Core Pure Mathematics Book 1/AS

Roots of polynomials 4B

1 a

2x% +5x* —2x+3=0
a=2b=5c=-2and d=3.

a+ﬁ+y=—g:—%
__d__3
aﬂ}/_ a 2
aﬂ+ﬂ7+nx:£:—g:—l
a 2

1. 1.1 af+prtya
a B 7 afy

X2 +5x% +17x+13=0
a=1b=50c=17 and d =13
b

a+ﬁ+7:—a=—5
__d__

afly = A 13

aﬂ+ﬁ7+ya=%=17

a*B%y? =(apy)’ =(-13)" =169
7x} —4x* —x+6=0

a=7,b=—4,c=-1and d =6.

a+ﬂ+y:—g:—_74=%

“hr="g=77
393 3 _ s_(_6) __216
a’fy =(apy) _( 7)_ 343

1. 1. 1 af+prtye
a B vy apy

4 ax®+bx*+cx+d=0

b_3.b_3
a a
c_11

a 4
~d_3_.d__3
a 4 a 4

So equation is x® —3x? +11 x—% =0.

4
Multiply by 4 for integer coefficients gives
4x® —12x* +11x-3=0,

with a=4,b=-12,c=11 and d =-3.
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5 ax, +bx*+cx+d =0 6 ax’+bx*+cx+d=0
5 3 1
a=1+3, f=1-3i and y = a=3.f=-3ady=3
(143 n.1_5__b S5.(.3),1_1__b
a+ﬁ+7_(1+3l)+(1_3l)+§_§__5 a+p+y= 2 ( 2)+2 1="a
aff+ Py +yo
(143 : N _(5 _§) (_3)(1) (l)(é)
=(1+3i)(1-3i)+(1-8i) 5 + 5(1+3i) af+ Py +ra (4)( S 2 5) 5
1 1 .3:.,1,3;
=1-3i+3i-9i*+ 2 2|+2+2| :_E_§+§
_qc 8 48
a -_15_6.,5
v (L 8 8 8
afy =(1+30)(1 3.)(2) 6,
=(1-3i+3i+9i )(l) 8 a
2 o110
_5__9 4 a
7 a ax3+bx2+cx+d—0:
ax +bbx +cx+dd=0:> x3+gx2+§X+%=0
3 2, C _
X+ X+ x+5_0 b_1_b_ 1
b_5_b_ 5 a 4 a 4
a 2 a 2 £_22
Co11 a
a _d__15_d_15
_d_pg_d__¢ a 16 a 161 "
a a So equation is X* —=x* —2x+22=0
So equation is X°* —2 x* +11x—5=0 4 16 :
9 2 : Multiply by 16 for integer coefficients gives
Multiplying by 2 for integer coefficients 16x° —4x* —32x+15=0,
gives 2x° —5x°+22x-10=0, with a=16,b=—-4,c=-32 and d =15.

with a=2,b=-5,c=22 and d =-10
7 a 16x*—k®*+1=0
Here a=16,b=-k,c=0 and d =1.
aﬂ+,8y+ya=%=0

d 1

Pr="a="1s
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7bi a=p=af+pyr+ya=a’+2ay b
a=p=afy=a’y
1

2 _ 2, _ 1
So a°+2ay=0and a“y = 16

S0 y=—

into

Substitute y =— 1
16

2
(04

a’ +2ay =0 giving:

a’+ 2a(—

10a
2x% —kx® +30x—13=0
Here a=2,b=-k,c=30 and d =-13

aﬂ+ﬁy+7/a=%=15

d_13
a 2
b k

a+,8+y=—g:>a+ﬂ+7=?

afly =-

so k=2(a+p+y)

b a=2-3i=4=2+3i
afy =(2-3i)(2+3i)y
=(4+6i—6i—9i")y
=13y

But afly =E,

o) _1
2 7/_2'

We know k =2(a+B+7)
k=2((2-3)+(2+3i)+3)

kzz(%):g.

x> —mx+n=0

Here a=1,b=0,c=—m and d =n.

