Core Pure Mathematics Book 1/AS

SolutionBank

Argand diagrams 2E

1 a [z=6
circle centre (0, 0), radius 6
equation: x’ +)° =6’

x*+y> =36

b |z[=10
circle centre (0, 0), radius 10
equation: x* + y* =107
x> +y* =100

¢ [z-3=2
circle centre (3, 0), radius 2
equation: (x—3)* +y* =2’
(x=3)+y* =4

d |z+3i]=3=|z—(-30)=3
circle centre (0, —3), radius 3
equation: x* +(y+3)* =3’

X’ +(y+3)Y =9

e |z—4i|=5
circle centre (0, 4), radius 5
equation: x* +(y—4)’ =5
X' +(y—4)Y =25

f |z+l=1=|z-(-D|=1
circle centre (—1, 0), radius 1
equation: (x+1)* +y* =17

(x+1)>+y* =1

0,9
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1 g |z-1-i]=5=|z-(1+i)|=5
circle centre (1, 1), radius 5
equation: (x—1)> +(y—1)* =5

(x=1)*+(y-1*=25

h |z+3+4ij=4=|z-(-3-4i)|=4
circle centre (-3, —4), radius 4
equation: (x+3)* +(y+4)’ =4

(x+3)° +(y+4)° =16

i |z-5+6i|=5=|z—(5-6i)|=4
circle centre (5,-06), radius 5
equation: (x—5)>+(y+6)’ =5

(x=5)+(y+6)* =25

2 a |z-5-4i=8
|z (5+4i) =8
The locus of z is a circle
centre (5,4) and radius 8.

Im 4
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2 b i As Re(z)=0, this implies that the points lie on the Im axis.

Im A
Let y be the vertical distance between the centre of the
circle and the points where the circle crosses the Im axis, as
shown in the diagram. g
y
Using Pythagoras’ Theorem, 5 G.4)
524 2 =2 u _
Y Re
25+y° =64
y* =39
y= i\/g
So z =(4+y)i or z =(4—y)i
So z=(4+/39)i or z=(4-+/39)i
b ii As Im(z) =0, this implies that the points lie on the Re axis. Im A

Let x be the horizontal distance between the centre of the
circle and the points where the circle crosses the Re axis, as
shown in the diagram.

Using Pythagoras’ Theorem,

4 +x*=8 >
16+ x> = 64
x> =48

x=i4\/§

Soz=5+xo0orz=5-x

So Z=5+4\/§ or Z:5—4\/§

Im &
3 a |z-5+7i=5 N
2= (5-7i)|=5 v e
The locus of z is a circle with centre (5,—7) and radius 5. ;
(5,-7)

b Let z=x+1y
|z—-5+7i]=5
x+iy—5+7i[=5
(x=5)+i(y+7)|=5

So, (x=5) +(y+7) =5
or (x—S)2 +(y+7)2 =25

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Core Pure Mathematics Book 1/AS SolutionBank

a _ 5
3 t —_— == m
¢ tan 577 Im A
il = arctan (i) o ﬁe
2 7 a
5 2
o = 2arctan (7) 7 5

The maximum value of arg z is:

argz = —% + 2arctan (%)

argz = — (% —2arctan (%))

arg z =—0.330 radians (3 s.f.)

4 a |z-4-3i=8=|z—-(4+30)=8
This is a circle centre (4, 3), radius 8
Hence the Cartesian equation of the locus of P is (x—4)> +(y—3)* =64

Im

X

C4,3) /8
3

0] 4 Re
Y

¢ |z|is the distance from (0, 0) to the locus of points.

|2|__is the distance OX

|| is the distance OY

Now radius = CY = CX =8 and OC=+/4? +3? =25 =5

From the diagram, 2| =0C+CX=5+8=13
|2 =CY-0C=8-5=3

The maximum value of |z| is 13 and the minimum value of |z| is 3.
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5 a ‘z +2- 2\/§i‘= 2 is a circle centre (=2, 23 ), radius 2

