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Roots of polynomials Mixed exercise 4

1 ax*+bxX’ +ex’ +dx+e=0 2 a X+px"+37x-52=0
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So the equatlon is:

Bl T 6

10 25 250 250

Multiply by 250 for integer coefficients:

250x* +325x° +110x> = 7x—-6=0

Soa=1,b=p,c=37 and d =-52 .
aﬁ+ﬂ7+]/a—— 37

__d_
afly = p 52

a+ﬂ+7——2:—p SO

p=—(a+ﬁ+7)

If «=3-2i,then f=3+2i
Substitute @ =3—-2i and £ =3+ 2iinto
afy =52
(3-2i)(3+2i)y =52
(9+6i—6i—4i")y =52
13y =52
y=4

So the roots are 3—2i,3+2i and 4.
p=—(a+pB+y)

—((3-2i)+(3+2i)+4)=-10

2x° +5x° —2x+g=0
Soa=2,b=5,c=-2and d=gq.
If x=-2+1 is aroot then x =-2—1is also

aroot.

a+ﬁ+7:—§:—i

aﬂ+ﬂy+7a=c=—§=—l

==

Substitute @ =—2+1 and f=-2-1i into

a+ﬂ+7=—%.

pa+Q+pa_0+y=-§

Aypy=—2
4+y >

7=§

The other two roots are —2 —iand %
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3b aﬂ7=—%,so

q=-"2afy

= 2(=2+i)( (%)
=(- 3)(4+21—21—1 )

So ¢ =-15.

4 x*—40x’ +510x* —220x+1729=0

So a=1,b=-40,c=510,d =-2200 and

e=1729.

Let a=a, f=a+2k, y=a+4k and

S=a+6k.

a+pf+y+0

=a+(a+2k)+(a+4k)+(a+6k)

=da+12k

Buta+ﬂ+;/+5=—§=40

So 4a+12k =40 or ¢ +3k =10

af+ay+ad+ Py + Lo+ yo

=a(a+2k)+a(a+4k)+a(a+6k)
+(a +2k)(a+4k)+(a+2k)(a +6k)
+(a +4k)(a +6k)

=a’+2ak+a’ +4ak+a’ +6ak
+a’ + 60k +8k* + o +8ak +12k*
+a’ +10ak +24k*

= 6a’ +36ak + 44k’

But aﬂ+ay+a5+ﬁy+ﬁ5+y5:§:510

So 6a* +36ak +44k* =510

or 3a® +18ak +22k* =255

If a+3k=10,then o =10-3k
Substitute & =10—3% into

3a® +18ak +22k* = 255.
3(10-3k)” +18(10 -3k ) k +22k* = 255
3(100— 60k + 9k ) + 18k (10— 3k) + 22k* = 255
300 —180k +27k* +180k — 54k> + 22k* =255
—5k* =45

k*=9

k=43

If k=3, a=10-3(3)=1

If k=-3, a=10-3(-3)=19

Either way the roots are 1,7,13 and 19.
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24x* —58x° +17x* +dx+e=0
So a=24,b=-58,c=17,d =d and e=e¢

1l p-_1,_ -
a—2,,B 3,7/ 2 and 0=0.
a+ﬂ+7/+5:%+(—%)+2+5

:%+§

Buta+,8+y+5:_5:_:_

13 29 3 _
So ¢ +0= 2 ,hence & = B
The fourth root is %

AT
e

11,11

=21 41 2

3 24 4 6
__ 8 1.6 4
24 24 24 24
7
24

But afly +affo +ayd + Byo = —% - d

_d __ T
So 24 2 ,hence d =7

b =(3)[-5)CE) s

=12 , hence e=-2 .

x4+ 2 +mx’ +nx+85=0

Soa=1,b=2,c=m,d =n and e=285.

