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Complex numbers 1G

i 2mi
1 a One vertex corresponds to the complex number z=4i=4e?,s0 z=(0,4). Let ®=¢ ? then the
other two correspond to

i 2mi i

zw=4e? xe? =4eb = 4cos7?n+4isin7?7t = —2\/5— 2i = (—2\/5,—2)
and

L2 41[! 11mi
zo’ =4e? xe? =4de © :4cos%+4zsin%:2\/§—2i:(2\/3,—2)

b We are given one vertex corresponds to z =(5,0). Let @ = e? be a primitive 4™ root of unity
then the other three vertices are given by

i

zw=5xe? =5i=(0,5)
zw’ =5xe™ =-5=(-5,0)

3mi

z&' =5xe? =-5i=(0,-5)

2mi

¢ We are given that one vertex corresponds to z =—1+ ix[3=2e* which has the coordinate

2mi

(-1, NE) ). Let w=¢ 5 be a primitive 5" root of unity then the other four vertices are given by

21[1 21[1 161u
zw=2e3 xe’ =2e !5 —2cos%+2zsn%:(2cosl6—;t 2s1nmj

15
2mi ﬂ 22mi
zw*=2e3 xed =2e 1" :200322—n+2isin22—n: 2cos£ 2s1n22—7t
15 15 5 15
2m 6m 287
zw’ =2e3 xeS =2e '’ =2cos&+215'n£= ZCOS&,ZSiHZ‘i
15 15 15

i 8w 4w
zw' =2e3 xe’ =2el5 =2cos4—n+2isin4—n= 2cos4— 251n4—7t
15 15 15° 15

d We are given that one vertex corresponds to z =2 +2i = 24/2e* which has the coordinate (2,2)

Let @ =e? be a primitive 6™ root of unity then the other five Vertices of the hexagon are given by

za):2\/§e4 xe3 :2\/56 12 :2\/5cos7—n+2i\/5sin7—n:(2\/§ COS— 2\/_ j

2mi 11mi

zZo —2\/—6 xe —2\/_612 :2\/Ecos—+2z\/5 n—:(2\/_ s— 2\/_ 11—

3mi 157

za)3=2\/§e xe —2\/_e 12 =2\/5COSE+21 2811’1— (Zﬁc 2\/5 157tj

i 4mi 197i

zw —2\/_6 xe —2\/_6 12 —2x/§cos—+2z\/5 2x/§ sin

( Z)
Smi 23mi 237'5 2311:
V40 —2\/_6 xe _2\/—6 12 —2\/§cos—+21\/551n— s— 2\/5 12
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2 First we translate so that the centre of the triangle is the origin, this maps the vertex at
(3,—2) =3—2i gets mapped to z =3—-2i—(2+3i)=1-5i since the centre of the translated

triangle now lies at the origin we can find the other two vertices of the translated triangle by

2mi

multiplying by a primitive 3" root of unity w=e¢ * , this gives
1 \/§J_ 5\/5—1+[\/§+5}.

za)=(1—5i)(—§+i7 5 >

2o’ =(1—5i)[—%—i£} _5\/5_1{‘*/5*5}'

2 2

Hence when we reverse the translation to take the centre of the triangle is at (2, 3) gives the

other two vertices of the triangle at

53-1 (3+5). o 53+3 (3411,
= + > i+2+3i= > + i

V4
2 2 2
53-1 (—3+5). o 5343 (=3+11),
zZy = + i+2+3i= + i
2 2 2 2
. 5V3+3 3+11 5343 3411
So the coordinates are z, = ) 2y = > T 2

3 We have that 4 corresponds to the complex number z = NE) (1-i ) =+/6e *,then B corresponds
to rotating 4 by +Zhence the complex number b representing B is one of the two possible values
h=+/6e 4 xe? =+/6e

i i

h=+/6e * xe 3 =6e 2
| Tmi
J6ew, /6e 12
Ima

V3(1 - 1)