Im 4

2y3+2
23

2y3-2

b From the diagram, the minimum value of arg(z) is g

¢ From the diagram, the maximum value of arg z is g+ 2¢ s
Now
2 2
tang = ——
¢ 2+/3
1 2
tang = — A 13
V3 2]
¢ t -1 ]. T 2\/5 - >
=tan” | —= |=— 0 x
J3) 6

Hence arg(z),,, = g+ 2(%) = 5%

The maximum value of arg(z) is 5?“

6 All parts can be solved using either a geometrical approach, or by substitution of z=x+1y.

Here, we have used a mixture of the two techniques.

a |Z_6|:|Z_2| Im a
Locus is the perpendicular bisector of the line joining (6, 0) and (2, 0).
The midpoint of the line joining (6, 0) and (2, 0) is (4, 0)
ol 9 : Ee

Hece, the locus has equation: x =4
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6 b |z+8=|z—4
:>|z—(—8)|=|z—4|

I a

Locus is the perpendicular bisector of the line joining (-8, 0)
and (4, 0) 8 0 4 Re
The midpoint of the line joining (-8, 0) and (4, 0) is (-2, 0)

Hence, the locus has equation: x = -2

r=-2
c |Z| = |Z + 6i|
I
= |z|=|z - (-6i)| ™
Locus is the perpendicular bisector of the line 0 e
joining (0, 0) to (0, —6).
The midpoint of the line joining (0, 0) to (0, —6) is (0, —3) y=-3
-6
Hence, the locus has equation: y = -3
d |Z+3i|:|z—8i| I
mAa
The locus is the perpendicular bisector of the points (0,-3) and (0,8) 8-
As both these points lie on the Im axis, the perpendicular bisector will
be a horizontal line. y=25
S B . 5 —
The midpoint of (O, 3) and (0,8) is (0, 2) R
The equation of the perpendicular bisector is the horizontal line 0 Re
through (0,%). -37
So the Cartesian equation of the locus is y 2%

e . . Im
|z-2-2i|=[z+2+2i .2
Substitute z = x+iy //'

[ +iy =2 = 2i|=[x +iy+ 2+2i >

] R
=|(x=2)+i(y-2)|=|x+2) +i(y+2)| 0 ?
= (=2 + (=2 =(x+2)> +(y+2) (-2,-2)

:>/—4x+4+/—4y+4:/+4x+4+/+4y+4 y=-x

= —4x—-4y’ +8=4x+4y+8

=0=8x+8y
= —8x=8y
=>y=—x
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6 f |z+4+i=|z+4+6i| Tm A

= |z (-4 —1)|=|z+ (-4 -6i)|
perpendicular bisector of the line joining
(-4, -1) to (-4, -6).

Equation: y = —%

|z +3-5i|=|z-7-5i|
= |z = (=3+50)| =]z - (7 +5))

perpendicular bisector of the line joining
(-3,5)to (7, 5).

Equation: x =2

|z +4-2i|=|z-8+2i

Substitute z = x +1iy

x+iy +4—2i| = |x +iy - 8+2i

= |(x+4)+i(-2)| =|(x-8) +i(y +2)|

= (x+4) +(y-2) =(x—8)’ +(y+2)
:>/+8x+16+/—4y+4=/—16x+64+/+4y+4
=>8x—-4y+20=-16x+4y+68

=0=-24x+8y+48

=0=-3x+y+6

=3x-6=y

—4 >
. O_ -1 Re
- .
] v =
. 1.6
Im
(=3, 5)

j_H_EZ’ %)

_1'3, 0 ’}' Re
xr=2
1 Im a
(-4, 2)
.‘“7//“ ‘
ol 5t S
2 _H/JI\“RG
(8,-2)
(0,-6)
y=3x-6
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z+3
z—61

=1

Im A
(0, 6)

