Core Pure Mathematics Book 2

SolutionBank
Complex numbers — mixed exercise 1
1 a Wehave e” =cos@+isiné hence

E(e“9 + e"y) = 5(cos9+isin9+cos—9+isin— 0)= %(cos0+isin9+cos0—sin9) =cosd

Where we have used the fact that

cos@ =cos—0

sin@ =—sin— 6@

b We have
cos Acos B = l(e“ + e’iA)xl(eiB + e*"B) = l(ei(’”B) 4 eilB) | ilB=4) | e*i(A+B))
2 2 4
=Z(cos(A+B)+isin(A+B)+cos(A—B)+isin(A—B)+cos(B—A)+isin(B—A)+cos(—(A+B))+isin(—(A+B)))

=%(2cos(A+B)+2cos(A—B))= COS(A+B);COS(A_B)

2 We want to prove by induction that if z =r(cos@+isin8)then forall ne N

" =r" (cos nf +isin né?) clearly the base case n =11is true, now assume the statement is
true for n =k then we have
2 =zxz" =r(cos@+isin@)xr" (coskd+isink®) =r" (cos@ +isinf)(coskf +isinko)
= (cos @ cosk® —sink@sin 0 +i(cos @sinkd + cos kf'sin 9))
= (cos(k +1)@+isin(k+1)6)
Hence the statement is true for n =k +1, this completes the induction.

3 (cos3x+isin3x)’
cosx —isinx

_ (cos3x+isin3x)’

~ cos(—x) +isin(—x)

_ cosbx+isinbx

~ cos(—x) +isin(—x)

= c0s(6x ——x) +1sin(6x — —x)
=cos7x+isin7x
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4 a (-1+i)°
If z=-1+1,then

YA
z(-1, 1)
|

I

I
11
I
I
I

r=J(=1)?+12 =42
0 =argz=m—tan"' 1 =n_ﬁ=3_n
1 4 4

So,—1+1= ﬁ(cos3—ﬂ+ isin3—nj
4 4
8
s(=1+1) = [\E(cos% + isin%ﬂ

=\2)° (coszj‘Tn + isinZ?Tn)

=16(cos 6T +1sin 6m)
=16(1+1(0))
Therefore, (—1+1)° =16

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 2



Core Pure Mathematics Book 2 SolutionBank

Let z:l—li, then
2 2

YA

Y

-16

o] o))

=2%(cos4m +isin4m)
— 256(1+i(0))
=256

Therefore, —)16 =256
i

Y

—~~
2 =
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5 a z=cos@+isind

z" =(cos@+isinf)™"
de Moivre’s Theorem.

=cosn@+isinnd

. z " =(cos@+isin )"

n

de Moivre’s Theorem.

=cos(—n @) +isin(—nH)

=cosnf—isinné cos(—nf) = cosnf

sin(—nf) = —sinn 6

1 .. ..
Therefore z" +—n=cosn9+151nn9+cosn9—151nn9
z

. 1 .
ie. z"+—=2cosnd (as required)
z

b (22 +L2j =(z’) +°C (Z°) (sz+ ’C, (Zz)(izj +(L2j
z z z z
=z°+3z* (izj +32° (%J + (%J
z z z
1

3
=243+ S+ —
z z

1 1
=(Z6 +—6j =3(22 +—2j
z z

=2c0s66+3(2)cos26
=2c0s60+6¢cos20

3
Hence, (zz +L2j =2c0s66+6¢c0s26
z

z

3
c (22+L2J =(2c0s26)’ =8co0s’ 20 =2cos60+6c0s26
cos326’=gcos69+§cos29
8 8
o 3
Hence, cos 26’:Zcos6¢9+zcos26’

Soa=
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5d J.Oﬁcos32¢9d9=I;%COS69+%(50529(19

1 3. T
=|—sin68+=sin20
24 8

0

(1 . 3.(nD (1 . 3. j
=|—smnn+—sin| — | |—| —sin0+—smn0
24 8 3 24 8
(1 3(43
‘(E(O)T(?B_(O)

3
-3

So, I(fcos320d0=%\/§ and k =%

6 a We wish to show that cos’ 8 = %(cos 50 +5c0s30+10cos )
Starting with cos @ = %(e’p +e ) we have
cos 6 = L(e’y +e )5 = i(es’y +5e* +10e” +10e™ + 57 + e*S"g)
32 32

=%(2cos56’+1000530+2000s0) =%(cos56’+5cos30+100059)

b The area of the region is given by the integral

z
2
J. cos’ xdx = 2| cos’ xdx

S 0 [N

2
Using the first part of the question, this is equivalent to

3
J%(cosSx+SCos3x+ 10cosx)dx
0

= l(lsin5x+§sin3x+105inxj ’ =l(lsin5—n+§sin3—n+10sin£j=l(l—§+10j=E
8\ 5 3 , 8\5 2 3 2 2 &8\5 3 15

