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Methods in calculus 3B

1 a

f(x) =1

The mean value of f(x) on [O,l] is:
1 1

m}[ldx = [X]O = 1

1

f(x) B x+1

The mean value of f(x) on [O,l] is:
1 ¢ 1

m Omdx = |:11’1(X+1):|

1
0
=In2-Inl=mn2
f(x):ex+1
The mean value of f(x) on [O,l] is:
1
! Iex+ldx:[ex+x}
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e +1
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Consider [ dx

e +1

Let u =& and du = 3¢>"dx
| e 11 1

e3x =

du.

+1 3 u+l
:%ln(u+1)+C
1 X
=§1n(e3 +1)+C
The mean value of f(x) on [0,2] is:
2
1 e3x
§£e3x+ldx
1 T
:g|:h'l(€3 +1)i|0

=%(1n(e6 +1)—1n2)

2 b f(x)=cos’xsin’x
Consider cos® xsin® x

. 2
= cos x(cos xsin x)
2
1 .
=COSX Esm 2x

= icos x(sin 2xsin 2x)

1 (1—c0s4x)
=—cosx| ——=
4 2

= %(cos X —C08 x cOs 4x)

:l cosx—lcos5x—lcos3x
8 2 2

= %(2 COS X —C0s 5x — C0s 3x)

Therefore,

: 2
cos’ xsin” xdx

O o [N

1 2
=—j(200sx—cos§x—cos3x)dx
164
=i[2sinx—lsin5x—lsin?ax}2
16 5 3 .
1

1 1) 2
-2ty =2
16( 5 3) 15

s
So the mean value of f(x) on [O,E} is;

z
2% .

—.[cos3xsm xdx =——
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2 ¢ f(x)=xe™ 2 e f(x)=(secx—cosx)’
Conside‘r [xe™ Consider J(secx —cosx)” dx
Ijn)tzgfg;tclrig_b;’elf rjsj,e_x & =] (sec2 x —25eC X coS X + cos’ x) dx
— xet_e " _Jsec? xdx—2fdx+f(coszx+ljdx
So the mean value of f(x) on [1,3] is: 2
1 ¢ . =tanx—2x+lsin2x+lx+C
—— |xe "dx 2
3-hy 1 3
1 3 =tanx+—sin2x——x+C
_E[—xe —eix:l 4 2
% 2
:E(_3e*3_e*3+e "te ‘) .([(secx—cosx) dx
f4e2)E52 :
20 & ¢ e ={tanx+lsin2x—§x}4
4 2
f ; 1 s
d (x)_(x+2)(2x+l) 4 8 4 8
T
3 f 0,— | is:
Consider _[ 5 & So the mean value of (x) on[ 4} is
* (x+2)(2x+1) .
4
:j’ > 10 dx i_[(secx—cosx)zdx:é—E
L 3(x+2) 3(2x+1) T o2
5r 3
:g_—1n(|x+2|)+1n(|2x+1|)}0 3 a For turning points, f'(x)=0
5[, (2x+1)3 f'(x)=3x* —6x—24=0
==|In
3 Ux+21)], 3(x*—2x-8)=0
_3 1nz_1nlj:§1nﬂ 3(x—4)(x+2)=0
3 3.5 x=4,-2
So the mean value of f(x) on [0,3] is: When x=4,
L s £(x) =4 —3x4> =24 x4+100
dx
3—0-‘;(x+2)(2x+1) f(x)=20
:élnﬁ When x =-2,
9 5 f(x)=(-2)" =3x(-2)" —24x(-2)+100
£(x)=128

Therefore, the turning points are
(4,20) and (-2,128).
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3 b The graph of
v =f(x) =x" —3x" —24x+100 is:
YA

=Y

/ [9)
¢ The lower bound on the mean value is 20

and the upper bound is 128 since these
are the minimum and maximum values of

the function on the interval [—2,4].

d The mean value of f(x) over the interval
[—2, 4] 1S

Tl

1T (=35 — 24 +100) dx
6°,

;
%[%“_3_)8_24;2 +100x} 2
1(64—64-192+400—
6( 4-8+48+200 j
=74

4 f(x): sin xcos x
cos2x+2
Consider [ SIXCOS X
cos2x+2
B l sin2x
2 cos2x+2

Let u=cos2x+2 and
du=-2sin2xdx . So,

1 sin2x 1,1
Lposin2x g Lyly,
2 cos2x+2 4 u
=—llnu+C

4

=—%1n cos2x+2|+C

T
So the mean value of f(x) on [O,—} is:

s
2 %sinxcosx

Ty cos2x+2

= g[—lln|cos2x + 2@2.
n| 4 0

_n3
2n

5 f(x):x\/x+4
Consider [ x/x + 4dx
=J(x+4-4)Vx +4dx

3
=[(x+4)2 dx—4[Jx +4dx
2 4é 8 4i C
== 2 _— 2
5(x+ ) 3(x+ )2 +
So the mean value of on [0,5] is:

5
%J‘x\/x +4dx
0
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6 f(x) = xsin2x 7 b The mean value of f(x) +Ink is equal to
Consider | xsin2xdx the mean value of f(x) plus the mean
Integrating by parts, value of Ink.