= |z+3| :|Z—6i|
Substitute z = x +1iy

x+iy +3| =|x+iy —6i /
. . S5 9
= |(x+3)+iy| =|x+i(y - 6)| ; \(5,0)
= (x+3+) =x" +(y—6) (-3,0) O

= X 4 6x+9+ Y = XX+ yF ~12y+36

= 6x+12y=36-9

/ém
S
=\

= 6x+12y =27
= 2x+4y=9
=>4y=9-2x
:>y=—lx+—
2 4
J
|Z+6—i| 3 |
|z—10-5i|

|z+6—i|=|z—10-5i|

|z=(—6+i)|=|z—(10+5i)|

The locus of z is the perpendicular bisector of the line segment
joining the points (—6,1) and (10,5).

The gradient of the line joining(—6,1) and (10,5) is %

So, the gradient of the perpendicular bisector is —4.

The midpoint of (—6,1) and (10,5) is (2,3)

The equation of the perpendicular bisector is found by using
y=y= m(x—xl) with m =—-4 and (xl, yl) = (2, 3)

y—3=—4(x—2)
y=3=—-4x+8
y=—4x+11

So the Cartesian equation of the locus is y = —4x+11.
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7 a |z-3|=|z-6|

Im
The locus of z is the perpendicular bisector of the line segment joining
the points (3,0) and (0,6). (0, 6)
The gradient of the line joining(3,0) and (0,6)=-2.
: : : 1 0, X3 3)
So, the gradient of the perpendicular bisector is 7 3.0)
The midpoint of (3,0) and (0,6) is (%,3). ~2.0) 0 Re
The equation of the perpendicular bisector is found by using
_ . _1 _(3
y—y,=m(x—x,) with m =~ and ER yl)_(f’ 3)
313
y=3=73 (x 2)
31,3
y=3 X7
_1,.9
Y=y

Im A

b |z|min occurs at the point on the locus where a line from the

origin meets the locus of z at right angles (see diagram).

The line labelled d_ is perpendicular to the locus, so has

1n

gradient —2 m
It also passes through the origin, so has equation y =-2x /'(7 ES 0 Re
5
The lines intersect where:
=119
2x ) X+ )
_5,-9
2" 7y
_18__9
T2 10
__9 - (=212
If x= 10,theny 2( 10) 5
2 2 (2)2
min ( 10) + 5
_ |81 81
~\100 25
_ |405
100
_9VJ5
10
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8 a&b |z+3+3i|=|z-9-5i Im A

|z=(-3-3i)| = |z = (9+5i) (0, 1))
The locus of z is the equation of the perpendicular
bisector joining (—3,—3) and (9, 5).

The gradient of the line joining(—3,—-3) and (9,5) is

8_2 (3,1)

12 3 >
. . . .3 E-"/ '[131 : ["]'\ Re

So the gradient of the perpendicular bisector is 5

The midpoint of (—3,-3) and (9, 5) is (3, 1)

The equation of the perpendicular bisector is found by using

Y=y = m(x—xl) with m = —% and (xl, yl) = (3, 1)
__3
y -1= —E(x - 3)
y=1= —%x +%
__3,..1
y=-5x + >
c |z|min occurs at the point on the locus where a line from the _—
origin meets the locus of z at right angles (see diagram). | 1\
©.5)
The line labelled d . is perpendicular to the locus, so has
gradient —2
It also passes through the origin, so has equation y = %x
d_
min (3.1
The lines intersect where: o~ A g Re
2,_ 3,1 A5
3 272
4,9), -1
(6 " 6)x 2
13._11
6" 2
_11x6 _66 _33
2x13 26 13
33, _2(33\_2
=137 3(13) 13
-7
Do = (13) 13
_ |1573
169
_J121V13
13
_11/13
13
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9 a |2—Z|:3
(-D(z-2)|=3
Fife-2l=3 —— 1=