Tni

V6e 12
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4 a Wehave z=—12i =12¢ ? so if w = re”satisfies " = z then we have r=4/12 and 40 = —= + 2kn
for some k € Z hence 4 distinct roots are

o =426
3ni
®, =412¢¥
T
o, =412¢¥

Smi

o, =42+

ImA
4, 3
V12e 8
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, -
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§‘ 'l
\~‘ “‘
4 _5md T
Vi2e ®

b Let the points representing these roots in order of increasing &be 4, B,C, D which form a square

in the complex plane then by geometrical considerations the angle between adjacent midpoints of
edges is £ and each midpoint has the same modulus. Hence all 4 midpoints are 4" roots of the

same complex number wand to find w it suffices to compute the midpoint of one edge and take
the fourth power, so without loss of generality we compute the midpoint of AB this is given by

swi i

Geometrically the argument is 1 (— % + —%) = —%t and by considering a triangle with vertices

4
At the origin, @,and o, the modulus is 12 sin% = % =4/3 hence the midpoint is given by

3ni 3\ 12m i
(‘/ge 8 and so w:(i‘/ge Sj =3¢ 8 =3e2=3;
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5 a Let z=8+8=8/2e*and w=¢’bea primitive 6 root of unity then the other 5 vertices are
given by

Tni
zw = 8\/_e ><e3 —8\/_e12 —8\/_(cos—+zs1n7—):4(1—\/§)+4i(1+x/§)

12

za)2=8\/§ejxe3 :Sx/ie 12 —8\/—(c0s—2+zsin%)=—4(1+\/§)+4i(—1+\/§)

3mi Smi

zZw —8\/_6 xe 3 —8\/_64 —8\/_(cos—+zs1n57j=—8—8i
T 4mi 197 19
J10) —8\/_e xe 3 —8x/_e 12 —8\/—(005—2+zsinﬁj=4(—1+\/§)—4i(1+\/§)
51[1 23mi 23
zZw —8\/_e xed —8\/—6 12 —8\/—(cos—+zsinﬁj=4(1+\/§)+4i(1—\/§)

Im A

4(1-V3) + 41+ V3

-

. 8+ 8i
N

-4(1 +3) - 4(1'— V3
1] ™

W=
Wl

»
I

n
T ; Re

3 41+ V3) + 401 - V3)i

e
w|H

-8-8 ™

AL 4 VD) -4+ VB

b When we square the vertices, the figure becomes an equilateral triangle since vertices that differ

in argument by 7 get squared to the same value hence to find the vertices of the triangle we only
need to square the first 3 vertices listed above which gives

22 =(8+8i) =128 =128

Tmi .
(za)) =128e ¢ = 128(cos%+zsm%j = 128[—£—L]

2 2
11mi .
(z*)=128e © =128 cos I 4 jsin 1% | 2128 NEN]
6 6 2 2

By geometrical considerations the side length of the equilateral triangle is

128 x 2005% —128+/3 hence the area is %x 1283 x 1283 sin% — 122883
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6 We can represent the action of ‘moving forward one and then turning to the right by 22 by the
2mi
function that acts on complex numbers by f(z)=e ° (z+1)without loss of generality we can
assume the ant starts at the origin, then the final position of the ant after performing this 4 times is
/*(0) which we shall now compute, we have

2mi

f(0)=¢ °

So

FA0)=f(e °)=e °(e ° +1)=¢ ° +e °
So

w2 W 2w o 4 ow
O)=fle °+e ° |=e °|e ® +e ° +1|=e ° +e ° +e °

fH0)=e °|e * +e * +e * +1|=e ® +e ° +e ? +e °

Let z= £*(0) then this is just a geometric series which we can sum to give

i s

9 a9

v ow 4w o © |17
z=¢ °4+e * +e * 4e ' =¥—————=

Hence the distance is the modulus of this complex number and we have

_@ @ 87:1'2 2
° (1—e9j e (l_cosgnj wsin? S 5 5os¥T g2 47
B 9 9 9 9

2
|Z| = - = = =

: 2 - 2 ., m
1-¢e? 1—e? (1—008297[) +Sin221 2_ZCOS? Sln2§

Hence the distance from the starting position is

. 4m
sin—
9

sin —

|21 =
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