0 < x < m, giving your answers

to 2 decimal places (4 marks)

n 1
¢ deduce the local minimum of e xcosn—eools (4 marks)

\[TRIGA4 118 — Exam question bank Q11, Q17, Q40, Q50, Q59, Q71, Q83

59



8 Parametric equations

m Parametric equations

60

For each of the following parametric equations, m A Cartesian equation in two

find a Cartesian equation, giving your answer in dimensions involves the variables x and y
the form y = f(x). In each case find the domain only. Rearrange one parametric equation
and range of f(x). into the form 7 = ..., and then substitute
ax=t-3,y=1>-1,-3st<3 into the other equation to eliminate .
bx=2,y=0

x=5,y=t +1,t=>0

_ e

c x_2t—1,y_—2,521

For each of the following parametric curves, find @ To find the domain of f(x), consider the
a Cartesian equation, giving your answer in the range of values of x for the given domain of 7.

form y = f(x). In each case find the domain and To find the range of f(x), consider the range of
range of f(x). values of y for the given domain of .

—In(t+2),y= % r> -1

b x=In@d+17),y=1¢

r S

+101425,t>-3
c x=e¥,y=e"+2e" telR
For each of these parametric curves:
i find a Cartesian equation for the curve in the form y = f(x)
ii find the domain and range of f(x)
iii sketch the curve within the given domain of .
ax=04+1,y=20+7,0<t<16 b x=20+1,p=4r2+14¢+12,-3<=<0
x=In@2-0,y=5-,1t<1
The parametric equations x = 3¢, y = (1 = £)(9 - #), 0 = t = 8 define a curve 4.

a Find the Cartesian equation of the curve in the form y = f(x), and state the domain
and range of f(x). (3 marks)

b Sketch the curve A, clearly showing the coordinates of any points of intersection with the
axes, turning points or endpoints. (3 marks)

A curve C is defined by the parametric equations x =In(t+ 5), y=2r+ 12,1 = -4,
a Find the Cartesian equation of the curve in the form y = f(x). (2 marks)
b Write down the minimum value of x and the minimum value of y. (2 marks)

A curve M has parametric equations x =¢*, y =¢” — 2e% - 5¢* + 6, t € R.

a Show that the Cartesian equation of M can be written in the form
y=(x+a)(x->b)(x-c), x =0, where a, b, and c are integers to be determined. (4 marks)

b Hence write down the coordinates of the points where curve M meets each axis. (3 marks)
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Parametric equations

The curves C, and C, are defined parametrically as follows:
Ci:ix=52,y=3+2,0st=<2
Crx=31-3,y=9-5Vr,0=1=<4

a Show that the curves are line segments which are perpendicular to each other. (3 marks)

b Find the exact length of each line segment. (2 marks)

The curve C has parametric equations x =4¢%, y =8¢, -1 = ¢t = 1.

Find a Cartesian equation of C in the form y* = f(x). (4 marks)

m Using trigonometric identities

1

Find the Cartesian equations of the curves

e 24—
given by the following parametric equations: m s

to give the equations in the form p = f(x).
a x=sinf—1, y=cost+3,0<1<2m « Year 1, Section 10.3

b= 200 y=3cost. s r= 8

¢ x=2+2cost, y=5+2sint, 0 <t <2rm

Find the Cartesian equations of the curves )
: i . : cos2t=1-2sin?t + Section 7.3
given by the following parametric equations: i
1 +tan?t=sec?t +— Section 6.4
a x=sint, y=cos2t, 0 <t <2rm sin2t=2sint cost + Section 7.3

b x=4sect, y=2tant, 0 <t <2rm
¢.X=snt y=sin?2 0 <1< 2%

For each of these parametric curves:

i find a Cartesian equation in the form y = f(x)

ii sketch the curve within the given domain of ¢.

a x=sint+3,y=cost-4,0<r<2m

m (x —a)*+ (v — b)? = r?is the equation

2
b x= tanz’ ) = 4cosec’r-8,0<r<m of a circle with centre (a, b) and radius r.
¢ ‘x=10s8ng, y= %coseczt, <= % + Year 1, Section 6.2

A curve C has parametric equations
x=06cost+5,y=6sint-2,0=t=k
When k = 2x, Cis a circle.

a Write a Cartesian equation for the circle, and hence state its radius and the coordinates of
its centre.

b Write down a value of k such that C is a semicircle.
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5 A curve C has parametric equations

x=5sec?2¢t, y=2cot?24,0< t < dt

a Find a Cartesian equation of the jurve, expressing y in terms of x. (5 marks)

b State the range of possible values of x for the given domain of z. (1 mark)
6 Show that the curve with parametric equations x = 2sinz, y = cos (t -+ %) —% apa %_,

can be written in the form y = %(\fm —\3x), =k < x < k, where k is a real constant to be

found. (6 marks)

7 A curve has parametric equations

x=cot’t+3,y=3cost,0 < t<%
a Find the Cartesian equation of the curve in the form y = f(x). (4 marks)
b Find the domain and range of y = f(x) in the given domain of z. (2 marks)
m Curve sketching
1 A curve is given by the parametric equations @ For each value of 7. substitute into
x=2+2,y=*,-2<t<3 the parametric equations to find the

di l fxand y.
Copy and complete the table and draw a graph of SRS

the curve.

t -2 |-15] -1 |[-05] O 0.5 1 1.5 2 2.5 3
x=2t+2 | -2 | -1 2

e 4 |2.25 0.25

2 A curve is given by the parametric equations @ Make sure you plot x against y. Do not
x=3sint,y=5cost,0 <t <2nm plot any values of .

Copy and complete the table and draw a graph of the curve for 0 = ¢ =< 2.

3 St 31:@2}1,

T S| 3m
J 0 4| T | 4| 2| 4

4
x =3sint 0 2.12

y=5cost | 5 |3.54

(S1E

3 By using a table of values, or otherwise, sketch the curves given by these parametric equations:
ax=2y=4t,-2=1=2
b x=3cosect,y=3cott,0=¢t=<2r

c x=t+5,y=%,0$t$8

62



Parametric equations

® 4

The curves C,, C, and C, are defined parametrically as follows:
CI x=2t,y=25-1,05<t=<25
Cz:xz%,yz%,%f:tﬂ 1
C,:x=2t+l,y=12-6t, 1 st <2
a Find Cartesian equations of C|, C, and C, in the form y = f(x).
b On the same set of coordinate axes, sketch C|, C, and C, on their given domains.
¢ Find the area of the shape enclosed by C,, C, and C..
The curve C is defined by the parametric equations
x=t+2,y==-1t*,-f=r=1l

a Find a Cartesian equation of C in the form y = (« — x)(x + b), where ¢ and b are integers to
be found. (4 marks)

b Sketch the curve C on the given domain of ¢. (3 marks)

The curve C is defined by the parametric equations

x=10cost+ 3, y=10sint - 2, —%ﬁ e L

2
a Find a Cartesian equation of C in the form (x + @)*> + (y + b)? = ¢, stating the values of a, b
and c. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)
¢ Find the exact length of the curve C. (3 marks)

m Points of intersection

|

Find the coordinates of the point(s) where the m Substitute y = 0 or x = 0 into the

following curves meet the x-axis and the y-axis. parametric equations to find the value(s)

ax=t-3,y=t+4,eR of f when the curve crosses the x-axis
and the y-axis respectively. Then find the

b x=34,y=3(t+2)(t-1),eR ; :
corresponding coordinates.

c x=27-2, y=1"-41,eR

Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.

a x=sin2r+ 1, y = 2tan’¢, —i—rétsz%

b x=2t,y=cost,-n<=t<=nrm ) ) )
The curve in part b intersects the x-axis

cx=et=3 p=ed—=21>0 twice within the given domain of ¢.
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The line L is defined parametrically by m Substitute the expressions for x and

x=t+l,y=1+3,1eR y in the parametric equations for L into
The circle C has equation x?+ >+ 6x -4 = 0. the equation for C, then solve the resulting
quadratic equation to find two possible values

a Find the values of 7 at the points of

intersection of L and C. for ¢.

b Hence find the coordinates of these points.

a A curve has parametric equations x = p(1 + 2¢), y = p(1 — 21)*, t € R where p is a constant.
The curve passes through the point (6, 0). Find the value of p.

b A curve has parametric equations x = gt* - 2¢q, y = q(t — 1)(¢ — 3)>, t > 1, where g is a
constant. The curve passes through the point (%,O). Find the value of ¢.

A curve C has parametric equations x =e*, y=4e' -4, t e R.

a Find the values of 7 where the line y = x — 1 crosses the curve C. (3 marks)

b Hence determine the coordinates of the points where the line y = x — 1 intersects
the curve C. (2 marks)

A curve C is defined by the parametric equations

X =cost,y=2sin2t+ l,%<t<32—’r
a Determine the coordinates of the points where the line y = 1 crosses the curve C. (5 marks)
b Show that the curve cuts the x-axis where ¢ = —% and 1 = % (3 marks)

¢ Hence determine the exact coordinates of the points where the curve cuts the x-axis. (2 marks)

A curve C has parametric equations x = 4sint,y = 8cost, 0 <t < 2m.

The points P and Q lie on C where ¢ = % and t = 3’2—7{ respectively.
Find an equation of the straight line through P and Q, giving your answer in the form
ay+bx+c=0. (5 marks)

A curve has parametric equations x =In(7 + 2),y=1In(t- 1), t > 1.

a Show that the line y = 2x — In 18 crosses the curve at the points where t = a + b3,
where a and b are integers to be found. (4 marks)

b Hence determine the exact coordinates of the points where the line y = 2x — In 18 intersects
the curve. (3 marks)
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m Modelling with parametric equations

® 1

A ski lift lifts a skier from ground level to an elevation of 450m.
The position of the skier at time # seconds is modelled by the parametric equations

x=3.6tm,y=2."7Ttm

where x is the distance travelled horizontally and y is the distance travelled vertically.
a Find the time taken to travel to the top of the ski lift.
b Show that the motion of the skier is a straight line.

¢ Hence find the total distance travelled by the skier in travelling from ground level to the top
of the ski lift.

d Determine the speed of the ski lift.

e Criticise the model in relation to: i the path of the skier  ii the speed of the ski lift.

Adam’s position as he travels down a water slide at time ¢ can be modelled by the parametric
equations x = 8¢, y = 16 — 7.6 — cos 8¢, 0 < t < k, where x is the horizontal distance travelled
(in metres) and y is Adam’s vertical height above ground level (in metres).

a Find Adam’s initial height above ground level.
b Find Adam’s vertical height above ground level after % seconds.

¢ State the horizontal distance that Adam has travelled after % seconds.

A ball is kicked from the ground with an initial speed of 18 ms~' at an angle of 45°.
Its position after 7 seconds can be described using the parametric equations
x=9V2¢m, v=(-kt+ 9\5?) m, where k 1s a constant

a Given that ball travels a horizontal distance of 33 m before hitting the ground, find the time
of flight of the ball.

b Hence find the value of k.

¢ Show that the path of the ball is modelled by a quadratic curve.

The path of a kangaroo as it jumps can be modelled by the parametric equations

x=56tm,y=-49+2.1tm

where x is the horizontal distance from the point the kangaroo jumps off the ground, y is the
height above the ground and ¢ is the time in seconds after the kangaroo has started its jump.

a Find the time the kangaroo takes to complete a single jump.
b Find the horizontal distance the kangaroo travels during a single jump.

¢ The kangaroo jumps over a log that is 20cm high. Find the range of the distances from the
log that the kangaroo must jump from in order to clear it.
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The cross-section of a vase design is given by the parametric equations VA
x = (187 - 32sinf)cm, y = (8 - 16cos r)cm, -% = g
a Find the width of the opening of the vase. (3 marks)

b The vase is filled with water up to the level of the x-axis. Find

the radius of the vase at the surface of the water. (3 marks) 0 X
¢ Given that the cross-section of the vase crosses the y-axis at its
deepest point, find the depth of the water in the vase.
b

(3 marks)

Particle 4 is moving in the xy-plane such that its position y
relative to a fixed origin O at time ¢ seconds is given by the
parametric equations

_1*P—6t+5

e ,y=t-2,1=0 /
The diagram shows the path of the particle. o) >
Particle B is moving in the xy-plane such that its position
relative to the same fixed origin O at time ¢ seconds is given by the parametric equations
x=t+5y=5%-2,t=0
a Show that the path of particle B is a straight line. (2 marks)
Both particles are at (5, —=2) when 7 = 0.
b Find the exact coordinates of the other point where the paths of the particles
intersect. (3 marks)

Adam states that the particles will collide at this point.

¢ State whether you agree with Adam’s statement, giving a reason for your answer. (2 marks)

A walker travels around one loop of a path in a park. The position YA
of the walker relative to the entrance of the park, O, at time
¢t minutes, is modelled using the parametric equations

x = 400 cos (%(: -%)) y = 400sin>L - 200sinL, ¢ =0

) 5
where x and y are measured in metres, and the positive y-axis
is the north direction. /
= . p—— 0 LY ’t
a Find the distance of the walker from the park entrance at i

the beginning of his motion. (3 marks)

b Find the distances of the walker from the park entrance at the times when he is due north
of the park entrance. (4 marks)

¢ Determine how long it takes the walker to complete one loop of the path to the nearest
minute. (3 marks)



Parametric equations

8 The diagram shows the profile of a hill modelled by the %
parametric equations x = ¢ + 16¢, y = 20sin¢, 0 < ¢ < k, where x
represents the distance in metres measured horizontally from a
fixed point, and y represents the height above sea level in metres.

0 >
a Find the height of the hill. (3 marks) | *

b Find the value of k and hence find the average gradient of the descent away from the
highest point. (4 marks)

Problem solving RBSIS4.

A curve C has parametric equations y A
x=10zmy, y=55027, 0= ¢ é%
a i Show that y = xcost.

ii Hence show that a Cartesian equation of C can be written
as 100(y*—xH) +x*=0. (4 marks) g X
The point A lies on C at the point where ¢ = %

The line with equation y = x + k, where k is a constant, intersects the curve at point A4.
b Find:
i the coordinates of point A
ii the exact value of k. (4 marks)

A curve C has parametric equations V4
xzisinr,y=4cos(t+g),05;tsSZ;rc &

\3 3
a Show that all points on C satisfy (3x + y)* + 3x* -4 =0. (5 marks) P
T

A straight line / passes through the points 4 and B on curve C where ¢ = - =

and ¢ = % respectively.

b i Show that the gradient of line /is —6. B

ii Hence find the equation for line / in the form ax + by + ¢ =0. (4 marks)
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A curve C has parametric equations

3n
4
a Show that all points on C satisfy y> = x3(1 - %x),

x=2+2cost,y=2sint+sin2t,0=¢t=

a = x < b, stating the exact values of « and b. (6 marks) O]

The line with equation x + y = p, where p is a constant, is a tangent to C at point 4, where ¢ =

b Find the value of p.

¢ Given that the line x + y = ¢ intersects curve C at least once, find the exact range of

possible values of ¢, writing your answer in set notation.

HGLIEO RN -8 Set B

(2 marks)

The motion of a football as it is kicked is modelled using the parametric equations

x=7.6t, y=-49£+16.3¢

where xm is the horizontal distance travelled and ym is the height of the ball above the

ground after 7 seconds.

a Find the two values of x for which the football is exactly 10m above the ground. (4 marks)
b Show that the path of the ball is a parabola and work out the maximum height of the ball

above the ground.

68

The motion of a dancer relative to a fixed origin O
at time 7 minutes is modelled using the parametric

equations
x = 16sin4t, y = 32cos (SI—ST”), =0
where x and y are measured in metres.

a Find the distance of the dancer from the origin at

(5 marks)

b

yan

.
K/

tme =1 (2 marks)
b Find the coordinates of the point where the dancer intersects his own path. (4 marks)
¢ Determine how long it takes the dancer to complete one complete figure-of-eight

motion. (4 marks)



Parametric equations

A particle is moving in the xy-plane such that its position after time y
t seconds relative to a fixed origin O is given by the parametric
equations

x=‘2_7+10,y=tlnt,t>0
The diagram shows the path of the particle.

The particle crosses the y-axis at points 4 and B, and the x-axis at
point C as shown on the diagram.

b

a Find the area of triangle A BC, giving your answer in the form
Ink where k is a rational number to be found.

(5 marks)

b Given that the line with equation x = k intersects the curve exactly once, determine the

value of k.

(3 marks)

(\[TRAIGAL [ — Exam question bank Q10, Q31, Q34, Q36, Q45, Q48, Q54, Q72
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9 Differentiation

m Differentiating sinx and cos x

1

® s

(E/P) 6
EP) 7
EP) s

Find % given that:
i ; d
a y=6sinx b y= —3sin%x I yz%sin Sx If y = sinkx, then%:kcoskx
= dy_ .o
d y=cos4x e y=5cosbx fy= —%cos 7x [ cokatish dx ~ eluies
Find f'(x) given that: m Differentiate each term separately.
a f(x)=4sinx - 3cosx
b f(x)= %sian +4cosx — 6sin%x
c f(x)sz%—i—6sinlx d f(r)=i+ 3cosix
TSN 3 = e 6

f(x) = Ssinx — 3cos x. Find the x-coordinates of the
stationary points on the curve with equation y = f(x)
in the interval —180° = x < 180°.

f(x) = x — cos2x. Find th ti f the t t

G =or ~cos2x 1n. e;qura AR SRR m First differentiate to find the

to the curve at the point (Zn Z)' gradient, m. Then find the equation of
the tangent using the equation

Y=y =mx-x)

+ Year 1, Section 12.6

m Stationary points occur when the
gradient is equal to zero.

f(x) = 6sinx — 3cos2x
Find the stationary points of the curve y = f(x) in the
interval 0 = x = 27, (6 marks)

g(x) = 6sin2x — 4 cos 2x. Find the equation of the normal to the curve with equation y = g(x)

at the point (m, —4). (5 marks)
h(x) = 3sinx — 4cosx + %xz. Show that the equation of the tangent to the curve with equation

v = h(x) at the point with x-coordinate % is8y-(32+4n) x=24- 16— °. (6 marks)
Prove from first principles that the derivative of cos.x is —sin x. (5 marks)

m Differentiating exponentials and logarithms

1

2
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Differentiate: @ — dy _ s
a 63 b 5e*>-Te~ dx
? (1 _ e2.\')2

o= d ==
Find f'(x) given that: m et then & _ 1
a f(x)=In2x b f(x)=Inx? AT e

First expand the expression using laws

¢ f(x)=In (%) d f(x) =In(4x%) of logarithms.  « Year 1, Section 14.5



EP) 6

@7

Find —— cy given that:

dx
a y=3~

cr= @

Find the equation of the tangent to the curve y = 4~ at the point with x-coordinate 1L

b y=5%
d 8~

Given f(x) = e™ + 2Inx?, find f'(x).

Differentiation

m If y = a**, where k is a real constant
anda >0, then y =a=klna.

2

(3 marks)

A curve has equation y = 3e* — In x*. Show that the equation of the normal at the point with

x-coordinate 1 is x + (3e —2)y —

9er+6e-1=0.

(6 marks)

f(x) = 4* + 4-*. Show that the equation of the of the tangent to the curve with equation y = f(x)

at the point with x-coordinate % isy=(In8)x+

f(x) = 9% + 36+

1
5—511'18.

(6 marks)

a Demonstrate, clearly showing all your steps, that f(x) can be written in the form a(3*)

where a and k are constants to be found.

b Hence, or otherwise, show that f'(x) = (4In3)(3¢+1)

m The chain rule

Find 9 for each of the following:

dx
a y=(4-3x)°
¢ J=00+2x)
e y= 6

V4 - 5x

Y= A3+ 2x*

Differentiate:
a y=sin’x
c y = emsd.\'

e y=In(cosx)

f(x) = (3 - In6x)?

a Find f'(x).

b y=(6+5x)°
d y=(7+3x%)"
__1

J V=6~
Tx* -4

b y=Inx?

d y=(lnx)*

f p=smi{e™)

b Evaluate f’(%) )

(2 marks)
(3 marks)

If y = (flx))”, then i (F()) ™ (x).

m You can use the chain rule to

differentiate a function of a function.
If y = f(g(x)), then =f(g(x)g'(x).

T



EP s

EP) 6
(E7) 7
(E7) 8

EP) 9

Find the value of d—J; at the point (6, 3) on the m First find %Jg

curve with equation 2y? — 4y = x. TEEes e facfthat dy_ 1
x dx
A curve has equation y = (2x — 3)°. Find the dy
equation of the normal to the curve at the point P
with x-coordinate 2. (5 marks)
f{x)= 6= )3 ,x # 6. Find the tangent to the curve with equation y = f(x) at the point P with

x-coordinate 4. Give your answer in the form ax + by + ¢ = 0. (7 marks)

f(x) = 3sin?x — 2cos?x. Show that the equation of the tangent to the curve with equation

y = f(x) at the point Q with x-coordinate —%ﬂ is 12y - 30\V3x = 257V3 +9 = 0. (6 marks)
The curve C has equation x = —2sin4y. Show that the equation of the normal to C at the
point A with y-coordinate % isdx+y+ 43 - ? =0. (6 marks)

Find the equation of the tangent to the curve with equation y = 2 at the point with
coordinates (-1, 2). Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are exact
values to be found. (6 marks)

m The product rule

72

dy
Find <2 for each of the following:
dx @Ify uv, then y—ud"'+vd“

a y=x(4-5x)?* b y=3x*2x-1)° dx dx
where it and v are functlons of x.

cy= d y=8x'2x*'-4)~"
Find f'(x) given that:
. . m If f(x) = g(x) h(x) then
a fixy=x*cos2x b f(x)=e*sin5x f(x) = g(o)h'(x) + h(x)g/(x)
¢ lx)=e"(2x ¢ 3) d f(x) = -3cos4x sin2x
e f(x)=x*Inx f f(x) =e*In(cos3x)

Find the value of d— at the point (1, 4) on the m o d—when r

curve with equatlon y=4x3(1 = 2xH)%

Differentiate with respect to x:

a (x*-=3xY)e™ b (4cos2x —sinx)e™ ¢ (x3 - SCOS%X) Indx

Differentiate with respect to x:

a e‘cos3x (2 marks)

b x*In(sinx) (2 marks)



Differentiation

. (E/P) 6 a A curve C hasequation y = 2x*(2 — 5x2)*. Show that S—J =x¥(2=5x)"(ax*+ bx + ¢),

where n, a, b and ¢ are constants to be found. (4 marks)

b Hence find the exact x-coordinates of the stationary points of C. (4 marks)

7 The curve C has equation f(x) = e*'sin.x.

a Show that the turning points of C occur when tanx = —% (3 marks)
b Show that the equation of the normal to C at the point where x = % is
X +4e?™y — et — % =0 (3 marks)
8 A curve has equation y = (x — m)sin 2x. Show that the equation of the tangent to the curve at
the point with x-coordinate % iSxX+y="m. (6 marks)
m The quotient rule
1 Find f'(x) given that: @ . g
4x +3 62 x) = then
af(x)zﬁ bf(x)z3 = h(x)
";' : 7‘2 "9 £l = NEX) — N
e )= I =X (h(x))?
¢ f(x) Gx + 2) d f(x) e
. Sp “
2 Find ax for each of the following: @ Jdu_dv
_ 4x? _x—e™ Ify= E then & = M where
e e v b y==5—" dx v?
cos2x Inx
] N u and v are functions of x.
¢ y= e" d y=5_—e-‘
cos’x sindx
. g . T, .1 CO
3 Find the gradient of the curve with equation y = | at the point (2, 3)
4 The curve C has equation y = x’e—TGA
a Find % b Find the equation of the normal to C at (1, - %)
® 5 Giveny= sz\)‘ , find gy (4 marks)
® 6 Differentiate ( - 5) with respect to x. (4 marks)
7 The curve C has equation x = coesjzy . Find the equation of the tangent to the curve at the
point where y = % in the form ax + by + ¢ = 0. (6 marks)

8 The diagram shows part of the graph with equation
y = f(x), where f(x) = %jx
a Show that at the stationary points A, B, C and D,

either cosx = 0 or tanx = —% (4 marks)

\E'__———‘Q_'"—-—-h

b Hence, or otherwise, find the x-coordinates of the
points 4, B, C and D, giving your answers in radians
to 2 decimal places. (2 marks)
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m Differentiating trigonometric functions

cady
Fmdaglven.

1

T4

a y=tandx

¢ y=cot’x

Find % given:

a y =cosecbx

cy= (cc»secx)‘31

Find f'(x) when f(x) is:
a x*tan3x

¢ In(cosec?x)

sec?x
Inx

Given that x = sin2y,

dx -
a find O in terms of y.

b y=7cot2x

d y=-3tan%x

b y=-4sec5x
d y=-2sec’4x

SCCX
S

x2+1
d e~“cotdx

(4x - 1)3
s
cot-x

b Hence find d_y in terms of x.

dx

m If y = tan kx, then v_ ksectkx
dx

If y = cot kx, then % = —kcosec?kx

@ If y = coseckx, then

dy _ —kcoseckx cotkx
dx

If y = sec kx, then %ii =k seckxtankx

@ Use the product rule or quotient rule
in addition to the chain rule and standard
rules for differentiating trigonometric
functions.

m Use the identity sin®A4 + cos? 4 =1 to
write cos2y in terms of x.
+ Year 1, Section 10.3

Show that if y = cosecx, then % = —COSec X Cotx. (5 marks)
f(x) = In(cot2x)
a Show that f'(x) = —4cosec4x. (5 marks)
b Find the equation of the normal to the curve y = f(x) at the point with x-coordinate %
(3 marks)

The diagram shows part of the curve y = f(x), where N
f(x) st ewn%.\'
Point A is the y-intercept of y = f(x). The tangent A
and normal to the curve y = f(x) at 4 intersect the
x-axis at the points B and C respectively. y=f(x)
Find the area of triangle ABC. (8 marks) d

B o| C \ x
Given that x = sec4y,
a find (dj_; in terms of y. (2 marks)
b Hence find ay in terms of x. (4 marks)

dx



Differentiation

m Parametric differentiation

1 Find oy for each of the following, leaving your

" m If x and y are given as functions of a
answers in terms of the parameter ¢.

dy
ax=d-1,py=20 parameter, £, then & — dt
D) dx dx
b xzﬁ,y=4—t2 dr
e . x= 3. p=le?
d x=4sint,y = 5tant e x=4e¥—-1,y=2e'+4 f x=2-1,y=Int

2 A curve C has parametric equations x = tant, y = sect. Find:

dy .
a —— in terms of the parameter ¢
Substitute £ = % into the original
b the equation of the tangent to the curve at the equations to find the coordinates of P,

point P, where ¢ = %

3 A curve C has parametric equations x = 1 — ¢%, y = t* + 2¢*. Find:

dy .
a % in terms of the parameter ¢
b the equation of the normal to the curve at the point P, where ¢ = -3.

Give your answer in the form ax + by + ¢ = 0, where «, b and ¢ are constants to be found.

4 A curve C has parametric equations @ dy
x=1-c0s20,y=4sin20, 0 < 0 < x. Find: Solve T find the values of
d 6 at the points with zero gradient, then
a <2 in terms of the parameter 6
P substitute into the original parametric

dx
. . ) ) equations to find the coordinates.
b the coordinates of the points with zero gradient

on the curve C.

5 The curve C has parametric equations x = 2sec 8,y =4cos’0, -1 = 0= 1.

a Find an expression for % in terms of the parameter 6. (4 marks)
b Find an equation of the normal to the curve at the point where 6 = % (4 marks)

6 The curve C has parametric equations x = (t —2)*, y=t*+4¢,t €R.

The line /is a tangent to C and is parallel to the line with equation y = 2x - 9.