7 a Wehave sind = i(e“’ - e”“’) so that

2i
sin® @ = —6—14(6"‘9 —e )6

z_i(eﬁ@_6e4i9+1562i0_20+1562i9_6e4i9+e6i0)
64

= —é(2cos66’—12cos49+3000529—20) = —3%(00566’—6cos49+15c0529—10)
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7 b Let a =% -0 then recall that we have cosa =sin & hence we have

cos® @ =sin® @ = —%(cos6«9—6cos40+ 15¢0s26-10)

:—L cos6 E—a —6c¢cos4 E—05 +15co0s2 E—a -10
32 2 2 2

= —%(cos(?ﬂt—6a)—6cos(2n—4a)+ 15cos(n—a)—10)

= —%(—cos6a—6cos4a—15cosa—10) :%(cos6a+6c0s4a+1500sa+10)

¢ We have j : cos® @ +sin® 6dO = g—gusing the previous two parts we can evaluate the integral as
["cos® 0.+sin‘ 6d6 = j“i(12cos49 +20)d6 = - [3sin 40 +200]"
0 032 32 0

= L(3sin4a +20a)
32
Hence we require 3sin4a+20a =57 and observe that a = Zsolves this and this is the only
Solution since the function 3sin4a + 20a is increasing.
8 Let z=¢"”then we have
sin 66 = %(26 - 2*6) = i_((cos@+ isin@)’ —(cos@—isin 9)6)

i 2i

When we expand the right hand side the only terms that survive are odd powers of sin hence we
get

= %(121‘ cos’ @sin @ —40i cos’ Osin’+12i cos sin’ 0)
i

= 6cos’ @sin@—20cos’ @sin’+6.cos Hsin’ O

= 2sinfcos 0(3c0s4 0 —10cos” @sin® @+ 3sin* 0)

=sin 26’(3 cos* @—10cos’ #sin” @ +3sin* 9)

=sin 26’(3 cos* @—10cos’ 6’(1—cos2 «9)+3(1—cos2 «9)2)

=sin 20(30054 0—10cos’ 0(1—cos2 0)+3(1—2c0s2 0+ cos* 0))
= sin26’(16cos4 0—16cos’ 0+3)
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9 a Let z=¢"then we have

cos 50 =i(zs +z*5)= i_((cos@ﬂ'sin 8)’ +(cos@—isin 9)5)

2i 2i
Now note the only terms that survive are even powers of sin so this becomes

cos50 = %(z5 + z’s) = %((coséﬂ isin 0)5 +(cos@ —isin 0)5)

1 l

= %(21’ cos’ @ —20icos’ Asin” @ +10i cos @sin’ 9)
i

=cos’ @ —10cos’ Gsin’ @+ 5cos@sin’ @
= 0059(0054 6 —10cos” Osin’ 8 + 5sin* 9)
_ 4 2 _ 2 _ 2 5\?
=cosf|cos” @—-10cos 0(1 cos 0)+5(1 cosS 0)
cos 9(cos4 6—10cos* 8+10cos* 9+5(1—20052 0+ cos* 9))
cos 9(16c0s4 60 —20cos’ 0+5)
b Now consider the equation
16x° =20x> +5x+1=0
We make the substitution x = cos & so the equation becomes

16cos’ @—20cos’ @+5cosf =1
i.e. cos 58 =—1for which the general solution is 58 = n+ 2kn for k € Z we take 5 different

values of @
0=%
5
3n
92 = ?
O, =n
T
04 = ?
on
95 = ?

Let x;, =cosé so

T 1+\/§

X, =COS— = =0.809
5 4
X, = cos T - 15 _ -0.309
5 4
X, =cosm=-—1
X, = cos X = # =-0.309
X, = 0039?75 - 1+4ﬁ = 0.809

Now we only have 3 distinct solutions so we still have to check this is all solutions, factorising
out x+1gives

16x° ~20x° +5x+1= (x+1)(dx* ~2x—1) =0
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9 b (Continued)

And observe that

(x—(#n[x—[l-:/gnzxz —%x—%:%@xz ~2x-1)

In other words the 3 distinct roots that we have obtained completely factorise the equation and
so these three solutions are the only solutions.

