Core Pure Mathematics Book 2 SolutionBank

Complex numbers 1F

1 a z'-1=0

zh =1

YA

(1,0

Y

Q
=

forl, r=1and =0
So z* =1(cos0+1isin0)
z*=cos(0+2km) +isin(0+ 2k ) keZ

1

Hence, z =[cos(2kn)+isin(2kn)]*

Z =CO0S (ﬂ(_ﬂj +1sin (%—nj de Moivre’s Theorem.
4 4

(kn} .. (knj
z=c0S| — |+isin| —
2 2

k=0,z=cosO+isin0=1

To.. T .
k=1 z=cos—+isin—=1
2 2

k=2,z=cosmt +isint =—1

k=-1,z=cos T +1sin T =-—i
2 2

Therefore, z=1,1, -1, —1i
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1b Z2-i=0
23=1
YA

0, 1)

Q
<Y

fori, r =1 and 9=%

Soz* =1| cosE +isin~
2 2

2 =cos(g+2knj+isin(g+2knj,k cZ

1

3

Hence, z= {cos( +2knj+1s1n(2 +2kﬂ:ﬂ
3+2

kn . [ 5+2km
Z =CO0S +1sin T de Moivre’s Theorem.
( 2k7£} .. (n km
z=c0S8| —+—— |+1sin| —+——
3 6 3
.'.k=0,z=cos£+isin£=—3+li
2 2
k=1, z—coss—+1sm5—n=—£+li
6 6 2 2

k=—1, z=cos(—£j+isin(—£j —0—i
2 2

1. 3

Therefore, Z=—3+—1, ——+li, —1
2 2 2 2
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1 ¢ Z22=27
YA
(27, 0)
(0] . X

for 27, r=27 and =0
So z’ =27(cos0+isin0)
z* =27[cos(0+ 2kn) +isin(0 + 2kn)] keZ

1 .
Hence, z =[27(cos2kn)+isin(2km)]? de Moivre’s Theorem.

(21{75) . (an)
z=3|cos| — |+1sin| ——
{ 3 3

k=0; z=3(cos0+1isin0) =3

k=1;z= 3(cos27n+isin27nj = 3(—l+_31J __3. 3\/51

(—27:) ..(—27:) 1 3. 3 33,
k=-1,z=3| cos| — |+isin| — | |=3| ——+—1i|=————F1
3 3 2 2 2 2

3. 33,

Therefore, z=3, ——+ 1,
2 2
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1d z*+64=0
' =-64

YA

64,0 /o

0

LY

for—64,r=64 and ==
So z*=64(cosm +isinm)
z* = 64(cos (m +2km) +isin(n + 2kn)) keZ

1
Hence, z =[64(n + 2kn) +isin(n + 2km))]*

—64i n+2kn isin n+2kn
z= Ccos 4 de Moivre’s Theorem.
k
z—2\/—(cos( : J-i—lSln ]

k= 02—2\/_(cosz+1sm ) 2\/_( 1j 2+21

NG

k=1;z= 2\/_(COST+1sm—j 2[(_$+

k=—1; z_zf(cos(—“zj+1s1n(—zjj 2\/_(3—31}2—21
k=-2; z—2x/—(cos(—37j+1sm(—TD 2&(—%—%&:—2-21

Therefore, z=2+2i, -2 +2i, 2-2i,-2-2i

ij:—2+21

—
51—

—
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1e z°+4=0

zt=—4

YA

9 o

2y

for —4,r=4and 0 =n
So z* =4(cosm +isinm)
z* = 4(cos(nm + 2km) +isin(m +2kn)) keZ

1
Hence, z =[4(cos(nt +2kn) +isin(n + 2k m))]*

1 T +2km .. (m+2km
z=4%] cos +1sin
4 4
z:\/z cos £+k_7: +1sin 7£+k_n
4 2 4 2
1

k:O;z:ﬁ(cos£+isin£j:\/§ —1 +—=1|=1+1
4 4 2
1

J de Moivre’s Theorem.

