Core Pure Mathematics Book 2 SolutionBank

Complex numbers 1D

1 a (cosf+isind)’ =cos’ @ +isin’ 6 de Moivre’s Theorem.
=c0s” @ +°C, cos” §(isin6h)

+7C, cosf(isin@)* + (isin )’

Binomial expansion.

=co0s’ 0 + 3icos> Osinf + 3i> cosHsin® O +1i’sin> 0
=co0s’ 0 + 3icos> Osind —3cosOsin> O —isin’ O

Hence,
cos 360 +isin360 = cos’ @ + 3icos® Osinh —3cosHsin’ O —isin’ O

Equating the imaginary parts gives,

sin36 = 3cos’ Osin @ —sin> 0
=3(1—sin’ #)sind —sin’ 0
=3sind(1—sin’? 0)—sin’ 0
=3sin6—3sin’ 6 —sin’ 6

=3sinf—4sin’ 0

Applying cos? 0 =1-sin? 0.

Hence, sin36 = 3sin @ —4sin” 0 (as required)

b (cos8+isinf)’ =cos 56 +isin 50
=cos’ 0 +°C, cos* A(isin @) + °C, cos’ H(isin H) de Moivre’s Theorem.

+ 5C3 cos” O(isin0)° + 5C4 cosO(isin 8)* + (isin )’

5 . 4. 2 3.2 . PR Binomial expansion.
=cos’ @ +51icos  @sin@+101" cos” @sin“ B +10i" cos“ @sin” @

+5i* cosOsin* @ +i°sin’ 9

Hence,
cos 560 +isin 560 = cos® O + 5icos* @sind —10cos’ Osin’ O —10icos’ Osin> O

+5cosfsin® @ +isin’

Equating the imaginary parts gives,
sin 50 = 5cos” Asin @ —10cos” Osin’ O +sin> 6

= 5(cos” 0)* sin@ —10cos? Osin> O +sin® O Applying cos? 6 =1—sin? 6.
= 5(1—sin” 0)* sin @ —10(1 —sin” #)sin’ O +sin’ §
=5sinf(1—2sin? O +sin* ) —10sin’ H(1 —sin? 0) + sin” 6
= 5sin@ —10sin’ 6 + 5sin” @ —10sin> 6 +10sin’ O + sin> @
=16sin’ § —20sin> O + 5sin @

Hence, sin 50 = 16sin’ @ —20sin” 6 + 5sin 0 (as required)
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1 ¢ (cos@+isin@)’ =cos76 +isin76
=cos’ @+ C, cos® O(isinf) + 'C, cos’ A(isin@)* | de Moivre’s Theorem.
+7C, cos* O(isin9)’ +7C, cos® A(isin@)* +"C, cos A(isin #)’

+ 7C6 cosO(isin0)° + (isin6)’

Binomial expansion.

=cos’ 0+ 7icos® Osin @ + 21i° cos’ Osin’ O
+35i° cos* Osin® 0 +35i* cos® Osin* 0 + 211> cos? Osin O

+7i% cosOsin® O +1’ sin’ 0

Hence,
cos76 +isin76 = cos’ O + Ticos® OsinH —21cos’ Osin® O

—35i° cos* @sin® 0 + 35i* cos® Osin® 6 + 211> cos? Osin’ O

—7cosfsin® O —isin’ 6

Equating the imaginary parts gives,
cos 76 =cos’ @ —21cos’ @sin” O +35cos’ Osin* @ —7cosHsin® @

=cos’ 6 —21cos’ O(1—cos” 0) +35cos® §(1 — cos” 0)*
—7cosf(1-cos’ )

=cos’ @ —21cos’ @ +21cos’ O +35co0s’ (1 —2cos” O +cos” 0)
—7cosO(1-3cos” 0 +3cos* 6 —cos® )

=cos’ @ —21cos @ +21cos’ @ +35¢cos” 0 —70cos’ @ +35cos’ 0
—7cosf +21cos’ @ —21cos’ @ +7cos’ O

=64cos’ O —112¢cos’ 0 +56cos> 0 — 7 cosl

Applying cos? @ =1-sin’ 6.

