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Proof by induction 8B

1 a Let f(n)=8"—1,where ne Z*.
. f(1) =8' —1=7, which is divisible by 7.
. f(n) is divisible by 7 when n = 1.
Assume that for n =k,
f(k)=8" -1 is divisible by 7 for ke Z".
s fk+1) =87 ~1
=g8"8' -1
=8(8)-1
S E(k+ 1)~ (k) =[8(8")-1]-[8" —1]
=8(8")-1-8" +1
=7(8")
s fk+1) =1 (k)+7(8")

As both f(k) and 7(8") are divisible by 7 then the sum of these two terms must also be divisible
by 7. Therefore f(#n) is divisible by 7 when n = 1.

If f(n) is divisible by 7 when n = k, then it has been shown that f(») is also divisible by 7 when
n=k+ 1. As f(n) is divisible by 7 when n = 1, f(n) is also divisible by 7 forall » > 1 and ne Z+

by mathematical induction.
1 b Let f(n)=3" -1, where ne Z".
- f(1)=3""Y —=1=9-1=8, which is divisible by 8.
- f(n) is divisible by 8 when n = 1.
Assume that for n =k,
f(k)=3* ~1 is divisible by 8 for k € Z".
S fk+1) =325 1

— 32k+2 _1
=33 -1
=9(3*)-1

s fk+1)—f(k) =[937") -1]-[3"" -1]
=9(3*)-1-3* +1
=8(3*)
s f(k+1)=f(k)+8(3*)
As both (k) and 8(3%) are divisible by 8 then the sum of these two terms must also be divisible by
8. Therefore f(n) is divisible by 8 when n =k + 1.

If f(n) is divisible by 8 when n = £, then it has been shown that f(#) is also divisible by 8 when
n=rk+ 1. As f(n) is divisible by 8 when n = 1, f(n) is also divisible by 8 forall » > 1 and ne Z"
by mathematical induction.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Core Pure Mathematics Book 1/AS SolutionBank

1 ¢ Letf(n)=5"+9"+2, where neZ".
s f(1)=5"+9"+2=5+9+2=16, which is divisible by 4.
. f(n) is divisible by 4 when n = 1.
Assume that for n =k,
f(k)=5"+9" +2 is divisible by 4 for ke Z".
Sk +1) =5 49 42
=5"5"+959"+2
=5(5")+9(9")+2
Fe+1) = (k) =[5(5°)+9(9") + 2] - [5" + 9" + 2]
=5(5)+9(9")+2-5"-9" -2
=4(5")+8(9")
=4[5" +2(9)"]

~ Ak +1) = (k) + 4[5 +209)"]

As both f(k) and 4[5" +2(9)"] are divisible by 4 then the sum of these two terms must also be
divisible by 4. Therefore f(n) is divisible by 4 when n =k + 1.

If f(n) is indivisible by 4 when n = k, then it has been shown that f(») is also divisible by 4 when
n=rk+ 1. As f(n) is divisible by 4 when n = 1, f(n) is also divisible by 4 forall » > 1 and neZ"
by mathematical induction.
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1 d Letf(n)=2%—1, where neZ".
o f(1)=2*"Y —1=16-1=15, which is divisible by 15.
~.f(n)= is divisible by 15 when n = 1.
Assume that for n =k,
f(k)=2% —1 is divisible by 15 for k e Z".
f(k+1) =240
— 24k+4 _1
=2%2% 1
=16(2*)-1
~fk+1) (k) =[16(2*) -1]-[2* —1]
=16(2")-1-2" +1
=15(2*)

Sk +1)=£(k)+152*)
As both f(k) and 15 (2**) are divisible by 15 then the sum of these two terms must also be divisible

by 15. Therefore f(n) is divisible by 15 whenn =k + 1.

If f(n) is divisible by 15 when n = £k, then it has been shown that f(n) is also divisible by 15 when
n=k+ 1. As f(n) is divisible by 15 when n = 1, f(n) is also divisible by 15 for all » > 1 and

n e Z" by mathematical induction.
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1 e Let f(n)=3""+1, where neZ".
o f(1)=3""" +1=3+1=4, which is divisible by 4.
~.f(n) is divisible by 4 when n=1.
Assume that for n =k,
f(k)=3*"+1 is divisible by 4 for k € Z".
(e +1) =300 4
=34
=313 +1
=9(3* ) +1
f(k+ D)= (k) =[ 93 ) +1]-[37 +1]
=9(3* ) +1-3*"+1
=8(3")

Ak +1) = (k) +8(3%)

As both f(k) and 8(3**") are divisible by 4 then the sum of these two terms must also by divisible

by 4. Therefore f(n) is divisible by 4 when n =k +1.