(z-2)|=3
¥ circle centre (2, 0), radius, 3
equation: (x—2)* +y* =3

(x=2+y" =9

_]Y{\zrﬂ}js x

b |5i—z|=4

(=1)(z-5i)|=4
CDlje=sil=4  ~—— 5

(z—5i)|=4

circle centre (0, 5), radius 4
equation: x* +(y—5)* =47

x> +(y=5) =16

c 3-2i—z|=3

(~1)(z-3+2i)|=3
(D[[(z=3+2i)| =3 «—
|z—3+2i]=3
|z-(3-2i)|=3

-1|=1

circle centre (3,—2)radius 3
¥ equation: (x—-3)* +(y+2)° =3’
(x=3’+(r+2)° =9
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T
10a argz=—
gz 3
*=
X
b arg(z+3)=E
4
T
= arg(z—(-3) =7
c arg(z+2)=E Y4
2
I
“\]2
0 x
T ¥
d arg(z+2+2i):—z
- 0 X
= arg(z—(-2-2i))=—— (=2, =2)@xz-==p3rm-prmmmmmmmmnneee
4 i
“‘\
L 3
arg(z—-1-1)=—
e arg( ) 2 »
. 3n
:>arg(z—(1+1)):7
0 x
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10f arg(z+3i)=mn va
= arg(z—(-31)=n = -
' e

g arg(z—1+3i)=2?n \

= arg(z - (1-3i)) = 2?" """ 2 ?

ya

h arg(z—3+4i):—g

0 X
= arg(z—(3—4i)) = -~
2 e
%
. . 3n 71
1 arg(z—4)= T ©, 4)

1 i
N
e =T

/ 0 it

1a |z+2i=3 fm 4
The locus of z is a circle with centre (0,—2) and radius 3. /-;—---.\ Ee
—29
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11 b Using the information on the diagram to the right, we can create a triangle ABC as follows.

B

lz+2i =3

4A=£+£=2
6 2 3

Use the cosine rule to find |z| :

a’ =b*+c* —2bcxcos A

3 =27+ —2(2)|z|cosz?n

9=4+pr_4p(_%j
9=4+|z +2[]
0=|z|2 +2|Z|—5

Solve for |z| by completing the square:
(2[+1) ~1-5=0
(|z|+1)2 =6
|z|+1 =+/6
|z| =146

|Z|>O, SO |z|=—1+\/g
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12a |z+6+6i=4
|z—(-6-6i) =4 o

The locus of z is a circle with centre (—6,—6) and radius 4.

A Im

Re

This is shown in the diagram. 4
4
First find the distance from OB: (-6.-6)
0B =/(=6) +(-6)" =72 =612 e
Then  |z,..|=|OB|-|4B| >
=632 -4
and |zmaX = |OB| + |BC|
=62 +4
b arg(z—-4+2i)=0 Im A

arg(z —(4—2i)) =0
This is the half-line from (4, —2)

which makes an angle @ with the positive real axis.

Consider the diagram.
a4 _2
tan( > j 1075

o
—= arctan(
2

2

S—

5
o= 2arctan( ) =0.7610..

w o

The half-line arg(z —(4- 2i)) = @ intersects the circle ‘z —(-6— 6i)‘ =4 when
<0 <—n+0.7610
< O<-238.. (%

So, there will be no common solutions for arg (z —(4- 2i)) =0 and ‘z —(-6- 6i)‘ = 4 for values of

0 outside of the range given in (*), that is, no common solutions for —2.38 <6 < m.

13 a Consider P:

|z| =5= The locus of P is a circle centre (0,0) and radius 5. Im4
Consider Q: \
T T
+4)=—= —(-4))=—= >
arg(z+4) > arg(z ( )) 5 45 —
The locus of Q is a half-line from (—4, O) making an angle of g
with the positive real axis.
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13b Consider the diagram shown.
Using Pythagoras, the loci of P and Q intersect when
2 2 2
(—4) +a” =5
16+a *=25
a’=9
a=13
As seen in the diagram, a >0, so a =3.
So z=—4+3i.

