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Methods in calculus 3C

1 a Let y=arctanx
then tan y = x

dy

2
sec” y—=1
Y
Y_ —=cos’y
dx sec”y
1
But tan y =x,s0 cosy =
1+x°
Therefore,
d__ 1
dx  1+x7
b Let y =arccosx
then cos y =x
—sinyd—y =1
[
dx siny
But cos y = x, s0 sin y =~/1-x’
Therefore,
v__ 1
de  J1-x
¢ Let y =arccosx’
then cos y = x’
. dy
—sin y—=2x
Y
dy ~ 2x
dx siny
But cosy = x>, so sin y =+1-x*
Therefore,
dy B 2x
dx 1-x*

d Let y= arc‘[an()c3 + 3x)
then tan y = x° +3x
sec’ yﬂ =3x"+3

dx

dy 3x7+3
dx sec’y
= (3)c2 +3)cos2 y

But tan y = x’ +3x
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1 d So, cosy= !
3 2
1+ (x + 3x)
Therefore,
d_y 3 3x7+3

dx 1 (x +3x)

(1
e Let y=arcsin (—J

X
: 1
then siny =—
X
dy 1
Cos y—=——
4 dx x’
[
dr  x’cosy
But siny = 1
X
/ 1Y Wx?-1
So, cosy = 1—(—} =¥
X X
Therefore,
dy _ 1

dx xvx* -1

2 y= (arccos x)(arcsin x)

Using the product rule for differentiating, and the standard results for i(arccos x) and i(arcsin X)

a (arccos x)%(arcsin x)+

(arcsin x)%(arccos x)

dy 1 . 1
—— = arccosXx. —arcsin X. ———
dx V1-x? 1-x?
dy  arccosx —arcsin x

dx \/l—)c2

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 2



Core Pure Mathematics Book 2 SolutionBank

1+ arctan x
3 y=——
1—arctan x

y(1—arctan x) =1 +arctan x
(1+y)arctanx = y—1

y—1
y+1

(e

(1+tan2@:jj[(yil)2]%=l

(l—arctanx)2 d_y_1
2 dx

d 2

dx (1 + xz)(l —arctan x)2

arctan x =

(1+x2)

4 f(x)=arccosx+arcsinx
f'(x)= %(arccos x)+ %(arcsin x)
1 1

t'(x)= - =
( ) \/l—x2 \/l—x2

f(x)=If'(x)dx=]0dx=C

Consider

f(O) = arccos 0 +arcsin 0

0

=Li0=L=C
2 2

Therefore, f(x)= g for all values ofx.

5 a Let y=arccos2x
Let t =2x y=arcost
-1

a_, &

then =
e J1-¢
4 = - x2
e J1-¢£
B -2
1—4x?
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5 b Let y=arctan§

Let ¢ =% y =arctant

a1 dy_ 1

dx 2 dt 1+7
v 1 1 1 2 2
L2057 0\ 2 T
dr 1+72 2 2(1+x7) 4+x*  x*+4

¢ Let y=arcsin3x

sin y =3x
cosyQ=3
dy_ 3 3
dx cosy J1-sin’ y
3
1-9x?
3
1-9x?

d Let y= arccot(x+l)

Let t=x+1 and £=1
dx

y = arccott?
coty=t
—coseczyﬂ=l
dy . 2
— = —sin
dr d
1
1+(x+1)2
Using chain rule,
_d d
dx dr dx
- 1
1+(x+1)2
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5e Lety=arcsin(1—x2)
Let t=1-x" and 4 oy
dx

y =arcsint
siny =t
dy
cosy—=1
T
d_y_ 1
dt cosy
1

1-sin’ y

=
J1-(1-2%)

Using chain rule,
Y _dy d
dcx dr dx

:_,/1—(1—)8)2

f Let y =arccosx’

Let

t=x? y = arccost
iz2x Q: —1
dx dt l_tz
Q: m x2x
dx

g Let y=e"arccosx

d
Y _ e¥arccosx —e*
dx

=e"(arccosx— ! J
1-x?
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S5 h Let y=arcsinxcosx

d ) )
& COS X +arcsin x X —sin x
dx 1—x2

COS X . .
= —Sin x arcsin x

V1-x2

. 2
i Let y=x"arccosx

d 1

& 2xarccos x — x> x

dx 1-x?

2
=2Xxarccos x —
2
1-x
= ){2 arccos x — i J
1-x?
j Let y — earctanx
dy earctanx
5 B 1+x°
6
tan y = xarctan x
d
sec’ y—y = arctan x + 5

dx 1+x
dy 1 X
— = 5 arctan x + 5
dx sec” y 1+x

1
= 3 5 (arctanx + i 5 J
1+ x” (arctan x) I+x
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7 y =arcsinx
dy 1
dx

A2y 0-1(1-x%) 2x-2x
2 = 2
©o (e
1
3 x(l—xz) 2

(1-x%)

_ X
VI-x? (1-x%)
&’y  dy
2
1-x)"2 =¥
d’y dy
2 _
1-x)L-xF -0

8 = arcsin2x x—l = arcsin x 2|z
g 4 7 4)"6
2

dy 2

& Jisa? i) B

Tangent is

9 a y=(arctanx)2

Let ¢ = arctan x

dt 1
So, — = 5

dx 1+x
y=t
d—y=2z‘=2arc‘[anx
dt
d_dy dr
dx dr dx

_ 2arctan x

1+ x2
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1

arcsin x
Let ¢ = arcsinx

9 b y=

a2 (arcsin)c)2
dy _dy dr
dx dr dx

1

V1-x? (arcsin x)2 .

c y= arctan(arctan x)

Let # = arctan x

So, £= ! 5

dx 1+x
y = arctant
b1
dt  1+¢ 1+(arc‘[an)c)2
dy _dy  dr
dx dr dx

B 1

(1+x2)(1+(arctanx)2)

10a The graph of y = arcsin(arcsin x) is:
YA

S
=Y
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10b The graph of y = arccos(arccos x) is:
YA

Q
=Y

¢ The graph of y= arctan(arctan x) is:
YA

Q
=Y

11a Let ¢t =arccosx, SO cost=x
sin(arccos x) =sint

=++y1—cos’t

Since arccos x has the range [0,n] , and sint is positive on this domain, we have

sin (arccos x) =1-x

b Let f =arctanx, so tant=x
Therefore,

Ccos (arctan x) = COst

. T T ) .. ) )
Since arctan x has the range (_E’E} and cos¢ is positive on this domain, we have

cos (arctan x) =

1
I+ x?
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11c¢ Let ¢t =arccosx, SO cost=x
Therefore,

S€C (arccos x) =sect

d Let ¢t =arcsecx, SO sect=x
Therefore,

sin (arcsecx) =sint

=++/1—cos’t .

=+ 1—(%}2
V-1

2_
X

) s T . .. ) )
Since arcsecx has the range {O, 5) U (E,n} , and sint is positive on this domain, we have

sin (arcsecx) =, [1 —Lz
x
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