Core Pure Mathematics Book 2

SolutionBank
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—v)2 —v)3
1 a ixze"‘:1+( x)+( X) +( X) +
e 2! 3!
2 3
=l-X+———+ valid for all values of x
2X 3x 2 3
b & >;e :e4x=1+(4x)+ﬂ+ﬂ+
e 2! 3!

14 Ax 48 4 52K

2

x> X3
c e*=exeX=¢ 1+X+7+E+‘”

3
+... valid for all values of x

valid for all values of x

2
d In(l—x)= —x—(_x) +(_X
(1-x)=(=x) > 3
x> x3 Xt
= X-——-—
2 3 4

3 _v)4

) +( :) +... [F1<-x<1]]
=1>x>-1

—-... -1<x<1

x XXX

valid for all values of x

= - +...
2 48 3840 645120

f In(2+3x) =In {2(“ 37")} _

In2+1In (1+ %Xj

)2 (3x)?
:|n2+%_(2) +(2) + _1<%<1
2 2 3 2
2 3
:In2+%—9i+gi —z<x<g
2 8 8 3 3
2 3 4 5
2 a In(1+x):x——+x——x— X——..., -l<x<1
2 3 4 5
2 3 4 5
In(l—x):—x———X——X——X—— : -1<x<1
3 4 5
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In (i*—xj —In(L+ X) - In(1— X)

2 x3 x* X 2 x3 xt X
=X—-——+——— - _fx--————
2 3 4 5 2 3 4

2 5
:2X 2i+2i
3 5

As x must be in both the intervals —1<x<1 and -1<x<1
this expansion requires x to be in the interval —1< x<1.

1
1+x 1+x)2 1, (1+x
b In|—|=In—| ==In| —
1-x 1-x 2 \1-x
3 5
so In Lrx = x+X—+X—+... , —l<x<1l
1-x 3 5

¢ Solving (T—ijg gives 3+3x=2-2x

5x=-1
Xx=-0.2

This is a valid value of x.

So an approximation to In(z is 2(—0.2—
3 3 5

0.008 0.00032}

=2(-0.2-0.0026666 — 0.000064)

=-0.4055 (4 d.p.) This is accurate to 4 d.p.
d In GJF—X] with x=g gives InV4=1In2
—X

3 5
(06)° , (0.6)
5
~0.687552...=0.69 (2 d.p.)

so In2 0.6+ Use the result in b.

2 3 3
3 ezx=1+2x+%+%+...=1+2x+2x2+4i+...
N2 (3 2 3
e‘le—x+( X) +( X) b= lexa X
21! 3! 2 6

2Xx

Soe™* -~ 3x+gx2, if terms X and above may be neglected.
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3
4 a 3xsin 2x=3x{(2x)—%+..}:6x2—4x4+...

2 4
cosSx:{l— (3%) + (3%) —}:1—9x2+zx4—...
21 41
So 3xsin2x—c053x:6x2—4x4+...—(1—%x2+%x4—...)
_ 12 D9
2 8

3xsin2x—cos3x+1 21 59 ,

b 5 = ——— X" +terms in higher powers of x
X 2 8
As X —0, s0 3x5|n2x—2cos3x+1 tends to 2?1
X

5 a In(l+x-2x%) =In(l—x)(1+2x) = In(L—x) + In(1+ 2X)
2 3 4
In(l—x):—x—X——X——X——..., -1<x<1
2 3 4

2 3 4
In(L+2x) = (2x) — 20 207 (@0 o
> T3 4 2 S XS5
3

_ox—2x2 + By

So In(1+x—2x?) = In(1— x) + In(1+ 2x)
5x* , 7x° 17X
2 3 4

+.on —% <X <% (smaller interval)

b IN(©+6x+x2) =InB+x)? = 2In(3+X) = 2|n3[1+§j _ 2{In3+ln(1+§j}

X 2 X 3 X 4
The expansion of |n(1+§J is=(§j—(3) +(3) —(3) +..., {—1<§<l}

3 2 3 4
2 3 4
zl_x_ X__X_+.”, _3<X<3
3 18 81 324
So In(9+6x + x2)=2{ln3+ln(1+§j}
2 3 4
=2In3+g—x—+2i—x—+..., -3<x<3
3 9 81 162
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6 a cos2x ={1— (2X)2 + (ZX)4 - (ZX)G + (ZX)B —}
2! 4! 6! 8!

4 6 8
=1—2x2+2X —4X +2X —-...
3 45 315

b Using cos2x =1-2sin?Xx,
2x* 4x® 28

2sin® x=1-00s2x =2x> -2+ 2= =% 4 .
3 45 315
4 6 8
Sosin?x=x2 - 20 _ X
3 45 315

[Alternative: write out expansion of sin x as far as term in x’, square it, and collect together
appropriate terms!]

2 3 4

X° x* X
NA+X)=Xx——+—-—+...
7 I =Xty
2 3 4
X°  x7 X
X=D(*-1)=(X-D| X+ —+—+"—+...
(x=1)( )()(23!4!J
3 X4 X2 X3 X4
=X e e X e
2 6 2 3 4
x2 X Xt
=—X+—+—+—+
2 3 8
2 3 4 2 3 4
So In(L+Xx) +(x-1)(e* -1) = ERRAIR S S VS S I S
2 3 4 2 3 8
2 K 2
3 8 7 3’ 8

8 a Only terms up to and including x* in the product are required, so using
3

. X .
SinX=X=p ... (next term is kx°)

and the binomial expansion of (1—x)~2,with terms up to and including x°.
(It is not necessary to use the term in x*, because it will be multiplied by expansion of sin x.)