Therefore, z=1+1, —1+1, 1-1, —1—1
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1 f z22+8i=0

22 =—8i

YA

=Y

o[z

Y

0,-8)

for —8i, r =8, 0=-"
2

So z°=8 cos(—£)+isin[—£j
2 2
z4=S(COS(—%+2kn)+isin(—%+2kn)) keZ
1
T . s 3
Hence, z = {8(005(—5+ 2kn) + 1sm(—5 + ZkRJH
1 _n _m
z=83 cos(ﬂ)+isin(ﬂj
3 3
2

de Moivre’s Theorem.

Therefore, z = \/5 -1, 21, —\/3 -1
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(1,0

Y

Q
=

forl, r=1and =0
So z' =1(cos0+1isin0)
z" =cos(0+2km)+isin(0+2kn) keZ

1

Hence, z = (cos(2kn) + isin(2km))’

2km .. [ 2km -
Z =CO0S T +1sIn T de Moivre’s Theorem.

k=0,z=cos0+1isin0

k= 1z—cos( J+151 (2—7[)
7
k= 22—003( j+1sm(4nj
k= 3z—cos( j+1s1( j
k=-1,z= cos(—z—n)+isin(——n)
7 7
k=-2, z—cos(—4—nj+1sm( 4—nj
7 7
k:—3,z:cos(—67n)+isin( 67[)

\]

\]|ﬁ

7
Therefore, z=cos0+isin0, cosz—n + isin277t
6m

4 . . 4n om . .
coS— +1sin—, coOS— +1isin—
7 7 7 7
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2 b z'+16i=0

zt=—16i

YA

=Y

o[z

Y

(0, -16)

for —161, r =16 and 0 = —%

So z* =16 cos(—£)+isin(—£j
2 2
2= 16(cos(—%+2kn)+ism(—%+zknn keZ
1
T .. s 4
Hence, z = {16(005(—5 + 2kn) + 1sm(—5+ anjﬂ
: —142 (%42
z=16* (cos (szn) +1sin (%knj de Moivre’s Theorem.

k=1,z= 2(c0s3—n+isin3—n
8 8

k=2,z= 2(c0s7—n+isin7—nj
8 8

k=-1,z=2 cos(—s—nj +isin(—5—nj
8 8
T
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2 ¢ 22+432=0
2’ =-32
YA

32,0 o\

0

<Y

for =32, r=32and 0 ==
So z° =32(cosm +isin )
z° =32(cos(m + 2km) +isin(n +2kn)) keZ

1

Hence, z = [32(cos(n + 2k ) +isin(t + 2kn))]°

1
7 =325 cos(n+2knj+isin(n +2k“j
5 5
2k

de Moivre’s Theorem.

k=0,z=2 cos£+isin£j
5 5

k=1,z=2 cos3—n+isin3—nj
5 5

k=1, z=2(cosm +isinm)

k=2, z= 2(005[—£j +isin(—£D
5 5
k=-1,z=2 cos(—s—nj +isin(—5—n)
8 8
k=-2,z= 2(c0s(—3—nj + isin(—3—nD
5 5

Therefore, 7 = 2| cos™ +isin ,2 cos3—ﬂ+isin3—7T ,
5 5 5 5

2 (cosn +1 sinn), Z(COS(—%j + isin(—ngD,
3n
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2.d 2=2+2i

YA

2,2)

