
 

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 1 

Complex numbers 1C 

1 a ( )6
cos sin cos6 sin6i iθ θ θ θ+ = +  

 

 b ( )4
cos3 sin3 cos12 sin12i iθ θ θ θ+ = +  

 

 c 

  

5
π π 5π 5π

cos sin cos sin
6 6 6 6

3

2 2

 + = + 
 

= − +

i i
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 d 

  

8
π π 8π 8π 2π 2π

cos sin cos sin cos sin
3 3 3 3 3 3

1 3

2 2

 + = + = + 
 

= − +

i i i
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 e 

  

5
2π 2π 10π 10π

cos sin cos sin cos2π sin2π
5 5 5 5

1

 + = + = + 
 

=

i i i
 

 

 f  

  

15 15
π π π π 3π 3π

cos sin cos sin cos( ) sin( )
10 10 10 10 2 2

− −   − = + = − + −   
   

=

i i i
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2 a  
( )

( )
( )

5

2 4

cos sincos5 sin 5
cos sin e

cos 2 sin 2 cos sin

i
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i

i i

θθ θθ θ
θ θ

θ θ θ θ

++
= = + =

+ +
 

 

 b 
( )
( )

( )
( )

7 14

2 2

3 12

cos 2 sin 2 cos sin
(cos sin ) e

cos 4 sin 4 cos sin

i
i i

i

i i

θθ θ θ θ
θ θ

θ θ θ θ

+ +
= = + =

+ +
 

 

 c 
( ) ( )

6

3 6 6

1 1 1
e

ecos 2 sin 2 cos sin

i

i

i i

θ
θθ θ θ θ

−= = =
+ +

 

 

 d 
( )
( )

( )
( )

4 8

3 9

cos 2 sin 2 cos sin 1 1
= e

cos sin ecos3 sin 3 cos sin

i

i

i i

ii i

θ
θ

θ θ θ θ
θ θθ θ θ θ

−+ +
= = =

++ +
 

 

 e 
( )

( )
( )

( )
( )

5 5 5
11

2 2 6 6

cos sin cos sincos5 sin 5 e
= e

ecos3 sin 3 cos( 3 ) sin( 3 ) cos sin

i

i

i

i ii

i i i

θ
θ

θ

θ θ θ θθ θ

θ θ θ θ θ θ −

+ ++
= = =

− − + − − + −
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2 f 
( ) ( ) ( )

5

3 3 6 6

cos sin cos( ) sin( ) e e
= e

ecos 2 sin 2 cos( 2 ) sin( 2 ) cos sin

i i

i

i

i i

i i i

θ θ
θ

θ

θ θ θ θ

θ θ θ θ θ θ

− −

−

− − + −
= = =

− − + − − + −
 

 

3 a 

  

4

28π
52π13
13

6 24π

13

4π

7π 7π 28π 28πcos sin cos sin
e13 13 13 13 e

24π 24π4π 4π cos sin ecos sin
13 1313 13

e 1

−

 + + 
  = = =

− −  +− 
 

= =

i

i

i

i

i i

ii
 

 

 b Recall the identity sin(π ) sin(π )+ = − −x x  then 

  

3 3

9π
7π7
7

2 2 2π

7

π

3π 11π 3π 3π 9π 9πcos sin cos sin cos sin
e7 7 7 7 7 7 e

2π 2π15π π π π cos sin ecos sin cos sin
7 77 7 7 7

e 1

   − + +   
   = = = =
    ++ +   
   

= = −

i

i

i

i

i i i

ii i
 

 

 c  

  

7 7

28π
12π3

3
4 4 16π

3

4π

4π 2π 4π 4π 28π 28πcos sin cos sin cos sin
e3 3 3 3 3 3 e

16π 16π10π 4π 4π 4π cos sin ecos sin cos sin
3 33 3 3 3

e 1

   − + +   
   = = = =
    ++ +   
   

= =

i

i

i

i

i i i

ii i
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4 a 5(1 i)+  

  If 1 i,z = + then 

 