14a |z-2-2i=2
=|z-(2+20)=2

The locus of z is a circle centre (2, 2), radius 2.

ya

b arg(z—-2-2i)= %, is a half-line from (2, 2) which makes an angle T with the positive real axis,

as shown in the diagram.

arglz —2 - 2i) =3

|z-2-2i=2=(x-2) +(y-2)* =4 (1)

arg(z—2—2i)=%:>arg(x+iy—2—2i)=£

6

:>arg((x—2)+i(y—2))=g

=y-2=—1=(x-2) *)
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14b Substituting (2) into (1) gives (x —2)° +%(x -2)’ =4

:%(x -2y =4
=4(x-2)" =12
= (x-2)’=3
=x-2=%3
>x=2% \/g
From the Argand diagram,x>2 so x=2+ B (3)
1
From (*), y—-2=—(x-2
y 7 )
L2443
Substituting (3) into (¥) gives Y~ 2= ﬁ(z +V3-2)
1
=>y-2=—1=(3)
V3
=y-2=1
=>y=3
Therefore, z = (2 + NG )+3i1
15a |Z — 2i| = |Z — 81| ¥ argiz—2-1i) =17
Locus is the perpendicular bisector of the line (0, 8)®
joining (0, 2) to (0, 8). y=5 £l = z—8

This is the line with equation y =5. ’
(0, 21e .1
1f------ .

T
b ar -2—1)=—
g(z ) y

0 2 x

Locus is the half-line from (2, 1) which makes

an angle of %With the positive real axis.

¢ Find the Cartesian equations of both loci, and then solve them simultaneously to find the point of

intersection:
|z - 2i| = |z - 8i| has Cartesian equation y =5 (1)
arg(z—2-1) =§:>arg(x+iy—2—i)=g

:>arg((x—2)+i(y—l))=§

:y—l =tan r =1
x=2 4

=>y-l=x-2

=>y=x-1 (2)
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15¢ Substituting (1) into (2) gives S=x-1
=6=x
From (2), y=6-1=5
Therefore, z =6+ 51

16a |z -3+ 2i| =4 is a circle centre (3, —2) radius 4.

Im 4
- | —3+2i =4
b arg(z—1)= 7 is a half-line from (1, 0) making an angle /\
T . .. . O il R:e
of —— with the positive real axis. 4
4 (37 _2)
¢ Find the Cartesian equations of both loci, and then
solve them simultaneously to find the point of arg(z 1) = _ "
intersection: 4

|z=3+2i|=4=(x-3)" +(y+2)* =16 (1)

arg(z—l):—%: arg(x+iy—1)=—§

= arg((x—1)+iy) = —%

:L: tan _E
x—1 4

o

x—1

—y=—1(x-1)

=>y=—x+1 forx>1y<0 (2)
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16 ¢ (cont.)
Substituting (2) into (1) gives (x —3)* + (-x+1+2)* =16

= (x-3)’ +(—x+3)* =16
=x"—6x+9+x"-6x+9=16
=2x"-12x+18=16
=2x"—12x+2=0

=x’—6x+1=0

o 6+./36—4(1)(1)

2
6++/32
> X =
2
x_6J_r\/E\/E
2
6+4/2
x:
2
—x=3+22

But x>1s0 x=3+22

Substituting x =3+ 22 back into (2) gives
y=—(3+2v2)+1
y=-3-22+1
y=-2-22
Therefore, z = (3+23/2) + (<=2 - 242)i
So a=3+2v2, b=-2-22
17a Find the Cartesian equations of both loci, and then

solve them simultaneously to find the point of
intersection:

arg(z—4)=73

T . T
argz=§:>arg(x+1y) =§

T
=>—=tan—
3

y_j ;
x :
:>y:\/§x (forx>0,y>0) (1)

