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Methods in calculus 3C 

1 a Let arctany x=  

  then tan y x=  

  2 d
sec 1

d
=

y
y
x

 

  
2

2

d 1
cos

d sec
= =

y
y

x y
 

  But tan y x= , so 
2

1
cos

1
y

x
=

+
 

  Therefore,  

  
2

d 1

d 1
=

+
y

x x
 

 

 b Let arccosy x=  

  then cos y x=  

  
d

sin 1
d

− =
y

y
x

 

  
d 1

d sin
= −

y

x y
 

  But cos y x= , so 2sin 1y x= −  

  Therefore,  

  
2

d 1

d 1
= −

−

y

x x
 

 

 c Let 2arccosy x=  

  then 2cos y x=  

  
d

sin 2
d

− =
y

y x
x

 

  
d 2

d sin
= −

y x

x y
 

  But 2cos y x= , so 4sin 1y x= −  

  Therefore,  

  
4

d 2

d 1
= −

−

y x

x x
 

 

 d Let ( )3arctan 3y x x= +  

  then 3tan 3y x x= +  

  2 2d
sec 3 3

d
= +

y
y x
x

 

  
2

2

d 3 3

d sec

+
=

y x

x y
 

    ( )2 23 3 cosx y= +  

  But 3tan 3y x x= +  
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1 d So, 

( )2
3

1
cos

1 3

y

x x

=
+ +

 

  Therefore,  

  

( )
2

2
3

d 3 3

d 1 3

+
=

+ +

y x

x x x
 

 

 e Let 
1

arcsiny
x

 =  
 

 

  then 
1

sin y
x

=  

  
2

d 1
cos

d
= −

y
y
x x

 

  
2

d 1

d cos
= −

y

x x y
 

  But 
1

sin y
x

=   

  So, 

2 21 1
cos 1

x
y

x x

− = − = 
 

 

  Therefore,  

  
2

d 1

d 1
= −

−

y

x x x
 

 

2 ( )( )arccos arcsiny x x=  

 Using the product rule for differentiating, and the standard results for ( )arccos
d

d
x

x
 and ( )arcsin

d

d
x

x

, 

 

( ) ( )

( ) ( )

arccos arcsin
d d

d
arcsin arccos

d

 + 
=  
  
 

d
x x

y x

dx
x x

x

 

 
2 2

d 1 1
arccos . arcsin .

d 1 1
= −

− −

y
x x

x x x
 

 
2

d arccos arcsin

d 1

−
=

−

y x x

x x
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3 
1 arctan

1 arctan

x
y

x

+
=

−
 

 ( )1 arctan 1 arctany x x− = +  

 ( )1 arctan 1y x y+ = −  

 
1

arctan
1

y
x

y

−
=

+
 

 
1

tan
1

y
x

y

 −
= + 

 

 
( ) ( )

( )
2

2

1 11 d
sec 1

1 d1

 + − − −
=   + +  

y yy y

y xy
 

 
( )

2

2

1 2 d
1 tan 1

1 d1

   −
+ =     + +   

y y

y xy
 

 ( ) ( )2

2 1 arctan d
1 1

2 d

−
+ =

x y
x

x
 

 
( ) ( )22

d 2

d 1 1 arctan
=

+ −

y

x x x
 

   

4 ( )f arccos arcsin= +x x x  

 ( ) ( ) ( )f arccos arcsin
d d

′ = +
d d

x x x
x x

 

 ( )
2 2

1 1
f 0

1 1
= −′ =

− −
x

x x
 

 ( ) ( )f f ' d 0d= ∫ = ∫ =x x x x C  

 Consider  

 ( )0 arccos 0 arcsin 0f = +  

   
π π

0
2 2

= + = = C  

 Therefore, ( ) π
f

2
=x  for all values of x . 

 

5 a Let arccos 2y x=  

  Let 2 arcost x y t= =  

  

2

2

2

d d 1
then 2

d d 1

d 1
2

d 1

2

1 4

t y

x t t

y

t t

x

−
= =

−
−

= ×
−
−

=
−
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5 b Let arctan
2

x
y =  

  Let arctan
2

x
t y t= =  

  
2

d 1 d 1

d 2 d 1

t y

x t t
= =

+
 

   
( )22 2 2

4

d 1 1 1 2 2
or

d 21 4 42 1 x

y

x t x x
= × = =

+ + ++
 

 

c Let arcsin3y x=  

  sin 3y x=  

  

2

2

d
cos 3

d

d 3 3

d cos 1 sin

3

1 9

3

1 9

y
y
x

y

x y y

x

x

2

=

= =
−

=
−

=
−

 

 

 d Let ( )arccot 1y x= +  

  Let 1t x= +  and 
d

1
d

=
t

x
 

  arccoty t=  

  cot y t=  

  2 d
cosec 1

d
− =

y
y
t

 

  2d
sin

d
= −

y
y

t
 

    
( )2

1

1 1x
= −

+ +
 

  Using chain rule, 

  
d d d

d d d
= ×

y y t

x t x
 

   
( )2

1

1 1x
= −

+ +
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5 e Let ( )2arcsin 1y x= −  