   
 

  

2 2

1

5

5

5

1 1 2

1 π
arg tan

1 4

π π
So, 1 i 2 cos isin

4 4

π π
(1 i) 2 cos isin

4 4

5π 5π
( 2) cos i sin

4 4

5π 5π
4 2 cos isin

4 4

1 1
4 2 i

2 2

4 4i

−

= + =

 = = = 
 

 + = + 
 

  ∴ + = +    

 = + 
 

 = + 
 

 = − − 
 

= − −

r

θ z

 

  Therefore, 5(1 i) 4 4i+ = − −  

 

  

( 2) 2 2 2 2 2

4 2

=

=
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4 b 8( 2 2i)− +  

  If 2 i,z = − + then 

 

   
 

  

2 2

1

( 2) 2 4 4 8 4 2 2 2

2 π 3π
arg π tan π

2 4 4

−

= − + = + = = =

 = = − = − = 
 

r

θ z

 

  

8

8

3π 3π
So, 2 2i 2 2 cos isin

4 4

3π 3π
( 2 2i) 2 2 cos i sin

4 4

24π 24π
(2 2) cos isin

4 4

(256)(16) (cos6π isin 6π)

4096(1 i(0))

4096

8

 − + = + 
 

     ∴ − + = +     
     

    = +    
    

= +

= +

=

 

  Therefore, 8( 2 2i) 4096− + =  
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4 c 6(1 i)−  

  If 1 i,z = − then 

 

   
 

  

2 2

1

6

6

6

1 1 2

1 π
arg tan

1 4

π π
So, 1 i 2 cos isin

4 4

π π
(1 i) 2 cos i sin

4 4

6π 6π
( 2) cos isin

4 4

3π 3π
8 cos isin

2 2

8(

−

= + =

 = = − = − 
 

    − = − + −    
    

     ∴ − = − + −     
     

    = − + −    
    

    = − + −    
    

=

r

θ z

0 i)

8i

+

=

 

  Therefore, 6(1 i) 8i− =  
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4 d 6(1 3 i)−  

  If 1 3 i,z = − then 

 

   
 

  

2 2

1

6

6

6

1 ( 3) 1 3 4 2

3 π
arg tan

1 3

π π
So, 1 3 i 2 cos isin

3 3

π π
(1 3 i) 2 cos i sin

3 3

6π 6π
(2) cos i sin

3 3

64(cos( 2π) isin ( 2π))

64(1

−

= + − = + = =

 
= = − = − 

 

    − = − + −    
    

     ∴ − = − + −     
     

    = − + −    
    

= − + −

=

r

θ z

i(0)

64

+

=

 

  Therefore, 
6(1 3 i) 64− =  
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4 e 

9
3 1

3 i
2 2

 − 
 

 

  If 
3 1

3 i,
2 2

z = − then 

 

    

  

2 2

1
1 12

3
2

3 1 9 3 12
3 3

2 2 4 4 4

3 3 π
arg tan tan

3 6

− −

   = + − = + = =   
   

 
= = − = − = −  

 

r

θ z

 

  

99

9

3 1 π π
So, 3 i 3 cos isin

2 2 6 6

3 1 π π
3 i 3 cos i sin

2 2 6 6

9π 9π
( 3) cos i sin

6 6

3π 3π
81 3 cos isin

2 2

81 3(0 i)

81 3 i

    − = − + −    
    

       ∴ − = − + −       
       

    = − + −    
    

    = − + −    
    

= +

=

 

  Therefore, 

9
3 1

3 i 81 3 i
2 2

 − = 
 
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4 f 5( 2 3 2i)− −  

  If 2 3 2i,z = − − then 

 

    
 

  

2 2

1

5

5

5

( 2 3) ( 2) 12 4 16 4

2 π 5π
arg π tan π

6 62 3

5π 5π
So, 2 3 2i 4 cos isin

6 6

5π 5π
( 2 3 2i) 4 cos isin

6 6

25π 25π
4 cos isin

6 6

102

−

= − + − = + = =

 
= = − = − + = − 

 