1+\/§ 1—\/5
4

=0.809,——=-0.309
4

Hence the three solutions are given by —1,

10a Let z=¢" =cos@+isin@ then siné’:%(z—z‘l)so we have

sin’ @ = ﬁ(z—z‘l)5 = ﬁ( > 52 410z-10z"" +527° —Z_S)

= L‘(2isin59—10isin39+2Oisin9) = %(sinSH—Ssin39+ 10sin )

32i

b We wish to solve
sin50 —5sin360+9sinf =0
Which we can rearrange to give
sin5@—5sin30+10sin@ =sin
So 16sin’ @ =sin @

So we either have sin @ = 0in which case & =0or 16sin* @ =1 hence sin8 = il and

on 0 < @ < mthe solutions correspond to § =%,

11a (cos@+isiné)’ =cos560+isin56 de Moivre’s Theorem.
=cos’ @ +°C, cos* O(isin 8) +C, cos’ (isin )’

+°C, cos® O(isin )’ +°C, cos’ O(isin 0)* + (isin 6)5

=cos’ @+ 5icos* @sin O +10i* cos’ Osin’ @ Binomial expansion.

+10i° cos® @sin’ @ + 5i* cos @sin* @ +1i’ sin’ &

Hence,
cos50+isin50 =cos’ @+5icos’ Osin@—10cos’ Gsin 9

—10icos* @sin’ @+ 5cosGsin* @ +isin’
Equating the real parts gives,
cos58 =cos’ @ —10cos’ Gsin’ @ + Scos@sin’ 6
=cos@(cos* @ —10cos” @sin”  + 5sin* 6)

= cosB(cos* @ —10cos’ O(1—cos’ @) +5(1 —cos” §)’) «——————— Applying

=cos@(cos* @ —10cos’ @+10cos* @+ 5(1—2cos’ @+ cos* 0)) sin> 6 =1—cos’ 6.
=cos@(cos* @ —10cos’ @+10cos* @ +5—10cos’ @+ 5Scos* 0)
=cos@(16cos* @ —20cos’ O+ 5)

Hence, cos56 =cos@(16cos* §—20cos’ @+5) (as required)
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11b cos56=0
s
a=—
2
S A
T
\7
/ﬂ
2
T C

p_ | % 3% 5% 7% o
1071071071010
0= 1,3_1:’5_71,7_7:,9_1:} for0<f<n
10 10 10 10 10
cos560=0=> cosf(16cos* @—20cos’ §+5)=0

Five solutions must come from: cos @(16cos* &—20cos’ @ +5)=0
Solution (1) cos@ =0

T
a=—
2

For 0<0<rx, @ =g (as found earlier)

The final 4 solutions come from: 16cos* @ —20cos*8+5=0
 p_ 20%/400-416)5)
32
~20:++/400-320
- 32
20++/80
32
20441645
Y)
204445
32
5 +\/§
8

COS

0s’ 0=

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 9



Core Pure Mathematics Book 2 SolutionBank

11 b (Continued)

y

=Y

Due to symmetry and as cos T > CoS 3—“
ymmety 10 10

o = ,( 9= ,( 3m (T
cos’| — |=cos"| — [>cos"| — |=cos” | —
10 10 10 10

10 8
,(3n) 5-4/5
¢ cos’ | —|=—
10 8
2 n 2 3n 5—-A/5
cos’| — |=cos?*| — | =7 =
10 10 8
,( 9m o 5+\/§
cos’ | — |=cos’ | — |=
10 10 8
,(31) 5-5  L(7m) 5-5  L(9m) 5++/5
Therefore, cos”| — | = ,CO8 | — |="—= cos’| — |=
10 8 10 8 10 8

12a Let z=¢"” =cos@+isin Hthen we have

1

i 7( 3_2_3) 3 -3 - 3 . 3
tan 30 = sin30 _ p; z -z (cos@+isin@) —(cosd—isind)

cos36 1(23 _,_273) - l'(Z3 +Z_3) - z'((cos«9+isin€)3 +(cos«9—isin9)3)
2

_ 6icos’@sinf—2isin’ @  6¢os’ Osinf—2sin’ O
i(2 cos’ 8 —6cos Bsin’ 0) 2cos’ @ —6¢cosBsin’

Now divide top and bottom by cos’ 8 to give
3tand—tan’

tan 36 = >
1-3tan~ &
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12b We have
1 1-3tan’0
tan30 3tand—tan’ O

cot36 =

Now divide top and bottom by tan’ 8 to give
cot’ @—3cotd

cot30 = >
3cot" @1

13 We have
C=1+kcos@+k’>cos20+k’cos36+...
S =ksin@+k*sin20+k>sin36 +...
So we have
C+iS =1+ke” +k2e* + ke’ + ...
Since |k| <1this is a geometric series which we can sum giving