)
[\
=Y

r=y22+2> =J4+4=8=22

0 =tan' (gj =z
2) 4

So 22 =22 (cos£+isin£j
4 4
2 :2\/5(cos(nz+2knj+isin(%+2knj) kel

3

| |

Hence, z = [Zﬁ(cos (% + 2knj +1sin (% + 2knj

1
3 T+ 2k .. [ %+2k
z= (2\/5)3 (COS( - +3 T j +1sin (H_TTC j de Moivre’s Theorem.
z=~2] cos l+2k—7t +1isin 1_'_21(_75
12 3 12 3
k=0, =2 oS- +isin——
- ( 12 12j

k=1, z:\/z(cos%tﬁsin%[j

n .. [(—I=n
k=-1,z=~2 —— |+ —_—
z (cos( 12) 1sm( 1 D

Therefore, z=+2 cosl+isinl ,\/5 cos3—n+isin3—n ,
12 12 4 4
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2 e Z+203i=2

2 =2-23i

YA

LY

oNd i
|
12V3
|
|

2, -2V3)

=22 +(-23) =4 +12 =16 =4
0=—tan' (%j =z

3

o s :4@0{—%)“%(—%))
oo
Z_{ o

(co

%+2knj+1sm(—§+2knD keZ

an +1sin ——+2kn ﬂ

w|>—l

w\"'

S +is1n

z= 2(cos(——+—j+lsm(_f_2+7n j
k0.2 s 3 b5
k=1, z =ﬁ(°°{%j+ism(%n

Iz .. (1ll=n
k=1 z=+2 — |+ —
z (cos( o j 1s1n( D D
k:—1,z:ﬁ(cos(——zgj+isin(——zgn

+2k7t j

de Moivre’s Theorem.
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2 f 24323+32i=0

2 =323 -32i
YA
32V3 X
T O }
| <lo/
321 0
|
|
(-32+3,-32)

r= \/ (=32+/3)* +(=32)* =/3072 + 1024 =+/4096 = 64

o 32 o St
O=-m+tan'| —— |=—m +—=—-"2
3243 6 6

So z' =64 cos(—s—nj+isin(—5—nj
6 6
3 St .. Sn
z :64(cos(—?+2kn)+1sm(—?+2knjj keZ
1
3
Hence, z = {64(cos(—5?n+ 2knj + isin(—%+ 2kn jﬂ
1 —Sn _5m
z =643 (COS (%mj +1sin (%an}} de Moivre’s Theorem.
( Snt anj ( 5w anj
z=4|cos| ——+—— |+isin| —+——
18 3 18 3
k=0,z=4| cos _on +1sin _on
18 18
k=1z=4 cos(7—7t +1sin I
18 18
17
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3 a z'=3+4i

YA (3,4)

«Y

r=v3"+4>=25=5
6 =tan™" (%j =0.927295...

SO Z4 — 5ei(0.927295...)

Z4 — 561(0.927295,..+2k71:)’ k c Z

1
Hence. z — [Sei(o.927295... + 2k7:)]Z
b
1 i(0.927295... +2kn]

=5%e 4

de Moivre’s Theorem.

| i(0.927295..,+ @]
=5% 4

1
k=0, z =548
9
1
k =1 z = 54 ei(148026...)
b
1
k — _1’ 7= 54 e1(—1.3389...)
L
k=2, z="54¢!297-)

1 1 1 1
L 2 e A e 2 e
Therefore, z = 54", 54" 547134 547290
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3 b 2=ll+4i

YA
N %
|
|
I4
|
|
W11,-4)

r=yR11) +(=4)* =J11+16 =~/27

0=—tan" (ij = 0.878528. ..

Vit

So. 2% = f27 ei(-0878528...
, 20 = N
. /27 Qi(-0878528..

1
Hence, z = [+/270 ¢! 078528.+2km 13
2

1 ,(70,878528...+2k1tj

= (\/ﬁ)ge1

.—0.878528.

= '\/gel 3
k = 0, 7= \/561(70,2928...)
k= 1’ z= \/561(1.8015,.,)

k=-1,z= \/gei(fzsgn..

)

+2km)
, kel

de Moivre’s Theorem.

3

.. 2kn
+

3

)

Therefore, z = NE) T NE) el J3e2¥
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YA
(~7,3)

l
|
3
|

| o

Vi 0 x

F=(—7)? +3* =749 =16 =4

0= —tan"' (ij =2.293530...