Find the equation of /. (6 marks)
7 The curve C has parametric equations x = —2sec2t, y = 2cot, —% =6= %
a Find an expression for % in terms of the parameter 7. (4 marks)

The point A with coordinates (-4, —=2V3) lies on the curve C. The line / is tangent to C at A.

b Show that an equation for /is xV3 + 3y + 103 = 0. (4 marks)

(£



t 1

8 The curve C has parametric equations x = g ey -1<t<1.

The line /is normal to C at the point where 7 = —%

a Find an equation for the line /. (6 marks)

b Show that a Cartesian equation for the curve Cis y = 2";,':_2—2’;':_11, x> —% (4 marks)

m Implicit differentiation

1 By writing u = »° and using the chain rule, m

show that -9-( %) = Sy“d—y =5 %_%Xgi

dx dx
2 Show that -— (vc y?) = 2x%y == gy + 3x7y?
dx dox m Use the product rule and the fact
that d (y y=nyn? y
., dy.
3 Find - in terms of x and y where: m
e When you differentiate implicitly, your
4 -
BH T P=3 expression for -g% will usually involve both
b 3x?+4y?-5x?y=2 xand y.
_— 5 }2

d 4In(x-5) -In(yH)=0 e cosx+sin’y =1 f xe?’+ye-7=0

4 The curve C is described by the equation
x*—d4xly+ =21
& Findﬂ m For part b, substitute x =2 and y =-1
dx : ; dy
dy into your expression for o
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b Evaluate a0 at the point (2, -1).

¢ Find an equation of the tangent to C at the point (2, -1).

Find the gradient of the curve with equation 3x* — y* — 5xy = 1 at the point (2, 1). (5 marks)

Given that e™” — e™ = 4xy, find % in terms of x and y. (5 marks)

The curve C satisfies cos2x + sin2y = 1, where —’Zr Al L % and0<y< %

a Find an expression for % (3 marks)

b Find an equation of the tangent to C at the point P with x-coordinate _E’ giving your
answer in the form ax + by + ¢ = 0, where «, b and ¢ are constants to be found. (5 marks)

A curve C is described by the equation 4x* + y*+ 6x — 8y — 10 =0.
Find an equation of the normal to C at the point (1, 8), giving your answer in the form
ax + by + ¢ =0, where a, b and ¢ are constants to be found. (7 marks)



Differentiation

m Using second derivatives
1

(E/P) 7

() 8

tx) =e*ecoslx

: + _ p @ To find f'(x), differentiate ' (x).
a Find f(x). b Find f (x).

f(x) = 8x? + 3e?*

ind £ m The function f(x) is convex on the
8 Find {'(x). interval [a, b] if and only if f*(x) = 0 for
b Hence show that f(x) is a convex function for every value of x in that interval.

all real values of x.

s i
f(x) = cos 2x, > =x= 3

a Find f'(x). m The function f(x) is concave on the
interval [, b] if and only if f"(x) < 0 for

b Find the range of values for which f(x) is every value of x in that interval,

concave.
i(x) = %2x—1)°

a Find f'(x) and f'(x). @ A point of inflection is a point at which

b Show that f”(x) Slhatas l and x =1 f'(x) changes sign. To find the point of

2
inflection, solve f'(x) = 0, then check that
& showithat 2= 6 is a point of inflection by f'(x) has different signs on either side of

demonstrating that £(0.1) and £"(0.2) have

. . that point.

different signs.
Find the interval on which the function f(x) = x* — 8x? + 6x — 2 is convex. (4 marks)
Hxy=x2a—5"
a Find f'(x) and f"(x). (4 marks)
b Show that f(x) has a point of inflection at x = 1. (3 marks)
The curve C has equation y = f(x) where f(x) = Sls# 0==x= %
Determine the range of values for which f(x) is convex. Give your answer to 2 decimal places
where necessary. (6 marks)

f(x) = x*¢*. Find the exact range of values for which the curve C with equation y = f(x) is
concave. (6 marks)

@ Rates of change

ax _2

Given that S = 6x* and that =
ds de 3 m You can use the chain rule to connect
a find == rates of change in situations involving two
ds 8 g
: dS _dS, dx
R - ((ji?‘ . —— or more variables. Here T LT
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Given that y = x cos4x and that % =3, find % when x = ?—n
- _e¥ dx _ _1 g W -
Given that y = p and that i find T when x =4,

The volume of a sphere V' cm® is related to its

i @ For part b, r varies with ¢, so you
radius by the formula V' = %mﬁ. R : y
cannot treat it as a constant when you

a Find (14 differentiate I with respect to t. You need
b Gi d; h £ ch £ the radius i to use the chain rule:
that t t t
ven that the ra; of ¢ angedoV e radius in dv _dV . dr
cms™ is given by d_}; =3, find i dr  dr dt

At any given time, the rate of population growth in a small town is modelled as being
proportional to the current population, P.

a Write a differential equation to describe this model. (1 mark)

b Explain how this model could be adapted if the population is declining at a rate
proportional to its size. (1 mark)

At time ¢ years after monitoring began, the area covered by Arctic ice is / km?,

The rate of decay of ice coverage is directly proportional to the square root of the existing

area covered. Write down a differential equation in terms of 7 and z. (2 marks)

The value, V'in £s, of a car ¢ years after it is purchased is modelled by the equation
V'=23500e0%" ¢t = 0

a Find the value of the car 7 years after it was purchased. (1 mark)

b Find the rate of change of value of the car after 10 years. (3 marks)
The volume, V'ecm?, of a sphere is given by V' = %mﬁ and the surface area, Scm?, of a sphere is
given by S =4mr’.

a Show that V' = %ﬁSQ (2 marks)

The surface area of the sphere is expanding at a constant rate of 4cms™'.

dv _.|S
b Show that e '\]; (2 marks)



Differentiation

Problem solving RIS 4.

Bronze
The curve C has equation y = x* - 2—30x3 + 14x2+ 6x — 4.
Sy d*y
a Find a and W (3 markS)
b Show that the curve Cis concave in the interval [1, %] . (3 marks)

The curve C has equation y = 4x°Inx?, x > 0.

Show that the curve C is convex when x = ¢ ¢. (6 marks)

f(x) = ax* + 2x* + 3x? — 10x + 5. Given that f(x) is convex for all real values of x, find the range
of possible values of a. (6 marks)

HGLIE ORI -8 Set B

Bronze

The curve Cis described by x>+ y=(2-x)(y - 1).

oy
a Find 0 (4 marks)
b Find the equation of the normal to C at the point with x-coordinate 0. (4 marks)

Circle C has parametric equations ya 1
x=2sint—1,y=2cost+3,0<t<2rm
The line /, is normal to C at the point B, which lies on the y-axis. C
a Find the Cartesian equation of the circle, clearly stating the
centre and radius. (3 marks)
b Show clearly that B has coordinates (0, 3 +V3). (2 marks)
The line /, intersects the x-axis at the point 4.

¢ Find the area of triangle AOB. (7 marks)

£

7o
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The diagram shows the curve C given by the equation Iy

cosy+sinx=1,()sxsyp,_’2‘sys?_2f

Find the equations of the tangents to the curve that are parallel
to the line y = x. You must show clear algebraic working.

b
Solutions based on graphical or numerical approaches are not 0 ©
(&

=y

acceptable. (9 marks)

\[TAGA4 |19 — Exam question bank Q4, Q7, Q28, Q39, Q43, Q52, Q67, Q77



Numerical methods

@ Locating roots

1 The diagram shows a sketch of the curve y = f(x), where f(x) = 2x* — 4x? — 2x + 2.

Y4 y=f(x) @ If the function f(x) is continuous on the
interval |a, b] and f(a) and f(b) have opposite
signs, then f(x) has at least one root, x, which
satisfies @ < x < b.

a Explain how the graph shows that f(x) has a root between x = -1 and x = 0.
b Calculate:
kK22 ii f(2.3)
¢ Explain how your answer to part b shows that f(x) has a root between x = 2.2 and x = 2.3.

2 Show that each of these functions has at least one root in the given interval.

1
a f(x)=4-5x2+2x3-12<x<-1.1
: - _ m Evaluate f(x) at the endpoints of the
b f(x)=x’Inx-2e*+4,0.6 <x<0.7 given interval and show that f(x) changes sign

¢ f(x)=3x2+ 35, - 111 <x < -110 in that interval.
d f(x)=9+3x-7%,237<x <238

3 a On the same set of axes, sketch the graphs of y =Inxand y = —(x + 1)* + 6.

b Explain why the function oy
f(x) =Inx + (x + 1)* — 6 has only one root. ?_If_l?xx:l()f:;) 6=0, then
¢ Show that the function

f(x) =Inx + (x + 1)* — 6 has a root between x = 1.3 and x = 1.4.

Sy P Oy sals :
4 f(x) = cos’x — e, where x is in radians, m A stationary point occurs where the
a Find f’(x)_ gradient is zero, so look for a sign change in
the gradient. + Year 1, Section 12.9

b Show that there is a stationary point, o, of

y = f(x) in the interval [3.1, 3.2]. .
LY To determine a root to a given degree of

¢ By considering a change in sign of f(x) in accuracy you need to show it lies within the
a suitable interval, verify that o= 3.143 to range of values that all round to the given
3 decimal places. value. Here consider f'(3.1425) and f'(3.1435).
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EP) s

g(x) = %x3 — 2cos x, where x is in radians.

a Show that g(x) has a root, ¢, in the interval 1.1 < x < 1.2. (2 marks)
b By considering a change of sign of g(x) in a suitable interval, verify

that o = 1.165 correct to 3 decimal places. (3 marks)
a On the same set of axes, sketch the graphs of y =(x + 2)*> -1 and y = 2~. (2 marks)

b With reference to your sketch explain why f(x) = 2*+ 1 — (x + 2)? has three roots. (2 marks)

¢ Show that the function f(x) = 2* + 1 — (x + 2)? has a root in the interval —0.8 < x < -0.7.
(3 marks)

() = g 25 - 4

a Calculate f(1.9) and f(2.1). (2 marks)
b Explain why the equation f(x) = 0 does not have a root in the interval 1.9 < x < 2.1. (2 marks)
The equation f(x) = 0 has a single root c.

¢ Use algebra to find the exact value of c. (2 marks)
a On the same set of axes, sketch the graphs of y = %sin 2xand y =Inx. (2 marks)
b With reference to your sketch explain why h(x) = sin2x — 4Inx has only one root. (2 marks)

¢ Show that the function h(x) = sin2x — 4Inx has a root in the interval [1.18, 1.19]. (3 marks)

@ Iteration

1

82

flx)=x>-8x+3

Show that f(x) = 0 can be written as:

3
a x=\8x-3 b x=8-%x#0 @ Rearrange X2 —8x +3 =0
%2503 to obtain each answer.
¢ x="7g

flx)=x>-4x-2

a Show that f(x) = 0 can be written as x = V4x + 2. m o
b Use the iterative formula x =+4x +2,x, =35, to find, find the values of x,, x,, x, and
to 3 decimal places, the values of x,, x,, x, and x,. x, efficiently.

| E R S

h(x) = —x* + 33 — 1

a Show that h(x) = 0 can be written as:

§ =B il = ﬁ;'

b Use the iterative formula x | = \3x2—-1,x, =1, to find, to 3 decimal places, the values of

| n 2210
b e e and X,



Numerical methods

¢ Use the iterative formula x | = 3 %= 1, to find, to 3 decimal places, the values of

Xy Xy %, a0d X,

d Use your answers to parts b and ¢ to explain why there could be more than one solution to
the equation h(x) = 0.

2

f(x)y=2simix —%x

a Show that the equation f(x) = 0 can be written as x = V4sinx. (2 marks)
b Let x, = 1.5. Use the iterative formula x = w’4 sinx to find, to 3 decimal places, the values

of x,, x; and x.. (3 marks)
This root of f(x) is .
¢ By considering the change of sign of f(x) in a suitable interval, prove that o« = 1.934

to 3 decimal places. (3 marks)
The diagram shows a sketch of the curve y = f(x), A
where f(x) = x5 — 5x2+ 2. y=1fx)
The x-coordinates of the points 4 and C are also solutions to
the equation x> - x - 1=0.
a Find the exact coordinates of the points 4 and C. (3 marks) -

. , Al O| B C X
b Show that the equation f(x) = 0 can be written as
5
p o % (2 marks)
_ _ X +2

¢ Let x;=0.5. Use the iterative formula x = 3

to find, to 3 decimal places, the values of x , x, and x,. (3 marks)
The root of f(x) at point B is c.
d By considering a suitable interval, prove that oc = 0.651 to 3 decimal places. (3 marks)
f(x) = e+ +3x2 = 10
a Show that there is a root ¢ of f(x) in the interval [-1.9, —1.8]. (2 marks)
b Show that the equation f(x) = 0 can be written as x = ln(lO - %xz) -4, (2 marks)
¢ Let x,=-3. Use the iterative formula x  , =1n (10 - %\j) -4 to find, to 3 decimal places,

the values of x, x, and x.. (3 marks)
d By considering a suitable interval, prove that o = —1.8954 to 4 decimal places. (3 marks)
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7 The diagram shows the part of the graph of y = f(x) where A
g p grap J y

f(x) = xsin’x. The curve touches the x-axis at 4 and B and P
has a turning point at P.
a Verify that the coordinates of 4 and B are (0, 0) and =)
(7, 0) respectively. (1 mark) r=
b Find f'(x). (3 marks)
¢ Show that the x-coordinate of P lies in the
interval [1.8, 1.9]. (2 marks) P
d Show that the x-coordinate of P is the solution to the o B X
. —sin x
equation x = arccos( 2y ) (2 marks)
—sinx
e Use the iterative formula x | = arccos (T”) x, = 1.8 to calculate the values of x , x,
and x,, giving your answers to 3 decimal places. (3 marks)
8 The diagram shows part of the curve with equation YA
1
Y=x+1 =%
The curve intersects the line y = x at the point where x = o
a Show that « lies in the interval [%, 1]. (2 marks)
In an effort to find a better approximation to ¢, a student
uses the iterative formula . 1
1 ' Y= g
xrul = xn +1 I
b Use‘ the g‘raph,‘together with Xy = 2, to explain whether o 3 -
the iteration will converge or diverge. (2 marks)
@ The Newton-Raphson method
1 fix)=x-6x+7
a Show that the equation f(x) = 0 has a root, ¢, in the interval [1.5, 1.6].
b Calculate f'(1.6).
f(1.6) . . .
¢ Work out the value of 1.6 — m , giving your answer correct to 6 decimal places.
d Use algebra to find the exact values of the roots of f(x).
e Comment on the accuracy of your answer from part c.
2 f(x)=x'=3x+x+1 m The Newton—Raphson
a Show that the equation f(x) = 0 has a root « in the ; i _ . fix)
interval 1.2 < o < 1.3. oMU %t =% T F )

b Using x, = 1.3 as a first approximation to ¢, apply the Newton—Raphson procedure once to
f(x) to find a second approximation to ¢, giving your answer to 3 decimal places.
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Numerical methods

The diagram shows part of the curve y = f(x). A

The x-coordinates of which points would not be valid as a
first approximation when applying the Newton—Raphson D
0 /\J

method to find the roots of f(x) = 0? /\
Hint - -
- If a‘ny value, x,, in the Newton—Raphson A C \JG ¥
method is at a turning point, the method will E

fail because f’{xl.) = 0 and the formula would
result in division by zero, which is not valid.

f(x) =4cos*x —e™
a Show that the equation f(x) = 0 has a root ¢ in the interval [1.3, 1.4]. (1 mark)
b Find f'(x). (2 marks)

¢ Using x, = 1.3 as a first approximation to ¢, apply the Newton-Raphson procedure once to
f(x) to find a second approximation to ¢, giving your answer to 3 decimal places. (3 marks)

. 5 5
flx)=e™*+ %x - %x-

a Show that the equation f(x) = 0 has a root & in the interval [3.4, 3.5]. (1 mark)

b Using x, = 3.5 as a first approximation to ¢, apply the Newton-Raphson procedure once to
f(x) to find a second approximation to ¢, giving your answer to 3 decimal places. (4 marks)

¢ By considering the change of sign of f(x) over an appropriate interval, show that your

answer to part b is correct to 3 decimal places. (2 marks)
flx) = M - —lnx
a Show that f(x) = 0 has a root & in the interval 1.2 < o < 1.3. (2 marks)
b Find f'(x). (2 marks)

¢ Taking 1.3 as a first approximation to a, apply the Newton—Raphson procedure once to f(x)
to obtain a second approximation for ¢, giving your answer to 3 decimal places. (3 marks)

f(X)Zx—iz+5 VA
* P

The diagram shows part of the curve with equation
y= f(x). /\

The coordinates of the point P are (p, g). / 0 X

a Find the value of p and explain clearly why x, = p is not
suitable to use as a first approximation when applymg y = f(x)
the Newton—Raphson method. (3 marks)

b Show that f(x) = 0 has a root & in the interval [0.8, 0.9]. (1 mark)
f(x) = 0 also has a root f3 in the interval [-5, —4].

¢ Taking x = -5 as a first approximation, apply the Newton—Raphson process once to f(x) to
obtain a second approximation to . Give your answer to 3 decimal places. (4 marks)
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® 2 A boomerang is thrown from a point on level ground. y»

86

@ Applications to modelling

1 The future world ranking position of a tennis player during a calendar year can be modelled

by the function

yJ\
W(x) = -5t + 1o = T2+ 17x +40, 0 < x < 12 y
where x is the number of months since the y=wix)
beginning of the year.

The diagram shows the graph with equation
¥ = w(x). The graph has a local maximum at 4 B
and local minimum at B.

a Find w'(x).

b Show that the player reaches a minimum ranking
between 8.3 and 8.4 months after the beginning of the year.

Q
]
i
=)
oo
S
o

-y

¢ Show that the turning points of the graph
correspond to the equation

x= (20 4 14x-17)

Letx,=83and x = \l%(%ai +14x - 1?)

@ The turning points occur when w'(x) =0
so rearrange your answer from part a.

d Find the values of x , x,, x, and x, giving your answers to 3 decimal places.

2905

The height in metres of the boomerang above the
ground ¢ seconds after it is thrown can be modelled by ¥y =h(z)
the function

t!

h(f) = SOSin(3—), (=0

The diagram shows the sketch of y = h(7).

1
a Show that the boomerang lands between 10 and
11 seconds after it is thrown. (1 mark)

b Find h'(). (2 marks)

¢ Taking 10.5 as a first approximation, apply the Newton—Raphson process once to h(z) to
obtain a second approximation for the time when the boomerang lands. Give your answer
to 2 decimal places. (3 marks)

d By considering the change of sign of h'(f) in a suitable interval, verify that the boomerang
reaches its greatest height 7.52 seconds after it is thrown, correct to 2 decimal places.
(2 marks)



3 The trading price, £p, of a stock during a Y4y

Numerical methods

8-hour trading window can be modelled by the
function
EU - . N !
p(x) = 3 cos(3) +700 1.29,0 = x =8

The diagram shows a sketch of y = p(x).

0 X
a State the price of the stock, to the nearest 8
penny, when trading begins. (1 mark)
b Find p'(x). (2 marks)

¢ Show that the price of the stock reaches a minimum at point B between 5 and 5.5 hours

after trading opens.

(2 marks)

d Show that the x-coordinate of B is the solution to the equation x = ﬂsin(%) : (2 marks)

X
n

9

e Use the iterative formula x = ﬂsin(%), 0 = x = 8, with x, = 5.3, to calculate the values

9
of x,,x, and x,, giving your answers to 3 decimal places.

(3 marks)

4 The value of a mobile phone, ¢ years after purchase, is modelled by the function

v(t) =450e™" - 40 cost, >0
a Show that v(¢) has a root in the interval [5, 6].

b Find v'(7).

(1 mark)
(2 marks)

¢ Taking 5 as a first approximation, apply the Newton—Raphson process once to v(7) to
obtain a second approximation for the time when the value of the mobile phone is zero.

Give your answer to 2 decimal places.

(3 marks)

d Criticise this model with respect to the value of the phone as it gets older. (1 mark)

5 The height of a bungee jumper above the ground can be 1y
modelled by the equation 1 =40cost + 50— 4,0 <t =<6 901

where 7 seconds is the time since the person jumped and /
is the height, in metres, above the ground. The bungee
jump is considered to be safe if the jumper does not get
closer than 10m to the ground.

a Show that, some time between 2 and 3 seconds after the

b

h=40cost + 50 — 4f°

person jumps, the bungee jumper is exactly 10 m from
the ground. (2 marks)

b Comment on whether the jump is safe according to this model.

¢ Show that the equation 40cos + 50 — 4¢° = 10 can be written as

2
t= arccos(m3 — 40)
40

the values of 7,1, ¢, and 7,.

| o at> - 40
d Using ¢z, = 2.5, and the iterative formula ¢ _, = arccos a0

()
c\_________________
~y

(2 marks)

, find, to 5 decimal places,

(3 marks)
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HGLIEOELIIT-8 Set A

Bronze

flx) = %cos(xz) - %x +1

a Show that there is a root & of f(x) = 0 in the interval [1, 1.5]. (2 marks)

b Show that the equation f(x) = 0 can be written as x = yarccos (x — 2) (2 marks)

¢ Let x, = 1.5. Use the iterative formula x _ =+/arccos(x - 2) to find, to 3 decimal places,
the values of x, x, and x,. (3 marks)

The diagram shows part of the curve with equation 4
y=3cos(%x) S
The curve meets the line y = x at a single point, x = o. |
a Show that o is in the interval [2, 3]. (2 marks)
A student uses the iterative formula x =3 cos(%xﬂ) in { ]
an attempt to find an approximation for o. r= 3cos(§x]
b Using the graph and starting with x = 3, explain why
the iteration will converge to c. (2 marks)
¢ Find x, x, and x,, giving your answers to 3 decimal . 4
places. (2 marks) 2 3 N
The diagram shows part of the curve with equation ¥ 4y = (x- e~
y=(x—-1)e
The curve meets the line y = x at a two points, x = e and
x = f, where « <0 and > 0. 7= x
a Show that Bis in the interval 1 < B < 2. (2 marks) ' — T x

A student uses the iterative formula x = (xn = l)e-‘n

in an attempt to find an approximation for 3.
b Using the graph, describe what will happen for the following starting values.
ix, = % i x,=2 (4 marks)

¢ By choosing a suitable interval, show that o = —0.806 correct to 3 decimal places. (2 marks)



HGLIEOELIIT-8 Set B

Bronze

fx) = —2x + 35" -2

a Show that there is a root o of f(x) = 0 in the interval [1.1, 1.2]. (2 marks)

b Taking x = 1.2 as a first approximation to ¢, apply the Newton—Raphson process once to
f(x) to obtain a second approximation to ¢. Give your answer to 2 decimal places. (2 marks)

¢ By considering a change of sign of f(x) in a suitable interval, verify that your answer to
part b is correct to 2 decimal places. (2 marks)

f(x) = e*sin(x?)
a Show that there is a root o of f(x) = 0 in the interval 1.5 < o0 < 2. (2 marks)
b Taking x, = 1.75 as a first approximation to ¢, apply the Newton—Raphson process once to
f(x) to obtain a second approximation to . Give your answer to 3 decimal places. (2 marks)
¢ By considering a change of sign of f(x) in a suitable interval, show that your answer to
part b is correct to 3 decimal places. (2 marks)

The diagram shows the curve with equation y = f(x), r4 P
where f(x) = 12xe =1,
The point P, with coordinates (p, ¢), is a stationary point y=10)

on the curve. The equation f(x) = 0 has a root ¢ in the
interval 1 < a < 2.

a Find the coordinates of the point P, leaving your
answer in terms of e where necessary. (3marks) O I 1 \ 5

b Explain why x, = p is not suitable to use as a first
approximation if using the Newton—Raphson process to find an approximation for ¢. (1 mark)

¢ Taking x = 1.5 as a first approximation to ¢, apply the Newton—Raphson process once to
f(x) to obtain a second approximation to ¢. Give your answer to 2 decimal places. (2 marks)

\[TRIGA (19 — Exam question bank Q2, Q12, Q18, Q22, Q29, Q37

Numerical methods
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11 Integration

@ Integrating standard functions

1 Integrate the following with respect to x. m Use the following standard integrals
a e"+ 2sinx b 4cosx — % to help:
_ xn+1
c%—Ze-" d{f+%sinx Ix"dx-n+1+c
Ll B | Iexdx=eX+c
2 Sl SO, it —_——
e llx +5e" =3 f 3cosx T Ildx_|n|x|+c
zdx =
Isinxdx =—Cosx+c¢
Icosxdx =sinx+c
2 Find the following integrals. . m Use the following standard integrals
a I : ]7 dx b J.& dx to help:
sin”x COS” X o
. Jqosxdx J- 4 - Jsecx x=tanx+c
Sm_“: CCéS*x Icosecxcotx dx =—cosecx + ¢
cosx
£ Il —cos?x dx f cos?x —1 dx Icoseczxdx=—cotx+c
Isecxtanxdx SISEEHEHE
3 Find the following integrals. 2 @ Simplify each expression so it forms
a Isecx(secx + tanx)dx b I?x x_ > dx one or more standard integral.

s Icoseczx(3e"5in2x -5)dx d J.x_ _5? +1 dx

4 Evaluate the following. Give your answers as exact values.

wln

R 1-3% sin x 2
a I]ns o b b L + —dx c J(J(coszx+4e)dx
d J-%seczx(4 —cosxtanx)dx e J-]nb(e-" + el‘) dx
0 In2
9
: x(1 + x) . :
® 5 Find the exact value of 2 dx, leaving your answer in the form a + In b, where ¢ and b
are rational numbers. =~ (4 marks)
P
6 I T dx =1n81, where p is a real constant.
3
Find the value of p. (4 marks)
® 7 Find the exact value of J-i sec2x(cot?x — 3e*cosZx — 1) dx (5 marks)
3
8 Given that ¢ is a real constant, and that
[ 2 dx=1m1000
show that ¢ = In k, where k is a constant to be found. (5 marks)
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@ Integrating f(ax + b)

1 a Differentiate:
i (4x-5) i (3-2x)

b Find:
i [16(4x - 5)'dx i [(4x -5 dx
i [(-126-297)dx  iv [23 -2 dx

2 Integrate the following with respect to x.

a 6e* b cos(3x +2)

¢ (4x+1) d cosec 4xcotdx
e sec’(8x—1) f cosec?(1 - 5x)
g 5 h 1let

3 Find the following integrals.

a I(ﬁ - (4x - 3)2) dx

b J-sec2 33((%35-"0053 3x— 2) dx

c J(ez.r_ 1_);dx d de

por

sin?2x
4 Find the exact value of:
0
_4
a | L6-axdx
g
b I _cosec?2x (1 — cos2x) dx
3

3n

In4 ) i T 1
c L (e —4)*dx d .[? Sin2r—x)

Integration

@ Integration is the reverse

process of differentiation, so use
your answers to part a to help.

m In general,

[flax+ b dx=gfax+b) +¢

m First simplify each expression

and then apply the integration
rule in question 2 to each term
separately.

m Integrate each expression

and then apply the limits to
evaluate the integral.

5 Given that « is a positive constant and I (2x + 1)*dx = 117, find the value of «. (4 marks)
1

4
6 I ﬁdx =In25, where k is a real constant.
2]
Find the value of k.

Ing

(4 marks)

7 Find the exact value of I (e* +2)*dx, giving your answer in the form p + Ing, where p and ¢
In2

are integers.
o
: 3k
8 Given that I

T
3

(4 marks)

%cos kxdx = %(1—@, where k is a real constant, find the value of k.