C+iS =

1— ke
1—ke™ _ 1-kcosO+kisin@
(l—kei‘g)(l—ke_ig) - (l—kcose)2 +k*sin* @
1—kcos@+kisin@
T 14k —2kcos6

Hence taking real and imaginary parts gives
_ 1-kcos®
C1+k%=2kcos6
B ksin@
1+k>—2kcos6

14a 4-4i

YA

<Y

(0] arg z

z(4,-4)

modulus 7 = /4> + (—4)’ =/16+16 =32 =162 =42

argument = 0 = —tan™' (ij —%

4

s 4—4i=42 (cos(—%) + isin(—%))
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14b 2° =4—4i
for4—4i,r:4\/§,0=—g

So, ' =42 ei(_gj

z’ = 4\/5 ei(_%mj, kel

1

Hence, z = {4\/5 ei(zmmj:l5

( \/_ ) é i[_%?]mj de Moivre’s Theorem.
=(4v2 )e
[ m 2kn
=2 el(_5+T) e 2%
k=0,z = \/E ei(_%j So, (4\/5)% - (2§)§
k=1,22:\/§ei(22) =25=\/§

[(3m
k=2, z3=x/§el(4]
(%)
k=-1,z,=2¢" %
(%)
k==2,z,=2¢" *

T omi 17w

_m T 3ni dn _17mi
Therefore, z=+2¢ 20,\/§e2°,x/§e4 ,\/Ee zo,x/ie 20

C
Ima
z
Lemmrel S22
At -
3, -
L ] -
. -
' *
’ A
r L)
’ 1
L] 1]
A 1 :
; 0 ¢z Re
. r 1
A ) ’
[ ] r
Z * ,
5 \~ *
\‘ *
!.. ..-‘d
24

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 12



Core Pure Mathematics Book 2 SolutionBank

15a Wehave z=2-2i=22e *, now suppose @’ = zthen let @ = re” then we have * =+/8 so
1

1 33
r= (\/g )3 = (22] =~/2 and 36 = —% + 2km hence three distinct roots are given by
o =2 2
7in
®, = J2e
9in

o =2 "

t' “\M *
’
27[_ ﬁ s\ ll
] 3 3 ‘s‘ || N
] . 1 ol
\ 2m V) Re
3 3 )
A3 ’
A\] ,
N Ki
C “ "’
- *

_____
------

7in in

¢ Wehave w= %(\/Ee“ + \/Ee”J but by geometrical considerations the argument of wis just

1{-n T=n T

—|—+—|= 3n = — and by considering the triangle with vertices at the origin, A, B we have
212 12) 12 4

in

that the modulus is given byﬁ sin X = % hence we have w=-—¢*

d We have
in 6 6in 3in —in .
W6: QeZ :ﬁeT:leTZLGT:—L
2 64 8 8 8
2 3
16a Let z=2+i nowlet w=e? = > +i Tbe a primitive 3™ root of unity then the coordinates

of the other two vertices are given by

_panf LB 243 —14243
ZG)—( l) > 12 = 5 4 5
) (2”)( 1 '\/5]:_2“/5—1'”2*/5

Z0° =
2 2

—_

2

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 13



Core Pure Mathematics Book 2 SolutionBank

16 b The length of one side is given by |z - za)| we have

3 \/g =£\/m:\/§x\/§=\/g

|z—za)|:|z||1—a)|:\/§5—17 5

Challenge
2 kin

6
. . +1 +1
We consider the solutions of (Z ) =1,let o= Z7 then we have @° =1s0 w=e © for
z

k € Z hence we have
2kin

z+1
=¢
z
So
2kin
z+1l=ze ¢
So
2kim
Z(e 6 —1]21
Therefore
ki km .. km kn .. km
1 R cos——l—isin—  cos——1-isin—
oL e __ 3 3 .3 3

b kin i : kn
e’ —1 (63 —IJ(G 3 —1j (cosk;—lj +sink;’r 2_2005?

2kin
Assuming ¢ ¢ —1#0i.e. 1<k <5, when k= 0the equation becomes z = z + 1 which has no

) ) ) ) 1
solutions, however, for 1<k <5we get a different solution. So our six values of z are z, = 3

T 1—isi T
COSg— —lSll’lg 1 £

z = - _
1 2—2cosE 2 2
3
cosz—n—l—isinz—7t \/—
s =—3 3 1 13
2—2c0s2—7t 2 6
3
. :cosn—l—isinn:_l
’ 2—-2cosm 2
cosﬂ—l—isinﬂt \/—
z=—3 3 1, N3
1—20054—7t 2 6
3
cos— —1—isin— 1 i\/§
Zs = 3= :—54‘7
1—2cos?

Which all lie on the straight line Re(z) = —%
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