If f(n) is divisible by 4 when n = k, then it has been shown that f(n) is also divisible by 4 when
n=k+ 1. As f(n) is divisible by 4 when n = 1, f(n) is also divisible by 8 for » > 1 and ne Z" by

mathematical induction.
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1 f Let f(n)=n’+6n"+8n, where n >1and neZ".
o f(1)=1+6+8=15, which is divisible by 3.
. f(n) is divisible by 3 when n=1.
Assume that for n =k,
f(k) =k’ + 6k +8k is divisible by 3 for k € Z".
Sfk+1) = (k+1) +6(k +1)* +8(k +1)
=k’ +3k> + 3k +1+6(k* + 2k + 1)+ 8(k +1)
=k> +3k* +3k +1+6k> +12k + 6+ 8k +8
=k> +9k* + 23k +15
f(k+1)—f(k)=[k’ +9k> + 23k +15] - [k’ + 6k + 8k]
=3k> +15k +15
=3(k*> + 5k +5)
Sk +1)=f(k)+3(k* + 5k +5)
As both f(k) and 3 (k2 +5k + 5) are divisible by 3 then the sum of these two terms must also be
divisible by 3.
Therefore f(n) is divisible by 3 when n =k +1.

If f(n) is divisible by 3 when » = &, then it has been shown that f(n) is also divisible by 3 when

n=k+1. As f(n) is divisible by 3 when n =1,f(n) is also divisible by 3 forall » > 1 and neZ"
by mathematical induction.
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1 g Let f(n)=n’+5n, where n > 1 and neZ".
~.f(1)=1+5=6, which is divisible by 6.
~.f(n) is divisible by 6 when n=1.

Assume that for n =k,
f(k) =k’ + 5k is divisible by 6 for k € Z*.
cfk+1) = (k+1) +5(k+1)

=k +3k> +3k +1+5(k +1)

=k>+3k> +3k+1+5k+5
=k*+3k* +8k+6

. _ _3 2 113
SR =) =[K 348K+ 6= [K +5K] | o 2 e

=3k” +3k +6 product of two consecutive
=3k(k+1)+6 integers must be even.
=312m)+6

=6m+6

=6(m+1)

~f(k+1) = £(k) + 6(m +1).

As both f(k) and 6(m+1) are divisible by 6 then the sum of these two terms must also be
divisible by 6. Therefore f(n) is divisible by 6 when n =k +1.

If f(n) is divisible by 6 when n =k, then it has been shown that f(#) is also divisible by 6 when

n=k+1. As f(n) is divisible by 6 when n=1,f(n) is also divisible by 6 forall » > 1 and neZ"
by mathematical induction.
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1 h Let f(n)=2"3"" -1, where neZ".

~f(1)=2"3*" -1=2(9)-1=18—-1=17, which is divisible by 17.
~.f(n) is divisible by 17 when n =1.
Assume that forn =k,
f(k)=2"3* —1 is divisible by 17 for ke Z".
sf(k+1)=2"1320D
=223 (3 -1
=2(2)'3)* (9 -1
=18(2.3*) -1
f(k+1)—f(k) = 18(24.3) —1]-[ 2°.3% —1]
=18(2F.3*)—1-253"* +1
=17(2".3%)

Ak +1) = f(k) +17(24.3%)

As both f(k) and 17(2%.3*") are divisible by 17 then the sum of these two terms must also be
divisible by 17.

Therefore f(n) is divisible by 17 when n =k +1.

If f(n) is divisible by 17 when n = k, then it has been shown that f(n) is also divisible by 17
when n =k + 1. As f(n) is divisible by 17 when n = 1, f(n) is also divisible by 17 for all » > 1
and n € Z* by mathematical induction.

f(k+1)= 135" 1— 6k 1= 13 x 13k — 6 x 6
= 6(13k — 65) + 7 x 13k = 6f(k) + 7(13%)

Basis: n=1: f(1) = 13 — 6 =7 is divisible by 7.
Assumption: f(k) is divisible by 7.