2
arg (2—4)=g:>x=4(fory>0) (2) Frompartbarg(z—S):?n,

Substituting (2) and (1) gives y =~/3(4) = 43
The value of z satisfying both equations is y =4+ 431
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17b  arg(z—8i) =arg(4+4+/3i-8) ¥a
=arg(-4+4/3) =0
(—4, 43)
@=m—tan™ @ .
4 3 :
43
0 :2_75 ! 9
3 '\
Therefore, arg(z —8) = 23—“ 40 X

18 a

Locus of Plx, y) arg (z + 4) =7

(-4, 0) 0

b |z| is the perpendicular distance from (0, 0) to

the line arg(z+4) =§

Consider the triangle shown.

d . =4sin (Ej
3

min :¥ = 2\/5
Hence |z|min =2.3.

19a |z+8-4i|=2 m 4
|z (-8+4i) =2
The locus of z is a circle with centre (—8, 4) and radius 2.
0 Re
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19b arg(z+15-2i)=6 m
arg(z—(—15+2i)) =0
The locus of z where arg(z—(—lS +2i)) =@ is a half-
line from (—15, 2) which makes an angle & with the

positive real axis.

Re

The max value of arg(z —(-15+ 2i)) = @is found when

the half-line is tangent to the top of the circle
|z (-8+4i)| =2

Find the length of ¢ shown in the diagram:
c=2"+7
=53

c=+/53
Then

)4

2

— = arcsin —4%=
2

4l
N W

0 =2arcsin —=4—

@

c arg(z+4i)=3:T7t

3n

arg| z—(-41)=—
e 2 (-4) =)
The locus of z is a half-line from (0,—4) with angle %t

Im

0-4)
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19¢ Find a:
a’+a* =27
2a° =4

a=i\/§

ais a distance,so a >0 = a =2.
Coordinates of 4: (—8—\/5,4+\/§)

Coordinates of B : (—8+\/§,4—\/§)

So the complex numbers satisfying both |Z +8— 4i| =2 and arg (z + 4i) = Z%n are
(—8—x/§)+(4+\/5)i and (—8+\/§)+(4—x/§)i
Challenge
|z+i|=5
The locus of z is a circle with centre (0,—1) and radius 5.
The Cartesian equation of the locus is x* +(y + 1)2 =5,
arg(z—2i)=0
The locus of z is a half-line from point (0,2) which makes an angle @ with the positive real axis
|Z —4i| =3 is the circle x° +(y —4)2 =3’
|z—4i| <3 is the set of points inside the circle x* +(y - 4)2 =3

Im
lz—4i|=3

arg (z —2i)=0, 0.4 arg (z—-2i)=0,

©,2)7 b

o
0.-1)

Let the two limiting values of € be 6, and 6,
These values are found when arg(z—2i)=6 meets the points where the circlesx* +(y + 1)2 =5%and

x+(y- 4)2 = 3% intersect.
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Challenge (cont.)
First, find the points where x* +(y + 1)2 =5%and x* +(y- 4)2 =3’ intersect:

25-(y+1) =9—(y-4)
25—y +2y+1)=9—(y* -8y +16)

25—y =2y-1=9-3>+8y-16
10y =31
_31
=10

31

Substitute y = 10

into x +(y+l) =25:

2
X +(fé+l) =25
2
x2+(i‘—1) =25
> _819
710
rox [819 3301
“N100 T 10

10 10

Hence x’ +(y+1)2 =5%and x’ +(y—4)2 =3’ intersect at (—%,%j (3\/7 31}

Calculate the length @ on the diagram:
423,11

10 10
Calculate the length b on the diagram:

po 3oL
10

Then tan o =

Hor

\/_

13
a=tan™ =0.3669...

3J_

So 6,=7-0.3669=2.77
and 6, =0.3669 =0.37

The range of values for @ are 0.37 <6 <2.77
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