(5 marks)
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@ Using trigonometric identities

1 Integrate the following with respect to x.

a sin’x b 3cot’x
sin’ x
d i ol 3

c (14 cosx)2 i

2 Find the exact value of:
a J‘ 4 cgst dx

T gin?x
6
3
4 .,
b L (sinx — cosecx)>dx

sin?x

J’ (1 - cosx)

3 a Using the addition formula, expand:

i cos(5x+2x) ii cos(5x—2x)

I
q

dx d I (secx —tanx)*dx
0

m Use a trigonometric identity to

transform each expression into a sum of
standard integrals. + Sections 6.4, 7.3

@ In part a, use cos24 =1—2sin* A

together with the standard result for
integrating cosec®x. + Section 7.3

@ cos(A + B)=cosA cosB —sin 4AsinB
cos(A — B)=cos A cosB +sinAdsinB

b By adding parts a i and a ii together, show that +— Section 7.1
cos7x + cos3x = 2cos Sxcos2x
¢ Use your answer to part b to find J4 cos Sxcos2x dx.
ow that cos X i marks
4 Show th dx g \? (4 mark
E/P ow that ’ tan32xdx=£—£ (5 marks
/P) 5 Show that | _ 31
12
6 a By considering sin (6x + x) and sin(6x — x), or otherwise, show that
sin 7x + sin Sx = 28in 6xcos x (3 marks)
b Hence find IB sin 6xcos.x dx. (3 marks)

m Reverse chain rule

1 a Differentiate:
i(x2-4)
b Find:
J6x( - 4y dx

i (x2+4x-5)
i [15x(¢ - 47 dx
iii I—S(x +2)(x2+4x - 5)dx
2 Find the following integrals.
a [6x(2-7fdx b [Ssin2vedx

¢ [(6x2+8)(dx + 163~ 5) dx
92

m Integration is the reverse process of
differentiation, so use your answers to part a

to help.

@ To integrate an expression in the form
ka’(x) (Foo)r dx, try differentiating (Foo)»+2,
then adjust for a constant if necessary.



Integration

d J-seczx\il +tanxdx e J-ccnsec2 3xewtdrdy f Icos“’ SxsinSxdx

3 Find the following integrals. @ To integrate an expression in the
4x d b J' sin x _ o
il IR 4 - 3cosx form Jk oo dx, try differentiating In |f(x)|,
. G . J'sin e i then adjust for a constant if necessary.
J 14 4+ 9x - 2x° eos?x
" l.:
38N XCOS X RN —
€ J 4 -cos2x dx f J-1+e‘3-"d)L
4 Fin(i the exact value of: @ Decide carefully whether each
9sec 3xtan3x expression is in the form kf'ox) (fon)” or
a I sin‘4xcosd4xdx b I T dx Foo
In3 6e3_\- f{x)‘ PR
¢ I | dx Then integrate and apply the limits to
n2€ evaluate each integrand.
d J:coseCchothEWSW3-‘ dx
5 Evaluate J-i(l +cotx)*cosec?xdx, leaving your answer in the form a + b3 . (5 marks)
[3
6 a Show that sin’x =sinx — 2sinxcos’x + sinxcos*x (3 marks)
b Hence find Jsinsxdx. (3 marks)
® 7 Evaluate I (x + 1) V2x? + 4x dx, leaving your answer in the form k3. (3 marks)
® 8 Find the exact value of I sindx (e dx: (4 marks)
® 9 Find the exact value of J % dx, leaving your answer as a simplified fraction.
: (5 marks)
. ® 3
10 Given that I 713 dx=In3 and k > 0, find the exact value of k. (4 marks)
1

@ Integration by substitution

1 Complete the following steps to find IZx(x +2)" dx using integration by substitution.
du
a Givenu=x+2, ﬁnda
b Given u = x + 2, write 2x in terms of u.
¢ Use your answers to parts a and b to show that I2x (x + 2)4 dx = IZ(u -2)u*du.
d Show that IZ(u - utdu= %uf’ - %uﬁ +c

e Use the substitution in part a to write your answer in part d in terms of x.
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@ 4
GOE

EP) s

Use the given substitution to find: du )
m Use T to replace dx with an

a Ix (x-8)*dx;u=x-8 expression involving du. Then write the
integrand in terms of u and integrate.
b Jsinxcos x(1 +cosx)’dx;u=1+cosx Remember to use the substitution to write

your final answer in terms of x.
c IcoseczxcothZ +cotxdx;u=2+cotx

dJ.—xd,' =x+1
el s

Use the given substitution to evaluate:

2 25
a 4
xVdx -1 cCu=4x — J- ————dxru= s
a L v dy;u=4x-1 b 16@(&—9)(]76’“ VX
o,
¢ [0 3Y Griu=cosx d r Sin 2y dx;u =sinx
%cos%c R I +sinx """
Using the substitution # = 1 + x* or otherwise, find the exact value of I N1+ x?dx.
’ (6 marks)
In6
Using the substitution « = e*, or otherwise, find the exact value of ] + P dx, leaving your
answer in the form In a, where « is a rational number to be found. B (6 marks)

a Using the substitution x = tan 0, or otherwise, show that J.ﬁ dx = arctanx + c.
) (4 marks)

1
1
b Hence evaluate JE T dx. (2 marks)

3

. 8 ; 4 5x
the substitution #*> = 2 1 th how that th t val fj—d,
Using the substitution x + 1 or otherwise, show that the exact value o o X

is % (6 marks)
. . o . 2sin2x
By using a suitable substitution, or otherwise, find Im dx. (5 marks)

@ Integration by parts

1

94

Find the following integrals.

a Ixcosxdx b J-xseczxdx dv . [,du
@Judxdx-uv _[vdxdx

¢ Ixez-“ dx d J-xcosecz4x dx In part a, let « = x and g;‘;» = COs X,

e Ixe“‘-" dx 2 Ixsin Sxdx

Find the following integrals.

a JXIHde b Ix3lnxdx @ Inparta,letu:lnxand%:x.
¢ Iln xdx In part ¢, write Ilnxdx as Il x [nxdx.



Integration

3 Find the following integrals.

m You will need to apply integration

a Ixz sin2x dx b Ix3 e % by parts twice to answer each part of this
e J-2x2 (1+x)3dx question.
4 Evaluate:
a I xsinx dx b | xV6—-xdx ¢ J-x xcosec?x dx
0 2 7
; ; ;
csec22x do 52 4x d; Xe~d;
d L xsec 2x dx e J-Ux cosdx dx f L e dx
2
® 5 Find the exact value of I|6x Indx dx. (5 marks)
2 e;
® 6 Show that I X e*de= I(Se2 -1). (6 marks)
1
® 7 a Use integration to find Jx sinmxdx. (3 marks)
5
b Hence, or otherwise, evaluate I x?cos mx dx, leaving your answer as an exact value in terms
of . i (5 marks)
® 8 Find Ii2x3 cosec’ xcot x dx, leaving your answer in exact form. (5 marks)
ry
9 a Find Jx cos2x dx. (3 marks)
b Hence, using a suitable trigonometric identity, find Ix sin?x dx. (3 marks)
@ Partial fractions
8x —4 A B . . :
1 (x+2)(x - 4) T AT | @ Write the integral using the

expression you found in part a, then

a Find the values of the constants 4 and B. integrate each term using

x—-4
i Eeticsiing J(x+2)(x 1) [t pdx=Ldilax+b|+c
2 Use partial fractions to integrate: m First rewrite each expression using
4x + 17 d b J Tx+6 partial fractions. «— Section 1.3
x+5)(x+2) (x+ 3)(2 x) 9
x+17
GoDx+ > d J(x x>
—2x2+ 14 ~ 1
3 flx)= G+ A 2r=1) xeR,x #-4,x # 3
Tx +10

a Use algebraic long division to show that f(x) = m L

A B
x+dtT %1

b Use partial fractions to find values 4 and B such that f(x) = - 1.

-2x*+ 14 )
¢ Hence find J—(Y T 42x-1) dx.
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16x*—37x+17 _ 5 2

|
4 a Show that - - o
3 (2x-3) m 2x — 3 is a repeated factor,

5 = +
(4-x)@x-3) 4-x 2x- so the partial fraction expansion

b HeRse s Jléxz - 37x + 1?) e includes separate denominators
(4-x)(2x-3)° of (2x —3) and (2x — 3)%
+ Section 1.4

L 3x+15
® s )= =Dary > !

a Express f(x) in partial fractions. (3 marks)

3
b Find I f(x)dx, giving your answer in the form In k, where k is a rational constant. (5 marks)

2x*-5x+5

a Given that f(x) = xil 5+ Zin T+ C, find the values of the constants A, Band C. (4 marks)
2x2=5x+5 i ,
b Hence find the exact value of D554 2 dx, writing your answer in the form « + In b,
where @ and b are rational constants to be found. (5 marks)
® 7 fw= x Jlrzix);(ri 3% >0
a Express f(x) in partial fractions. (5 marks)

2
b Find I f(x) dx, giving your answer in the form aInb, where a and b are rational constants.
1 (5 marks)

©® 8 f(x)z“:;t4,x>1

1
a Given that f(x)=A4 + % + %, find the values of the constants 4, Band C. (5 marks)

4
b Find I f(x) dx, giving your answer in the form a + bIn ¢, where «, b and ¢ are rational

constants. (5 marks)
@ Finding areas
: _ 4 B §
1 The diagram shows part of the curve y = T+ 202

The shaded region is bounded by the curve, the coordinate axes
and the line with equation x = 2.

Find the exact area of the shaded region. y= 4
(1 +2x)

@ The area under the curve between x =0and x =2
2
o 4
is given by Ium dx
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Integration

The diagram shows a sketch of part of the curve with equation V4

y=x ln(%x),x =0

a Verify that 4 has coordinates (2, 0).

0]
b Show that the exact area of the
shaded region R, is m In part b, the value of the integral will be negative
3 1 02 as the area is below the x-axis. Remember to give a
g~ 2™m positive answer for the shaded area.

¢ Show that the total shaded area is "
Y To find the total area you need to
9.3 1 i consider R and R, separately.
211‘1 ) B In2 9 1 2 P Y.

The diagram shows part of the curve y = f(x) and the line y = g(x),  »y4
where f(x) = ZCOS%X + 1 and g(x) = —Jlrx + 2. adll
—

The region R is bounded by the curve, the line and the y-axis.

a Show that the coordinates of point P are (7, 1). 0
0 }1{:1 1§;e}garat10n foitinditheiexack @ You could consider the total area under y = f(x)
’ between x = 0 and x = «, then subtract the area of the
trapezium under y = g(x). Or you cguid use the formula
for the area between two curves: | (f(x) — g(x))dx
The curve C has parametric equations x = >, y =2t + 1,1 = 0. ¥

: dx
a Write down i

b Find the value of ¢ when x = 0.

¢ Explain why ¢ = 2, and not -2, when x = 4.

>

d Find the exact area of the region bounded & 4 %
by the curve, the x-axis, the y-axis and the @ When a curve is defined parametrically,
line x = 4. you can find the area bounded by the curve,

the x-axis and the lines x =aand x = b
b
usingI y%%f—dt

The diagram shows part of the curve y = f(x) where f(x) = %x COS X. VA

a Verify that points 4 and B have coordinates (?—;, 0) and (%, O) y=i)
respectively. (1 mark) 0 A B X

b Find the exact area of the shaded region. (7 marks) \/
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EP) 7

The curve C has parametric equations x = 1%, y = 4sint, ¢t = 0. y C

a Find the coordinates of point P. (1 mark) V\

b Find the area of the shaded region. (5 marks) X
0

The diagram shows part of the curves y = sinx and y = —cos2x + 1. y=—cos2x + 1
The region R is bounded by the two curves.

a Using an appropriate trigonometric identity, show that point

A has x-coordinate %r, and find the x-coordinate of point B.
(3 marks)

b Use calculus to find the exact area of R. (6 marks) /10

The diagram shows the curve with parametric equations
x=12cos0,y=5sin0,0=0=<2r1

The curve intersects the positive x- and y-axes at points 4 and B
respectively. Find the exact area of the shaded region enclosed by
the curve and the line segment 4B. (7 marks)

@ The trapezium rule

1

98

The diagram shows a sketch of part of the curve with equation , yi=2x

).
y=2x*—x*
a Copy and complete the table.
- 0 105 1 I3 | -2 +

y 0 0 0| A x

B b
b Explain why 7 =0.5. m I ydx=3h(y,+20,+y,+..+y,)+,)

where i = b = 4 and ¥, = fla + ih).

¢ Use the trapezium rule, with all the
y-values in the completed table, to find an
approximate value for the area of the shaded region.

d Use integration to calculate the exact value of I_(sz - x?)dx.
1]

The diagram shows a sketch of part of the curve with equation I
[ 2 o L 2
y:te“‘-"+,~c—1—10)L'2 \ y=er+x—Xx

a Copy and complete the table. \_/

x| 0 | 025 ]| 05 | 075 1 |
1 ]0.6116 0.7435 [ 0.9183 0 S




Integration

b Use the trapezium rule, with all the y-values in the completed table, to obtain an estimate
for the area of the shaded region, giving your answer to 3 decimal places.

1
¢ Use integration to calculate the exact value of I (e™+x-
1]

d Use the shape of the curve in the diagram to explain
why the answer in part b was an overestimate.

e Explain how the accuracy of your approximation in part b
could be improved.

1

70X ) dx.

m The trapezium rule will

overestimate a convex curve and
underestimate a concave curve.

The diagram shows part of the curve with equation y = x*cos x.

a Copy and complete the table with the corresponding y-value

I
forxz?
b3 T 3 | &
x| 0 8§ | 4 g | 2
y 0 |0.1420.436 0

I
2

Given that I = I & cosxidx,
0

(1 mark)

y=x'cosx

N

b use the trapezium rule, with four strips to find an approximate value for 7, giving your

answer to 3 significant figures.

¢ Use integration to calculate the exact value of 1.

d Calculate the percentage error of the approximation in part b.

The diagram shows part of the curve with equation

L x-—15
YE2x+3)(x-4)

a Copy and complete with the y-value corresponding to x = 1.5.

X

0

0.5

1

1.5

2

2.5 3

y

1.25

1.038

0.933

0.929

1.041 | 1.333

(4 marks)
(5 marks)

(1 mark)

_ x—15
Y= x+3)(x-4)

0|

(1 mark)

b Use the trapezium rule, with all the values from your table, to estimate the area of the region

R, giving your answer to 2 decimal places.

¢ Find the exact value of I

3

x—-15

2x +3)(x—4) ¢

an exact value to be found.

(4 marks)

x, giving your answer in the form Ina, where a is

d Calculate the percentage error of the approximation in part b.

(5 marks)
(1 mark)
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The diagram shows part of the curve with equation ¥ s a5 .
y = sin’xcos’x

PN NC0s X P> -

a Copy and complete the table with the corresponding y-value 0] E":
for x = % 2
b bud 3r n
il I I T g | 2
y 0 0.1768 [ 0.0478 0 (1 mark)
; £,
Given that [/ = I sin’xcos® x dx,
0
b use the trapezium rule, with four strips to find an approximate value for /, giving your
answer to 4 significant figures (4 marks)
¢ use a suitable trigonometric substitution to calculate the exact value of 1. (5 marks)

The diagram shows part of the curve with equation y = %‘C Inx + 1. V4

a Complete the table with the y-value corresponding to x = 1.25.

x 1 1525 1.5 1.75 2
¥ 1 1.2281 | 1.4285 | 1.6931 (1 mark)

(0]

b Use the trapezium rule, with all the y-values from the completed table,
to obtain an estimate for the area of the shaded region R. (4 marks)

¢ Show by integration that the exact value of I (%x2 Inx + l) dx is %an o+ % (5 marks)
1

m Solving differential equations

1

100

1 dy x

; PN SRy s W d
R i  Hint JI7He & = foog(y), you can
- 1
a show that _[y dy = J.)c(x2 + 6)° dx. Wk _[g(y} dp= _[f(x) &
{ 1 This method is called separating the
b Hence show that 5)* = 75(x>+ 6)° + c. variables.
Find the general solution to the following differential m D e

equations, giving your answers in the form y = f(x).
4 -8 gy y=1) the variables, and remember to

dy 4x-3y rearrange your integrated expression
soitisin the form y = f(x).

A S

b dx = Sin“xsecy
dy

¢ iy = 6xy(x+1)

dy . )
d —=e¥sinxcos?x
dx



3

Integration

Find particular solutions to the following differential @ Substitute the boundary
equations using the given boundary conditions.

conditions into your integrated

a (x+ )(x+ 2)% =xy+3y;x=1y=1 expression to find the value of the
dy . x constant c.
—_ = ain2 rgin 2 e szl
hdx_smy+e sin?y; x 11'12y_4
34 T T
¢ cosecycos’xqo=siny;x=7,y=7
2 dy_ 2
doxg=-5x=12,y=-5
. . dy
a Find the general solution to 7 Fo 4x - 1. m The general solution provides
b On the same set of axes, sketch the particular a family of solutions. Choosing some
solutions to this differential equation when ¢ = -10, values of ¢ will allow you to see what
-3 and 0, where ¢ is the constant of integration. this family of curves look like.

Given that y = 0 when x = 1, find the particular solution to the differential equation
dv
xyé = (1 + x?)(1 - y?), giving your answer in the form )? = f(x). (6 marks)

Find the particular solution to the differential equation secy —J\/ = 2cot ysin’x + cot y, with

the boundary condition y = % atx= z_r Give your answer in the form sec y = f(x). (8 marks)

dv
Find the general solution to the differential equation ezJ"-"d—i_ = xe* — 4x, leaving your answer
in the form In |g(y)| = f(x). (6 marks)
Al N in partial fractions. (3 marks)
(2x-5)(x+2) '

b Given that x > %, find the general solution to the differential equation

a Express

(2x = 5)x+2) % =p@8x-11) (5 marks)

¢ Hence find the particular solution to the differential equation that satisfies x = 3, y = 25,
giving your answer in the form y = f(x). (4 marks)

m Modelling with differential equations

1

The population of wild geese at time ¢ years is

given by %—P =3P, m Solve the differential equation using
the method of separating the variables.

a Show that 5P§ =3t +c.

Given that initially the population of wild geese is 1000,
b find the value of the constant c.

¢ Hence show that P = (2¢ + 100)%.

d Find the time taken for the population to reach 2500.

101



102

The value, £V, of a laptop decreases at a rate @ You might need to form differential

proportional to the current value of the laptop.

equations based on a proportionality

The differential equation that models this situation  relationship. Read the question carefully:

dv

is —— = —kV, where ¢ is the time in years since the in this case the rate of decrease is

laptop was purchased.

dr proportional to the value.

Explain:

i the meaning of (31_:/ in the context of this question
ii the significance of the negative sign

iii the meaning of k V.

Solve the differential equation to show that V= V,e™ where V/ is the initial value of the
laptop.

¢ Given that initially the value of the laptop is £800, state the value of V.

Given further that after 4 years, the value of the laptop is £550, find the value of k to
2 significant figures.

The rate of increase of the world’s population, P, in millions, ¢ years after 1900 is proportional
to the existing population.

Given that in 1900 the world’s population was 1600 million and by 1950 the world’s
population was 2600 million,

b

show that P = Ae*’, stating the exact values of the constants A and k. (5 marks)

Find the time when, according to the model, the world’s population will be exactly
three times the population in 1950. (2 marks)

In November 2018 the population of the world was 7700 million.

Cc

Evaluate the model based on this information. (1 mark)

A bowl of hot soup, with a temperature of 7°°C is left to cool for  minutes in a room with
a temperature of 20°C. The rate at which the soup cools is proportional to the difference in
temperature between the soup and the room.

o

Explain clearly why the differential equation —T = —k(T - 20), where k is a positive

constant, models this situation. (3 marks)

Initially the temperature of the soup is 75°C. After five minutes the soup has cooled to 65°C.

b

Find, to 1 decimal place, the time when the soup reaches a temperature of 50°C. (7 marks)

Water enters a large cylindrical rain barrel, with diameter 60 cm, at a rate of 100rcm?s™'.
Water flows out of the bottom of the barrel at a rate of 3micm?s™.

b

Show that this situation can be modelled by the differential equation 900% =100 - 3A.

dr
(3 marks)
Given that initially the water level is 20 cm, find the exact time when the water level is 30 cm.
(5 marks)



Integration

6 Following a robbery, a circular police cordon is formed to capture the criminal. The circle has
a radius of rkm and an area of A km?. The radius is gradually decreased in an effort to capture
the criminal.

The rate of decrease of the area, in km* per minute, at time ¢ minutes after the cordon is

initially formed can be modelled as % = —ksin (-ﬁlt_zr)’ t = 0, where k is a positive constant.

ar . K =i
a Show that q o sm(4 ) (2 marks)

Given that the initial radius of the cordon is 10km and after 272 minutes the radius is Skm,
b find an expression for * in terms of ¢ (6 marks)

¢ find the time when the radius is reduced to 0 km. (3 marks)

Problem solving BIS 4.

The diagram shows a sketch of the curve with equation yA y=e—xer
K=t e v )

The region R is bounded by the curve and the coordinate axes.

Use calculus to find the exact area of R. (5 marks) R

=
)
=y

The diagram shows part of the curve with equation y = f(x), where X V-\J) = f(x)
f(x) = 2sinxcosx(1 +sinx)*, x =0 >

|

)
<:=|
=

By means of a suitable substitution, or otherwise, find the exact area
of the shaded region bounded by the curve and the x-axis.
(6 marks)
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The curve C has parametric equations y4

x=t6cosl, y=4dsin'f0={ é%

P is the point on the curve where ¢ = J—g

Line PQ is the normal to C at point P.

=y

0 /Q
Find the exact area of the shaded region bounded by PQ, the curve
and the x-axis. (10 marks)

HGLIE ORI -8 Set B

Bronze

d
a Find the general solution to the differential equation (x* + x + 2)% =4xy+2y. (5 marks)

b Find the particular solution to this differential equation that satisfies y = 1 at x = 0.
(1 mark)

Find the particular solution to the differential equation ez-"—xd—J; = x(e? — 1) with boundary

conditions x = 0, y = In2, giving your answer in the form In|f(y)| = g(x). (6 marks)

The sale of tickets for a cup final can be modelled by the differential equation

dr 1
"dr = 120000 7(80000 - T)

where 7"is the number of tickets sold and 7 is the time in days since the tickets first went on
sale.

Given that before tickets went on sale (at time # = 0), 16000 tickets were sold cheap to
corporate sponsors,

a solve the differential equation giving your answer in the form 7' = +a = (7 marks)
ce 3
b Assuming the stadium sells out as ¢ — , state the capacity of the stadium. (1 mark)

[\ [TRIgA4 |19 — Exam question bank Q8, Q20, Q23, Q38, Q47, Q53, Q56, Q74, Q86
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@ 3D coordinates

The rectangular prism O4BCDEFG is shown in the diagram,
positioned so that O lies at the point (0, 0, 0).

Vectors

a Use Pythagoras’ theorem to calculate the exact length of:

i OB i OF

The coordinates of point Fare (p, ¢, r).

b Write down the values of p, ¢ and r.

¢ Calculate \p* + ¢* + r*.

d Compare your answers to parts a ii and c.

2 Calculate, leaving your answer as a simplified

surd, the distance from the origin to the point: point (x, y,2) is yX? + p2 + 22
a A(4,10,3) b B(6, 4, -8)
¢ C(-2,-4,15)

3 Ineach case, calculate the distance between the points P and Q:
a P(53,-2)and O(-4,5,4)
b P(-1,-3,6)and Q(9,-14, 4)

The distance between the origin and the

m The distance between points (x,y,,z,) and

(x,,,,2,) is (X, = X,)2 + (9, = y,)2 + (z, - 2)?

¢ P(11,-2,-1)and Q(7, 0, 4).

4 The coordinates of A4 and B are (6, —1, 3) and (3, 5, k) respectively.

Given that the distance from A4 to B is 7 units,

a show that (3 — k)z =4. m Substitute your coordinates for A and B into

b Hence find the possible values of k.

5 The coordinates of A and B are (-2, 4, 8) and (0, k, 7) respectively.
Given that the distance from A to B is 3 units, find the possible values of k.

6 The coordinates of 4 and B are (2, -5, k) and (-2, —1, 3) respectively.
Given that the distance from A to B is 9 units, find the possible values of k.

7 The coordinates of A4 and B are (k, —4, 6) and (8, -5, —1) respectively.
Given that the distance from A to Bis 5V3 units, find the possible values of &.

8 The coordinates of A and B are (4, -4, 3) and (k, 4, 4) respectively.

Given that the distance from 4 to B is 3\10 units, find the possible values of k.

the formula for the distance between two points.

(3 marks)

(3 marks)

(3 marks)

(3 marks)

12
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@ Vectors in 3D

1

106

Consider the points 4(4, -3, 1) and B (-2, 6, 5). m e
a Write the position vector of A4 in the form pi + ¢j + rk. along the x-, y- and z-axes.
P p
b Write the position vector of B in the form (q) pi+gj+rk= (Q)
I r
P is the point (5, 2, 1) and Q is the point (3, 7, -2).
- _— - .
a Find the vector PQ giving your answer: m For the vector a, where
i in ijk notation ii asa column vector. a = pi+ gj + rk, the unit vector, ,
lecler by o= pi+qgj+rk
b Find the distance between P and Q. RRISLI &= \pP+qi+ 17

—
¢ Find the unit vector in the direction of PQ.

2 -4
The vectors m and n are defined by m = (—2) andn= (—5).

3 6
a Find, giving your answer in the form pi + ¢j + rk:

i m+2n ii —-m-n

m Two vectors are parallel if one

b Show that the vector 4m — n is parallel to the el o the ey

vector 4i — j + 2k.

Find, to one decimal place, the angle that the vector m
If the vector a = xi + yj + zk

a = 2i — j — 2k makes with: _
makes an angle 6 _with the

a the positive x-axis b the positive y-axis positive x-axis then cos 6_= ﬁ
X a
and similarly for the angles

¢ the positive z-axis.
6,and 6..

Given that OA4 = 2i + 3j — Sk and OB = —i + 4j + 2k,
a find AB b show that the triangle OA4B is scalene.

» —_ —_— s X % " Corzparr.g
Given AB =4i+ j+ 3k and AC = 5i — 6] — k, find the unit vector in the direction BC. (3 marks)

4 7 -1
The points A, B and C have position vectors ( 4 ), (—l) and ( 1 ) respectively.

g == 4 — -3 0 -6
a Find the vectors AB, AC and BC. (3 marks)
b Find |AB|, |A Cl and |BC| giving your answers in exact form. (3 marks)
¢ Describe the triangle 4 BC. (1 mark)

Triangle POR has vertices P(1, 2, -3), O(1, 2, 3) and R(-2, -2, -3).

a Find |@| Q_R)‘ and |P_R)| giving your answers in exact form. (3 marks)
b Use your answer to part a to explain why / RPQ is a right angle. (2 marks)
¢ Find the size of angle PRQ, giving your answer to one decimal place. (2 marks)



Vectors

(E) 9 Given 4B =—i+2j+kand AC = —8i + 7j + 2K in triangle ABC, find £ ABC, giving your
answer in degrees to one decimal place. (6 marks)

@ Solving geometric problems

1

The diagram shows a rectangular prism.