Given a=—2+iand f=a =-2-i

a+f+y+6=(2+i)+(2+i)+r+6
=4+y+0

But a+ﬁ+7/+5=—§:—2

So -4+y+6=—-2hence y+56-2=0

afys =(-2+i)(-2+1) 76

=50
But aﬂy§:§=85
So 570 =85hence yo0—-17=0
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6 b If y0-17=0, then y=%

Substitute y =%int0 y+0-2=0

1—7+5—2=0

)

Multiply by 9 :

17+6%-25=0

5*-25+17=0

Solve by completing the square:

(6-1) -1+17=0

(6-1) =-16

o—1=14i

o=11t4

So the roots are —2+1i and 1+4i
But aﬂ+a}/+a5+ﬁy+ﬂ6+75:§
=(2+0)(-2-i)+(-2+i)(1+4i)+(-2+i)(1-4i)
+(=2—-0)(1+40)+(-2-0)(1—4i)+(1+4i)(1-4)

=m

and cancelling the imaginary terms gives us
=5-2-2-2+17=14=m

Now aﬂ7+aﬁ5+a]/5+ﬁ75=%=n
=5(y+0)+17(a+ p)=05)2)+(17)(-4)=-58=—n
So

n=>58
C
Ima 1+ 4i
-2+
Re
21
1-4i

7 a 4x*—16x+115x" +4x-29=0
Soa=4,b=-16,c=115,d =4 and
e=-29
Show a =2-5i is aroot:

4(2-51)" —16(2-5i) +115(2-5i)’
+4(2-51)-29=0

7 a Use
(a +b)4 =a' +4a’°b+6a’b* + 4ab’ +b*
with a =2 and b =-51
(2-51)" =(2)" +4(2) (=5i)+6(2) (-5i)’
+4(2)(-51) +(-5i)’
(2-51)" =16+ (32)(=51) +(24)(-5i)’
+(8)(—5i)3 +(—5i)4
(2-5i)" =16-160i + 600i> ~1000i’ + 6251
Use the fact that i* =—1, i’ =—i and
i* =1 to simplify:
(2-5i)" =16 -160i — 600+1000i + 625
= 41+840i
Use (a+b) =d’ +3a’b+3ab® +b* with
a=2 and b=-5i
(2-5i) =(2) +3(2)" (-5i)
+3(2)(=51) +(-5i)’
=8+(12)(-5i)
+(6)(—5i)2 +(—5i)3
=8+-60i +150i* —125i°
Use the fact that i =—1land i’ =—ito
simplify:
(2-5i)’ =8+-60i —150+125i
=142+ 65i
(2-5i)" = 4-10i—10i + 25
=-21-20i
So 4(2-51)' —16(2-5i) +115(2-5i)’
+4(2—5i)—29 = 0 becomes:
4(41+8401)—16(-142+651)
+115(-21-20i)+4(2-51)-29=0
164 +3360i + 2272 —1040i
~2415-2300i+8-20i—29=0
164+2272-2514+8-29
( )
+(3360-1040-2300-20)i =0

So a=2-51 is aroot.
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7 b If a=2-5iisaroot, then f=2+5i is
also a root. Let the other two roots be y

and O .
a+f+y+5=(2-51)+(2+51)+y+6
=44+y+0
But a+ﬂ+7/+5=—%=4
So 4+y+d=4hence y+ =0 and
y=-0.
afys =(2-51)(2+51) 5
=29y0
_e__29
But aﬂyﬁ—a 4
__29 -1
So 29y6 = 1 hence yo i
Substitute y = —¢ into o :—%.
_5t=-1
J 4
21
0 4
1
=t
0 2
So }/=$l
2
So the roots are 2—5i,2+5i,% and —%.
c
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8 a 2x —5x*+11x-9=0
Soa=2, b=-5, ¢c=11 and d =-9

a+ﬁ+y:—§:5

2
—c_11
aﬂ+ﬂy+ya_a 5
__d_9
aﬁy_ a 2

11
b i l+l+l:aﬂ+ﬂ7+7a:(§)_ll
a By afy (3

ii a2+,82+7/2
=(a+,8+7/)2—2(aﬂ+ﬂ7/+7a)

{504
50
=25_
= 11

_19
4

i (a-1)(8-1)(y-1)
=afy —(ef+ Py +ra)
+(a+pB+y)-1

a px*+12x° +6x° +5x-7=0
Soa=p,b=12,c=6,d =5 and e=-7

—e__T1
afyo = p »
But afyo =-1

7
So ——=-1,hence p=7 .
) p

c a’+ B+ +0°
=(a+p+y+5)
2(ap+ay+ad+ Py +pS+yd)