Hence, cos76 = 64cos’ 0 —112cos” 0 +56cos® 0 —7 cos’ 0 (asrequired)
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1 d Let z=cosf+isind

z+l=2c059
z

4
(z+lj =(2cos@)* =16cos* @ <
z

( }62 (Lz} A1)

=z'+47° +6+—+i4

z z

=(z4 +i4j+4(z2 +i2j+6
z z

+L—200s0
= 20540 + 4(2¢0820) + 6 2Ty T eeosn

So, 16cos* @=2cos46 +8cos260 +6
16cos* @ = 2(cos 46 + 4cos 20 + 3)

cos* @ =%(cos 460 +4cos26 +3)

Therefore, cos* @ = %(cos 46 +4cos26+3) (as required)

e Let z=cos@+isinf

z
2 3 4 5
=2 +°C, 2" (—1] +°C, 7’ (—lj +°C,2° (—1] +°C, Z(—lj +(—lj
z z z z z
2 3 4 5
=z +5z* (—lj+1023 (—% +10z° (—1] +52(—lj +(—1]
z z z z z
=z -5z* (lj+1023 (iz]—lozz (%}52(%]—%
z z z z z

=z -52 +102—&+i—i

5
z Z z

1 1 1
=(25—_5j—5(z3——3j+10(z——] zn+L=2isinn¢9
z z z n

z
= 2isin 56 —5(2isin 30) +10(2isin &) <
So, 32isin’ @ = 2isin 50 —10isin 30 + 20isin & (+2i)
16sin’ @ = sin 56 — 5sin 36 +10sin

5 |

1 . . 5 5 5 . .5 Z——=21511’19
z—— | =(2isind)’ =321"sin” @ =32isin" 6 <

z

sin’ = %(sinSH —5sin36 +10sin )
Therefore, sin’ 6 = % (sin58 —5sin36 +10sin H)
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2 a Let z=cosf+isin®then we have z° +z =2cos 56 hence
1
cos 56 = —(25 + z‘5)
2
We have
2> =(cos@ +isin 9)5

= (0055 6 +5icos’ @sin@—10cos’ @sin & —10i cos” Osin® @ + ScosGsin* 6 +isin’ 9)

and
z” =(cos@—isin 6’)5

= (cos5 6 —5icos’ @sin@—10cos’ @sin® @ +10i cos” Osin’ @ + 5cos@sin' @ —isin’ 0)
Hence

cos560 = %(2 cos’ @ —20cos’ @sin” @ +10cos Fsin* 9)

=cos’ @ —10cos’ @sin” @+ Scosdsin* &

=cos’ #—10cos’ 0(1—0052 0)+ 5cos@(1—cos’ )’

=cos’ @—10cos’ @+10cos’ O+ 5cosf(1—2cos” +cos” 6)
=16cos’ @—20cos’ 8+ 5cosé

b We have that cos36 =4cos’ §—3cosé and we wish to solve
cos580+5co0s30=0

Using the above identities the equation becomes
16cos’ @—20cos’ 6’+5cos¢9+5(4cos3 9—3c05¢9) =0

Which simplifies to
16cos’ @—10cosd =0
Hence we either have cos@ = 0 in which case 6 =% =1.571or we have

16cos* =10
Hence

cosf = ig
8

Which implies we have 8 =0.4750r € =2.666
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3 Let z=cos@+isiné

¢ 1
a (z+lj =(2c0s0)° = 64cos’ & < z-—=2cosd
z

o Qe (1 1 (3 (3
UL OO RS ENENE

=z -6z +15z2* +20+

= —4+—6
z z z

:(26 +L6j+6(z4 +L4j+15(z2 +i2j+20
z z z

=2c0560 +6(2c0s460) +15(25in 20) + 20 «———1 Zz" +Ln: 2cos 0

S0,64cos® @ =2cos 66 +12cos46 +30cos26 + 20
32¢0s° O = cos 60 + 6.cos 40 +15c0s 20 + 10 (as required)

b I%cosﬁﬁde = L_|.%(cos66?+ 6cos40 +15c0s260 +10)do
0 32 Jo

1 [sin60 6sindd 15sin28 g
=— + + +100
321 6 4 2 0

:i_(sin(n) . 6sin () . 15sin(%) N 107:]_(0)}
6

6 4 2

1 O+§£+1_5£+5_n:|

320 22 22 3

1[3 15 5n
=—|—V3+—V3+—
_4\/— 4\/_ 3}

32
1]9 5m
|23+ 22
32_2\/_ 3}
5w 9\/—
LA
96 64
I7c0569=—+i\/§ azi,bzi
64 96 64
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4 a We wish to show that