J7

SO, Z4 — 461(2.293530...)

4 — 4ei(2.293530..,+2k1t)

, kel

1
1(2.293530...+2km) ]Z

V4

Hence, z =[4¢
1 i(2.293530...4—2kﬂj
=44e 4

de Moivre’s Theorem.

2.293530... knj
L7200, (MR

_ 5
k=0, z=+2¢ 073
k=1, z=+/2¢ @
k=—1, z =209
k=-2, z=+/2¢ 2562

Therefore, z=+2¢e"", z=2e*", z=2e"% =22
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4 a (z+1) =-1

YA

Lo oy

Q
LY

For -1, r=1and & ==
So, (z+1)’ =1(cosm +isinm)
(z+1)’ =cos(n+2km) +isin(zr +2kn) kelZ
1
Hence, z+1=[cos(n + 2kmn) +isin(n + 2km)]?
T+ 2kn j o (TE gy j de Moivre’s Theorem.
+1sin

z+1=cos(

n 2km) .. (m 2km
z+1l=cos| —+—— |+1isin| —+——
3 3 3 3

V3.

T .. T 1
k=0,z+1=cos—+isin—=——+—1

2 2
V3

1 .
S>z=——+—1i
2

k=1 z+1=cosw +isint =—1+01
=>z=-2

k=-1,z+1 =cos(—£j+isin(—%j =l—£i

2 2

=Sz=———-—1I
2 2

Therefore, z =—l+£i, -2, —l—ﬁi
2 2 2 2
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A
=Y

+9

¢ The solution to w’ =—1, lie on a circle centre (0, 0), radius 1.

As w=z+1, then the three solutions for z are the three solutions for w translated by (‘é )

Hence the three points (the solutions for z), lie on a circle centre (-1, 0), radius 1.

YA

(1,0)

Forl,r=1and =0
So, z° =1(cos0 +1isin0)
2z’ =cos(0+2kn) +isin(0+2kn) keZ

1

Hence, z =[cos(2km) + isin(2kmn )]g

Z =CO0S (%Tnj +1sin (%Tnj de Moivre’s Theorem.

k=0,z =cos0+isin0=1+1(0) =1

k=1, z, = cos 2—nj+isin(2—n
5 5
k=2, z,=cos an +1sin 4—nj
5 5
k=-1,z,= cos(—z—nj+isin(—2—n
5 5
k=-2,z,= cos(—4—ﬂ:}+isin(—4—nj
5 5
Therefore z =1, cos 2n +1isin 2n , COS an +1sin an ,
5 5 5 5
2 4 4
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5 b So, z;+z,+z,+z,+z,=0

27 .. (2m 47 .. (4=n
1+cos| — |+1isin| — |+ cos| — |+1sin| —
5 5 5 5

27 47

6 a —2—2\/5 1.
YA
2 -

T 0 'x
| 9/
|

23
I
|

(-2,-2V3)

modulus = r+/(-2)% +(-24/3)> =4 +12 = /16 = 4

argument =0 =21 +tan_1 & =7 +£ — _2_75
2 3 3
2n
Therefore, r =4, 6 = -5
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2mi

6 b Wehave w=-2- 21\/5 =4e 3 we wish to solve

2mi
z* +2+2i/3 = 0 which is equivalent to solving z* = —2 — 2ix/3 =4e 3
The solution has the form z = 4/4¢ where the argument satisfies
460 = _?n +2kn for k € Z hence the 4 distinct solutions have arguments given by

Smi

i W om Su
6’=—%+%for k=-1,0,1,2,s0 0=+/2¢ 3 ,x/Ee 6,«/§e3,x/§e 6

-
_am="