Also a=a,f=1and y =—4.

a must be real as if & was complex then

o would also be a complex root and
there are already 2 other roots. A cubic
has 3 roots.

a+pf+y=a+l-4=a-3

But,a—3:—g:>a—3=0:>a:3

aff+ By +ya=(3)(1)+(1)(-4)+(—4)(3)
=-13

But, aﬂ+ﬁ}/+7/a:%=—T=—m

So, -m=-13=m=13.
afy =(3)(1)(—4)=-12

But aﬂy:—%=—%=—n

So, -n=-12=>n=12
Therefore m=13,n=12 and « =3.

2x® —10x* +8x—k =0

Here a=2,b=-10,c=8 and d =—k.
One root is x =3—1i, so another root is
3+i.

a+pf+y=(3-i)+(3+i)+y=6+y
But a+ f+y = 2= 9 5

S0 6+y=5=y=-1
Therefore the roots are 3—i,3+i and -1.

(3-i)(3+i)(-1)
( +3i— 3|—|) -1)
(10)(-1)
-10

d

But aﬂ}/_—a—%

k__
So 5= 10=k=

apfy

—-20.
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11 x> —14x* +56x—64 =0
Here a=1b=-14,c =56 and d =64

Theroots are o =a, =k and y =k’a
a+f+y=a+ka+k’a

=a(k2+k+1)
__b_14_
But a+f+y= 2= 1 14

So a(K?*+k+1)=14

af+ Py +ya

= (a)(ka)+(ka)(k2a)+<k2a)(a)
=ka® +kPa® +K’a?

=&’k (1+k+K?)

But off+ By +yor =< =56

So &’k (1+k+k?) =a56

afly = (a)(ka)(kza) =k’a®
But afy = —% =64

So k'’ =64=4°

To satisfy both equations ak =4

The possible solutions are therefore:
a=2k=2

or

12 8x3 +12x* —cx+d =0
Here a=8,b=12,c=-c and d =d.

The roots are a:a,ﬂz% and y = —4.
a Sa
a+pf+y=a+—+a-4=—-4
p+y 5 5
__b__12__3
But a+pB+y= a 5 5
So 5—Ol—4=—§
2 2
Sa_5
2 2
a=1
Therefore the roots are a =1, 5 :%

and y =-3.
af + By +ya :(1)(

12 But aﬁ+ﬂy+7a=%=—%

So —%z—4:>c=32.

apr=(3)(9--3
But affy = —% = —%

_d__3 _
So 3 2:>d 12.

13 2x% +48x* +cx+d =0
Here a=2,b=48,c=c and d =d.
The roots are ¢ =a, f=2a and y =3a.
a+p+y=a+2a+3a=6a
Buta+ﬂ+y:—gz—4—8:—24
a 2
S0 6 =-24= a=-4.
Therefore the roots are a« =—4, f=-8

and y =-12.
afp+ Py +yo
=(—4)(-8)+(-8)(-12)+(-12)(-4)
=32+96+48
=176
_c_¢C
But af+ By +ya = o
So %:17630:352.
afy =(-4)(-8)(-12)=-384
__d__d
But afy = a >
So —% — 384 =>d = 768.
Challenge

ax® +bx* +cx+d =0

Roots are «, # and y.

If «,p and y are all real, then

ap+ By +ya and affy

must clearly all be real.

So assume o =a-+hi

Let g =a—hi, the complex conjugate

y must be real as there can be a maximum of
3 roots.

Let « =a+bi,f=a—bi and y =r, where
reR
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Challenge
a a+pB+y=(a+bi)+(a—bi)+r
=2a+relR

b aff+py+yx
=(a-+hi)(a—bi)+(a—bi)r+r(a+bi)
= a’ —abi + abi —b?® + ra—rbi + ra+ rbi
=a’+b*+2areR

¢ afy=(a+bi)(a-hi)r

=(a*+b*)reR.
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