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Series — mixed exercise 2

2 _ 4 N B
(r+2)(r+4) r+2 r+4
2=A(r+4)+B(r+2)
2=24=-2B

2 1 1

(r+2)(r+4) r+2 r+4

b Let f(r)=;
r+2

Z 2 (] 1
Z(r+2)(r+4)_z(r+2 r+4j

r=1 r=1

= (f(r)—f(r+2))

f(1)+f(2) f(n+1)—f(n+2)
11 1 1

+

3 4 n+3 n+4
_T(n+3)(n+4)—12(n+3)—12(n +4)
- 12(n+3)(n+4)

B Tn* +25n

C12(n+3)(n+4)

=

4 __ A B
(4r—1)(4r+3) 4r—1 4r+3
4= A(4r+3)+ B(4r-1)
4=44=-4B

4 1 |
(4r—1)(4r+3) 4r—1 4r+3

b Let f(r)—4 !

;(47’ 1)(4r+3 Z( 4r+3)
y ( (1) —f(r+1)) = f(1) = f(n +1)

3 4n+3
4n

T 3(4n+3)
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200 4
2 ¢
‘o0 (4r =1)(4r +3)
200 4 99 4

4y —1)4r+3) S (4r—1)(4r+3)
800 396 404
3(803) 3(399) 320397

=0.00126 (3 s.f.)

3a (r+)Y-@-1°
= +3r +3r+1-(r" =3 +3r-1)

=6r*+2
b =é((r+1)3—(r—1)3—2)

Zn:(r+1)3—(r—1)3 =(n+1)y +n’ -1

=2n’ +3n*+3n

r? =é[2n3 +3n* +3n —221j

r=1 r=1

= %(2;13 +3n® +3n—2n)= %n(n +1)(2n+1)

4 ! N B
(r+)(r+3) r+1 r+3
4=A(r+3)+B(r+1)

4=24=-2B
Let f(r)= !
r+1

n 4 1]
,z::‘(r+l)(r+3) _2;(”1_”3)
=2(f(1)+£(2) = f(n+1)—f(n+2))

zz(lg_;_ 1 jzz(é_;_ ! j
2 3 n+2 n+3 6 n+2 n+3
21(5(”‘*2)(7’”3)—6(71+2)—6(n+3)J

3 (n+2)(n+3)

B 5n* +13n
3(n+2)(n+3)
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5 3 (r+1) —(r=1) =(n+1) +n° -1

2n

>+ =(r-1)

=2n+1)’ +@2n)y —1-(n*+(n-1)-1)
=16n +12n> +6n—(2n° =3n° +3n-2)
=14n’ +15n +3n+2

Soa=14, b=15c=3andd =2

d" ;
dx)’: =2
d8

b =2

8

When x = log 32, d_); = )8 pl-2log32
dx

=2%(32)7 =28 e = 2

7T a f(x)=In(1+¢") so f(0) =1n2
e’ 1
f)=—— | 21— =1-4e! | f(O)==
I+e 1+e" 2
x/ 1
So f"(x) = oruse the quotientrule {"(0) =—
(x) (1e) q (0) 2
b (x)= (L+e")’e” —e"2(1+e")e’ Use the quotient rule and chain rule.
(1+¢*)*
(1+e")e"{(1+e*)—2e"} e"(1-¢")
- - £7(0) = 0
(1+e")* (1+e*) )

¢ Using Maclaurin’s expansion
2

In(1+¢") =In2 FEE A
2 8

The expansion is valid for —-1<e* <1=0,¢e" <1 so forx<0.

(40’ (o' (40"
2! 4! 6!

=1-8x> +£x4 —ﬁ)f +
45

8 a cosdx=1-
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8 b cosdx=1-2sin’ 2x,

so 2sin?2x=1-2cosdx =8x* — +...
sin22x=4x2—Ex4+ﬁx6+...
3 45
52 34 2y
9 Usinge' =l+x+—+—+—+... andcosx=1-—+"——...
2 6 24 2 24

—_

2 4
X X 2 4
_i+7j X X

( 2 24 -
e =¢ =exe 2 xe

2 2)2 4
—edl4| - +l A S no other terms required
2 20 2 24
{ x

10 In[(1+x)2(1 = 2x)] = 2In(1 + x) + In(1 - 2x)
- 2{x_x_2+x_;_x7:+“}+{(_2x)_ (—2x)° ~ (—2x)° ~ (—2x)* +}

2 2 3 4

=2x—x" +§x3 —%x“ —2x-2x° —§x3 —4x* ...

=3x?-2x°—...
11 f(x) = In(sec x + tan x) f(0)=In1=0
2
F/(x) = secxtanx +sec” x _ sec x(tan x + sec x) _secx f(0)=1
secx +tanx secx + tanx
f"(x) =secxtanx £f"(0)=0
£"'(x) = sec xsec” x + sec x tan x tan x f"(0)=1

3
T . . . X
Substituting into Maclaurin’s expansion gives ¥ =X +Z +...

d . d x2 x3 x4 xr xr+1
12a —(")=—|1l4+x+—+—+—+...+—+ +...
dx dx 21 31 4! rl (r+1)!

20 327 4 (DY

=1+—+
20 31 4! (r+1)!
2 3 r
X X X
=l4+x+—+—+.. . +—+...
2! 31 r!