—_— = —_— .
The vectors O4 , OB and OC are equal to a, b and ¢ respectively. M
and N are the midpoints of CFand AF respectively. Express in terms

e

of a, band c:

0

 — —_— —_— —
a OF bDE e g ok @ Use the rules for vector addition,
e OM f AM g A h NM  working in three dimensions.
The diagram shows a quadrilateral PORS, where P, O, R and S are the points (0]
(7,6, 3), (4,10, -4), (3, 15, —=12) and (6, 11, =5) respectively.
Find: E
a @ and SR b SP and @) R
¢ Describe the quadrilateral PORS. S
Given that m As the vectors i, j and k are non-
2g-3pi+5i+rk=13i+dg+p)j+29-pk coplanar, you can compare coefficients.
find the values of p, g and r. If ai + bj + ck = di + ¢j + [k, then
d=ab=eindc=1
A rectangle OACB has an area of 20. A new rectangle OPRQ is O R
— —_— —_ —
formed, such that OP = 304 and OQ =20B. P
C

Find the area of the new rectangle.

0] ) '
Given that —ai — 6j + (3a + 2b)k = 2bi + bcj + 8Kk, find the values of @, b and c. (4 marks)
The diagram shows the parallelogram PORS. L
Given that PO = i + 10j — 3k and OR = 8i + 3j + 2k, find the area of the
quadrilateral, giving your answer to one decimal place. (6 marks) o

p

The vertices of triangle 4 BC have coordinates 4(2, 11, 4), B(6, k, —6) and C(12, 6, 1).
Given that triangle ABC is isosceles, and k is a positive integer, find the value of k.
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A student makes the following hypothesis:

It is not possible to have an equilateral
triangle in 3 dimensions with each
vertex having integer coordinates.

Show that the student’s hypothesis is incorrect. (5 marks)

@ Applications to mechanics

1

108

A particle is acted on by three forces F, = (-5i + 3j + k)N, @}13
F,=Qi-5k)Nand F, = (-4j+ 3k)N.

The resultant force can be
found by summing all three forces.

a Find the resultant force R. The magnitude of the force
b Find the magnitude of the resultant force. F=al+b)+ckisva+ b2 +c2.
A particle is in equilibrium and is acted on by three forces
F.F, and F , where F = (2bi - bj + 5k) N,

F,=(-4i+7j-8k)N and F, = (ai + 24j + 3k)N.

If the particle is in
equilibrium, the resultant force will
be zero.

Find the values of « and b.

A particle, initially at rest at O, is acted on by a force that e e o

causes the particle to accelerate at (-3i + 6j — k)ms~ for RHhe posltion af e pitlle

2 seconds. Here, s = ut + %at*’- is the correct
a Find the magnitude of the acceleration of the particle. formula to use.
. . . +— Statistics and Mechanics Year 1,

b Find the distance of the particle from O after 2 seconds. Chapter 9
A particle of mass 4kg is acted on by two forces,
F, =(8i—3j+ 6k)N and F, = (—6i + 9j + 4k) N.

= J ) 2= ! ) m Use the vector form of
a Find the resultant force acting on the particle. Newton’s second law: F = mia.

+— Statistics and Mechanics Year 1,

b Find the acceleration of the particle, giving your answer Scction 104

as a vector.

A particle, initially at rest at O, accelerates at (5i — 11j + 2k)ms~ for 4 seconds.

Find:

a the speed of the particle after 4 seconds, giving your answer in the form aV6 ms™, where a
is a constant (3 marks)

b the distance travelled by the particle in the first 4 seconds of its motion. (2 marks)

Given that a force of (5i — 6j + 12k) N acts on a particle of mass 4kg, find:
a the acceleration of the particle (2 marks)

b the angle the acceleration vector makes with i. (3 marks)
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Vectors

A particle of mass 3kg is in static equilibrium and is acted on by three forces
F, =(2i+3j+bk)N,F,=(aj + 4k)N and F, = (-2i - 5j + 3k)N.

a Find the values of the constants ¢ and b. (2 marks)

The force F, is removed. Find:
b the resultant force R (1 mark)
¢ the acceleration of the particle, giving your answer in the form (pi + ¢j + rk)ms= (2 marks)

d the magnitude of the acceleration. (2 marks)

A particle of mass Skg is acted on by three forces, F, = (2i + pj — k)N, F, = (pi + 5j + 2k) N
and F, = (i + j — pk) N. Given that the particle is accelerating and that the magnitude of that
acceleration is 5ms™2, find the possible values of p. (5 marks)

Problem solving RBSIS4.

Bronze

The coordinates of A4 and B are (8, —6, 4) and (k, —4, —7) respectively.
Given that the distance from A4 to Bis 15 units, find the possible values of k. (3 marks)

Given that a = 4pi — 5pj + 3pk, and that |a| = 106, find the possible values of p. (3 marks)

A particle of mass 3kg is acted on by three forces:

F, = (4i+gj+2k)N, F,=(-gi+2j— k)N and F, = (=i + 3j - ¢k)N.

Given that the particle is accelerating and that the magnitude of that acceleration is 2ms=2,
find the possible values of g. (5 marks)

LGLIEOELII -8 Set B

Bronze

A, B, C and D are the points (7, 4, -1), (11, =2, 3), (6, =15, 16) and (-2, -3, 8) respectively.

a Find 4B and DC , giving your answers in the form pi + ¢j + rk. (2 marks)
b Prove that 4B and DC are parallel. (2 marks)
¢ Find k such that |[4Bl = kKIDC. (1 mark)
d Hence describe quadrilateral ABCD. (1 mark)
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ABCD is a quadrilateral and A4, B, C are the points (6, -8, 4), (-3, -4, 2) and (-7, 9, -3)
respectively. Find the coordinates of D such that ABCD is a parallelogram. (4 marks)

The diagram shows a cuboid whose vertices are O, 4, B, C, D, E, F
and G.

Vectors a, b and ¢ are equal to o4 ,(ﬁ and OC respectively.

The points M, N, P and Q lie on OA, AD, FG and GC such that
OM: MA=AN:ND=FP:PG=GQ:0C=4:1.

Prove that the lines M P and NQ bisect each other at 7. (10 marks)

> .

\[TRIGA I — Exam question bank Q1, Q13, Q16, Q19, Q65, Q84
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Exam question bank

This bank of exam-style questions has not been ordered by topic. Read each question carefully to
work out which skills and techniques you will need to apply.

1 The coordinates of 4 and B are (6, 3, —3) and (-4, k, 0) respectively.
Given that the distance from 4 to Bis 55 units, find the possible values of . (3 marks)

2 ﬂm=§;%7-1

a Calculate f(2) and f(2.5). (2 marks)

A student writes:

f(x) changes sign in the interval
[2, 2.5] so the equation f(x) = O
must have a root in this interval.

b Explain why the student is incorrect. (2 marks)
3 Given that m = 2cosecx and n = %sin X, express m in terms of n. (4 marks)
4 The curve C has equation y = 2x? + 2x — e*.

a Find g—i (2 marks)

b Find the equation of the tangent to C at the point (0, —1). (3 marks)

2x4+3x2-5x+2

5 Given that =ax’+bx+c+ d +—% _ find the values of the

x1-4 x+2 x-=-2

constants a, b, ¢, d and e. (6 marks)
6 Solve 4cos x = 3secx in the interval —180° = x = 180°. (4 marks)
7 Given that x = %, y=0,

a find % (3 marks)

b Hence, or otherwise, find the value of % akp=n, (3 marks)
8 Find 14(6 sec’x —4tan’x) dx. (3 marks)

1]

9 Express x> +12x 5, partial fractions. (5 marks)

(x+ 1)2(x +2)

10  Show that the line with equation y = 3x + 2 does not intersect the curve with parametric

equationsx =7+ 1,y=2t+2)2-1),t€ R. (4 marks)
11  a Use the expansion of sin(2x + x) to write sin 3x in terms of sin x. (3 marks)
b Hence solve the equation sin 3x = sinx in the interval 0 = x = 7. (3 marks)
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12

13

14

15

16

17

18

p(x) = %xz — 3sinx + 1. The equation p(x) = 0 has a root o between 0 and 1.

a Show that the equation p(x) = 0 can be written as x = arcsin (% X2+ %) (2 marks)
b Use the iterative formula x_ = arcsin (%x”2 - %) with x; = 0.5 to obtain x , x, and x..
(2 marks)

¢ Taking 0.4 as a first approximation to ¢, apply the Newton—Raphson procedure once to
obtain a second approximation to ¢, giving your answer to 3 decimal places. (3 marks)

Given AB = 5i + 2j-kand BC=-7i- 10j + 4k in triangle ABC, find 2 BAC, giving your
answer to 1 decimal place. (6 marks)

a Use the binomial expansion, in ascending powers of x, to show that
V9+x=3+ %x + kx?+ ... where k is a rational constant to be found. (4 marks)

A student attempts to substitute x = 1 into both sides of this equation to find an
approximate value for V10.

b State, giving a reason, if the expansion is valid for this value of x. (1 mark)

a On the same set of axes, sketch the graphs of y =3 + 3secx and y = cotx in the interval

-180° = x = 180°. (3 marks)
b Write down the number of solutions to the equation 3 + 3secx — cotx = 0 in the interval
—-180° = x = 180°. (1 mark)
¢ Write down the maximum value of ————— (1 mark)
I+dseox

Given that a force of (-2i — 8j + 4k) N acts on a particle of mass 3kg, find:

a the acceleration of the particle (2 marks)
b the angle the acceleration vector makes with the unit vector j. (3 marks)
Prove that %32;:: =sec2x (4 marks)
The diagram shows part of the curve with equation Y i

y= %m Y= %m
The curve intersects the line y = x at the point x = o. —
a Show that 1 < o < 2. (3 marks)
A student uses the iterative formula x = %\]W together I
with x, = 1 to find a better approximation for c. 0 2 &

b With reference to the graph above, determine whether or not this iterative formula can be
used to find an approximation for e, justifying your answer. (2 marks)
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Given that a = 21i — 41j — 21k, and |a| = 96, find the possible values of 1. (4 marks)
Find Ix3ln (x?+1)dx. (7 marks)
a Given that cot P = -2, where w < P < 2, calculate the exact value of sin P. (3 marks)
b Show that sec P = i%, where « is an integer to be found. (3 marks)
The height above ground of a person on a water slide can be ¥
modelled by the equation

h(f) = 18e05 + 10 sin(%) —knt=0 y=h(r)

where ¢ is the time in seconds since the person began sliding. 0 7

The diagram shows the graph of y = h(z).

a Show that the person reaches the bottom of the slide between 9 and 10 seconds after
they start sliding. (1 mark)

b Taking 9 as a first approximation, apply the Newton—Raphson procedure once to h(¢) to
obtain a second approximation for the time when the person reaches the bottom of the
slide, giving your answer to 3 decimal places. (3 marks)

¢ By considering the change of sign of h(z) in a suitable interval, verify that your answer to

part b is in fact correct to 3 decimal places. (2 marks)
Ina "
Given that I e_?‘i 1 dx =1In4,a > 0, find the value of a. (4 marks)
In2

The first term of an arithmetic series is 2. The common difference of the series is 6.
a Find the 20th term of the series. (2 marks)

The sum of the first n terms of the series is 7450.

b Find the value of n. (5 marks)
. 1 +sin260 + tan26 _ 1 +46
a When 0 is small, show that 3 c0s 20 1 ~ {T+20)(1 - 20) (4 marks)
b Hence write down an estimate of 1 +;icnozsgg Ealt129 when 0 = 0.03 radians. (1 mark)
¢ Find the percentage error in your estimate, giving your answer to 3 significant figures.
(2 marks)

The function f is defined by f(x) = 6x* — 13x* + 4, x € R.

Given that f(2) = 0, express f(x) as the product of three linear factors and hence sketch the
graph of y =|f(x)|. Show on your sketch the coordinates of each point at which the graph
meets or cuts the coordinate axes. (7 marks)
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27

28

29

30

31

32

114

A sequencea,, a,, a,, ... isdefined by a, =k, a _ =3a - 5,n =1, where k is a constant.
a Write down an expression for a, in terms of k. (1 mark)
b Show that a, = 9%k — 20. (2 marks)

4
Given that Y a = =30,

r=1
¢ find the value of %. (4 marks)

A curve has equation y = cos2x — sin?2x, —-7 = x = 0.
d?y

., dy
a Find FEe and R (4 marks)
b Find the x-coordinates of the stationary points of the curve. (3 marks)
¢ Show that a local maximum occurs at x = —% (2 marks)

The diagram shows the part of the graph of y = f(x) where f(x) = x3Inx.
The curve cuts the x-axis at A and B and has a turning point at P.

a Work out the coordinates of A4 and B. (1 mark) p F= f(xy

b Find f'(x). (3 marks) 0’—\_/3 ¥
P

¢ By considering the change of sign of f'(x) in a suitable interval,

verify that the x-coordinate of P is 0.717 correct to 3 decimal places. (2 marks)
d Find the exact value of the x-coordinate of P. (2 marks)
The diagram shows a circle with centre O. The points A4 and B lie A

on the circumference of the circle. The area of the major sector,
shown shaded, is 88.725cm?’. The reflex angle 4OB is 4.2 radians.

a Find the exact length, in cm, of the minor arc 4B, giving your answer

in the form ar + b, where a and b are constants to be found. (4 marks) B
b Find the area of the segment S, giving your answer to 1 decimal place. (3 marks)
The curve C has parametric equations x = 5cost — 4,y =5sint + 1, —% =t= i—r
a Find a Cartesian equation of C in the form (x + a)? + (v + b)* = ¢, stating the values of «,
b and c. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)
¢ Determine the exact length of curve C. (2 marks)

The function f is defined by f(x) = |2x — 7| + 3.

a Sketch the graph with equation y = f(x), stating the coordinates of any points where the
graph cuts or meets the coordinate axes. (3 marks)

b State the range of f(x). (1 mark)

¢ Find the values of x which satisfy f(x) > x + 2. Write your answer using set notation.
(5 marks)
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4

a Expand , where |x| < 3, in ascending powers of x, up to and including the term

1
V4 - 3x

in x%. Simplify each term. (5 marks)

b Hence, or otherwise, find the first 3 terms in the expansion of \fﬂ as a series in
ascending powers of x. 43 (4 marks)

The motion of a netball as it leaves a player’s hand and passes through the net is modelled
using the parametric equations x = 3.8¢, y = —4.97 + 4.6¢ + 1.9, t = 0, where x m is the
horizontal distance travelled and y m is the height of the netball above the ground after

¢ seconds.

a Write down the height of the ball when it leaves the player’s hand. (1 mark)

Given that the height of the net is 2.8 m and that the netball passes through the net as it is
travelling downwards,

b find the time at which the netball passes through the net (3 marks)
¢ find the horizontal distance between the player and the net. (1 mark)
Luke and Isabella were given this question.

Solve the equation V3sin@=cosffor-Z<p<Z

2 2
Their attempts are shown below.
Isabella Luke
V3 sinf =cos8 \V3sinf = cos
tan@ =V3 3sin?0 = cos? 6
Bzg 3sin°@ =1-sin’0
sin“ @ = %
sinf = :t%
o Il
Q—ig
a What error has Isabella made? (1 mark)
Luke gives 0 = _%r as one of the answers to V3 sin 8 = cos 6
b Explain why this answer is incorrect and how this answer arose. (2 marks)
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36

37

38

39

40

41

42

43

The curve C has parametric equations

x=cost,y=cos(t+£),0<t<;'r

3
Show that a Cartesian equation of the curve is y = %x - \[T?\I'I — x?, for a < x < b, stating
the values of a and b. (5 marks)
a On the same set of axes, sketch the curve with equation y = 2Inx and the line with
equation 2x + 5y = 10. (2 marks)
b With reference to your sketch, explain why the function f(x) = 10lnx + 2x — 10 has
exactly one root. (2 marks)
¢ Show that f(x) has a root between x = 1.8 and x = 1.9. (2 marks)
4k
Given that k is a positive integer, show that Lkﬁ dx is independent of k. (4 marks)
f(x) = 2* + 4. Show that the equation of the tangent to the curve with equation y = f(x) at
the point with x-coordinate —1is (15In2)x + 2y + 15In2 -9 = 0. (6 marks)
a Usetan(x + o) = lanx + AN , ghow that tan105° = -2 — V3. (4 marks)
| —tanx tano
b Hence or otherwise, show that cot 105° = =2 + V3. (3 marks)

The shape AOBCD consists of an isosceles triangle COD B 4
joined along its equal sides to sectors OBC and ODA of a circle
with centre O and diameter 11 m. Angles AOD and BOC are

equal. AOB is a straight line and is parallel to the line DC.

DC has length 4m. O|llm
a Find angle COD in radians, correct to 3 decimal places.
(2 marks)
b Find the shaded area AOCD, giving your answer to i
1 decimal place. (3 marks)
¢ Find the perimeter of sector COB, giving your answer to 1 decimal place. (2 marks)
a Prove that sec’*x — tan*x = 2sec’x — 1. (4 marks)

b Hence solve the equation sec’x — tan*x = 24 in the interval 0 = x = 360°.
Give your answers to 4 significant figures. (4 marks)

A curve has equation 6x* — 6)* — 4xy + 40 = 0.

a Find g—i in terms of x and y. (4 marks)
b Show that line joining the two points on the curve where the gradient is —% has equation
9x +2y=0. (2 marks)
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Consider the function f(x) = -2x* + 8x* = 7x + 3, x € R.
a Given that f(3) = 0, write f(x) as a product of two algebraic factors. (2 marks)

b Hence prove that there are exactly two real solutions to the equation
-2+ 8 =T’ +3=0 (2 marks)

¢ Deduce the number of real solutions, for 57 = 6 < 8, to the equation
2tan’6 - 8tan’0+ 7tanf-3 =0 (1 mark)

The diagram shows the curve C which is defined by the

parametric equations 1
Lo odap ‘ *
x=y=20'-42,0=t<3 C
a Find a Cartesian equation of the curve in the form
y = f(x) and state the domain of f(x). (3 marks)
b Find the value of 1 when % = 0, and hence determine the
exact range of f(x). (4 marks)
The diagram shows the curve with equation 4
y=ksin (x + %) for 0 = x < 2x, where k is a constant.
The curve cuts the y-axis at (0,2V3) and passes through /—\ /
the points (p, 0) and (g, 0). 12) p\/gr S %
a Show that k = 4. (1 mark)

b Find p and ¢. (2 marks)

The line y = —1.2 meets the curve at the points R and S.

¢ Find the x-coordinates of R and S, giving your answers to 3 significant figures. (5 marks)

13l

Using the substitution u = cosec x, or otherwise, find the exact value of Lcoﬁx dx. (8 marks)

1 -3¢

The curve C has parametric equations x =1 —2, y = = t>0. V4
a The curve crosses the x-axis at point 4 and the y-axis at point B.

Find the coordinates of 4 and B. (4 marks) A X

X

b A straight line / intersects the curve C at points A and B. Q

Find the equation of the line / in the form ax + by + ¢ = 0. —

(3 marks)

N 12x*+20x+12 A4 B c
) = Bt DG+ D+ 3x+1 721 %42
a Find the values of the constants 4, Band C. (3 marks)
b Hence find the exact value of I_f(x) dx, giving your answer in the form ln%

0
where % is a fraction in its simplest form. (5 marks)

117



118

Exam question bank

50

51

52

53

54

a Prove that sin26 — tan 0= tan 6 cos 26. (3 marks)
b Hence solve the following equation in the interval —% = %
(sec’x + 3)(sin2x — tanx) = 4tan’x cos2x
Give your answers to 3 decimal places where necessary. (6 marks)

1
a Show that the binomial expansion of (9 + 7x)* in ascending powers of x up to and

including the term in x° is 3 + %x + kx?, giving the value of the constant k as a simplified

fraction. (4 marks)
b i Use the expansion from part a, with x = %,
Give your answer in the form ‘E—; where p and ¢ are integers.

ii Explain why substituting x = % into this binomial expansion leads to a valid

approximation. (4 marks)

to find an approximate value for V2.

f(x) = X2 - 5x)°

a Find f'(x) and {"(x). (4 marks)
b Find the x-coordinates of the points where f"(x) = 0. (3 marks)
¢ Demonstrate that x = % is a point of inflection. (2 marks)
The diagram shows the part of the curve with equation y = 3x?e~>". 14
a Complete the table with the y-value corresponding to
x=1.5. (1 mark) y = 3x%e
x| o ] o5 1 15 ] 2 [ 25 ] 3 .
y 0 0.2759 | 0.4060 0.2198 | 0.1263 | 0.0669 0 3 .
b Use the trapezium rule, with all your y-values from the completed table, to obtain an
estimate for the area of the shaded region R. (3 marks)
3
¢ Show, by integration, that the exact value of I Ixcetdris % - % (5 marks)
]

A curve C has parametric equations x = %cos t, y =cos3t, % =r= %1' V1
a Show that the Cartesian equation of the curve can be written

in the form y = ax(bx? - ¢), stating the values of ¢, b and c.
(5 marks)

0 3
b Determine the range of possible values of x in the given
. C
domain of . (1 mark)
¢ Find the coordinates of the turning points of the curve, and
hence determine the range of possible values of y in the given domain of +. (3 marks)
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a Solve the equation 2|x + 4| - 2 = x + 3. (4 marks)

b i Sketch the graph of y = |x| — 4.

ii Explain why |x| — 4 < [x — 4] for all real values of x. (6 marks)

Following heavy rainfall, water flows into a reservoir at a rate 200m*h~". To relieve pressure
on the dam, water is released at a rate of %an h!, where V' is the volume of the reservoir.

% = V= 1000, (2 marks)

Given that when the water is initially released, the volume of the dam is 9000 m?,

a Show that =5

b find the solution to the differential equation in the form V' = a + be~*', where a, b and k
are constants to be found. (7 marks)

¢ State, with a reason, the minimum volume of the reservoir according to the model.
(1 mark)

a Use binomial expansions to show that ‘\’% =~ 1+ % - 2]8362 (6 marks)

1
5

attempt to find an approximation to V11.

A student substitutes x = ¢ into both sides of the approximation shown in part a in an

Ln|—

b Give a reason why the student should not use x = (1 mark)

¢ Substitute x = % into 4 % =1+ 77" - %xz to obtain an approximation to V11.

Give your answer to 5 decimal places. (3 marks)

The function g is defined as g(x) = arccosx, for-1 = x =< 1.
The function h is defined as h(x) = %x, xeR.

a Find an expression for gh(x) and state its domain. (3 marks)

b Sketch the graph of y = gh(x), clearly showing the exact coordinates of the endpoints of
the curve. (3 marks)

¢ Determine (gh)~'(x) and state its domain. (2 marks)

In triangle ABC, AB=3cm, BC=7cmand AC=8cm, and ZACB = g

a Use the cosine rule to show that cos & = 13 (3 marks)

2 14
b Hence find the exact value of cos26. (3 marks)
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1

a Expand Ry Ix| < %, in ascending powers of x up to and including the term in x?,
giving each term as a simplified fraction. (5 marks)
. . . . 2+ kx 3.3, T 5
Given that the binomial expansion of G- 49)” Ixl < TGty t Ax?+...
b find the value of the constant & (2 marks)
¢ find the value of the constant A. (2 marks)
12
a Show that Y (2 + 4r + 37) = 797496. (4 marks)
r=1
b A sequence IR — is defined by u . = _uL= u = %
- 1
200
Find the exact value of ¥ u . (3 marks)
r=1
a “If p and ¢ are irrational numbers, then pgq is also an irrational number.”
Disprove this statement using a counter example. (2 marks)
b Prove that \2 is an irrational number. (6 marks)
The diagram shows a sketch of the curve with equation y = f(x), x € R. yj
4
The curve passes through the point (0, 4) and has a turning point at
P(3, -5).
a Write down the coordinates of the point to which P is transformed O X
on the curve with equation: y =1(x)
. X .
i ZF(E) ii —f(-x) (4 marks) -

b Sketch the curve with equation y = f(|x]).
On your sketch show the coordinates of all turning points and the coordinates of the
point at which the curve cuts the y-axis. (3 marks)

The curve with equation y = f(x) is a translation of the curve with equation y = x°.

¢ Find f(x). (2 marks)

d Explain why the function f does not have an inverse. (1 mark)

The first term of a geometric series is 30 and the common ratio is %
a Find, to one decimal place, the value of S.. (2 marks)
The sum to infinity of the series is S_, and the sum to N terms of the series is S .

b Find the smallest value of N, for which §_ - S, <0.5 (6 marks)

. — —
In triangle POR, PO = -3i + 6j + k and PR = 11i + 7j - 2k.

a Find the area of triangle PQR. (7 marks)
g 7 —_— 2 iz —_— —_—

The point T'is such that PT = —2@ and the point S is such that PS = -2PR.

b Find the area of triangle PST. (2 marks)
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a Express f(x) as a single fraction in its simplest form. (5 marks)
b Hence show that f(x) =2 - = l 3
The curve y = %, x > 0, is mapped onto the curve y = f(x), using three successive
transformations, 7', 7, and T..

¢ Describe fully 7|, T, and T,. (4 marks)

f(x) =

x>z 2. (2 marks)

The graph shows part of the curve C with parametric equations y

X:200529,J’=%sin6,0ses% G w

a Find g—i giving your answer in terms of 6. (4marks) O //1 X

P is the point on the curve where 8 = %

6 /N
b Find an equation of the normal to C at P. (4 marks)

The normal to C at P intersects the axes at the points M and N.

¢ Find the exact area of triangle OMN. (2 marks)
A geometric series has first term 10 and common ratio %

Calculate:

a the 20th term of the series, to 3 significant figures (2 marks)
b the sum to infinity of the series. (2 marks)

Given that the sum to k terms of the series is greater than 24.99,

log 0.0004
¢ show that k > 15505 (4 marks)
d find the smallest possible value of k. (1 mark)
. . g 2x-1) 1 )

The function f is deﬁn;ed by f: x P oy 1 >4

a Show that f(x) = o L >4, (4 marks)
b Find the range of f(x). (2 marks)
¢ Find f'(x). State the domain of this inverse function. (3 marks)
The function g is defined by g: x = 2x>+ 1, xe R

d Solve fg(x) = 41—3 (3 marks)
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a Show that the first three terms in the series expansion of f(x) can be written as
1 215x 1385x2

€36 " o6 (7 marks)
b Find the value of f(0.01). Round your answer to 7 decimal places. (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate the
value of £(0.01). Give your answer to 2 significant figures. (3 marks)
a Express %cosﬂ + %sin@ in the form R cos(0 — o), where R>0and 0 < o < %
Give the value of o to two decimal places. (3 marks)
b Hence find the maximum value of % + (%COS 0+ %sin 9) P (2 marks)
¢ Solve, for-r <0< %, the equation % cos20 + % sin26 = 2, giving your answers to two
decimal places. (5 marks)

A curve C is defined by the parametric equations x =e*, y = 6e’' — 2, t e R.

a The straight line y = x + 3 passes through the points 4 and B on curve C.
Find the coordinates of 4 and B. (6 marks)

b Another straight line, /, passes through the points P and Q on curve C where 7 = In2 and
t = In 3 respectively. Find an equation for line / in the form ax + by + ¢ = 0. (6 marks)

A company made a profit of £60000 in 2018 (year 1). Future year-by-year profits are
modelled by a geometric sequence with common ratio r, where r > 1.