_ _Los2x +[LEO8 2% dx The mean value of Ink over the interval
2 2 [1,5] 1S:

=—lxcos2x+lsin2x+C 1 1 :
2 4 _jlnkdx=—1nkjdx
44 4

1

So the mean value of (x) on [O,E} is:
3 = k(] ——lnk4

T

3 esin 2xdx Therefore, the mean Value of f(x)+Ink
I 4
0 . is Sin 224 Lppge Ly 22K
43 4 4

=§ —lx0052x+lsin2x ’
T 2 4

—3(1+£J 8 a f(x)=x(x-4)

nl12 8 Consider fx(x2—4)4dx
1 33 Let u=x" -4 and du =2xdx
" L utax
2
Sx u’
f(x)= =—+C
7 M=) 10
. 5x (x2 _4)5
Consider [ dx -~/ .C
(2x—1)(x+2) 10
_j 2 i So the mean value of f(x) on [0,2] is
(2x 1 x+2) 2
I x’ —4
B Y 23
2x -1 x+2 S
4
~ Linfox-1[+2mmx+2/+C _1(¥-4)
2 2 10
2 0
= tn[y2x 1 (x+2)7 ]+ C 256
5
So the mean value of f(x) on [1,5] is:
13 5y 8 b The mean value of —2f(x) is equal to the
Z-! (2x-1)(x+2) dx mean value of f(x) over the interval
l[ln‘\/bc—+ x+2) } [0,2] multiplied by 2.
41‘ Therefore, the mean value of —2f(x) on
=Z(ln(3x49)—ln9) [0.2] s =312
1, 49

=—In—
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9 f(x)=In(kx)
Consider JIn(kx)dx
Integrating by parts,
= x1In (kx)- fx%dx
=xIn(kx)-x+C
So the mean value of f(x) on [0,2] is:

%Eln(kx)dx=—2
%[xln(kx)—x]i =-2

%(21n2k—2)=—2
In2k =-1

2% =1
e

=t
2e

10 Given that the mean value of f (x) on the

interval [a,b] is m:

b
biaj‘f(x)dx=m
The mean value of f(x)+c¢ on the interval
[a,b] is:
1 b
b_aj(f(x)+c)dx
1 b b
=b_ajf(x)dx+ _a_[cdx
1 ¢ c |
=b_ajf(x)dx+ _ajdx
c
=m+ _a(b—a)=m+c

1
11 f(x)=
(¥)=7—
1
Consider | dx
N2—x

=-2J2—-x+C

So the mean value of f(x) on [0,2] is:
1: 1
— dx
2!«2—x

1
=5[—2\/2—x}

=2

2
0

12 The graph of y =f(x)=sin’x on the
interval [O,n] is the negative of the graph
graph of y =sin’ x on the interval [m,27].
Therefore, on evaluating the integral
2n T 2n
I sin’ xdx = I sin® xdx + I sin® xdx , the two

0 0 T
integrals on the right hand side cancel each
other out and the mean value of f(x) on the

interval [0,27] is zero.

13a [f(x)dc=[—2 _dx

(2+sinx)2
Let u=2+sinx and du =cosxdx. So,
i CcOS X zdx:f%du
(2 +sinx) u
:—1+C:— 1, +C
u 2+sinx

b The mean value of f (x) over the interval

St

ke
St 2+sinx |,

i[_8+2\/§+lJ

" 5n 13 2

T l;z)n (3+4\/§)
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13 ¢ The mean value of f (x) +3x is equal to

the mean value of f (x) plus the mean

value of 3x on the given interval.

The mean value of 3x
Sm
0,— | is:
[ 3 } i
sn
3
i .[3xdx
Sn )
E
_3[3e]:
St| 2 o

_sn
2

over the interval

Therefore, the mean value of (x) +3x is

1332)7: (3+4\/§)+57n

14 a
f’(x)=—3—4x=0

For turning points, f’(x) =0

{22

So the turning point is

()
4’8

The graph of y = f(x) =1-3x-2x" is:

Ny

/\

\

A

0

=Y

14b

a+l a+l

If(x)dx: I (1—3x—2x2)dx

[ 3y 2% !
= X —
a

| 2 3
3
3 1 2 1
Ll (a+1) ~ (a+1)
_ 2 3
3a° 24’
—a+—+—
3
=1—3a———2a2—2a—§

z—z—Sa—Za2
6

The mean value over an interval of length
1, say [a,a+l], is given by

a+l 7

If(x)dx = —g—Sa -2a°

a

To find the maximum value,
i(—z ~5a —2a2j =0
da\ 6
—5-4a=0
5
a=—-=
4

) 5
The maximum value occurs when a = _Z

and the maximum mean value is

2
__ T s[5 53} 247
6 4 4) 24
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