Induction: f(k + 1) = 6f(k) + 7(13%) by part a.

So if the statement holds for n =k, it holds forn =k + 1.
Conclusion: The statement holds for all n € Z*.

g(k+ 1) =520 D— 6(k + 1) + 8 = 25 x 52k — 6k + 2
— 25(5% — 6k + 8) + 144k — 198
— 250(k) + 9(16k — 22)

Basis: n=1: g(1) = 5> — 6 + 8 =27 is divisible by 9.
Assumption: g(k) is divisible by 9.

Induction: g(k + 1) =25 g(k) + 9(16k — 22) by part a.
So if the statement holds for n = k, it holds for n =k + 1.
Conclusion: The statement holds for all n € Z".
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4 f(n)=8" -3", where neZ".

~.f(1) =8 —3' =5, which is divisible by 5.

~.f(n) 1s divisible by 5 when n = 1.

Assume that for n =k,

f(k)=8"-3" is divisible by 5 for ke Z".

~f(k+1)=8"" -3

=g 8 —343!
=8(8")-3(3")

o 0k +1) -3 (k) =[ 8(8")-3(3") | -3[ 8" - 3" ]
=8(8")-3(3")-3(8")+3(3")
=5(8")

From (a), f(k+1)=f(k)+5(8")

As both f(k) and 5(8") are divisible by 5 then the sum of these two terms must also be divisible
by 5. Therefore f(#) is divisible by 5 when »n = k +1.

If f(n) is divisible by 5 when n = k, then it has been shown that f(») is also be divisible by 5
when n =k +1. As f(n) is divisible by 5 when n =1, f(n) is also divisible by 5 for all » > 1 and
n e Z" by mathematical induction.
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5 f(n)=3""+8n-9, where neZ*.
~£(1)=3" "2 18(1)-9
=3*+8-9=81-1=80, which is divisible by 8.
~.f(n) 1s divisible by 8 when »n=1.
Assume that for n =k,
f(k)=3*""+8k -9 is divisible by 8 for k € Z*.
f(k+1)=3"*""218(k+1)-9
=32 418k +1)-9
=3"23*)+8" +8-9
=9(3*"*)+8k -1
f e+ 1) = (k) =[93™7) +8k 1] 37 +8k -9 |
=9(3%*?) 4 8k —1-3"*? —8k +9
=8(3%*?)+8
— 8 [32k+2 + l}
E (k1) = £(k)+8[ 377 +1]

As both f(k) and 8[32"+2 + 1] are divisible by 8 then the sum of these two terms must also be
divisible by 8. Therefore f(n) is divisible by 8 when n = k +1.

If f(n) is divisible by 8 when n = £, then it has been shown that f(#) is also divisible by 8
when n =k + 1. As f(n) is divisible by 8 when n = 1 f(n) is also divisible by 8 for all » > 1and

n € Z" by mathematical induction.
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6 f(n)=2"+3""7, where neZ".
~f(1) =20 43207 =2° 4+ 3° = 64 + 1= 65, which is divisible by 5.
.. f(n) is divisible by 5 when n = 1.
Assume that for n = k.
f(k)=2% +3*7 is divisible by 5 for k € Z*.

f(k + 1) = 26(k+1) + 32(k+1)_2
_ DOk+6 | 32422
=2°(2°)+3%(3"7)
= 64(26k) + 9(32k—2)

~f (e +1) = £(k) = [ 64(2%) +9(3% ) | -[ 2% +3%7 ]
= 64(2°) +9(377) - 2% — 3%
= 63(2%) +8(3*?)
= 63(2%) + 63(3%2) = 55(3%°2)
= 63[ 2% +3%7 | -55(3%7)

~f (ke +1) = (k) +63[ 2% + 372 | -55(3"7)
= f(k)+63f(k)—55(3*7)
= 64f (k) —55(3*?)
o (k+1) = 64f (k) —55(3* %)
As both 64 f(k) and —55(3**"?) are divisible by 5 then the sum of these two terms must also be
divisible by 5. Therefore f(n) is divisible by 5 when n = k +1.

If f(n) is divisible by 5 when n = &, then it has been shown that f(#) is also divisible by 5 when
n =k +1.As f(n) is divisible by 5 when n =1, f(n) is also divisible by 5 forall » > 1 and n e Z*
by mathematical induction.
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