The model predicts that the profits in 2019 (year 2) will be £60000r.

a Write down an expression for the predicted profit in year n. (1 mark)

Given that the model predicts that the profit will exceed £240000 in year n,

b show thatn > L + 1. (3 marks)
logr

Using the model with r = 1.08,
¢ find the year in which the profit made will first exceed £240000 (2 marks)

d find the total of the profits that will be made by the company over the 10 years from 2018
to 2027 inclusive, giving your answer to the nearest £10000. (3 marks)
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77
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The curve C has parametric equations y
x=6cost,y=2sin2t,0<t<2x rC\|Ap\
a Find the gradient of the curve at the point P at which ¢ = % x

6 ) X
(3 marks) \/6‘\J =

b Find the equation of the tangent to the curve at the point P. (3 marks)
¢ Find the exact area of the shaded region bounded by the tangent PQ, the curve and

the x-axis. (6 marks)
a Express Sxiodx . 10 as a single fraction in its simplest form (7 marks)

5x24+6x-8 x?-x-6 )
b Hence write S,XZ i - RPN 10 in the form 4 + —2 , where A and B are
Sx*4+6x-8 x'-x-6 x-3

constants to be found. (2 marks)

f(x) = Sx?—4x 10 sEEg

5x2+6x—-8 xI-x-6

¢ Use your answer to part b to prove that f(x) is an increasing function for all x > 3.

(3 marks)
The second and fourth terms of a geometric series are 270 and 120 respectively.
For this series, find:
a the sum to infinity (6 marks)

b the smallest value of n for which the sum of the first # terms of the series exceeds 1200.

(4 marks)
The diagram shows part of the curve with the equation Y}
y = f(x), where f(x) = (x* — 4x)e™. y =1(x) \
The point P has coordinates (1, —%). O\B T
The tangent to the curve at P intersects the x-axis at the
point A. -
a Find the equation of the tangent. (4 marks)
The normal to the curve at P intersects the x-axis at the point B.
b Show that the area of the triangle 4ABP is % (7 marks)
3x2-x+2 _ B C
G+Dx-2) A x+1t%-2
a Find the values of the constants 4, Band C. (4 marks)
- 3x2-x+2 . - : -

b Hence, or otherwise, expand G+DE-2) in ascending powers of x, up to and including

the term in x*. Give each coefficient as a simplified fraction. (7 marks)
¢ State the set of values for which the expansion in part b is valid. (1 mark)
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79

80

81

The function f is defined by f(x) = 2;_33, xeR, x # 4.

a Find f~'(x), and state the domain of this inverse function. (4 marks)

The diagram shows a sketch of the function g(x).
The function g has domain -2 = x = 9, and is linear from
(-2, -10) to (2, 0) and from (2, 0) to (9, 5).

b Write down the range of g. (1 mark) _3 A %
¢ Find gg(2). (2 marks) |

d Find fg(9). (2 marks) /
/--1-10

e On separate diagrams, sketch the graphs with equations:

i y=lgx) i y=g'(x) (4 marks)

Show on each sketch the coordinates of each point at which the graph meets or cuts the axes.
f State the domain of the inverse function g™'. (1 mark)
The first three terms of a geometric sequence are 6k — 5, 4k — 5 and 5 — k, where & is a
constant.

Given that k < 1,

a show that k = % (6 marks)
For this value of k,
b i evaluate the fourth term of the sequence, giving your answer as an exact fraction
ii evaluate the sum of the first ten terms of the sequence. (6 marks)
36x*+ 15x — 14 2
x) = l< 2
f(x) Gx = 2V (2 = %) Ixl < 5
Given that f(x) can be expressed in the form 4 _, B _, C
=2 Br—d)y 2w
a find the values of the constants A, B and C. (4 marks)

b Hence, or otherwise, find the series expansion of f(x) in ascending powers of x, up to and
including the term in x2. Simplify each term. (7 marks)

¢ Find the percentage error made in using the series expansion in part b to estimate the
value of f(0.1). Give your answer to 2 significant figures. (4 marks)
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The functions f and g are defined by f(x) =3x+ In3, x € Rand g(x) =e*, x € R.

a Prove that the composite function gf is gf(x) = 3e™, x € R. (4 marks)
b Sketch the graph of y = gf(x), stating the coordinates of the point where the curve

crosses the y-axis. (2 marks)
¢ Write down the range of gf. (1 mark)
d Find the value of x for which %(gf(x)) = 4, giving your answer to 3 significant figures.

(4 marks)

a Express 12.5cos x + 6.5sin x in the form R cos(x — &), where R>0and 0 < o < %

Give the value of o to 1 decimal place. (4 marks)
b i Find the maximum value of 12.5cosx + 6.5sinx.

il Find the value of x, for 0 < x < m, at which the maximum occurs. (3 marks)

The height above ground of a particular car on a Ferris wheel can be modelled by the
function

H=16-12.5c0s(1.05¢7) — 6.5sin(1.057)

where H is the height of the car above ground in metres, and ¢ is time in minutes after the
ride begins. All angles are measured in radians. Give your answers to 1 decimal place where
necessary.

¢ State the maximum height of the wheel and the time at which this maximum occurs.

(3 marks)
d Calculate the height of the car at 4 minutes. (2 marks)
e Calculate the times the car reaches a height of 15 metres during the first 6 minutes.

(4 marks)
f Find the time it takes for the Ferris wheel to complete one rotation. (2 marks)
The diagram shows a cuboid whose vertices are O, A, B, C, D, E, F SG. R F

and G.

—_— — — :
Vectors a, b and ¢ are equal to O4, OB and OC respectively.

The points K, L, R and S lie on OA, AD, FG and GC such that
OK:KA=AL:ILD=FR:RG=GS:5C=1:2.

Prove that the lines KR and LS bisect each otherat P.  (10marks) O K a3 4
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85  The function f is defined by f(x) = e + 5, x € R.
a State the range of f(x). (2 marks)
b Find f~'(x). State the domain of this inverse function. (4 marks)

¢ Sketch the graphs of y = f(x) and y = f~'(x) on the set of same axes, stating the
coordinates of the points where the graphs cross the axes. (4 marks)

d Show that the x-coordinate of the point of intersection of y = f(x) and y = f*'(x) is the
solution to the equation e*(x — 5) = 1. (4 marks)

86  The position of a carriage on a rollercoaster at time ¢ seconds is
modelled using the parametric equations

x=40Vt,y=80t-2022,0<st<T
where x represents the distance travelled horizontally in metres =
and y represents the height above the ground in metres.
Given that the rollercoaster starts and finishes at ground level,
a find the value of T (2 marks)
b find the maximum height of the rollercoaster and the time at which the carriage

reaches this height. (3 marks)
¢ i Find the angle of descent at the point where the rollercoaster reaches the ground at

the end of its path.

ii Hence comment on the validity of the model. (4 marks)
d Find the total area bounded by the path of the rollercoaster and the ground, labelled 4

on the diagram. (3 marks)

126



CHAPTER 1
1.1 Proof by contradiction

1

a There are a finite number of prime numbers.
b There exists an n such that »° is even but » is odd.

¢ There exist p and ¢ such that pg is odd and p and g are
both even.

Assume that there is a greatest even number, n. Then
n+ 2 = n and is also even. This contradicts the assumption,
so there is no greatest even number.

Assume that a® — 4h — 7 = 0, where @ and b are integers.
Soat=4b+ 7. Since 4b + 7 is odd, & is odd and so a is odd
and can be written as 2n + 1 where n is an integer.
Thena*=(2n+ 1) =4b+T7 =4 +4n+1=4b+7
Rearranging, 4’ + dn —db=6 = 4w +n-0b)=6
Som+n—-b= %, which is not an integer, but as n and

b are integers, n° + n — b must also be an integer. This
contradiction implies that ¢* — 4b — 7 cannot be equal to 0.

Assume that there is a smallest positive rational number, n.
Thenn=0andn= % where a and b are integers and b # 0.

Then %= % and since b is an integer, 2b is also an integer.
This means that% is rational and as% < nthisisa
contradiction, which implies there is no smallest positive

rational number.

Assume that n is even. Then n = 2p where p is an integer.
n' = (2p)’ = 8p* which is even. Thus if #* is odd. then n must
also be odd.

Assume that there exist non-zero integers x and y such that

x* = y*=1.Then (x + y)(x — ¥) = 1. The only factor of 1is 1.

There are 2 possibilitiesusing I x 1 =land -1 x-1=1:
x+y=landx-y=1 (0
x+y=-landx-y=-1 (2)

(1) gives x =1 and y = 0 and (2) gives x = -1 and y = 0.

v =01s a solution in both cases, so there are no non-zero

integer solutions to the equation x* — )? = 1.

Assume that V5 is rational. Then V5 = % where @ and b are

integers, b # 0 and the highest common factor of @ and b is

1. Then a= V5b = a* = 5.

So & is divisible by 5 and it must contain a (repeated) factor

of 5, and so a is divisible by 5. So a = 5p, where p is an

integer.

= (5pF = 5b" = b* = 5p*. So " is divisible by 5 and so

b is divisible by 5. As @ and b are both divisible by 5,

then the highest common factor of @ and b is not 1.

This contradiction implies that 5 is irrational.

Assume that p is rational, ¢ is irrational, and that p — g is
rational. Then there exist integers a, b, ¢ and d such that

_a —g=%t
p_bandp q d,b,dill

a_ _c _a_c_ad-be
el e

But ad - be is an integer as a, b, ¢ and d are all integers and

bd # 0, which means that ¢ is rational. This is a contradiction.

So the difference between any rational number and any
irrational number is irrational.

1.2 Algebraic fractions

1

Answers

1 x-1 yx+5)

1333 b Ix+1) X
x=1 2(3x+4) 22x -

8 g ) G

a Ix+1 _1x-9
x+3)x-1) 3x=3)(x+1)

. %25 - x) 2+9x-3x2
(x+3)(x-3) (2x=3)(x+2)

P 1x+9 s o 3K o o
2x+3)(2x-3) (x+4)(x=3)(x=2)

c Hx-2 7-4x
(2x+1P(2x-1) (x+2)(x+1)(x-3)

x-20-3)

X (x=35)(x-6)
2(x*=6)(x-8)
x(17x=2)
Gr+D(Gx-1)

13-2x
2x+1)(x=3)

Xx+3)(x=5) +5(x=-5)+40

a flx)= G+)x-3)

X =2x"-10x+15
(x+3)(x=35)

b Using the factor theorem, (x + 3) is a factor of

=2 =10x +15 = (x + 3)(x* = 5x + )

Sof(x)=X=5x+5 - 5_-“5+ 5

1.3 Partial fractions

1

8
9

5 5 4
S v, G s e
C 2 5
3x=-1 2x+1
3, 4 5
L v e
P 2
x x-2 x-=5 x=1
3 3
il i el ey

1 |
G-y 26+

A=2,B=-3C=1
A=28=3C=-1

1.4 Repeated factors

1
2
3

A=2,B=-1,C=3
A=3,B=—4,C=2
A=2,B=-3
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1.5 Algebraic division

x =2
1 A‘—3:]_vc3—5x+7
x2=3x
=2x+7
=2x+6
1
2 a 15 b x—-6+-_13
x+1
3 A=1,B=-4,C=12,D=-45
4 A=1,B=2,C=8,D=37
5 A4=6,B=-3,C=1
6 A=2,B=2C=11,D=32
7 A=1,B=-5C=15
8 A=2B=-2C=-3
9 A4=3,B=-5C=0,D=-2,E=5
Problem solving: Set A
B a 3x-2 b 3x+1
x=1 X
x=3
S x-1
2.1 52
G 3*-5-7x+18

Problem solving: Set B
o X A S
L B e T L
S M-x-6=(x-3)x+2).4=3,B=5C=-4

1 1 3
G i) -1 =3

CHAPTER 2

2.1 The modulus function

1 a 6 b 14 c
2 a2 b 29 c 6
3 a

My=px+1

0.1

y

(0,3)

Y
y=Px-4

(4:0)yy
o x
(0,-1)
y=-3x+1|

ii x=-2,5




c i ¥ ii x= —2,%
¥ =1(x) r=gx)
2,4 8
6.3

5 {.\ .\<%}LJ{.\‘:_\‘>E
a iy b -2=x=1
(0, 3)
y=4x+3
L
3 o x
(50)
5 5
7 a b Eandi
(0, 5)
¥ =1(x)
] [ 5 X
59)
(0, 5) and (3.0)
8 x<lorx>%
9 a M _ b land7
3 X
y=-3-x

2.2 Functions and mappings

1 a many-to-one b one-to-one

¢ one-to-many d many-to-one
2 a f:x=ix+2,xeR, x=-2
b f:xn—»L,xe[R,x:t—l
x+1
¢ f:xmtanx, xe R, -90° < x < 90°
3 ai ¥
»y=1ix)
4
0 X
i flx)=4 iii one-to-one
bd (90°, 3)
y=1(x)
0] (180°,0) X
i 0=flx)=3 iii many-to-one

¢
d
4 a
b
¢
5 a
6 a
5
7T 3
8 a

i f(x)=2

i y
o (3,0 X

i f(x)=0

f(x) is a many-to-one mapping for all xe R, soitisa

function. fi2) =6

f(x) =2

%s fix) <8

iii

iii

one-to-one

one-to-one

d x=-120rx=7

b many-to-one

¢ h(x)=8

2.3 Composite functions

1 a
d
2 a
d
3 a
4 a
b
5 a
¢
6 a
7 a
8 a

8
1
11 - 3x*

1
Ix-1
17

gf(x) = 2x

fo(x) = x*. When gf(x) = fg(x), 2x=x" sox=0o0rx=2

b
e
b

e

b

6
27
-
11_%2

b f{x)=-10

d 3and5+\3

¢ 9x-4

As x = 01is not in the domain, x = 2.
b gfix) =k + 8x — 4x?
{k:keR k<2)

f(x) = —4

fx) = 8
f(x) = 0

3= 2

b
b

b

-92
(s

-2

) e

[

Answers
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2.4 Inverse functions

1oai =X

2 ai gig=x}3

ii domainxeR,x=-3;rangeg'(x)=0

iii iv x=3

b i g'(x)=x*+2

ii domain x e R, x = 0; range g”'(x) = 2

iii V' iv no solutions
y=g'(x)
2 y=gx)
O| E X
c i g_l(A‘) = 44;3X

ii domain x e R, x = 0; range g”'(x) = 3

130

i p iv x=4

4] X
d i g'(x)=1+Vx+3

ii domain xe R, x = -5; range g''(x) = |

iii ) y iv x=4
y=% 4.4
i 14
-5
A
E — e =2
3 a Lctf(,\)—y—x.thch}—2andx_y
so f(x) = % = f(x) and f is self-inverse.
b x
4 g(x)is not one-to-one in the interval 0 = x = 6
Ix=35
5 f(3_\'—5)_3(.\‘—3)_5_3(3.\‘—5)-5(_\'—3)
x=-3/" (3_\‘—5)_3 T o 3x=-5-3(x-3)
x=-3
_9x—]5—5.\‘+]5_4_x_x
T 3x-5-3x+9 ~ 4~
3 I _3X—5
b f(.\}_x_3,xe[R,x;é3
6 a f“(x):c“;l,.\‘eﬂ:f‘](.\‘}>%

7 a glx)=3+Vx+l,xeRx=>-1g'(x)>3

b X:?+2\"ﬁ
8 a f-'(x}=3\j‘_+21,xeua,x>2;f-'(x)>3
b x=%
2.5 y=|ftx)| and y = f(|x|)
1 a Ve V4
y=1x)
GOV @0 ¥

(-3.000] (4,0

x



b s 4 s = |fi
N/ DN/
0 3600 O 360°

y=1(x)

a y Ve

Y0 TN
0 X
L=f(|x|_]
b ki
" y=1()
X
VARV

a

b

a (3.5) b

(0,4)
X
(=3,-5) (3.-5)

a f.d
b pd

lo

CLON [ ALD) X
v = Injx|

(0, 10)

43, 15)

y =)l

(—4.0) O X

»=£(jx)

(0.]-10)

(3,-15)

1y =g

=y

2

2.6 Combining transformations

y=flx+3)+4

A

VA

Al(-1, 12), B(5, -12)
2 a A(-1,-21), B(1,-6), C(3, 12)

X

y=3gx-1)

b AE(-49 _9)3 E(Os -4)3 C(“'a 2)

\

y ]
1=l
-

X

Answers
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(=11, -35)

4
b
y=fix+2)+3
ol x
5 a yi
(3,-14)
b 4
y=1f(x) -1
(=5.0) \0 / (5.0)
6 a y .5)
0 X
y=fix+2)
2

sl

L/ X

y=f(2x)-3
7 b
y=glx)
(1,0)

oy

(-1, —4)

8 a ¥
\ y=26(x+5)
\a
(0. -4)
b y
52 =l

0 ‘ X

2.7 Solving modulus problems

1 a
2 a 4 b
2,9 ¢
(0, 3)/\
/] (5.0)
(-1.0) %
r=glx)
3 a1 Vi
. y=1x)
RN ‘
1 X
()

i(-1,10)
i (-2.12)
iiii (-%, -3)

gx)=9

g(x) is not a one-to-one
function

xix=0uilx:x=4

i fo) = -1



RE i % i) =2
[_%90]
A\
(0,-1)
[
r=1ix)
& y=1f(x) i flo)=35

a fix)=4 b x=11 c 4<k=10
g y

y=h-3

b Forx=5,|x-5=Ix-5l. Forx <5, |x] -5 <I|x- 5l
So |x] = 5 = |x - 5l for all real values of x.

6 a \i b {x:x{%}u{x:x>l}

0. 4) ¢ {x:x<%}u{x:x>%}

=y

Problem solving: Set A
B a f'(v =\?3‘TX

R e O B Ll it

3-2F T 3-2¢
_2-15410x° _ 10x°— 13
3230 32y
[ x:'%

Answers

S a f-l(.ﬂ:M,xeR,_wz
b fg(x)=(x+3)+2 fgx)=2
¢ x=5
%S o o 2 _ x-95 s 12
G a X+ 2x -3 .\‘+3+2_(x+3)(.\‘—lj x+3+2

Xx=5-2x=-1+2(x+3)(x=-1)
(x+3(x=1)

X=5-2x-2+2x"+4x -6
(x+3)(x=1)

_ 2343y -9 _(x+3)(2x-3) 2x-3

T T o o s el
b fx)<2
c f—l(.ﬂ:ij:;,_mz d x:»_e¥
Problem solving: Set B
B a6 b fx)=<6
C i AL
6\ (4.6) y = [f(x)]
o] 2 6 X
i (4.6) yy (4.6
N 0/2 x
r = |f{x
y y =)l
S
¥ = [f(x)]
i k>-4
¢

i {-1}upip<-Ljuppip=1)
i {p:-T<p<1}
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CHAPTER 3

3.1 Arithmetic sequences

1 a i711,1519 i a=7,d=4
b id1,-2-5 i a=4,d=-3
¢ 18599510 ii @=85,d=05
di-3-1,1,3 i a=-3,d=2

2 a nthterm=4n -2, 10th term = 38

b nthterm =7 - 2n, 10th term=-13

¢ nthterm = 3n - 5, 10th term = 25

d nthterm = 11y - 3ny, 10th term = -19y

a 33 b 41 ¢ 30 d 53
a=2,d=5
a 8

a -1,2,5 b 3

a a=10,d=-4 b 17

a Letthetermsbea=a+kd. b=a+ (k+ 1)dand

c=a+(k+2)d

a+c_a+kd+a+(k+2)d

2 " 2
_2a+2k+1)d
==

b 41

- I - Y SN )

=a+(k+1d=b

b p=-3,p=25
9 a k=4 b 445

3.2 Arithmetic series

1 a 860 b 570 ¢ -1080 d 50
2 a 456 b -816 ¢ 519 d 960
3 25,=60x61,508,=50%60 183

4 25

5 a -1,3,7 b 4

c &J:%[a+!)whcrca=—1,d=4and!=4n—5
So §r=%(—1+4n—5)=%[4n—6)

which shows § = n(2n - 3)
S=1+2+3+.. . +n=-2)+(n=-1)+n
S=n+n-D+n=-2)+..+3 +2+1

28 =nx(n+1)so s”=”(”2+ b

b 5=100x202_ 14500

7 a 40 b 50
a S]2=%(2a+(12—])d)=366
So 6(2a + 11d) = 366, which gives 12a + 66d = 366
b a+7d=38 ¢ a=3,d=5
Second term = a + d, sixth term = & + 5d,
soa+d+a+5d=2a+06d=14
soa+3d=7
b a=13,d=-2
10 a a+14d=]1(1),a+19d=% (2)
subtracting, (2) — (1) gives 5d =§, s0d =%

substituting into (1) gives a + 14 x % =11

11

12

1

(- B T - Y S ]

9

a=11-21=-10

Second term =-10 + % =--1

17
2

b n=60
d=k+5=3k-5s02k=10and k=5.
Terms are 15, 25 and 35s0d = 10.
Firstterm=15-10=5

sﬂ=g(10+ 10(n - 1))

=%(1+(n-1})=5nxn=5nr
d=4k +3 - 3k =6k -9 - (4k + 3),
sok+3=2k-12and k = 15.
d=k+3=18
Thirdterm =3k =45=a+2dsoa=45-36=9
.SJ:%(2a+(n—le]

=S”=%(18+(n—1} x]8)=%x18n=952=(3n)9

So the sum of the first n terms of the sequence is a
square number.

3.3 Geometric sequences

a ir=3 iiou =2x3!
b ir=1 i u,=60x (1)
ir=-2 i u, =10 x (-2

¢
d ir=3 i u,=40x (3)"

a Parte: 10, = 20, 40, -80

b Let the terms be p = ar*, g = ar*+', r = ar* +2, then
pr=art xar? =g = (at 'Y = ¢ so pr=g°

9 i b 2560
2125764 (13th term)
5 128
a 3 b {55
o |
k=3
a 0.110 3s.f) b 0.832(3s.f) (15th term)

a = 150, ar*= 50 so 150¢* = 50 which gives »* =%
Taking logs on both sides, 4Inr = —In3
sodlnr+In3=0

b 0.760

a k:% b 10240 (13th term)

3.4 Geometric series

1

a 59048 b 96.0(3sf)
¢ 255 d 2370 (3sf)
a 1275 b 19682 ¢ 819(3sf) d 4118
19
a 2 b c 3145725
a 0.101 b 4
20(1- (%)
5 20-6)
kg
S0100(1-(4)") >s50=1-($)">05
=05> ()
. . 4 In0.5
Taking logs gives In 0.5 > kIn 3, so k = 0.8
b k=4



7
8
9

a k=10 b 0.0677 ¢ 638
536 (3 s.f)

a a+ ar = ar* where g is the first term and » is the common
ratio. So 1 — r — 1 = 0, hence r is independent of a.

b S, =48900 (3sf)

3.5 Sum to infinity

1 a r=02+2=01
As |r| < 1, this means the series is convergent.
b s;%
2 a i|f|=04 <1, so the series is convergent.
ii § = 235
b i Divergent, since |r|=3 =1
¢ i Convergent, since |r| = % =i
i 5 =243
- 4
d i Not convergent: series is arithmetic.
3 a a'=24576, ar"=1.572864
ar® _ 1.572864 . s
A= 54576 sor?=0.64 and r = 0.8
As |r] < 1 this means the series is convergent.
b 300rl)
4 a 0.68 b 32
5 ar= i% b a=54
2
L
7 a <1 b 3
8 a 0.9873 b 3.8
9 a g b 1.98 ¢ 119.8(1d.p)
10 a ar=12-9 =10
1-r
So 12 = 10r(1 - r), which gives 507 - 50r + 12=0
b r:%orr:% ¢ a=6bora=4 d n=8
3.6 Sigma notation
1 a il 5913,1721 ii 66
b i 2, 16, 54,128, 250 ii 450
¢ i1,0,-1,01 ii 1
£33 3.3 .3 33
d i - "3 T8 i~
2 a = 41 d=35 b 378
3 aa=}r=2 b 3145725
4 a ]85 b 60 ¢ 10
5 a Z(S 2ry= E[S 2ry+ E[S 2r)
S0 Z(S 2r)= 2(5 2r) - E[S 2r)
b Z(s_z,‘) a=3,d=-2,n=30,
= I
8= (6+29 x (~2)) = =780
Z(s_zr):a=3,d=-2,n=7,
=1
S, =2(6+6x(-2)=-21
n
F(5-2r)=-780 - (-21) = =759
=8
6 28658448

10
11

885720
a a=9,d=3,S,‘=§(18+[k— 1) x 3) = 750,
so k(18 + 3k — 3) = 1500, which gives

3k*+ 15k - 1500 =0
= (k-20)3k+75)=0
b k=20
a a=8r=2
S&_8(22—1} 8(2* - 1) = 262136
So (2¢ - 1)=32767 and 2" = 32768
Taking logs gives k In 2 = In 32768,
_In32768
In2
b §4x2'—262136
.
SGZ}ﬁ4><7"Z4><2’ f;f-le"
: = 8388600 I_262136=8126464
a |x|{% b %
i‘4=4x10=40
10
):34»_32, 10x11 - 165
ﬁzu B Lm_'l D_ 102

=1

40+ 165+ 1023 = 1228

3.7 Recurrence relations

1
2

a
a
b

P

= =

=

3,5917 b 10,6,2,-2 ¢ 4,832,512
i increasing
i periodic ii order 4

i decreasing

i2,58 11,14 ii increasing
il, %‘%‘%’l_lﬁ ii decreasing
if,-3.3,-3.3 ii periodic i 2
i1,3,7,15 31 ii increasing
i8,-4,8-48 ii periodic i 2
i10,6,2, -2, -6 ii decreasing

n=1:a,=k+(-1)'=k-1
n=2a=k-l+(-1y=k-1+1=k

n=3: a4=k+[-])3=k—l,soaz=a_‘=k—l

1000

iy =3
=2,g=-5

u =5 u=5-8,u =k(5k-8)-8=5k"-8k-8
k=4 ¢ 600

4 b 0

a,= 25k + 24

-1

=

=5(25k +24) + 4 =125k + 124
Ea =k +5k+4+25k+24 + 125k + 124

= 156k + 152 = 4(39k + 38), so a multiple of 4

75

b 150

Answers
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Answers

3.8 Modelling with series

1 a Sundays: first = 6km, second =6 + 2 = 8km,
third=8 + 2= 10km, fourth=10+2=12km,
fifth=12 + 2 = 14km

b 2n+4
¢ 19 weeks
d 500km
2 a 1.025x 28000 =28700
b 28000 x 1.025"!
¢ 34968 (nearest whole number)
d It is unlikely that the adult population will increase by
exactly the same percentage each year.
a £2.65 b £71.50

Option 1 is cheaper. Difference in interest is £207.43.
5 a 15000 x0.75" =6328.125 = £6328 to the nearest pound

b 10
6 a £289.41
b £3144.47 to the nearest penny
¢ £2836
7 a 1l b 13.10m to the nearest cm

¢ The ball is unlikely to continue to bounce to a height
which is % of its previous height for a long period of time
due to energy losses.

