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Exercise 9E

1 a The line I; has equation :
Use column vector form for clarity. Put the two
X 1 1 equations equal and compare X, y and z components.
y|=]3]+A] -1 < Then solve simultaneous equations.
z 0 5

and the line I, has equation

X -1 1
y|=|-3|+p| 1
Z 2 2

These lines meet when

1 1 -1 1
|+Al-1|=|-3|+pyll
0 5 2 2

le. 1+ A=-1+pu @

3-A=3+u (2

50=2+2u (3)

Add equations (1) and (2)

4=-4+2u
S 2u=8
e u=4
Substitute into equation (1)
Sl+A=-1+4

ieei=2

Substitute 4 =2 into equation for line |,
~(xy,2)=(3 1 10)
Substitute 4 =4 into equation for line I,
S (% y,2)=(3, 1 10)
So the two lines do meet at the point (3, 1, 10)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Core Pure Mathematics Book 1/AS SolutionBank

X 1
1 b lyhasequation |y |=|2|+A| 1| and
z 1 2

I, has equation | y | =

4
3
0
-1

These lines meet when | 2 |[+A| 1 |=| 3 +,u 1
GBI

ie. 3+A=4—pu

2+A=3+u (2)
1+20=-pu 3)
Add equations (1) and (2)
~5+21=7
ie. A=1

Substitute into equation (1)

S3+1=4-u

i.e: u=0

Substitute A =1 into equation for line I;:

S (xy,2)=(4,3,3)

Substitute 4 =0 into line I,:

(X y,2)=(4,3,0)

This is a contradiction and the lines do not meet.

[N.B. 2 =1and =0 do not satisfy equation (3) above.]
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X 1 2
1 ¢ ljhasequation |y |=|3|+A|3| and
z 5 1
X 11 1
I, has equation | y | = 25 +ul 1
z 1 -2
2=
2
1 2 11 1
I, meets I, when | 3|+A| 3 |= 25 +ul 1
5 1 1 -2
2=
2
ie. 1+24=1+u 1)

3+3/1=2%+,u 2
1
5+/1:2§—2/J (3)

Substitute equation (1) from equation (2)

.'.2+/1=11
2

ie. A= —l
2

Substitute into equation (1)
Sl-1=1+u
e, u=-1

Substitute A = —% into equation for line I;:

. (01! 41
..(x,y,z)—(0,12,42)

Substitute x = -1 into equation for line I,:

. (o1l 42
..(x,y,z)—(0,12,42)

So the two lines do meet at the point (0,1%,4%)
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3

—6+1 2+2u
A |=|2+u
11+ 4 9-3u
A-2u 8
W A-u =2
A+3u -2

i and j components = A=4, u=-2
Check k component: 4+3(-2) = -2
So the equations are consistent.
Therefore I, and I, meet.
Substituting the value of 4 into |,

-6 1 -2

0 |[+4|-1|=|-4

11 1 15

3+24 5+2u

1+24 |=| 4+u

—2+34 —u
21 -2u 2
2A—u |=|3
3A+u 2

i and j components = A=2, u=1
Check k component: 3(2) +1=7 #2

So the equations are inconsistent. Therefore I, and |, do not intersect.
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4 a The line meets the plane when

[@—2R)i+ @+ 1)j+ A 4r)K]- (3 - 4j+2k) =16 Assume that the line meets the plane
ie. 3(1—21) — 4@+ L)+ 2(1— 4)) =16 «— and perform the scalar product. Solve

3 BA_4_4W+2-8\=16 the resulting equation to find the value
_ of . If there is no value for A, then
~1-18) =16 the line does not meet the plane.
ie.—181 =15

-
18

ie.h=—

Substitute into the equation of the line

0. 5. 20
Sy, ) =11+—1-—1+—
(xy,2) ( 043 6)

(2214
36 3

b The line meets the plane when
[i+@+20)j+@Q-20)k]-(Bi—j—6k) =1
ie.3—-(1+20)-6(1-21) =1
ie.3-1-2A-6+121 =1
S0 -4=1

A=

N

Substitute into the equation of the line
Sy, 2)=01+1,1-1)
=(, 2,0)

5 a Ifl meets the plane, there exists a A such that

2 1 1
3 [+4|1]|-| 1 |=1
-2 1 -2

2 1 1) (1

= 3|1 |+A1|1|=1
-2)\-2 1)(-2

=2+3+4+1(1+1-2)=1

= 9=1.Thisisa contradiction.