2mi

e

We wish to solve z* = 2(1—1\/5), to start off let w= 2(1—1\/5) then if we write w = re” then
r=+4+12=4

tan @ = —«/5

i

So 6= —g and hence w=4e 3 now going back to the original equation we have

z* =4e 7 so that z = 4/4e” where the argument must satisfy 46 = ~Z  2kn for keZ

So 0= —% + 7“ hence the 4 distinct roots are given by these values of € for £ =0,1,2,3

Smi 11w

_Tmi ™ EL) i
Hence 0 =+/2¢ - ,ﬁe 12,\/56 12 ,\/Ee 12

Im
A 5ri
J2e12
J"‘.- ) e -~
o -
. .
P “
-, -
! .
limi * s
12 m ¥
\/Ee ' E s K
'
: 2 \
s N 5
L] ' sl
. m L ! Re
[ 2 2 Tl
\ _
% S V2e 12
A l‘
. ”
. .
§~. "'
. e
o
J2e 12
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8 a Letz= \/g+ix/§ then if we write z = re” then we have r =/6+2 = 2x/§ and

tan¢9:—:L so that 9=%so we have Z:Z\/Eez

b We wish to solve

2mi

4
0=z = (2\/5e6j =64e

If we write @ = re” then r = 3/6_4 =4and 36 = 2% +2kn for k e Z so that the distinct solutions

correspond to 4 = %t + % for £ =0,1,2, explicitly these are

2mi

w=4e’ = 4cos2—n+4isin2
9 9

8mi

w=4¢° = 4cos8—n+4isin8—n
9 9

14mi —4mi
w=4e ° =4e ° :4cosﬂ+4isinﬂ:4cos4—n—4isin4—n
9 9 9 9

9 a Wewishtosolve 1+z+z>+2° +z*+2° +z°+z" =0 note that the left hand side is a geometric
series so if we apply the formula for its sum we get

1-z*

1-z

=0

Hence the equation is equivalent to z* =1 whose solutions are the 8" roots of unity
2k L O .
z=e ¥ for 0<k<7soz=e*,1,e*,-le*, —ie*

b Now if we have z> +1=0then z* = —1so that z* = (—1)4 =1and hence z is a solution to

z® —1 hence z* +1is a factor of z* —1but we also have

24 —1 :(l—z)(l+z+z2 +22+z24 422+ 28 +Z7)
And since (1—z)is not a factor of z* +1it must be the case that z* +1is a factor of

l+z+22+22+2 ' +22+20+ 2

In the second case we have z* +1=0and so z* = (—1)2 =1 hence we have that
z* +1 is a factor of z* —1and since (1 — z) is not a factor of z* +1the same argument as above

means z* +1 must be a factor of z* —1
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Challenge

. . 9. 1 2k
a We wish to solve z° =1, writing z = " implies we must have @ = Tn for k € Z hence the 6
distinct solutions in the range —n < @ < 1 are given by

2mi i i 2mi

z=e 3,e3,l,ed, e’ -1

b We wish to solve (z+ 1)6 = z° rearranging gives

z
=1
(z+1)6
6
i)
z+1
ki
Hence 1" e 3 for some 1<k <6 further rearranging gives
) i
z=(z+1)e?

Jemi ki
l1-e? |z=¢"?
i i i\ i

kmi l_e 3 e3 l_e 3 eS kmi
e’ e’ -1
Z: = = =

= w i g B kn
1-e? (1—e3j(1—e 3} [l—cosk;j +sin2k;t 2—2cos 3

kn .. km . km
cos— —1+isin— sin—
__ 3 3 __1.;
knt 2 kn
2—-2cos— 2—-2cos—
3 3

Now by the double angle formula we have

l—cosk?n=1—cos2]%t+sin2k—n=2sin2k—n

) kn . kn
sin— =2 cos—sin—
3 6

Hence
| sin— | 2cosk—nsin@ ; P
z:—E+i—3:——+i#=——+—co‘t—

2—2cosk—7t 2 42sin2k—n 2 2 6
3 6
and take £=1,2,3,4,5

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 21