Problem solving: Set A
B a -125 b n=30
S 125
o 27
G L>—ﬁ
Problem solving: Set B
B =
128
S k=20
=9
G k=3
CHAPTER 4
4.1 Expanding (1+x)"
- 2 4y x_x . x
1 a 1-2x+3x-4x b l+2 8+16
A 2x2_4AX° _x 3¢ 1y
e a3t d 1-5+95-125
) ; _ 5y 35 105x°
e 1 -35x+15x"-35x ) | 5+ 3 16
2 a i l-6x+ 2407 - 80 i v <1
x_x_x 1
b8 16 Ik bl
< X2 x3 54
[ l]+3 AT iy <2
d i 1420x 42500+ 2500 i ¥ <1
. 2x 8\* 112x° ™ 1
el]+3 9 T il |x] <3
. 2x 4x? o
F e 3+7 i |x] <3
3 a 1-2x-2x-40 b 2.44949
¢ VI-4xisvalid for |x] < ;and 0.01 < |
4 a 4-5rc+12¢ I <5

8 192
5 a E b T
6 a (1+3x)"'=1-=3x+9x-27x
So (1 = x)(1 = 3x + 9x% = 27x%)
=1=3x+9x" = 27x = x + 327 = 9x*
=1-4x+12x* - 36x3
b |x|<§
a 2-26x+68x7 ¥ <4 ¢ 0.019%
9t 27x?
a ]—3X'T— 3
b %V’Ez 0.989949 5 gives V2 =~ 1.41421
9 a (l—5x)§==sl-%—%r;1
PR A
and (1+x)2= 1 5+g
5x _ 25x? Kooy 3x
(1'7' 8 )(1‘7" 8)
X 32 Sk 8 2S5 AR
17351-"’8 2t 8 . 2
b 5
4.2 Expanding (a + bx)"
o] B 2% 273 gl
1 a o 16 3 i x[ <3
D L
b 12_1_5_512 i x| <=4
g0 i
c l4+3 36+324 i x| <=4
3 6x  12x7 L 24x° 5
2 a l§+—5+ 35 535 i |‘\|<‘E
J1_x X ,
b s e T iy <2
. Sx | 55x7 , 365x° .
CI2+4+64+5]2 i |y <1
1, 9x | 54x2 | 54x° 15
3 R prtgstastans R M,
1 x x 1, 19x _ 13x?
4 a —=—-——+ b —+==-
V6 6V6 246 V6 6V6 2446
= - 9 20
a a_g,b_zé; ) b |x[ <3 € 5057
Sx: 25x -
8 2-gX-SK b x= 0207=1913
4, 26x | 166x*
7 a 3+T+ 27X b |Y|{%
¢ 1.3628502 d 0.00097%
1,111
8 a 3+ a8 T 596 b |x|<1 ¢ 1.91305
4.3 Using partial fractions
4x+1 = 1 ]
1 a (1+x)(2=-x)" 1+_\'+2—x
1. 9x 5
b 2*%‘% <1
Ixc i 3 9
2 a B+xF 3+x (3+x)
X 2
’ g_Tﬁ';'E 4 i 2 _27x _ 133
X X2
¥ e ST b 5760~ 3000
c |x<=4
1 __2 . A2 1
4 a R i b —1+10x-28x* ¢ |x[<3
5 a A=5B=-1 b 4-6x+8x7
= = o o 7 _53x _401x?
6 a 4=3,B=-3,C=5 b 3~ 130~ 1738
c |x<3
73 83x  795x2
7 a A=- 15,3_ C—— b —G—T—T
c Expansmn of f(r) is valid for |x| < 5 1
A§05> , the expansion is not valld for x =0.5



Answers

Problem solving: Set A ¢

¥ iiginf Ly
B a Pz_g,q_pj _L—S][l[?'x)
b x =005 (1.5}~ 1.2265625 ¢ 0.15% (0. 1)
C3pe X727y 3~ 27 ) 0 v
S a 1-3x-% -2 b V3~3l (-7, 0) ‘ X
¢ Expansion is valid for |_\‘|<%and%{% 4 a - B 1 e I
. - c0s 2
G a (1+3_\‘}?===]+3—‘\—£+27\ 5 a
278 T7I6 o (3 )
3 _ =g
(1-x)7 ==l+2+3T\+51—6 (f4 ‘0)/\(/4 ) (0.2)
Multiplying these together givcsl+2r+2\"‘+.,. \/\ o =
b The expansion is valid for |x| < —and = ; 5}'}! { = -"0 ‘
¢ To ensure |x|€ , equate the argumcnt toeg. H’ which [_T’D] L 47
glVCS.\:W. Thcn V5 = 2.23611 to 5 d.p. b ¥
Problem sol\ring' Set B \(_3_;: o) /\
B} 4"
= 1= -1 _ﬂ ! T —
B a yl_-@-39=2(1-%) i \%%0] 7
1)(-2 .
=%(1+(—1)><(37)+( }zr ) (2)+) {0,_%)
1 1, 3x,9x 2 =
Sog_gxma+g gy Midbrkd<3 6 a 156rad b 36.0cm?
b 1+ 2x+3x2 ¢ A==-24, B=9,C=1 7 a (%’0), (T_BE‘G)’ (BTH’D)’ (%1 0)
d -2-7x-152 e [¥<3 " (01
N 8 1 2 19x_97x° '2
8 aif)=8-o g+ b -3-5 351 8§ a 313m b 061.0°
c x <2
G 1 ) 5.2 Arc length
24 5x+3 7 x+1 2x+3 1 a 45cm b BT‘Tcm ¢ 0.805cm
i il 1o 2 a 165cm b 1l.lcm ¢ 20.6cm
Rehanrel ST 3 a 3.56rad b 7.86rad ¢ 1.58rad
L LRy e g B g R o € 8ot b 25.98cm
NT+3x = (1 + 3x)° =s1+32‘ % 5 a 20Zem b 38.8cm
. 2 e 10x 2
vl+3x=s(l—x+.\‘3)(1+—“—9x)zl+£—]3“ 6 a 5 b 4.1cm
X+ 1 278 2778 P
7 a 20cm b =
_2NT+3x (1+£_9x3)(_g+4_.\_8x9) 6
Zx+3 s 52 132] A 5.3 Area of sectors and segments
Wifg g 0o 1 a 563em*(3sf) b 32.0cm*(3sf)

3
1+£_13-\‘3+(_%_5-r+121-\‘3)_1_-_\‘_109-\‘3 ¢ 3cm d 1.3rad
2 a 0251cm?*(3sf) b 22.1cm?(3s.f)
¢ 6.89cm? (3s.f)

CHAPTER 5
i 3 a 673cm?(3sf) b 280.0cm?(3sf)
5.1 Radian measure ,
1 150° b 22.5° ¢ 720° ¢ §“3°'“"“‘“ 5
a L. T o2 2
d 19.5° e 81.0° f 108.9° 4 253 b: g g Appm
. . 137 o 167 5 a 128em? b 60.4cm
2 ail i == i ——
10 72 9 [2x378 1
b i 0.279 rad i 2.16rad iii  4.54 rad 6 a r=\=p5>=37cm b 8.4cm’
3 a x=F g O 7 a 9=§,r=2\l'_cm b 0317cm?
v 4 : 4
; b 0) 5.4 Solving trigonometric equations
o[0, 0y ﬂg,o] : /r 1 a =232 b 6=203,5.18
5 , [y=tan2x ¢ 0=0.927,5.36 d =1 37
B ¥ 2 a 0=0730.241 b 6=-21 28 41
/\ cos(x + ) ¢ 0=-533,-2.19,0.955 a ¢=3% Lz 11x Bn
o) v — > 3 a 0=2.03,236,518,5.50 b 6=0.519,5.76
%TOJ (T‘Ok n 17x
- c ==L, d 6=0.485,3.63
& e
4 a 9=30 2 b 6=0.270,1.84,3.41,4.98

137
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Answers

a tanx = % b x=-28,-12,03,19 b x=10.730,2.41 and %
a 2(1-sin’x) +3sinx-3=0= 2sin*x - 3sinx+1=0 G x=0.308,2.83,6.59,9.12
b x=£ I Sm
626 T 5 CHAPTER 6
7 a 06=0.853,1.77,295 3.8 b 6= e
6.1 Secant, cosecant and cotangent
5.5 Small angle approximations i s 2\5 b 3 ¢ \3
L 83 b2 ¢ 1 2 a 203 b 2.20 ¢ 141
2 a2 b EG 32) f 2 3 a %3.!3 b1 & g
1-Z)-1 -2 o
-6__1 2 2__1 _sec60® _ 2 _ _
3 a %=1 b —F——=—F=-56 LR e e
_ 20 _28_1 b cosec Ecot I =2 xV3=v6
% ] (1 (29)2)‘291‘9 ( 1) (6)
y i 2 5 a sccﬂzm—m=scc( [2)]
3 = 1 e 1
39_4(1_E)+5 b cot(B+m= () tang_cotﬂ
5 2 _360-4+26°+5 & a2 b 2 c 3
6+1 - 0+1 4 3 3
20+ 1)(0+1) T _ o _V3 _ 5 _v3-342
:T:ZB'H 7 cot(B) coscc(4)_ 3 \32_73
6 a 1+6cos+Scos’d= 1+6(1 —%Ef) +5(1 i ) 6.2 Graphs of sec x, cosec x and cot x
=1+6(1-1e2) +5(1-02+10¢) L 2
2 4 _/. i &
=14+6-36°+5-56"+3 6" 1+~ :
=12-86 ST 0 et T Bk
b Josh is incorrect as he used degrees and not radians. He ' m:
) 107 y=secx
should substitute 8 = and not 6= 10: .
10 180 b i ; ¥ ;
12-8 (L0x)°_ 1176 : :
180 i ;
So 6= 10° gives a good approximation. i 15 e
Problem solving: Set A thor 0 tox
B aZ b 9V3cm? ; <1 -
3 : y=-sinx ,
¢ 6mem’ d 2(6m-943) = (127~ 18¥3)em? :m ;
2 6dn q : :
S 3243 cm? b Z%cm?
. Viem 3 o ii Graphs do not intersect.
¢ Area of shaded part of shape 2 g i y y=cotx
= area of sector — 1y area of rhombus k : k k :
= (ﬂ;{— 16‘ur§)cm9:1[64;*1'--48\F)cm2 : : i E
1 0 —360" BO" ! e X
G ArcaofthcscctorADCB—Ex,\ XG_E x? .
oLy FrxX) V3,2 I
Arcaofrhombus_Z(zx\ifB__\xz)_ 2\; k . :k e
g 91_33_(_ 3)‘2 | ! : 1=~
Total area = 3% + (jx 5 ) =10 =5 )X : : 0 .‘ ]
Problem solving: Set B -370° Yo HO o ¥
B a »m | : :
E E ii The graph of y = cotx is the same as that of
1 E E y= 1 v =—tanx translated by 90° in the positive or negative
3 — .3 x-direction.
0 E/‘[ i/i:r X b iy=secx , ¥ = cosecx
sl i g : N
. i iy = tanx) H ; : o
b Factorise 3tan’x + 8tanx — 3 =0 to get _57 i: \ R of :||_' i@ a
(3tanx — D)(tanx + 3) =0 ! L

¢ 0.322,1.89, 3.46, 5.03 ii The graph of cosecx is the same as that of secx

S a 3cosix=5(1 - sinx) = 3(1 - sin2x) = 5(1 - sinx) translated byjm the positive x-direction.

=3 — 3sin’x = 5 — 3sinx = 3sin’x — Ssinx +2=0



3 a V¥ :
Newa)i i

270°,0) !

1

0‘ 18(;,?/ w:ﬁoo 3

y=1+ cosecx

b

y= —cot( ;x)

o‘ ﬁﬁ)”,m x

€ oy : . ]
g :U: :Q:?pscc?x
0.3)  l180°3)  360°,3)
O 1(90°,+3)  (270°,+3) «x
4 a (0,42)
) (9 1) (5% _y). (13z _
b (F1) (GF). GF 1) (45 1)
3w _In __llx __l5¢
e Yy
5 a Ji Wt ik
—180°! L 180° R
—360°;mf2 O:mgza)ﬂ *
! ! ; 'y =2+ 4secx
b -2<a<6
6 a 3 b x=30° 90°, 150°
a y =2+ 3cosecx
; VN[ m :
; \ (2‘5] i
voy=—x '
T o‘ m:,\‘
Wiom b |
1-5--1) =
1 -
b 0 c Swhcnx_ >
6.3 Using secx, cosecx and cotx
5 3
l a 4 b § ' E
2 a cosecx b cosecx ¢ cosec3x
3 a x=30°150° b x=64.3°296° ¢ x=130°310°
COsX , sinx
tx+t X _ inx COS X
4 g S0 ,;ccxan\ _ sinx :
sw+sinxsw+sinx
sinx
—l=sinx+sinfx_ oo
- sinx RS
b x=14.5%166° (3sf)
. sin3@ _ 1 -cos’36
5 a cos38+sm39xmq39_c0536+7ms39
_cos’30+1 _C°523953cc36
cos 36

b 2cos3f+ 2sin3ftan3f=-1
= 2(cos3B+sin3ftan30) = -1 = 2sec3f=-1
=>scc39=—%
sec 36k has no solutions in the range -1 << k < |
6 x=123505(3sf)

(sinx)(sinx) + (1 + cosx)(1 +cosx)

7 a LHS.=

Answers

(1 +cosx)sinx
_(1—cos’x) +1+2cosx +cos’x
= (1 +cosx)sinx
_ (1 +cosx)
(1 +cosx)sinx
b x=00935325(3sf)

= 2cosecx

6.4 Trigonometric identities
1 a cosec’x+tan®x=(1 +cot’x) + (secix - 1)
=sec’x + cot’x

b cot’x +cos’x = (cosec’x — 1) + (1 —sin’x)

= (cosecx — sinx) (cosecx + sinx)
& 1 b 1 _ l-sinx+1+sinx
l+sinx 1-=sinx (1+sinx)(l =sinx)
5%525m3x52+2tan3.\‘
1 —sin’x
3 3 5
2 a _E b _E [ H
3 a x=-m -g,o,%",n b x=346,597
.7 3n 51 In
L Dl
cosx:-?
x=76.0° 135°, 256°, 315°
a -2-45
b sinp= 1 _. =2+N5 V5

— = :2_
—2-45  (=2-45)(-2+45)
¢ p=34,60

7 x=-2.03,-032 111,282

6.5 Inverse trigonometric functions

1 a miy

1T ¥ = arcsinx
i | 1
: _r
L >
b

y =arccosx

y = arctanx

O X
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Answers

I _I I
2 a i b 3 ¢ 3
bid T
3 a 3 b & € o
4 a 3 s_x)
¥V 27 6
(L. 57 0] 2
TR,
1-43 )
b (1520
6 a a=2h=3 b (0, 2.498)
7 6+\2
2
Problem solving: Set A ) -
B a p=_cosx 1 —siny _ €os’x + (1 —sinx)’
1-sinx  cosx (1 =sinx)cosx
_cos’x + (1 - 2sinx +sin’x)
- (1 —sinx)cosx
_  2-2sinx
b Jrj_(l—sin_\r)cos_\r
21 -sinx) 2

=2secx

T (I —sinx)cosx  cosx
=>2sccx=p=>sccx=§

S a cot’x+cosec’y=a= (cosec’x —1) +cosec’x=a

= 2cosec’x — 1 = a =» cosecty = 4+ 1
b COSC&.\':Mﬁ sin?x = —2_
2 a+1
=1 —cosh’:i:cos?x: 1 s 3
a+1 a+1
= cosix =4= ! = scclxzﬂ,a;& 1
a+1 a-1
25 R g
G = 1 —tanj_\ - tfin X =coszx(l e smq_\)
1 +tan’x sec’x o8’ X
=cos’x —sin*x = (1 — sin’x) — sin’ x
=1-2sin’x
= sin?x =122 = cosec?x = 2
2 1-:z
Problem solving: Set B
5 L . K
B a iy 5)_tan2xi ii 5
0 f f

b i Factorise cot?2x —4cot2x +4=0
to give (cot2x -2 =0,a=2

ii tan2x= %, solutions: x =0.23, 1.80
S a 4cosec’2x-—1)+12cosec2x+9=0
4cosec’2x + 12cosec2x+5=0
(2cosec 2x + 1)(2cosec2x + 5) =0
cosec 2x = —% (no solutions) and cosec 2x = —%
Therefore sin2x = —%
b x=101.8° 168.2°, 281.8°, 348.2°
G x=092,274,4.06, 589

CHAPTER 7
7.1 Addition formulae

1

a sin((90° = A) + B) =sin(90° — A)cos B + cos(90° — A)sin B
sin(90° = (A4 — B)) =sin(90° = A)cos B + cos(90° — A)sin B
sin(90° — A) = cos 4 and cos(90° — A) = sin 4, therefore
cos(A — B)=cosAcos B+ sinA4sin B

b cos(A — (—B)) =cosAcos(—B) +sin Asin(-B)
cos(—18B) = cos B and sin(-8) = —sin B, therefore
cos(A + B)=cosAcos B -sinAsin B

1. . A3 N 1.
a 251n_\— 3 COsSX 3 CGSX+ZSIIIX

o tanx+ V3
1 -3 tanx
a tan4g b cos2a ¢ sin(x —45%)
1 +tanx tany
tanx + tany
a cos (.\‘+g) b sin (x-%)

sin (x + %) =cosx = sinx cos}—g +COSX sin% =Ccosx

= 3 sinx +cosx =2 cosx = V3 sinx = cos x
1

= lanx =—

V3
. St : 10
2sin (x - ?) + 2sin (_¥+T)
Ll ofE s 2] ) (1- V3 )
_2(-75111,\ +Ecos.\ +2 F8inx = =-cos.x

=(1-v3)sinx + (1 =V3)cos x

7.2 Using the angle addition formulae

V3

2 L%
a sin 135° = sin (90° + 45°)
=35in90° cos45° + cos90°sin 45°

o )+o)-2

2 V3

a C 3

b cos15° =cos(45° - 30°)

=c0s45°cos30° + s5in45°sin 30°
(%)« (P -2
2 2 4
¢ tan75° = tan(45° + 30°)

_ tan45°+ tan 30°
~ 1-tan45°tan30°

2

2

_V3+1
3-1
3+ DT +1)
W3-1D3+1)
44243
=3
=24+43
13 36 85
2355 ] ¢ 84
=~
Y3 1
a & b -3 ¢ 5
36 204 325
" 55 b 553 €33



Answers

tang - tan% 7.5 Simplifying acosx % hsinx
]+tan%tang 1 a R=29, tana:%
" l—% i b R:\@:Z\E,tanu:%or@
B "‘“ﬁ=71+(1 @)=2' d ¢ R=\T3, tana=3
VAE
3 2 R=15, a=63.4° b R=13, a=226°
7 a sinl05°=sin60°cos45° + cos 60° sin45° 8 T 2%” = L=
_V3 42,1, 42_J6+\2 R
B TR T s T | 3 ai 2sin(9_§)
b cosecl105° = ,_4 — = 4 _x\l,é_\l,g:\"g—@ iy
Ve+42 Ve+v2 Ve-v2
o s S
7.3 Double-angle formulae o
T O 1 )
a sinSt b 2cosl4® ¢ cot27° =2 s T 3 “-‘—\I'iéinﬂ—cosﬂ
2 a 3sinl0B b sin26 ¢ coth i ?
3 4 120 y 119 ) b l4CDS(9+§)
119 169 120 P
4 sghioas o o i 3 i y:ZcosB—\l'Esinﬂ
a y=szx - y= *+1 L RREEEEEEEEEE ﬁ
5 a cos'x—sin'x = (cos’x + sin’ x)(cos’ x — sin’ x) 0 r\—‘/ 5
n i3
_ =cos2x b e
b
e &.u 2 ¢ i VEsin(6+7)
b sinx:%andcosx:%,sotanx:% = J y = 26in@ + 20056
d=tan2y = _2tanx Bt i o
= X = L N
o7 It AU S
) 4 4
=3y ;
mb 4 a R=V20=245, a=6343°
R b 6=744° 338.7°
7 % 5 a VI3cos(20-0.588)
b 6=-220,-0.35094,2.79
7.4 Solving trigonometric equations g % MR ST
1 a x=30,61 b x=0.53.7 ¢ x=12,51 6 a 17sin(6-1.08)
— -] (=] o ] a
2 a 0=634°1166° b 6=0,180° 82.8 b i% i 0=5.79
¢ 6=37.8°142.2° 3
3 a cos(.\‘—%)Ecos.\‘cosg+sinxsin% € dLa i o=2i
. T .
Egcosx+%sinxs%(\f§cosx+sin.\‘} £ 8 2sm(x E) V3 -2) sinx
_rn llx _(ﬁ 1 )_'_' inx
b X_E’T N N _2‘25m,\ 2cosx Y3sinx + 2sinxy
4 a sin(.\‘—45°)=cosx=>%sinx-%cosx:cosx =2sinx - cosx
o b x=-2.90,0.69,3.38 c 25
=tanx=1++v2
b x=67.5° 247.5° 7.6 Proving trigonometric identities
infx -2 = s ks - i
5 a 25]“('\ 6) 51n(x+2) 1 smzt"a;;anxszsnsi‘:]iosx—]E2coszx—150052x
= Zsinx cos% —-2cosx sin% =sinx cos% +COSX sing ’ COsSY
= 3 sinx - cosx = cosx = V3 sinx — 2 cosx =0 I i12065966 =7 2_5(1111 zﬁzcsci:;%ﬁg)
b x=-2.280.86 ‘ =25in30co0s36 _cos30_ .39
6 a taan—tanx:G::»%-tanx:O 2sin’ 360 sin 30
- 5 L e ennv  2tanx _ secxtanx
= 2tanx—tanx+tan’x=0=tanx+tar'x =0 L 2y =secx 41 —tan’x)  2(1 —tanx)
b x=0,m2r 1 sinx sinjx
_ Cosx “cosx _ cos' x
7 a 4dcosx+cosx-3=0 b x=-m-072,072, 1 = 2(1_ sinzx)zz(cor’x—singx)
8 x=-m-0.590,2.55 cos cos .y
= S X =lsec2xsinx

T 2cos’x —sinx) 2
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Answers

2 a cos(x—30°-cos(x+30°%
= (cosx cos 30° + sin x sin 30°) — (cos x cos 30° — sin x sin 30°)
= (%cosx - %sinx) - (gcosx - %sinx) =sinx
b sin(a + b) g sina cosh + cosasinh
sin{a—bh)  sinacosh—cosasinh
sing cosb + cosasinh
_ sinagsink ' sinasink _ coth + cota
" singcosh _ cosasind T coth —cota
singsinh  singsimb
1 +tanZtan @
[ cot(%—ﬁ)s = 2 El+tan9
tany - tan@ 1 -tan®
1 +ﬂ cosf+sind .
s cosB _ cosf _ cos 0+sinf
T _sinB " cos@-sing  cosf-sinf
cosf cosf
i Y — g I inf
3 a 251n(39+3)_251n39(:053+2cos39f_5m3
- (2 X %)sin_’»ﬁ-i- (2 X %)cos 30
=sin36+ V3 cos38

b cos34A=cos(24 + A)=cos24 cos A —sin2A sin A
=(2cos’4—1) cosA —(2sin4 cos A) sin A
=2cos' A —cos A —2sin’ 4 cos A
=2co8' 4 —cosA —2(1 —cos’ 4) cos A
=2cos8' 4 —cosAd—-2cosA+2cos’A
=4cos'A—-3cosA

cos2x | sinx

sin2x  cosx

— €0s2x cosx + sin x sin 2x
sin 2x cosx

_cos(Zx-x) _ cosx

T sin2xcosx  sin2xcosx

= cosec2x

¢ cot2x+tanx =

4 3cosx —sinx=2cos30° cos x — 2 sin 30° sin x
=2cos(x + 307

sin 2. 2sinxcosx  _ sinx _
5 a ]+(:os2x=1+(2’cc=53)c—1)_305)"_mmc
b V3
; Iy 9 g _ inX
6 251(1(29- 4) _25m29(:054 2c05295|n4

=25in26 -2 cos26
=+2(2sin®cos @) — 2 (1 - 2sin* O)
=22sinBcos - V2 + 22 sin* @
7 a cos'x —sin'x = (cos’ x + sin’ x) (cos’x — sin® x)
=1 xcos2x=cos2x

1
b 3

7.7 Modelling with trigonometric functions

1 a 0.6m b 0.75 seconds ¢ 20
d A body moving in the air is better modelled by a parabola.
2 a 40.5cm b 43cm
¢ 0.5,2.5,4.5 seconds
d Minimum depth of water is 38 cm, so pond is not deep
enough.
3 a 130mmHg b 80mmHg ¢ 105mmHg
d 0.03,0.37,0.83, 1.17, 1.63, 1.97 seconds
4 a 9000 in April b March, April and May
¢ 4760 toys d This is extrapolation, so he may

not be correct.
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e

5cos(6+45°)

i-3 i 135°

14 m at 04:30 d 4mat22:30
i 01:30 i 07:30

@cos[x- 1.1) b

30 30.25°C

0.8°C d (.6 minutes, 3.7 minutes, 6.8 minutes
lzmsin(.\‘ -0.5) b 350p in March

50p during July d June

£2400 profit

Problem solving: Set A

B a
b
S a
b
¢
G a
b

C

a=100,h=20

¢ =360; y =100 + 20sin(360x)°

y=12+4sin(x - 90°)

Vertical stretch with scale factor 4, translation by (?g)
119 days

y=12+10cos(2r - 180°)

y=12+410 cos(if- 180°)

2
Revathi is correct.

Problem solving: Set B

B a
b

13 sin (2x - 0.395)

12 = 3cosec2x = 5cot2x = 12 - 3___Scoslx

sin2x ~ sin2x

= 12sin2x - 5cos2x =3

x=0.3,173548

5cos2x —4sin2x +2

x=0.29,2.18, 343,532

i 10cos’x — 8sinxcosx
= 10(%) —4(2sinx cosx)
=5cos2x-4sin2x+5

i 54441

cos2x(15sin2x —8cos2x —4)

x=0.36,0.79, 1.70, 2.36 ¢ g

CHAPTER 8
8.1 Parametric equations

1 a
b

y=(x+3p-1,-6=x=0,-1=y=<8§
y:%+],x>0,y>]

. S
YEGRTIp

x>0,0<y<i

x=1L0<y=<3

y=e*+2'+1,x=0,p>4
y=x'+2xLx>=0,y>0

i y=2x+5 ii l<x=57<y=<l5
iy

r=2x+5
t (5,15)

(L7
7] X

i y=x"+5x+6



i -S=x<l-;=y<12
iii va 9(1,12)
o .
5. 6) y=x'+5x+6
\ 6
35 O] «x
¢ i y=e+3 ii x=0,y=4
iy
y=¢e+3
44
0 X
4 a }==9—%_\'+$x3,0$xﬁ24,—]65)1€9
b V4
0.9
\(3,0}
(24,-7)
A
(15, -16)
5 a y=2+2 b x=0p=4
6 a y=x'-2¥"-Sx+6=(x+2)(x-1)(x-3)
b x-axis: (1, 0), (3, 0), y-axis: (0. 6)
7 a CI:.\‘=5£3,y=3F+2,
=:~y=3(‘—;)+2=>y=%x+2
C, is a straight line, gradient %
Cix=3V1-3,y=9-541,
=:~y=9—5(%)=:~y=4—%.\‘
C, is a straight line, gradient -%
% X —% = —1, therefore the line segments are
perpendicular.
b C: 4434, C: 234
8§ =X
8.2 Using trigonometric identities
1 a (x+1P+(p-3P=1 b -‘?‘+%=1
¢ (x=2f+(y-5F=4 y
.o x_ry_
2 a y=1-2 b 157 1
¢ yp=4x -4y
3 a i (x=-3P+(r+4r=1

¥

[7] x
(3.-4)
y=1x)

b i y=x*-4
ii 4
y=1x) /
=

4 a (x-5F+(y+2y=736. Radius = 6, centre (5, -2)

b

5 a y=

_1’=COS(I+£) = y=cost =5

=y=

(0,2)
0.4

T

2

10

(2]

b

x-5 5
L > - K =y
x_25m1=:~—_51n.'=>T_sm—f

X

Lad|
(&1

=Vl —si

o

x>=35

1

-3

1 ¥ 3x

=7=2

HRER X

1

4

2

2
V4— 3x
1

¢

X
2

X

V3

sint

=y=101=% -3y, 2<x <2

Answers

7 a y=3x=3 b x>3,0<y<3
y= \IX—Z e
8.3 Curve sketching
1
t 2 [-15] -1 [-05] 0 |05 15] 2 |25
x=21+2 | 2|10 |1 [2]3 516 |7
y=r 4 |225] 1 |025] 0 [025 225 4 |6.25
x=2t+2,y=F-2=1=<3
)
3 /
i /
K 4
_4 _"\ : - ;:
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Answers