Therefore the line does not intersect the plane.
b The line is parallel to the plane and not contained within the plane.
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6 a Since the lines are perpendicular, the scalar product of their direction vectors is 0.

3V (-1

=1l p|=-3-p+2p=0=p=3
2)\p

5+31 -

b | 4-1 |=|11+3u

-1+22 3+3u
3+u -5

| -A-3u = 7
24 -3u 4

i and j components = A=-1 u=-2

Check k component: 2(-1)-3(-2) =4

So the equations are consistent

Therefore the lines intersect

Subsituting A = -1 into the first line, the point of intersection is

5} 3 2
4 |-|-1|=| 5 |s0(25,-3)
-1 2 -3
5-1 4+ u
7 a |2+4|=| 1
1+21) (1-u
-A-u -1
A |=]-1
24+ 0

i and j components = A=-1, u=2
Substituting A =-1into |,

5 -1 6
21-11 (=1
1 2 -1
-1 1
b Leta=| 1|, b=|0
2 -1
-1\ (1
a-b= 1|10 |=-1-2=-3
2 )\ -1

|al= (<17 +17 427 =B
b= 12+ (1) =2

3|_3_3_\B
J6\2| iz 23 2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6

cosH:I



Core Pure Mathematics Book 1/AS SolutionBank

-3 7
8 |-1+54|=| 1-2u
2+42 —5+2u

Bi=u (1)
“1+54=1-2u (2)

(2)+2x (1) gives —1+54—-64=1-2u+2u

-1-1=1
So A=-2

Substituting in (1) gives =6

Check for consistency: 2+44=—-6 and -5+2u=7
2+44 #-5+2u, so equations are not consistent.

-3 1
The direction of I, is | 5 | and the direction of I, is | -2
4 2

The direction vectors are not scalar multiples of each other, so |, and I, are not parallel.
Hence |, and I, are skew.

9 a Sincel, and I, are perpendicular, the scalar product of their direction vectors is 0

-1 q
3|2 |=—0+6-2=0=>q=4
2 )(-1

b Since |, and I, intersect, there exist A
and u such that
8-1 —4+4u
2+31 |=|10+2u
-12+24 p—u
-A—-4u -12
=|31-2u |=| 8
2A+u p+12
i and j components = A=4, u=2
k component: 2(4)+2=p+12= p=-2
¢ Substituting A =4 into |,
8 -1 4
2 |+4| 3 |=|14
-12 2 —4
So (4,14,-4)
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9 d Letthe intersection point be P.

-.OB=0P-PA
4 5 -1
—OB=|14 |-| -15 [=| 29
-4) (-10) | 6
6) (2
10a k=|-2|| 3 |=12-6-4=2
4 )\ -1

b Expanding the scalar product, 2x+3y—z=2

10c Find an equation for | : since it passes through P(6,4,8) and is normal to the
plane, an equation is
6 2
r=(4|+4| 3
8 -1
S AEN,
6 2 2
41+4] 3 ||| 3 |=2
8 -1 -1
6) (2 2 2
=4 3 [|+A 3 || 3 |=2
8) -1 -1/ (-1
=12+12-8+A(4+9+1)=2
=>A=-1
Substituting this into I,
6 2 4
41-1 3 |=|1
8) (-1 9
- N(4,19)

x—3: y+2:4—z 2
5 3 1
X=3+54, y=-2+34,2=4-1

4(3+51)+3(-2+31)-2(4-2)=-10

11a

__8
=A=-31
,_53 ,_ 86 ,_132
SX=gp YT iT g
p($,-8,12)
“P\31 3131
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5 4
11b b= 3},n: 3
-1 -2

5 4

b-n=| 3 || 3 |=20+9+2=31
-1) (-2

b5 +3+(-1)° = /35
|n|:a/42+32+(—2)2 =29

31
/35429

= 0=76.7° (1d.p)

s.sin@ =
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