32cos” @sin* @ = cos 60 — 2 cos 46 —cos 260 + 2
Let us start with the right hand side of the equation, letting z = cos @ +isin & we have

cos66’:%(z6 +z*6)

= %(2 cos® @—30cos”* @sin* @ +30cos’ Osin* @ —2sin® 0)

=cos’ @ —15cos* Osin” @ +15cos” Osin* G —sin® 6

cos46 = %(24 + z*4)

= %(2cos4 60 —12cos’ @sin’ 6 + 2sin’ 9)
=cos* @ —6¢cos’ Osin’ @ +sin* 6

cos 26 = cos” @ —sin’ @

Hence the right hand side becomes
cos 66 —2cos46 —cos260+2

=cos® @—15cos* #sin* @ +15cos” @sin* § —sin® 9—2(cos4 0 —6¢cos” @sin® @ +sin* 9)
—(cos2 6 —sin’ 0) +2

= cos’ 0(1 —sin’ 49)2 —15(1—sin2 0) cos’ @sin” @ +15cos” @sin’ 0—(1 —cos’ 0) sin* @

~2cos* @+12cos” @sin® —2sin* @ —cos’ @ +sin” G +2

=32cos” @sin’ @ +cos’ @ —2cos’ @sin® @ —15cos’ Osin® @ —sin* @ —2cos* G +12cos” Gsin’ &

—2sin* @ —cos® @ +sin’ G+ 2
=32cos’ Osin* @ —5cos* @sin? @—3sin* @—2cos* G +sin’ O+ 2

=32cos” @sin* @ —cos’ H(SSin2 0 +2cos’ 9)—3sin4 0 +sin’ 6 +2
=32c0s’ Osin* @ —(1-sin’ 0)(3sin’ 0 +2)—3sin* O +sin’ 0 +2
=32cos’ @sin* 6

b We have
J.fcos2 Osin* 0dO = éj.o} cos 68 —2cos 40 —cos26 +2d6

1{1. 1. 1 . g
=—| —sin6f ——sin46 ——sin26 + 26

32|16 2 2 N
_ (33 V3 am)_m

321 4 4 3 48
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5 a We wish to compute J? sin® #d@, let z = cos @ +isin @ then we have

sin@ = (%(z —z )j so that

)

6
sin® @ = (i(z—zl)j :_—1(26 —6z* +1522 -20+15z7%-6z7"* +z’6)
2i 64

:;—i(2cos69—12cos49+30cos29—20)

=3L2(—cos60+ 6cos460 —15c0s26 +10)

Hence the integral becomes

T
2

n

L 5(—cos6l9+6cos4¢9—15c052¢9+10)dl9=L _—lsin66’+isin46’—1—ssin26’+109
3270 321 6 2 2

s
32

0

T

b We wish to compute J.OZ sin® @cos* 8d6 we have
sin® @ cos” @ = sin” 9(1 —sin’ 9)2 =sin® @ —2sin* O +sin’ O
From the previous part we know that
. 1
sin® @ = E(—cos 60 +6cos 460 —15c0s26+10)

and

sin® @ = (i‘(z—z_l)j4 :%(24 —4z2+6-4z7 +z_4)

2i

:%(200549—800529+6) :%(400549—160052¢9+ 12)

sin® 0:1(1—00s26’) =i(16—16cos29)
2 32

Hence we have
sin? @cos” @ =sin® @ —2sin* @ +sin* 6
= %(—cos6¢9—2cos49+ cos260+2)

So the integral becomes

— Z(—cos66’—2(:0546’+c0526’+2)d9=L —lsin69—lsin49+lsin29+29 )
3270 32| 6 2 2

0

I1(1 1 = 1 (4 443nr w© 1
=—|—F+—+—|=—|—+mn|= =—+—
326 2 2 64\ 3 192 64 48
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5 ¢ We wish to compute
jf sin® @ cos® 04O
Let z =cos @ +isin & then we have
1 1 ’
sin@cos’@=| —(z-2z" —(z+z"
z=) | 5(e+27)
i

56

22 —3z+3z" —273)(25 —522+10z-10z"' + 5z —275)