2 5 a y=Q-x)(x+3),-3=x=3
by big im sg| 3m| Inm b 4

! Ol F |3 | F|*|F || G| 0. 6)

x =3sint 0 [212] 3 2,12 =212 =3 |=2.12] O C

» =5 cost 5 [354) 0 |-3.54| -5 [-3.54| 0 3.54

x=3sins,y=5cost,0=r=2x (<3.0) O
Pl
N
/
[ \ (3.-6)
(0] b | lx 6 a (x-3F+(y+2F=100,3=x=<13
A\ / b 4
S (3.8)
T-F
3 a x=2Py=41,-2=r=2 o
ol X
€ (3.-2) (13,-2)
/
(3,-12)
L4 ) 3 1 X
- c 10m
i b 8.4 Points of intersection
§ I a (-7.00.(0,7) b (=6,0).(3,0). (0, -6)
b x=3cosect, y=3cotr,0=1=<2m ¢ (=2,0), (30, 0), (0, -3), (0. 5)
} 2 a (1L0L,0.) b (-m0),m0.O.)
\ ’ ¢ (V2-3,0,0.7)
\
\ / 3 ar=-1t=-6 b (0, 2),(-5,-3)
& o g 4 a3 b %
/ B 5 a r=0andz=In3 b (1,0),(,8)
iy
6 a (0,1)and(-1.1)
b Curve will intersect x-axis when y =0
Tn P in
] =1 =riy=2 2[5 1=0
€ x=t+5y=h0<t<8 Eneagg i S'“( (12))*
¥ _lzx oy (5(Um) g2
1=75 ,)_Zsm(Z( B ))+1_0
] . ( V’E+\E‘0),(V§—Vrg‘0)
i 4 4
7 3yp-2V3x-8V3=0
5 — 1 > 8 a y=x-Inl8
=In(t-=1)=2In(r+2) -In18
— o (t+2y
4 a Ciy=25-05x1=x=5 =t-1= I3 =2-141+22=0
Ciy=2x,1sx<3, =1=T+3V3
Coy=15-3x3=x=5 b (In(9+3v3), In(6+3v3)), (In(9 - 3v3), In(6 - 3v3))
b t - - - -
) 8.5 Modelling with parametric equations
(.6) i n iblsecondilint)
b y=27x % = 0.75x which is a straight line.
¢ 750m d 45ms™’
s e i The path of the skier is unlikely to follow y = 0.75x.
0 (; ) ii The speed of the ski lift is unlikely to be constant.
c 10
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2 a Il5m
b ]6—?,6><%—c0517=0,]25=12.5(:m(3su£)
¢ 17m
3 a 2.59seconds(3s.f) b k=491(3sf)
¢ x=92r= =2
942
= —49( 2V 0022
! (9\5) K ( \I'_)
.49 5
=X X
4 a 0429 seconds (3s.f) b 24m
¢ 08m<x<1.6m
5 a T745cm(3s.f) b 8R6cm(3sf) ¢ 8cm
6 r=x-5s50y=5x-5-2=5x-27
which is the equation of a straight line.
39
b ($.12)
Disagree: particles pass through point at different times.
7 a 39Im(3sf) b 187m, 578m (3s.f)
¢ 31 minutes
8 a 20m b k=m, gradient =-0.615
Problem solving: Set A
B a i y=35sin2r=10sintcost=xcost
A ¥
i {y=sint.5 _cowzb( ) ()
= 1000 - x) +x'=0
b i (542.5)
i k=5-5V2
S a }-‘=4cos(r+£)=2cosf-2\l'§sinr
—Zcosr—zr(—r):q 2cost - 3x
x+y ;
5 =cos
So (g.\‘)_+ (3x2+y)-= 1= Cx+yP+3x-4=0
_x. (V3 ) b3 (2Nr_ )
b ;_6‘(3,0 1=5: -243
So gradient of line is — =2 3 6
5 23 3
_ 3 3
ii 6x+y-2V3=0
G a y=2sinr+sin2r=2sins+ 2sinscost
=Zsinr+25im(xgz)=xsin.'=>%=sim
y (_\:—2)3_ T4 1 ~ :
=>_\—_2+ 2 =l=y=x (]—EX),Z—\QE.\E“-
b 3+242 ¢ {g:1=¢=3+2V2}
Problem solving: Set B
B a 6.17,19.1(3sf)
wrX
’ 776 245 163
y=-49(7%5) +163(75) = 585> + 76 *
Height = 13.6m (3 s.f))
S a 321Im b (0,-16) ¢ 1.57 minutes
G a In2763625 b —0.675

9.2 Differentiating exponentials and logarithms

1

cosx cosh —sinxsink — cosx

=lim

h—s0 h
= !m{}((%) cosx — (Ql;h )sm Y)
Since % — 0 and % — 1 the expression inside the

limit tends to (0 x cosx — 1 x sinx)

. cos(x+h) —cosx
So lim (7J —sinx
i) h

Hence the derivative of cos.x is —sinx.

a -18e b 10e* + Te-*
¢ _33 d 2 — 2
a ¥ b 3 € =
a ¥FIn3 b 5(2In3)

pAS 2 In8
¢ (3)(4m3) s
y=xIn2+ %(1 +1n2)
_era§

3 0

x=1,y=13e d——3c-2
Rearrange y - 3e = 2(\ - 1) to obtain

x+(3f:—2)y—9f:°+6c-1=0

x=1,y=3, g—y—21n4—lln4 In8

Rearrange y — % =(In Sj(x - 5) to obtain
y=(In8)x +%-%ln8
a f[‘r) = 93.\ + 3(1.\ - [32}?.\' + 3(1.\ = 3&\ + B(n\' - 2(3(\.\)

b fx) =23 x 6xIn3) = (41n3)(3 x 3) = (4 In3) (3"

9.3 The chain rule

1

a -9(4-3x) b
e 24x*(5+2x% d

%(6 +5x0)7
=30x(7 + 3x%y°

Answers

8+

2

CHAPTER 9
9.1 Differentiating sinx and cosx
1 a 6cosx b —%ms%x c %CGSSX
d -4sindx e -30sin6x f Isin7x
2 a 4cosx+3sinx b cosZ\r—4sinx-%cosH
¢ 15;:+%—2cos%x d —%—%sin%x
3 x=-59.0°121.0°
4  y=3x —g
i1 7 9 i Iz _9
5 (39) (-3 (F-)- (%=-3)
= L 4
6 y=-ypx+13-4
oy _24+r o
h(f) 3 :h'(x) = 3cosx + 4 sinx + x; h(z)_
Then use the formula y — h(g) =h (E) (x~%) to find the
equation of the tangent.
8  f(x)=lim flx+h) = flx) i cos(x+ M) —cosx
P h =] h

|
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Answers

e

a

L.
8

_15 _1
(4 - 5x) (6=xp

%x’[B + 24

(I -4
3sin’x cosx
(=4 sindx) e

—tanx =3¢ cos(e™)

12
5

T o BT
(2]
5
=

-2(3-1In6x)

x+10y-12=0

Ox
o

Simplify y + =

—16y-30=0
_5n _z) dy
6’ 4/)dx

3 _w_(

= 10sinxcosx

X+ —) to obtain

4 6

12y -30V3x-257V3 +9=0

(-3

2n 1
3, ) v T " Bcosdy

Simplify y ~ 2 = ~4(x +3) to obtain 4x + + 433 -

(81

n2}x+y+8]n2 2=0

9.4 The product rule

1

146

a
b

e n =T B o 0

-

(4 = 5xF - 15x(4  5x)?
9x*(2x = 1) +36x° (2x = 1)

% ex-17-L6x -7

16x (2% — 41 — 144x3 (23 — 4)~
2xcos2x - 2x*sin2x

3¢ sin Sx + 5¢™ cos Sx

e (2 + 3P + 12xe (27 + 3
—6cosdxcos2y + 12 sindx sin2x
x+2xInx

4¢*In(cos3x) — 3e*tan 3x

a —2xe¥(x'=2xT=3x+3)

dy

dx
At

12¢* cos2x — 8¢ sin 2x — 3¢*sinx — e cos x

1
=X

2xIndx + x— %cos%x + %(ln 4x) sin 3

—ecos3x — 3evsindx b 4x*In(sinx) + x'cotx

dy _ 2 2
e (2 = 5x?P(=100x* + 16)

n=2,a=-100,hb=0and c=16

x=0,% %,:%

f(x) = e (4sinx + cosx) =

e #0,s04sinx+cosx=0=tanx =—
Ty - a2 Y = e

i(5) -1 (5) -+

Therefore the gradient of the normal is —

1
4

: F ax 1 T p de
Simplify y — e = —@(.\ - f) to obtain

x+4éﬂy-4@r-g=0

=sin2x + 2(x - m) cos2x

‘\_3.1-: T and —— d)

& s g andeg ==l

i

Simplify y - ¥ = 'l("'T) to obtain x + y =

9.5 The quotient rule
- 42 6x(6 = 5x)
(2x -9y (3 - 5xy
—8(3x3+ 2 + 18x*(8x — 1)(3x* +2)
(3% +2)
d Tx*+84x - 54
(a2 +6):
8x(cos2x + x sin2x)
cos 2x
Inx+elnx+ger -1
(Inx)y
e*(cosx + 2 sinx)
cos’ x
e~sin 4x — 4(5 - &) cosdx
sin*4x

34
3 )

~2x2+ 14x -6 5 _ o
4 a e b y+?_ G(X IJ

2 sinx(cosx — sinx)

5 5
&
g Clr-nxes
X (x -5y
7 ﬁc§x+3y—]-3?ﬂ=0
8 & f)= =2e'cosx Si:zl.(-r —e'cogx

f(x) = 0= —2ecosxsinx — e'cofx =0
Therefore 2cos x sinx + cos'x = ()

Solve to obtain cosx =0 or tanx = —+

b A:x=-157B:x=-046; C:x=1.57; D: x=2.68

9.6 Differentiating trigonometric functions
1 a 4seddx b -14cosec2x
¢ —5cot'xcosecx d -6tanxsecx
2 a -—bHcosecObycotby b —20secSytansx
¢ -%(coscc x)-é‘ootx d -24sec’4x tandx
3 a 2xtan3x+ 3x?secd3x

(x2+ 1) secx tan xees — 2y e

(x*+ 1y

¢ —2cotx
d - ecotdx — de*cosecdx

secx(2xInxtanx—1)

® x(lnxy
f 12(4x — 1¥cot’x + 2(4x — 1Y cot xcosec® x
cot'x
1
4 a 2cos2 S
4 241 =2
5 y=cosecx = L
sinx
ot U e dv _ :
u_l,d 0y r.1n.\,d COoS8 X
dy _sinxx0-1xcosx _ 1, COSX _ _.ogecx cotx
dx sin’ x T sinx | sinx
6 a Use the chain rule to find f'(x) = =2cosec’2x and then

cot2x
use trigonometric identities to obtain f'(x) = -4 cosec 4x



8

a 4secdytandy

1
p — L
4xvx? =1

9.7 Parametric differentiation

1

~ =t B W

a

d

a

a

a

y

Y
2

sec’r

a|ln

sint

13
4 cot26
—4cos' 0

=2x+28

cosec' t
2sec2rtan2t

b

= =

b

2x+5y+61=0

(1,4) and (1, -4)
y=2x-7

T 3
b m=- %, simplify y +2v3 = -%(_\‘ +4)
to obtain xV3 + 3y + 103 =0

25, 307
Y=-3%'*tspm

a

b Rearrange parametric equation for x to r = \"I i
s 1 __ e+ IP 2 42x+1
Theny = 1 +( -:I)2_(x+ IP+x2" 2x2+2x+1

X

9.8 Implicit differentiation

1

7
8

u=

S =x

=

)15,%: 5)1“

5 dn
() )= =dy Xdx -

= x3x 2y

4x
37
2xy

dx

sinx
2sinycosy
8xy-2x
2y —4x?

ZC—J.\' - 4y
4x + 3V

sin 2y
cos2y

4x-Ty+52=0

dy dy

it dx

‘auﬂ + Loy

dy
dx

=2xy dy

+ 3x%H?

+ 3x%?

6x — 10xy

i 5x% =8By
4y

. 3(x-35)

2y + e

xet —g*

10
b 3

b x+y+ 12 =0

9.9 Using second derivatives

1
2

a —e'cos2x—2esin2x

a
b

16 + 48e™

16 = 0 and 48¢* = 0 for all values of x, hence f{(x) is

convex for all values of x.

-4 cos2x

b e*(4sin2x - 3cos2x)

Answers

-0.864 <0

b Decreasing by £482.25 per year

b —% =x= %
4 a f()=02x-1F+10x2x -1y
(%) =20(2x = 1p(6x = 1)
b £'(3)=20x0°x2=0
1 2y?
f'(3)=20x (-3)'x0=0
c f0.1)=4.09 =0 f'0.2)=
As there is a sign change, this confirms there is a point of
inflection at x = %
5 x ;%
a f(x)=(2x-5¢+8x(2x - 5§
f(x) = 16(2x = 5 + 48x(2x = 5)°
b f(1)=0and f(0.95) = -38.44... < 0 and
£(1.05)=33.64... = 0
So there is a point of inflection at x =1
7 055=x= %
8 x=-3-V3and-3+V3i=x=0
9.10 Rates of change
1 a 8x b 24
3
2 ——(5n-4
g )
3¢
3 e
4 a 4n” b 12z
5 a Loyp
b The value of the constant k& would be negative, or
dp _
T —kP
dar_ .7
i e
7 a £4083.69
8 a Substituter= (%) into V' = —m *and snmpllfy
p Y _L[S dV_dV dS_1.S
sV s * @i\

Problem solving: Set A

B a

dx?

ﬂ= 4x3=20x2+28x+ 6
dx

€ 122

W 40x + 28

=24xInx*+40x = 8x(3 In x> + 5)

%4

- 40x+28=4(x-1)(3x-7)
x—l=0and3x-7=

=\JE

When x = 0, 8x = (. So solvc3lnx-+520,t0gct.\‘3c‘§

Hence

G a

dy:’{.‘iv\.fhcnvc
dx®

=

1o —

Problem solving: Set B

B

2x+y-1

== -x+2

b y=

B :
= ¢~ and the curve is convex.
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6 a y

Answers

S a (x+1)*+(y-3)"=4; centre (-1, 3) and radius 2

T 5m
6" 6
y=3+V3 ory=3-+3, therefore y =3+ V3 at B

¢ 3+243

b 2sint-1=0=1=

r

_ . In
6andy_x

G y=x+ 3
CHAPTER 10
10.1 Locating roots
1 a The graph crosses the x-axis between x = -1 and x = 0.
b i -0464 ii 0.574
¢ There is a change of sign between x = 2.2 and x = 2.3.
f(-1.2)=-0.176 < 0, f{-1.1) = 0.733 = 0
Sign change implies at least one root in interval.
b f(0.6)=0.1718... = 0,f(0.7) = -0.2022... <0
Sign change implies at least one root in interval.
¢ f(-1.11)=0.0403... = 0, f(-1.10) = -0.1265... <0
Sign change implies at least one root in interval.
d f(2.37)=0.0011... = 0,f(2.38) = -0.0140... < 0
Sign change implies at least one root in interval.

y=—(x+1P+6 ¥

f—

b Iflnx=—=(x+1)*+6,thenlnx+(x+1)7 -6=0.
As the graphsof y=Inxand y=—(x+ 1)+ 6 only
intersect once, f(xx) has only one root.

¢ f(l.3)=-04476... <0, f(14)= 0.0964... =0

Sign change implies at least one root in interval.

4 a -2cosxsinx+2e™

b F(3.1)=00871...>0, f(3.2)=-0.1132..<0

As f'(x) changes sign in the interval [3.1, 3.2], there must
be a stationary point in this interval.

¢ (3.1425) = 0.0019... = 0, £(3.1435) = =0.00009... < 0
There is a sign change in the interval (3.1425, 3.1435) so
31425 < << 3.1435,s0 =3.143 to 3 d.p.

g(l.1)=-0.2416... <0, g(1.2)=0.1392... >0
Sign change implies at least one root in interval.
b g(1.1645) =-0.0008... < 0, g(1.1655)=0.0030... = 0

There is a sign change in the interval (1.1645, 1.1655) so
1.1645 < a << 1.1655, s0 a=3.165to 3 d.p.

y=(x+2y-1

If (x+2)*-1=2"then2*+1-(x+2)*=0
As y=(x+2)*-1and y = 2" intersect three times,
flx) =2*+ 1 = (x + 2)* has three roots.

fl-0.8) =0.1343... = 0, f(-0.7)=-0.0744... <0
Sign change implies at least one root in interval.
f(1.9)=2.67(2d.p.). fi2.1) = -10.67 (2 d.p.)

f(2) is undefined. & Ir’:_l
74
y=Inx
R —
O s
y=-sin2x
4

If%sinZ\‘ =Inxthensin2x-4Inx=0. Asy = %sin2x

and y = Inx only intersect once, h(x) = sin2x — 4Inx has
only one root.

h(1.18) = 0.0423... >0, h(1.19) = -0.0057... < 0

Sign change implies at least one root in interval.

10.2 Iteration

1

a
b

C

¥=8x-3=x=V8x-3

- 3_ —g_3 .
Divideby v: x -8+ £ =0=x=8-5, x20
8.\‘:.\‘3+3=:~x=—"‘_g'3

=dx+2 = x=V4x+2

b x,=4.690, x,=4.556, x, =4.497, x, = 4.471

i ¥=3xt-1=x=V3x"-1
ii 3x3=x3+l=>_\'=\ql%

x,=1.000, x, = 1.260, x, = 1.555, x, = 1.843, x, = 2.094
x,=0.816, x,=0.717, x, = 0.676, x, = 0.660

The iterations appear to be converging to different
numbers.

x2=2sinx = x=v4sinx
x,=1.997, x,=1.908, x,=1.943
f(1.9335) = 0.0006... = 0, (1.9345) = -0.0019... <0

Sign change implies at least one root in interval, so
a=1934t03d.p

a(152.0). o 520)

5.\‘2=.Y5+2=>.\‘=VL;2

Fa|—

X, =0.637, x, = 0.649, x, = 0.650
£(0.6505) = 0.0007... > 0, f(0.6515) = ~0.0048... <0

Sign change implies at least one root in interval, so
a=0.651to3d.p

f(-1.9)=-0.0288... <0, f(-1.8)=0.6450...>=0
Sign change implies at least one root in interval.
eitt=a1{) -%xz =x+4=In (10 —%xl)

=>x=ln(10—%x9)-4



Answers

¢ x,=-2.295, x,=-2.003, x;=-1.921 b f(0.8)=-045<0, £(0.9)=0.961...>0

d f(-1.89545) = -0.0002.. < 0, f(-1.89535) = 0.0004.. = 0 Sign change implies at least one root in interval.
Sign change implies at least one root in interval, so ¢ 4829
a=-1.8954to 4 d.p. ’

7 a Substitute x =0 and x = xinto f(x). 10.4 Applications to modelling

sin®x + 2x sinx cosx or sin x (sin x + 2x cos x) 1 a j_.\ +—.\- l4x + 17

c¢ (1.8)=0.1518..=0, f(1.9)=-0.2670...<0 b wi(8.3)= -0273 96 < 0. w(84)=0.15968 =0
Sign change implies at least one turning point in interval. There is a change of sign in the interval 8.3 < x < 8.4, s0

d sinx (sinx + 2x cosx) = 0 = sin x = 0 (for points A and there is at least one turning point in this interval.

B) or 2x cosx = —sinx (for point P) c -—_.\ + Iu‘\_ l4x+17=0

= cosx = Zlur\lxzr'\—arccos( 312\) =>%\‘-=?.\‘-‘+14\‘-]7
e x =1845 x,=1.835 x,= 1.837 =2 =1(Zx+ 14x-17)
N
8 a Lctf(,\)_——r =>\—+\||21( r+l4\—l?)
f(j) =0.1666... =0, f(l)=-0.5<0 d x, =83, x =8308, x,=8315 x,=8321, x =8326
Sign change implies at least one root in interval. 2 a h(10)=17.7920.. >0, h(11)=-10.8879... <0
b ) Sign change implies at least one root in interval, therefore
\} the boomerang lands between 10 and 11 seconds.
y=Xx
’ 25t
b Tcoq(%) ¢ 10.64 seconds
s Fm 1 d h'(7.515)=0.0425.. =0, h'(7.525)=-0.0446... <0
i : x+1 Sign change implies at least one turning point in interval,
"""""""" : so boomerang is at a maximum height at 7.52 seconds,
; correct to 2 decimal places.
o 2 3 a £162 b —Lsin(X)+X
! 9 (3) 50

¢ p(5)=-0.0106... <0, pi(5.5)=0.0026...>0

Sign change implies at least one turning point in interval.

d — sm(3)+——0=> lr.m(")::ux'—ﬂsm(B)

The iteration will converge.

10.3 The Newton-Raphson method

1 a f(1.5)=025=0, f(l.6)=-0.04<0 509 3 9
Sign change implies at least one root in interval. e x,=5.449, x,=5389, x, = 5415
b -28 ¢ 1.585714 4 a v(5)=25591..=0, v(6)=-16.002...<0
d 3-42,3+42 Sign change implies at least one root in interval.
e 3-12=1.585786, so part c answer correct to 3 d.p. b -225e™% +40sint ¢ 545 years
2 a f(1.2)=-0.0464 <0, f(1.3)=0.0861 =0 d v(6) = -16, and the value cannot be negative, so this model

is not suitable as the phone gets older than = 5.5 years.

Sign change implies at least one root in interval.
5 a t=2=h=270045..>10,1=3=h=2.0799...< 10.

b L Therefore at some time between 1 =2 and ¢ = 3 the
3 B.D FandH person is exactly 10m from the ground.
4 a f(1.3)=00136..>0, f(1.4)=-0.1310..<0 b At =73 the person is approximately 2.1 m from the
Sign change implies at least one root in interval. ground, so the jump is not safe.
b -8sinxcosx+e™ ¢ 1.308 ¢ 40cosi+ 5041 =10=40cost =41 - 40
5 a f(34)=00874.. =0, f(3.5)=-0.0206...<0 gy A 4040 i arccos(ml_um)

Sign change implies at least one root in interval.
d 1 =2.52490, 1,=2.52280, 1, = 2.52297, 1, = 2.52296

b 3.481
£(3.4805) = 0.0008... = 0, f(3.4815) = -0.0002... < 0 Problem solving: Set A
Sign change implies at least one root in interval, so B a f(1)=07701.. =0, f(1.5)=-0.0640... <0
a=3481to3d.p Sign change implies at least one root in interval.

6 a f(1.2)=0.0638...>0, f{1.3)=-0.0105...<0

b %cos(xg} =%x- 1 =cos(x)=x-2
Sign change implies at least one root in interval.

- ) 5 = x?=arccos(x—2)= \‘:\J'arccos(_\‘—Z)
b £(x)= =2Xsinxcosx - cos’x _ 1
e 4x c x, =1.447, x, = 1.469, x, = 1.460
S a Letf(x)=x- 300%(3 )
f(2) = =0.3576... <0, f(3)=1.3790...=0

Sign change implies at least one root in interval.

¢ 1.283

7 a p=-2. Gradient at point P is zero, so using Newton—
Raphson formula would result in division by zero.
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H— l Y
y=3 cos(3x)
¥

¢ x,=1621, x,=2.573, x, = 1.963
Letflx)=x—-(x-1)e". f(l)=1=>0,f(2)=-5.389... <0
Sign change implies at least one root in interval.
b i

ii The iteration will diverge.

¢ f(-0.8065) = —0.00004... < 0, f{-0.8055) = 0.0013 = 0
Sign change implies at least one root in interval, so
a=-0.806to3d.p.

The iteration will converge to the other root, e.

Problem solving: Set B
B a f(l.I)=-0.0601...<0, f(1.2)=0.2255...=0
Sign change implies at least one root in interval.
b 1.12
¢ f(1.115)=-0.018... <0, f(1.125)=0.010... >0

Sign change implies at least one root interval,
so part b answer is correct to 2 d.p.

f(1.5)=0.1736... = 0, f(2)=-0.1024... <0

Sign change implies at least one root in interval.

b 1.772

f(1.7715) = 0.0005... = 0, f(1.7725)=-0.00002... <0

Sign change implies at least one root in interval, so part b
answer is correct to 3 d.p.

¢+ (1E)

b f(p) =0, so would mean dividing by zero in the
Newton—Raphson formula, which is not valid.

¢ 1.41

CHAPTER 11
11.1 Integrating standard functions
1 a e*-2cosx+c¢ b 4sinx+%+f

¢ Shnfx|-2e*+c d %xi—%cosx+c
1

5 +%c-‘ —-6ln|x|+¢

"

f 3sinyx-2vx+¢
2 a -cotx+c b secx+e
¢ —COSECXY + ¢ d d4tanx+¢
e —dcotx+¢ f 8cosecx+c¢
3 a tanx+secx+c¢ b %xl—S]nx+(-
¢ 3e*+5cotx+e d %xl—x+1nx+c
4 a 15 b In3-117 ¢ 4def-3
d 5-12 e 20
5+Inj
p=4

7 3ef-3ef=3(ef-¢)

8 [2x+3Inx]¥=6a+3In3

= 6a+31In2=1n1000=31n10
= 6a=31n4

=>a=%1n4=ln2

11.2 Integrating f(ax+b)

1 a i 16(4x-35) i -12(3-2x)°
b i (dx-5)y+c¢ i (@x-5)+c
il (3-2x)+¢ v —£(3-2x)+c

2 a 2e¥+e %sin{Bx ++¢

—%cosccﬂlx +¢

e %tan[&\‘— +e¢

b

¢ %(4.\:4- Ne+re d
f %cot[l -5x)+¢
h

g %ln|2,\‘— I+c -lle™*+¢

|
2. A )

b %cs-‘ - %tan Ix+e¢

1 E
F@x =3 +ec

1 dx _ _l —dx
c 4e 2x e+

d -%cot2x +2cosec2x + ¢
33

2
b V2-1
k.4
¢ 164~ d 1-ran(§)
4

In25
: In7

5
6
7  54+1In256
8

-1
k=-3

11.3 Using trigonometric identities

7
ln3

1
1 X —gsin 2x + ¢

a
b -3cotx-3x+¢

¢ %x+2sinx+%sinl\‘+c
d tanx—x+c¢
i1 10-3n
2 a \"3—1—3 b T
13-z T
£ d 4-2(-4
3 a i cosSxcos2xy—sinSysinlx

ii cos5xcos2x+sinSxsin2x
b L.H.S.=cos7x+ cos3x
R.H.S8. = 2cos 5x cos 2x

2 - .
¢ =sin Ix +%sm3x+ ¢

+

.
3

cos’xdy = J‘K(%Cosl\'-t-
\2

ola_ rala
Fa|—
—
(=¥
-

= Hsin2x+%_¥]§
-(0-9-(%-5)
-n_\3

6 8



d V¥'+1+¢

16 4
a 3 b SIng
c -1 d 2-1In4
2 1085
15 3
]n% g

- ax _ ]
a x_tanﬂ,dg_scc [¢]

1 ~ 1 :
-[l +x2dx_ -I.l+tan39Scc ged

= J.# sec*8de
se

c? 0’
= [1q0
=B0+c
=arctanx +c¢
)
Sx

4 3 . 3
L B o i(ui-l) _é[z_]
_[U —2x+ldx_'[12 “ udu_z 3 ul

4sinx -4 In|l +sinx|+ ¢

11.6 Integration by parts

5 Use the trigonometric identity tan*2x + | = sec’2x to
obtain J‘i(scc??ﬂc -1)dx = [%tan 2x - r]i
[ i 3
_ (ﬁ _ E) s 0
“\2 6 3 12
N 4 4
BT
6 a sinbxcosx+cosbxsinx=sin7x (1) 5
sin6x cosx — cosbx sinx =sinsx (2) 6
Adding (1) and (2): 2 sin6x cosx = sin 7x + sin 5x
3 3 E
b —37c08 Tx - o8 Sx+¢
11.4 Reverse chain rule
1 a i 6x(x2-4)2 i 8(x+2)(x2+4x -5
b i (2-di+e i S(2-4+c
iii —3(x>+4x-5’+c
2 a 2 -T)i+e b —%e“““l‘ +c
c %[4x-‘+16x—5)§+c 4
] 8
d (1 +tanx)i+c
e -%c“"-‘-‘ + f —%CGSSSX + ;
3 a -2Inl2-xY+¢ b %1n|4—3cosxl+c
¢ Inll4+9x-2xY+¢
d -2lInfcosx|+¢
e %ln|4 —cos2x|+¢
f |l +e™+c
1 1
4 a 1 b Ean
e 2 ln%8 d %(c —e?)
2
5 3+43
6 a sin’x=sinx(sin’x)(sin’x)
=sinx(1 —cos?x)(1 — cos’x) 3
=sinx(l — 2cos’x + cos* x)
=sinx — 2 sinxcos’x + sin xcos' x
b -écoss.\‘ + %cos-‘x —Ccosx+¢
7 3243 4
8 -1
19
9 rre .
10 k=6
6
11.5 Integration by substitution
1 a l b 2(u-2)
Substitute 2x = 2(u — 2), (x + 2)* = u* and dx = du
I2(u—2]u“du=J.(Zus—étu“Jdu:%u“—%us-t-c 7
e %(x +2)° -%(x +2V +¢c
2 a %(X—8)6+%(.\‘—8]5+8
b -%(1+cosx)7+%(l+cosx)“+c e
9

[ —%(2 + cotx): + %(2 +cotx): + ¢

a Xxsinx+cosx+c¢

Infcosx|+ xtanx + ¢

1 yeor

1,2 ]
3- —HC +c

d %]nlsinél.\‘l - %x cotdx + ¢

| e Ly R
TR

1
f —3Xcos S5x+ 358in Sx+¢

1.3 1 o
aixlnx Xt 3

¢ xlnx-x+¢

a -%xzcoszvc + %x sin2x + %cos2x +c

b —%(9)(3 +6x+2)e ™ +e

c %xz(l +x]‘—ls.\‘(1 +x)* %(1 +x)'+¢

a %4—::) b % c
a3 1 i1
d T—H]ﬂ2 e —ﬁ f

3 45
12In8-4In2--=

[%(ng -2x+ l)cg"']

2
1

=3t -3 (e?