  Let 2
1t x= −  and 

d
2

d
= −
t

x
x

 

  arcsiny t=  

  sin y t=  

  
d

cos 1
d

=
y

y
t

 

  
d 1

d cos
=
y

t y
 

    
2

1

1 sin y
=

−
 

    

( )2
2

1

1 1 x

=
− −

 

  Using chain rule, 

  
d d d

d d d
= ×

y y t

x t x
 

    
( )

( )

2
2

2 2

2

1 1

2

2

x

x

x

x x

= −
− −

= −
−

 

 

 f Let 2
arccosy x=  

  Let 

  

2

2

2

4

arccos

d d 1
2

d d 1

d 1
2

d 1

2

1

t x y t

t y
x

x t t

y
x

x t

x

x

= =

−
= =

−
−

= ×
−
−

=
−

 

 

 g Let e arccos
x

y x=  

 

2

2

d 1
e arccos e

d 1

1
e arccos

1

= −
−

 
= −  − 

x x

x

y
x

x x

x
x
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5 h Let arcsin cosy x x=  

 
2

2

d 1
cos arcsin sin

d 1

cos
sin arcsin

1

y
x x x

x x

x
x x

x

= + × −
−

= −
−

 

 

 i Let 2
arccosy x x=  

 

2

2

2

2

2

d 1
2 arccos

d 1

2 arccos
1

2arccos
1

y
x x x

x x

x
x x

x

x
x x

x

= − ×
−

= −
−

 
= −  − 

 

 

 j Let arctan
e

x
y =  

 
arctan

2

d e

d 1

x
y

x x
=

+
 

 

6 

 

2

2

2 2

2 2 2

tan arctan

d
sec arctan

d 1

d 1
arctan

d sec 1

1
arctan

1 (arctan ) 1

y x x

y x
y x
x x

y x
x

x y x

x
x

x x x

=

= +
+

 = + 
+ 

 = + 
+ + 
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7 

( )

2

1

212 2
2

2 2
2

1

2 2

2

2 2

2
2

2

2
2

2

arcsin

d 1

d 1

0 (1 ) 2d

d
1

(1 )

(1 )

1 (1 )

d d
(1 )

dd

d d
(1 ) 0

dd

y x

y

x x

x xy

x
x

x x

x

x

x x

y y
x x

xx

y y
x x

xx

−

−

=

=
−

− − × −
=

−

−
=

−

=
− −

− =

− − =

 

 

8 

2 1
4

1 2 π
arcsin 2 arcsin

4 4 6

d 2 2 4

d 311 4

 = = = = 
 

= = =
−−

y x x y x

y

x x

 

 

 Tangent is 

 

π 4 1

6 43

π 3
3 4 1

6

4 π 1

63 3

   − = −   
   

− = −

= + −

y x

y x

y x

 

 

9 a ( )2
arctany x=  

  Let arctant x=  

  So, 
2

d 1

d 1
=

+
t

x x
 

  2y t=  

  
d

2 2arctan
d

= =
y

t x
t

 

  
d d d

,  
d d d

= ×
y y t

x t x
 

     
2

2arctan

1

x

x
=

+
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9 b 
1

arcsin
y

x
=  

  Let arcsint x=  

  So, 
2

d 1

d 1
=

−

t

x x
 

  
1

y
t

=  

  
( )22

d 1 1

d arcsin
= − = −

y

t t x
 

  
d d d

,  
d d d

= ×
y y t

x t x
 

     
( )22

1

1 arcsinx x
= −

−
.  

 

 c ( )arctan arctany x=  

   Let arctant x=  

  So, 
2

d 1

d 1
=

+
t

x x
 

  arctany t=  

  
( )22

d 1 1

d 1 1 arctan
= =

+ +

y

t t x
 

  
d d d

 
d d d

= ×
y y t

x t x
 

     

( ) ( )( )22

1

1 1 arctanx x
=

+ +
 

 

10 a The graph of ( )arcsin arcsiny x=  is: 
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10 b The graph of ( )arccos arccosy x=  is: 

    
  

 c The graph of ( )arctan arctany x=  is: 

   
11 a Let arccost x= , so cos t x=  

  ( )sin arccos sinx t=  

            21 cos t= ± −  

  Since arccos x  has the range [ ]0, π , and   sin t  is positive on this domain, we have 

  ( ) 2sin arccos 1x x= −  

 

 b Let arctant x= , so tan t x=  

  Therefore, 

  ( )cos arctan cosx t=  

            
1

sec t
=  

            
2

1

1 x
= ±

+
 

Since arctan x  has the range 
π π

,
2 2

− 
 
 

, and cos t  is positive on this domain, we have 

  ( )
2

1
cos arctan

1
x

x
=

+
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11 c Let arccost x= , so cos t x=  

  Therefore, 

  ( )sec arccos secx t=  

           
1

cos t
=  

           
1

x
=  

 d Let arcsect x= , so sec t x=  

  Therefore, 

  ( )sin arcsec sinx t=  

           21 cos t= ± − .  

           

2
1

1
x

 = ± − 
 

 

           
2

1x

x

−
= ±  

Since arcsecx  has the range 
π π

0, ,π
2 2

   ∪    
, and sin t  is positive on this domain, we have 

  ( ) 2

1
sin arcsec 1x

x
= −  

 

 

 

 

 

 

 

 

 

 

 