N

28422822 —6z7+6z7+2z4 -2z -2 )

o)

i

756
i

75

. 2i(sin 80 + 2sin 60 —2sin 46 — 6sin 26’))

=%(sin80+2sin 66’—2sin46’—6sin26’)

Hence the integral becomes

% £(sin86 +2sin66 — 2sin 46 — 65in26) @

6

= _—100580—100s69+lcos40+ 3cos20
128] 8 3 2 0

-1 1 1 1 3 -1 1 1 —-1(79 146 67
=—||—+=———+= || ——=+—4+3||= —_—— =
128((16 3 4 2) (8 3 2 D 128(48 48) 6144
6 a Let z=-cos@+isind then we have

1 _ 1 . 6 .. 6
cos6¢9:5(26+z 6):5((cosl9+zs1n6?) +(cos@—isin0) )

Noting that odd powers will cancel this simplifies to

= %(2 cos® @—30cos* Osin® +30cos* Osin* @—2sin® 49)
=cos® @—15cos* Osin” @ +15cos” Osin* @ —sin® &

=cos®@—15cos’ H(l—cos2 0)+150052 0(1—0052 49)2 —(l—cos2 49)3
32cos® @—48cos* +18cos’ 01
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6 b We wish to solve
32x° —48x" +18x—3=0
We use the substitution x = cos @ so that the equation becomes

32cos® @ —48cos* @+18cos’ 9—% =0
1.€.
32cos® 9—48cos* @+18cos* 01 =%
Hence
cos 668 = l

2
The general solution to this is given by

60 = ig + 2kn where k is any integer i.e.

0=+"+ fm
18 3
Trying both choices of sign and varying k gives the following values of x =cos @
x =10.985
x =10.342
x =10.643

But these are 6 distinct solutions and since the polynomial has order 6 there are at most 6 unique
solutions hence these are all solutions.

7 a (cos@+isind)* =cos4f +isin4l de Moivre’s Theorem.
= cos’ 6 +*C, cos’ O(isin ) +*C, cos” O(isin )’
+'C, cosO(isin @)’ + (isin )"

=cos”’ @ + 4icos’ @sin @ + 6i* cos® Asin’ 6

Binomial expansion.

+4i® cos @sin’ @ +i* sin* @

=cos”’ @+ 4icos’ @sin @ — 6cos” Osin® @ — 4icosGsin® @ +sin* 0

Hence,
cos 40 +isin46 = cos® @+ 4icos’ @sin @ —6¢cos’ Osin” @ —4icosIsin’ O +sin* 6 (1)

Equating the imaginary parts of (1) gives:
sin46 = 4cos’ @sin @ —4 cos @sin’ 6 (as required)
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7 b Equating the real parts of (1) gives:

cos 46 = cos* @ —6cos” Osin® @ +sin* @
_sin46 _ 4cos’ Osin@—4cosOsin’ O (sin40 +cos* 0)
cos46 cos'@—6cos’ Osin’ O+sin*@  (cos4f=+cos’ 0)

4cos36sin@ _ 4cosfsin3 6

tan 46

_ cos#d cos#d
cos*d _ 6cos?Gsin20 4 sin*0
cos40 cos*0 cos#0

4co8360 sing __ 4cosOsin3f
cos3@ cost  cosBcos3d

" cos%0 _ 6c0s76sin20 __ sint0
cos?0  cosZOcos2f  costo
_ 4tan@—4tan’ 0
1—6tan” & +tan* @

4tan @ —4tan’ O

1-6tan” @ +tan @ (as required)

Therefore, tan46 =

¢ x'+4x’—6x—4x+1=0
xt—6x? +1=4x—4x°

4x—4x’
l=——— 2
xt—6x* +1 2)
Let x =tan@; then

_ 3
@) = 4t4an6’ 4tazn 7] 1
tan” @ —6tan” @+1

tan46 =1 <4—| From part b.
T
a==
4
YA
z
4 -
k3 0 x
2

4 4 4
p_[m 5n om 13
1616716 16~
o 5w on 13n
cox =tand =tan—,tan—,tan—,tan——
16 16 16 16

x=0.19891..., 1.49660..., —5.02733..., — 0.66817...,
x=0.20,1,50, —5.03, —0.67 (2 d.p.)
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