=%2(5c:3—1)

a -lxcosmr+i,sinxx+c
T n
17m* -8

b 2

T

j—?-i-lnz

a xsinl\‘+%cos2x+c

X = %x sin2x — %cos 2x+c¢

=

Answers

b Lytlnx-Lxt+e

16~
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11.7 Partial fractions

10 p_ 14
1 a A_B,B_3

b Dl +2l+nlx -4+ ¢
2 a Inlx+5+3Inlx+2l+¢
b —4lnlx-2/-3Inlx+3l+¢
¢ 6lnlx-1l-5Inlx+2l+¢
Oy — 4 —8nny -
d 7ln|_\ 4 T]n|2,\ l|+¢
(x+4)(2x=-1)=2x7+ Tx -4
-1
WTx-4V D T 14
=2x2=Tx+4
Tx + 10
Tx+10 1

Sof(x}zm-
b A=2B=3

¢ 2 ln|x+4|+%ln|2x- 1|-x+c

Equate coefficients in

16 =37x + 17= AQ2x =3P + B(4 - ¥)(2x - 3) + C(4 - x)
to get simultaneous equations:

44 -2B=16

-124 +11B- C=-37

94 - 12B+4C=17

Then solveto find 4 =5, B=2and C=-1.

b -5Ind-x+InP2x-3[+=—=1—+¢

202x-3)
6 3 4096
5 8 3 i3s3z b Iyym
6 a A=1,B=-2C=1 b 2+|n§
oo 12 e 6 614
T 2 Gxs D 5G+D b 5155
— 5 ~_35 51..9
8 a d=1,B=-=2 (_E b 2~i-51ng
11.8 Finding areas
]
13
2 a x]n%.\‘:D:.\‘:ODrln%.\‘:O

SoAiswhcrcln%x:O
=>%x=1=>_\‘=2
So A haf. coordinates (2, 0).
N G0 ST O T ) L
b R = II.\IH(EA)d_\— [2x ln(z.\) 4.\]]_4 Zlnu

3 3
s LNawe Mzl - lsl aQyd_3
¢ Rz—LXln(z")d“_[z" In 2.\) Ix ]z_zln2 7
- e dadaciliis ol
Tota]arca_Rl+R2_zln2 21n2 3

3 a f(rc):Zcos%le:l
gm)y=-Z+2=1
n
b 4—j
4 a 2t b =0
¢ 1#-2 because y is positive and 2(-2)+1=-3
4
45
1m my_g 1(3x 3my _
5 a 5(5)eos(5)=0.5(F)eos(F) =0
Sm_ 1
b T2

152

6 a (7.0 b 8m
7 a sinx=-cos2x+1
= sinx =-(1 = 2sin?x) + 1
= 2sin*x —sinx =0
= sinx(2sinx-1)=0
2sinxy =1 =:»x=%or %
So the x-coordinate of Bis %
p 2z_V3
3 2
8 157-30
11.9 The trapezium rule
1 al 0 0.5 1 1.5 2
y 0 0.375 1 1.125 0
b There are 4 trapezia and each has a height of 0.5 as
4x05=2=bh-a
¢ 1.25
4
d 3
5 A 0 025 | 05 | 075 I
y 1 0.6116 | 0.6103 | 0.7435 | 0.9183
b 0.731
a3 ..
€ 60 3t
d The graph is convex, so the lines connecting the two
endpoints would be above the curve, giving a larger
answer than the real answer.
e Decrease the width of each strip by increasing the
number of values used.
> R 0 n n LA
8 4 8 2
y 0 0.142 | 0436 | 0.531 0
b 0436 ¢ T2 d 6.8%
4 alylofos | 1 |15] 2 |25 3
y | 1.25] 1.038 | 0.933 | 0.9 | 0.929 | 1.041 | 1.333
b 3.07 ¢ In(12y3) d 1.2%
L 0 P n i | =z
8 4 8 2
y 0 0.1155 | 0.1768 | 0.0478 0
2
b 0.1336 ¢ 5
& & x 1 1.25 1.5 1.75 2
y 1 1.0872 | 1.2281 | 1.4285 | 1.6931
b 1.273(3d.p.)
¢ I(%xfln.\‘ + l) dx = %x"ln_\' - %x" +X+0C

Substitute in the limits and simplify to obtain %ln 2+ %



11.10 Solving differential equations

dy_x 3 5 i R L B 5
1 a =y x40 :_[)dy__[.\(_r +6)dx
b Using the substitution u = x* + 6,
dypesl.
i
syl =_—_qf =_1 (2 G .
=3z)=1zu +c 12(.\ +6)°" + ¢
2 a y:%+c

b y= arcsin(%x ~Leinox+ c')

3
¢ y=Aers d y:-%ln'%cos-‘x+c|
;= 30+ 2 N —et-x
3 a =D b y=arccot(3 +In2-e* - x)

¢ tanx+coty-2=0
d x*+)?=13*

4 a y=2"-x+¢
b 4

y=2x"-x-10

1

yr=1 —?c‘-"”

sccy=2x—%sinl\‘+\5+%—%r
Inle? =4l =2edx-D+¢
2 3
Zx-5 " x+2
b y=AQ2x-5)0(x+2)

BN - ]

a

¢ y=3(Q2x-5)x+2)

11.11 Modelling with differential equations
1 a Separate the variables: IP‘.': dP= _[3 dr and integrate to
obtain %P.‘ =3t+c.
b ¢=150
¢ 3Pi=31+150= Pi=20+100= P =21+ 100):
d 42.1 years

2 a i Therate of change of the value of the laptop with
respect to time.

ii  The value of the laptop is decreasing

iii Proportional to the existing value of the laptop.

b J‘LVdV=J‘—kd.'=>1n V=—kt+c= V=gt

= V= AeH

Whent=0, V=V, =Ade**" so A=V, and V= Ve™
¢ 800
d k=0.094

b

C

Answers

4P _ip = [Lap= [k

dr —

=InP=kt+c= P=cl™

= P=Ade¥

A = 1600, k =5—'U]n%

2063

The model is clearly inaccurate for larger values of 1.
dr

dF is the rate of change of the temperature of the soup

with respect to time.
(7" — 20) is the difference between the temperature of the
soup and the room temperature.

—k signifies the soup cooling.

15.1 minutes

dh _ 1007 - 3mch
di =~ 900m

90092 = 100 - 34
dr

300 In4 seconds

%—‘f =2nr

dr_dr, da

dr dA4 ™ dr
g (n(35)
()

=75 005(4—;) +25

24.0 minutes

Problem solving: Set A

B

S

G

1

35 (€= 6)
86

5
15-%@

Problem solving: Set B

B a p=k(2+x+2)]
P +x+2)
b y=—
S Inle¥-1=2e(x-1)+2+1In3
G = 80000 b 80000
1+4e+
CHAPTER 12
12.1 3D coordinates
1 a i V6l i V77
p=6,g=5r=4
¢ V77 d They are the same
a 5V5 b 2v29 ¢ 7V5
a 11 b 15 ¢ 343
a V(6-37+(-1-5°+3-k12=7
=9+36+3-k*=49=(3-k’=4
b k=1,k=5

153
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k=2 k=6

k=-4,k=10
k=3,k=13
k=-1,k=9

12.2 Vectors in 3D

.,
1 a 4i-3j+k b (6)
5

=]
6
7
8

2 a i -2i+51-3k
-2
ii| 5
-3
! R
b V38 ——(=2i + 5j - 3k
3 a i -6i-12j+15k i 2i+7j-9k
2 -4 8+4 12 4
b dm-n=4( -2 ])-[ -5 )= -8+5)=| -3 )=3| -1
3 6 12-6 6 2
4 a 6 =482° b 6 =109.5° ¢ 0,=131.8°
ot ¢
5 a AB=-3i+j+7k
b |041=38, [0B| = V21 and [ 78] = V55.
The lengths of the sides are different, so the triangle is
scalene.
6 1—7']_—4k

=)

V6b
3 -5 -8
—_— —_— —_—
7 AB:(-S),AC:(-z) and BC‘:( 2)
3 -3 -6
[4B] =33, || = V33 and |BC| = 276.

¢ Isosceles

=

8 a |PO|=6,|0R|=6T and|PR| =5
b |ﬁ|2+|@|2=|éﬁr. S0 Q_R’is the hypotenuse of a

right-angled triangle with £RPQ as its right angle.
¢ 50.2°
9 148.1°

12.3 Solving geometric problems

1 a a+b+e b -a-b+c
¢ -a+b+c d a+b
1 1 1 1
e Ea"'E'H'C f —Es+§h+c
g %h+%c h —%s+%c

PO =-3i+4j-7k SR = -3i+4j- Tk

b SP=i-5j+8k RO =i-5j+8k

¢ PQRS is a parallelogram because there are two pairs of
opposite sides that are parallel.

3 p=-3,q=2,r=7
4 120

5 a=4,b=-2,c=3
6 863

7 13

Let OABCDEFG be a cube with side length 5.

ZA G I

Y

0 A X

OB = BG = OG = 542, so triangle is equilateral.
00, 0,0), B(5,5,0) and G(0,5,5). so triangle OBG is
equilateral and has integer coordinates.

12.4 Applications to mechanics

1

2
3
4

8

a R=(-3i-j—k)N b VIIN
a=-2,b=3

a 6.78ms?(3sh) b 2V46m
a (2i+6j+ 10k)N

b (%i+3i+3k)ms?

a 20V6ms b 40V6m
a (3i-3j+3k)ms?

b 69.6° (3sf)

a a=2,b=-7 b (2i+5i-3k)N
c (%i+%_i—k)ms‘2 d %\fﬁms‘2
-%and-_’»

Problem solving: Set A

B
S

k=180ork=-2

p==+243

G q=—l.q=%

Problem solving: Set B

B

a AB =4i-6j+4kand DC = 8i- 12j+ 8k

_ —_—
b DC=24B
d ABCDis a trapezium.
(2,5, -1)
Let 7, be a pointon MP. OT = %ﬂ + l(—%ﬂ +b +c’) for
somedeR 0=A=1.

i P r—d 4 3

Let 7, be a pointon NO. OT, =a + b +y(-a -3b+ c) for
somepueR 0=pu=1. i
If T'lies on MP and NQ then OT satisfies both equations.
Equating terms gives: % - % A=l-u A= %
Solve to obtain A=p= %

Conclude that MP and NQ intersect at point 7" which is the
midpoint of each line and therefore MP and NQ bisect each
other at 7.

[ k:%

-%pandk:p_



Exam Question Bank

1
2

=T - -BEEES B - SO L T S )

10

11

12

13
14

15

16

17

18

19

k=-1,k=7 20

a f(2)=-2,f(2.5) =1

7 21

3
sign in this interval will be caused by the asymptote, so

there doesn’t have to be a root in this interval.
2

m:g

b x= %is an asymptote, and as 2 << + << 2.5, a change of

22

a dx+2-¢ b y=x-1
a=2,bh=0,c=1l,d=-14,¢=9
x = -150°, -30°, 30°, 150°

_r 1
= 1-Iny b 5e*
T+2

R N |

x+1 (x+1)* x+2

Cartesian equation of curve is y = 6x - 2x?
Ix+2=6x-2x?=2x*-3x+2=0
Using b* = dac: (-3 -(4x2x2)=-7T<0

So no solutions.

23
24

a sin3x=3sinx—4sin’x

];,X=0E~3_1’f;,r 25

—3sinx + 1 =0=>3sinx=%x3+]
1 1

= x = arcsin (axz + 5)
b x,=0.369, x,=0.356, x,=0.355 (3 d.p.)
¢ d=0354
127.1°
a Trr=O+0i=9'(1+5)

=3(1 +%x%+%x (-%) xé—fx%-i-m)

]
=—+..50k=

2

1
a 3.\?

26

—

216
b Expansion is valid for [x] << 9, so it is valid for x = 1.

a o )JT—3+IBSCC_\'

27
—18

b 2 28

T ol 4) -
a (-5i-3j+7k|ms™
(3 31%3
cos’x +sin’x
cos’x
I —tan’x - sin®x ~ cos’x —sin’x

b 151°(3sf)

sin’ x
+—‘

l+tan’x _  cos’x _

cos’x Ccos’x
_cos’x+sinxy _ 1

== = =secx
cos’x —sin*x  coslx

29

a Let fix) =% xX+2-x
f(1)=0.3856... =0, f(2)=-04<0
Sign change implies at least one root in interval.

b Yes, the iteration will converge towards c.

Answers

1=+45
%)c‘ln(_vr2 +1) - %ln(x3+ - %_\‘2(.\‘2 -D+e

a el b cosP::L:usccP::

W5 5
a h(9)=07111..>0, h(10)=-2.7843..<0

Sign change implies at least one root in interval, so
person reaches bottom of slide between 9 and 10
seconds.

b 9.203
¢ h(9.2025) = 0.0007... = 0, h(9.2035)=-0.0028... <0

Sign change implies at least one root in interval, so part b
answer is correct to 3 d.p.

a=5

a 116

b 5, =2(4+(n-1) x6)=T7450,
So n(6n = 2) = 14900
= 6n* = 2n—14900=0
which gives 3n* —n— 7450 =0

NS

Son=>50
1 +sin20 +tan26 _ 1+46
2cos26-1 2(1_(2;9)3)_1
1+40 _ 1+460

S —407 " (1+20)(1-20)

b 1.124(3d.p.) ¢ 3.12x 107 %

f(x) = (x = 2)(3x - 2)(2x + 1)
}__1
(0, 4)

y=1)

(%,0] 2,00 ¥

a a,=3k-5

b a,=33k-5-5=9%-15-5=9-20
¢ k=15

dJ; ==25in2x —4sin2x cos2x

(-0.5,0)9

(=N =T

_J'; =—4cos2x - §cosdx

X
==z,

= o

2r nm =&
-373 30
_.=n dy_ dz}-‘__ e . 3
¢ Atx= j,E_I]amdw_ 4 = 0 which implies a
local maximum.

a A(0,0)and B(1, 0)
¢ f(0.7165) = =0.00006... < 0, f(0.7175) = 0.0020... = 0

Sign change implies at least one turning point in interval,
so x-coordinate of Pis 0.717 to 3 d.p.

4
d e’

b 3x?lnx+x?

155
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Answers

30
31

32

33

35

36

37

38

39

a (137-273)cm b 25.6cm?
a (x+4)7+(r-17=25

b [5\.2 4, \_'2 1]< 4

4.1

X

3

27x? 33x2
336 b 4+2x+ E5)

a 19m b 1 =0.66seconds

cos B
sin @

She should have used S";g =tan@

b ﬁsin(-—g) # cos(—’—g), s0 can't be a solution.

Error was caused by squaring.

¢ {xix<8luixix>6
{rr<d)

¢ 25lm

a She has used =tan®

b3 LR,
=cos(1+%5) =coscoss —singsing
( 3) 3 3

A

COS{ — ?Slnf

\"l-x'- -l<x<1

[\)|— [\)|—

X=Ta

O‘/l
b 2x+5p=10=y=2-2x
2Inx= 2—%x=:-2lnr+2 2=0

B
10=0
As the curve y = 2Inx and the line 2x + 5y =
intersect once, f{(xx) has exactly one root.
¢ f(1.8)=-0.5221... <0, f{1.9)=0.2185...=0

Sign change implies the root is in this interval.

= 10lnx+2x -

10 only

Integral = 4 ln . Answer is independent of &, as k does not
appear in thc solutlonA

_ _odr_ s
x——l.y—i,a——fln2
Rearrange y —% = (-%ln 2)(_\‘ + 1) to obtain

(15In2)x+2y+15In2-9=0

40

41
42

43

46

47
48

49
50

51

52

53

tan 60°+ tan45°

o oY —
tan (60°+ 45°) = 1 - tan 60°tan45°
=B+l _ 5, 3
I-(\3x1)
1 1 —2+‘V"_
cot105°= = e
T _2_\1’_ -24+3
0.744 b 28.4m? ¢ 17.6m

(sec?x + tan?x)(sec’x — tan’Xx)
=(sec’x +sec’x — l)(sec’x —sec’x + 1)
=(2sec’x = 1)(1) = 2sec’x — 1

x=73.57°,106.4°, 253.6°, 286.4°

3Ix-y

3v+x

Solve gf—:_i}t = -% to obtain 9x + 2y = 0.

(x=3)-2x2+2x-1)

= 8yt =T+ 3= =) (-2 + 27 - 1)
=2y* + 2)* = 1 = 0 has no real solutions

)2 = 3 =0 has 2 real solutions: y = +\(3

3

y=2x-4x', 0=x=3

=%. Range is 243 - 36 = f(x) s%

2\"_—ksin(0+£)=>k=4
p=2, 4= c 240,493
1-1n2)
4(-3.0). 8(0. -3) b 3x+2y+5=0
A=6B=-2C=4 b 3
sinZEi-tamt;“;‘s2sin£]cc:s£)—M
cos B

_ 2sin@cos’ 0 —sinf

= cos@

_ sinf(2cos’0-1)

- cos 0

= tanfcos20

_ .z n

x=- 4,0,4 1.107

(9+7x)'=9-( +%)
7

Lesdo (D) () x%h,)

—31+><

- L_ 49
—3+E.\—m.\
w2651

2o 4000

ii Expansion is valid for |x| < % and % <z
F{x) = 2x(2 = 5x)° = 25x%(2 = 5x)°

£(x) = 2(2 = 5x)° = 100x (2 = 5x)* + 500x2(2 = 5x)*
0.04,0.19, 0.40 (2 d.p.)

£7(0.4) = 0 and £7(0.35) = 0.82... = 0 and
£7(0.45) = —=1.75... < 0, so there is a point of inflection at
x=04.

x [i] 0.5 1 1.5 2 2.3 3
¥ [i] 0.2759 | 0.4060 | 0.3361 | 0.2198 | 0.1263 | 0.0669
0.699 (3 5.£)



Answers

3 2 3 — 3 4
¢ J:] 3xte>dx = [—%[2)(3 +2x+1) c‘z-"]U b ;"DL: =L p =g
_3_ 75 , 3_4)__115
=4 2,100 (3 3)] 3 1
-_ 1 P— - = = — = —

54 a x_gmsf:&\_cosr: 216x3% = cos®t 62 a Letp \Eandq 33 then pg ﬁ"ﬁ 1
y=cos3t=cos(2f + r)=cos 2t cos — sin 27 sin¢ So if p and ¢ are irrational numbers, it does not
=(2cos*t—1) cost— (2 sintcos?) sint necessarily follow that pg is also an irrational number.
=2cos*t —cost - 2(1 - cos’f) cost =4cos’ - 3 cost b Assume that V2 is rational. Then V2 = £ where @ and b
= Sed vty 1 8e(din = 1) are integers, b # 0 and the highest common factor of

and bis 1. Then a= V2b = a® = 2b°

e Ty So a* is divisible by 2 and it must contain a (repeated)

b _ﬂ i V3 factor of 2, and so « is divisible by 2. So a = 2p, where p
12 12 | . is an integer.
¢ Turning points are (~5.1) and (5.~ 1) = (2p) = 2b? = b = 2p. So b s divisible by 2 and
Rangeis-1=y=1 so b is divisible by 2. As ¢ and b are both divisible by 2,

then the highest common factor of @ and b is not 1. This
contradiction implies that v2 is irrational.

63 a i (6,-10) i (-3,9)

55 a x=-2,-3
b i %

y=x-4

_gxlj) A ©.4)  [y=fx)

ii For |x] < 4. |x] - 4 is negative and |x — 4] is always
non-negative, so [x| - 4 < [x - 4| (=3,-5) | (3,-5)

Forx=4, |x|-4=Ix-4|
Forx=-4 |x-4=4-xand|x|-4=-4-x

Solx|-4=|x-4

y -t

e flx)=(x=-3Y-5

d The function is not one-to-one.

dv . 64 a 799 b N=11
56 a ~3-=200-3V 65 a 44.6(3sf) b 178.4 (3sf)
Multiply by -5 to obtain 66 a f(x)= 2x —251 x>=72
X -
4%: ¥ = 1000 2
b ¥ = 1000 + 8000 b x-2J2x-5 1
- | 2x -4 so flx)=2- 2,x>2
¢ 1000m’. Ast— =, 8000e 5 — 0, therefore I — 1000, - x=
57 a Vl+6x=1+3x- %f and (1 - x)_é =] +%+% e T, is translation by (g), T is a reflection in the x-axis,
T L
(]+3X " )(1+2+ 8 )_1+ 2 8 T, is translation by (g)
b Expansion is valid for |x] < % and % = % 67 a -%cosccﬁ b 32x-4y-31=0
3.31562 o %l
58 a gh(x)= arccos(%x), -2=x=2 256
b 68 a 0.000609 b 25
i 10(1 - 0.6
. : - _ [
c §= 106 =25(1 - 0.6%) = 2499
y= gh[x} 0.01 =25 x 0.6*
Dividing both sides by 25 gives 0.0004 = 0.6*
Ol 2.0) x So log 0.0004 = k log 0.6
- log 0.0004 .
¢ (gh) (x}1=2cqosx,105_\‘ﬁrr ﬁi]ogllﬁ
59 a cos g = % = % b % (dircctioln 0(:1: (i’r(;cl;(‘]tuality changed since log 0.6 is negative)
1,8, 162 g _» 8 Soipaite L
60 a 9+t e - ¢ 35 42 e log0.6
12 12 12
61 a 24+ Fdr+ X3 Ax-1) 1 Ax—1) 1
prr] pr] pur 69 a — - = -
_ ]2)+Q(8+ S 3a3e-1) x2=-2x-8 x-4 (x-4)(x+2) x-4
e > @=10 Gx=0-Gwd) . wem ..
= 797496 Tox=-d(x+2)  (x=H(x+2) x+2

157
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70

7

72

73

74

75

76
77

78
79

Answers

80

0 < f(x) <%

f“(x):%, domain0€x<%

[
d x=25

53+ 4x)" = 3(2 - 5x)”!

_ofl_4x  16x?\ _ . (1, 5x 25x?
‘5(3 9 * 2?) 3(2”’4+ 8 )
_1_215x _1385x?
67736 216 81
b 0.1062753 c 0.026%
82
a @005[9—1,03)
b 11.7
¢ #=-3.03,-222.0.11,092
a (1,4)and (25, 28)
b 6x-5r+26=0
a 60000 !
b 60000/~ = 240000, so "~ = 4,
Taking logs: (n — 1)log r = log 4
83
n_1>log4
log r
n>log4+l
log r
¢ Year 20
d £870000
a -% b 2x+3y=9v3 ¢ %
x=35 2
B Na3 b 1_.\‘—3 8
e flx)=1-2(x-3)"
e 2
fi(x) G-Iy = () for all real values of x, x =3
Therefore f(x) is an increasing function for all x = 3.
a 1215 b 11
a x-ey=4

b A(4,0),B(cl'3,0)

o
el

Ama:%x%x (4—32(;3)

2 85
This simplifies to 9[62:; D
A=3,B=-2C=4 b -1+x-% ¢ <1
oy _dx+2 g
f‘(_\J_x_'_B.\eR,.\;E 3
-10=gx)=5 ¢ -5 d -13
i f -10=x=5

86

a (8 —SP=(6k—S)5-k)
50 16k — 40Kk + 25 = 30k — 6k* — 25 + 5k
5022k = 75k + 50 = 0
(11k - 10)(2k = 5) = 0 sok:%orm

T
Ask{l,k:%
b i -% i -6710
= = L Yy ) O
a A=18,8B=9,C=10 b 7 4x 16X
¢ 0.10%

a Ef(\) - g(3‘\ + ln3) - c].\'+ Ind _ c].\ % cln3= 30"'\

y

(0,3)
y=gl(x)
0| x

c glix)=0 d -0.270

N 794

a Tcos(x— 0.5)
b i 141(3sf) i 0.5
¢ 30.1m, 3.5 minutes

d 27.8m (using original equation) or 28.0 m (using answer
from a)

e 1.9 minutes, 5.0 minutes

f 6.0 minutes (2 s.f)

I ; op =1 1
ct P, beapointon KR, OP = Za+ 4 a+b+c‘),for

3 3
some e B,0=4A=1.

Let P, be a point on LS. {_)?=a+lb+p(—a+lb+c) for
2 g 2 3 3 s

somepueR 0=p=1.

For a point P which lies on KR and LS, ﬁ satisfies both

equations.

Solve to obtain A= = % Conclude that lines do intersect,

as P lies halfway along LS and halfway along KR.

a f(x)>5 b f"(x):]n(vl ),xe R x>5

5
c

d Graphs meet on the line y = x, so at point of intersection

r-"-l-S:x:)%:x—S.soc‘(x-S):1

a T=4
82,9 (1 d.p.)

ii The model is unlikely to be valid. as the answer to
part i indicates the rollercoaster would virtually be
heading directly into the ground.

d 3410m?(3sf)

b 80m,r=2

c i