    − − = − + −    
    

     ∴ − − = − + −     
     

    = − + −    
    

=

r

θ z +

π π
4 cos isin

6 6

3 1
1024 i

2 2

512 3 512i

    − + −    
    

 
= − 

 

= −  

  Therefore, 5( 2 3 2i) 512 3 512i− − = −  
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5 5(3 3i)+  

 If 3 3 i,z = + then 

 

  
 

 

 

2 2

1

5

5

5

3 ( 3) 9 3 12 4 3 2 3

3 π
arg tan

3 6

π π
So, 3 3 i 2 3 cos isin

6 6

π π
(3 3 i) 2 3 cos isin

6 6

5π 5π
(2 3) cos isin

6 6

3 1
32(9 3) i

2 2

3 1
288 3 i

2 2

144 3 3 144 3 i

432 144 3 i

−

= + = + = = =

 
= = = 

 

 + = + 
 

  ∴ + = +    

 = + 
 

 
= − + 

 

 
= − + 

 

= − +

= − +

r

θ z

 

 Therefore, 5(3 3 i) 432 144 3 i+ = − +  

 

6  

 

4

4 4

π π
2 cos sin

6 6

π π 2π 2π 1 3
2 cos sin 16 cos sin 16

6 6 3 3 2 2

    8 8 3

 = + 
 

    = + = + = − +    
     

= − +

w i

i
w i i

i
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7  

 ( )
6

6
6

3π 3π
3 cos sin

4 4

3π 3π 18π 18π
3 cos sin 27 cos sin

4 4 4 4

π π
   27 cos sin 27

2 2

 = − 
 

− − − −   = + = +   
   
− − = + = − 

 

z i

z i i

i i

 

 

8 a Let 1 3z i= + and 1 3w i= − first of all note that | | | | 1 3 2z w= = + = so it follows that we can 

  write 2eiz
θ= and 2eiw

ϕ= with tan 3θ = and tan 3ϕ = − so that 
π

3
=θ and 

π

3
= −ϕ  then it  

  follows that 

  

π
2π3
3

π

3

1 3 2e
e

1 3
2e

−

+
= = =

−

i

i

i

i z

wi
 

 

 b We have  

  
2 π

3
1 3 2 π 2 π

e cos sin
3 31 3

 +
= = + 

− 

n
i n

i n n
i

i
  

  This is real precisely when 
2 π

π
3

=
n

k for some integer k so the smallest value of n for which this  

is real is 3
2

n = and we have 
2π 3

cos 1
3 2

= − so this is not admissible, the next smallest value for 

which this is real is 3n = in which case 

3

1 3
cos2π 1

1 3

 +
= = 

− 

i

i
 which is positive hence this is the  

  smallest value. 

 

9 We start by noting that we can write 

 
( )cos sin e

(cos sin ) e

i

i

a bi r i r

a bi r i r

θ

θ

θ θ

θ θ −

+ = + =

− = − =
 

 Then it follows that 

 
( ) ( ) ( )

( )

e e e +e

cos sin cos sin 2 cos

− −+ + − = + =

= + + − =

n n n in n in n in in

n n

a bi a bi r r r

r n i n n i n r n

θ θ θ θ

θ θ θ θ θ
 

 which is real. 
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Challenge  

Given ,n
+∈ℤ  we have: 

(r(cosθ + isin))
−n

 = 
( )( ) ( )

1 1

cos isincos isin
n n
r n nr

=
++ θ θθ

  

by de Moivre’s theorem for positive integer exponents. 

( )

( ) ( )
( ) ( ) ( )( )

2 2 2 2 2

1 cos isin

cos isin cos isin

cos isin cos isin

cos i sin cos sin

cos isin cos isin

n

n n

n n

n n

r n n n n

n n n n

r n n r n n

r n n r n n
− −

−
= ×

+ −

= =
+

= − = − + −

θ θ
θ θ θ θ

θ − θ θ − θ
θ − θ θ θ

θ θ θ θ

 