(12 (6
=(-2) -2($)
_144_12
49 7
_144 34
49 49
_60

49
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10a 5 +cx+21=0 12 a Multiply by 16 to eliminate fractions:
Soa=5,b=0, c=c, and d =21 . 6w' —4w’ —20w* +56w+128=0
c ¢ All coefficients are divisible by 2:
af+pPy+yre=_=75 3w = 2w —10W? + 28w+ 64 = 0
But af+ py +ya =—6
w+2
So%=—6,hence c=-30 b w=3x-2,s0 x=
b Substitute x = w2 into
b a+f+y=—-==0
a 6x" —2x* —5x* + Tx+8=0
aﬁy:_i:_A w+2) w+2Y w+2Y
' o552 57 )
3 3 3
¢ (1=)(1-4)(1-7) RS
=1-(a+p+y)+(af+ Py +ya)-afy 3
1—0 6 21 Multiply by 81 to eliminate fractions:
=1-0+(- )_(_?) 6(w+2) —6(w+2)’ —45(w=+2)
=-s+2 +189(w+2)+648 =0
_ 4 All coefficients are divisible by 3:
5 2(w+2)' =2(w+2) ~15(w+2)’

+63(w+2)+216 =0
2(w4 + 8w +24u” +32w+16)

112 +5x* +7x-2=0

w=3x+1,s0 xsz_l

=2(w’ + 6w’ +12w+8)
Substitute x == into 15(w +dw+4)+63(w+2)+216=0
2x3+53x2+7x—2jO 2wt +16w° + 48w + 64w+ 32
3 2
2(WT_IJ ’ S(WT_IJ ’ 7(WT_IJ —2=0 j;vwz_ i26§w1264:)vi_6;fv+ 126 +216=0
Multiply by 27 to remove fractions: 2w' +14w’ +21w” +43w+298=0

2(w=1) +15(w—1)" +63(w—1)-54=0
2<w3—3w2+3w—1)+15(w2—2w+1)
+63(w—1)—-54=0
2w —6w +6w—2+15w> =30w+15
+63Ww—63-54=0
2w + 9w +39w—104 =0
12a 6x* -2 -5x°+7x+8=0

w
w=2x , S0 x=5

Substitute x =% into

6x* —2x° —=5x* +7x+8=0
4 3 2
ol L] -2/ X —s[ X +71 X ]+8=0
2 2 2 2
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Challenge
1 Multiply by w’ :
1-3w+3w* —w’ +4w(1—2w+ w2)
—5w? (1—w)—7w3 =0
1=-3w+3w’ —w’ +4w—8w’ + 4w’
“SW+Sw =Tw’ =0
w—=10w* +w+1=0

2 X +2x*-3x-5=0
Soa=1, b=2, c=-3and d=-5.

a+ﬂ+y:—§:—2

Hence a+ f+y=-2

So, a+f=-2-y, f+y=-2—a and
y+a=-2-p

w=-2—XxX,80 xX=—2—-w

Substitute x =—-2—w into

X +2x*=3x-5=0

(=2-w) +2(2=w) =3(2-w)-5=0

—8—12w—6w2—w3+2(4+4w+w2)

+6+3w-5=0

—8—12w—6w* —w’ +8+8w+2w’
+6+3w-5=0

—w —4w —w+1=0

Divide by —1 :

W H+Aw +w—1=0

3 x*+2x*-5x+2=0
w=x>+1,s0 x>’ =w-1.
Therefore x =+vw-1 .

Substitute x =+/w—1into
X' +2xP=5x+2=0.

(V1) +2(Nw=1) =5(sw-1)+2=0
(w=1)’ +2(w=1)=5Jw-1+2=0

W =2w+1+2w—-2-5Jw-1+2=0

W =5Jyw—1+1=0

Multiply by w” +5vw—1+1.
wh 42w =25(w—1)+1=0

wh+ 2w =25w+26=0
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