(=) =1+ (=2)(=x)+ (<2)(=3) ¢ le) (234 33(!) e

=14+ 2X+3x° +4x3 + ...

H 3
5o X —(x—x—+...J(1+2x+3x2+4x3+...)

1-x? | 6
3 4
X+ 2 438 At | X
6 3
3 4
_x+2x2+ 1 +11;
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sin x , 17x3 11Xt
= - =X+2X +
1-x) 6 3
So g—y =1+4x+ higher powers of x = at the origin the gradient of tangent =1.
X

3
9 a (1-3x)In(l+2x)= (1—3x)£2—2x2 +%-4x4 +j

3
=[2x—2x2+8%—4x4+...J—(6x2—6x3+8x4—...)

:2x—8x2+§x3—12x4+...

(2x)? (2x)3 (2x)* X3
b e*sinx= {1+(2x)+ > TRART +...Hx—§+..} [only termsup to x*]

4x®  2x* x3
1+2X+2X2 + —— + 220 4 x=2+...
3 3 6
2

11
=X+ 2x2 + =X+ xt + ...

1
¢ Ja+x¥)e™ =(1+x%)2e”
242 2 3 4
el (1j(—ljﬂ+ 1oxs X X
2 2 2) 2! 21 31 4!
x? x! X X xt
= 1+———+.. || I -X+——-—+—+...
2 8 2 6 24
= 1—x+(l+ljx2+(—l—l)x3+( ! +1—1jx4+
2 2 2 6 24 4 8
C1ox+ -2 ity

10a e_%2 :1+(§J+(X22)2 +(_X22)3 (_)(22)4
¥ x x0 %8
=l
2 8 48 384
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2 X2

10b Area under the curve = fle_7 dx = ZI:e_? dx

X3 x5 x' X '
=2/ X——+ =+ . Integrate the result from a.
6 40 336 3456

1 1 1 1
~201-Z 4y
{ 6 40 336 3456}

~1.711 (3d.p.)

11a epxsm3x—{1+(px)+(p) (px) H(3x)_9%+ }

3!
33 3
[ +px+ p X J(3x—9i+ J
6 2
3 3
£3x+3px + X +...j+[—9%+...j
=3x+3px? + 22— 22 3(p° 3)X
2 3
b |n(1+qx):{<qx)_m+m_..}
2 3
2 3 2,2 3,3
So e‘”‘sin3x+|n(l+qx)—x:3x+3px2+M+qx—q?x+q XX+
2 2 3
a“ |2 ,[3P" . 9 9.3
=(2 X+|3p——|X —t———= X +...
(+q)+(p ZJ +{2+3 2} +

Coefficient of x is zero, so q=—

Coefficient of X? is zero, so 3p-2=0= p_g

Coefficient of x* =3—§—g=—E, sok=—13
3 3 2 2
128 e Mx _ Xy Inx _ X xe—lnx’l Using ed b _ gl b
=eXxx! usinge"* =k
eX
T x

JInx s e” sinx . : .
e " sinx = ,and so, using the expansions of e* and sin x,
X
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12a
(1+X+X72+’§+...)(x—x +)

X

2 3 2
= 1+x+X—+X—+... 1—X—+...
2 6 6

X2 3 X2 X3
= (1+ X+—+ —J - (— + Ej ignoring terms in x* and above.

f(x) =e* ™ sinx =

2 6 6

2
X . .
=1+ x+—3 There is no term in x°.

0.1 .:
b £(0.)= e+;m ~1.103329. ..

The result in a gives an approximation for f(0.1) of 1+0.1+0.00333333=1.103333...
which is correct to 6 s.f.

13a
y =sin 2x—cos 2x
y'=2c0s2X+2sin2X
y"=-4sin2Xx+4c0s2x =-4y
y"=-4y’
y"=-4y"=16y
b
3 5
sin2x=(2x)—(2X) +(2X) -
3! 5!
2! 41
2 3 4
y:—1+2x+4x _8x7  16x L
2! 3! 4!
3 4
_ aoxsaxt 22X
3 3
Challenge
a
y=01-5%"

f(x)=(1+x)*
f'(x)=a@+x)*f"(x)=a(a-1) 1+ x)*?

f(x)=1+ax+a(a—l_l)x2+...

(DEDEEY
21

Soy :1+(—%j (-p%) +

1 3
=1+ZB°+=pB" +...
2'8 8ﬂ
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Challenge

4.2c

b p=2=2_021
C C

p) z1+%o.212 +§o.214 =1.02278 (5 d.p.)

Observed journey time is % =19.55 years

¢ ym——1 _-10281(5dp)

V1-0.27°

Percentage error = y—4 x100
4

_1.022807 -1.022779 y
1.022807
=0.0027%

100

d The velocity will be larger and so S :% will be larger making

the error in y larger. Hence the approximation would be less accurate.
if ship 3x faster

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 8