:ex
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d PER (2
12b —(sinx)=—| x——+——...+(-1)" +...
dx 3! 5! 2r+1)!
2 4 2r
_ _3x7 5xT 1y 2r+1)x
315! 2r+1)!
2 4 6 2r
o LA A (-1 L ..=cosx
21 4! 6! (2r)!
2 4 6 2r 242
¢ Losny=d |- X X Ly Xyt
dx dx 21 4! 6! (2r)! (2r+2)!
3 5 2r-1 2r+1
e & P U D s ) S
21 41 6! (2r)! (2r+2)!
3 5 2r+1
S Y ) (L
3! ! Q2r+1)!
S T S e A S IR
3! 5! 2r+1)!
2 4
13a You can write cosx=1—(7—ﬁ+...}it is not necessary to have higher powers

1 1 2 4
X X
secx = = — | 2y
cost 15—+ { (2 Z

J

Using the binomial expansion but only requiring powers up to x*

2 4 2
secx =1+(—1){—(%_%}}+# _(%_%

2

2
ST S BV
2 24

2 4 4
S R + higher powers of x
24 4
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13b tanx = S x

=sin x X sec x
COS X
3 5 2
B O S S | FEEaE R
31 5l 2 24
3 3 5
1
e s XU s X

+—x X
2 24 3123 5!

1 1)5 (5 1 1)
=x4| = X | — [ +...
2 6 24 12 120

2 3 2
3
14 Using ¢* =1+x+%+%+... and cos3x:1—@+_,,

2 i 9x?
e'cos3x=|l+x+—+"—+... || 1 -—"+...
2 6 2
¥2 9x? ¥ 9y
=ql+x+| ——— |+ ——— |+...
2 2 6 2
=1+x—4x2—§x3+...

15 f(x) = 1+ x)* In(1 + x).

£(x) = (1 + x)? % +2(+x)In(1+x) = (1 +x) {1+ 2In(1 + x)}
X

£"(x) =(1+x)(%j+{l+2ln(l+x)} =3+2In(1+x)

f/n(x):(ij
1+x
f(0)=0, f'(0) =1, f"(0)=3, f"(0) =2

Using Maclaurin’s expansion
2 32,25
(1+x) 1n(1+x)=0+(l)x+5x +§x +...

:x+§x2+lx3+...
2 3

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 6



Core Pure Mathematics Book 2 SolutionBank

3
16a 1n(1+sinx)=ln{l+(x—%+...]}
x? 1 x? ’ 1 x’ ’ 1 x’ ’
I T P e [ [ e I e ST SO
3! 2 3! 3 3! 4 3!

6 2 3
x2 x3 x4
=x——+ =
2 6 12

T n 2 3 4
« . - X X X
b .[061n(1+smx)dxzj.6(x__+___

0 2 6 12
2 3 4 5T 2 3 4 5
MEEE X P T T T _0.116(3d.p)
2 6 24 60 N 72 1296 31104 466560
17a f(x)=e™" = e 3 T —e'xed (As only terms up to x* are required, only first two terms

of'tan x are needed.)

2 .3 3
=(1+x+x—+x—+...](l+%+...] no other terms required.

2! 3l
x3 x2 x3
=l 1+—+x+—+—+...
3 2! 3l
2.3

X X
=l+x+—+—+...
2 2

2 3

SRR P A
2

18a f(x)=Incosx £(0)=0

fr(x) =% _ tanx £(0)=0
cos x

f"(x) = —sec® x £"(0) =-1
f'(x) = —2sec® xtan x f(0)=0

f""(x)=-2 sec4 xX— 4S€C2 X tan2 X £""(0)=-2

Substituting into Maclaurin:

4
2 )C4 x2 X

X
lncosx—(—1)2—!+(—2)4—!+...— —————
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18b Using 1+ cosx = 2cos’ (%J,ln(l +cos x) = In2 cos? (%J =1In2 + 2Incos (%J

1(xY 1 x ! x x*
so In(lI+cosx)=In2 +29——| = | —— - =2 —————_..
22 122 4 96

19a
y — e3x _e—3x
y'=3e" +3e"
y": 9e3x _9e_3x — 9y
=9y, y"=9y" =81y
b When x=0,
y=0
y'=6
yn — 9y =0
y"=9y'=54
ynn 81_)/ 0
"l" 81y 486
54 486
SOy 6x+—x +—2Xx +
3! 5!
=6x+9x° +ﬂx5 +...
20
C
> (3x)" > (—=3x)"
e3x — ( ,e 3x —
nzz(; n' nzz(; n'
y — e3x _e—3x
:i(?)x)n (- 3x) Z(l 1y )(3x)
n=0 n!
2n-1 _2n-1 2n-1 _2n-1
n™ non-zero term is (1- (—1)2”‘1) 3;2 o -2 3;2 X 5
n—1)! n—1)!
Challenge

e” = i ()" _ 1+ix+ (ix)° + (ix)° + (ix)° + (ix)° +

o n! 2! 3! 4! 5!
oxrox xt X
=l+ix——-i—+—+i—
o3t 40 st

x* oxt ( x X j
=]l -—+—+ . i x——+—+...
21 41 31 5!

2n+1

12( ) —————=cosx+isinx

n:o (2 ) +D!
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