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1 

Methods in calculus 3E 

1 a 
( )( ) 22

1

1 31 3

Ax B C

x xx x

+
= +

+ ++ +
 

  ( )( ) ( )21 3 1Ax B x C x≡ + + + +  

  If 3x = − , 
1

10
C =  

  
1

0
10

A C A+ = ⇒ = −  

  
3

3 1
10

B C B+ = ⇒ =  

  Therefore, 

  
( )( ) ( )22

1 3 1

10( 1) 10 31 3

x

x xx x

− +
= +

+ ++ +
 

  

 b 
( )( ) 22

1

2 12 1

Ax B C

x xx x

+
= +

+ −+ −
 

  ( )( ) ( )21 1 2Ax B x C x≡ + − + +  

  If 1x = , 
1

3
C =  

  
1

0
3

A C A+ = ⇒ = −  

  2 1
1

3
B C B− + = ⇒ = −  

  Therefore, 

  
( )( ) ( )22

1 1 1

3( 2) 3 12 1

x

x xx x

+
= − +

+ −+ −
 

 

 c 
( ) 22

4

77

x Ax B C

x xx x

− +
= +

++
 

  ( )( ) ( )24 7x Ax B x C x− ≡ + + +  

  1B =  

  Set 0x = , so 
4

7
C = −  

  
4

0
7

A C A+ = ⇒ =  

  Therefore, 

  
( ) ( )2 2

4 4 7 4

77 7 7

x x

xx x x

− +
= −

+ +
 

 

 

 



 

 

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 2 

2 
( ) ( )

2

22

3
d d

6 26 2

− +
∫ = ∫ +

+ ++ +

x x Ax B C
x x

x xx x
 

 ( )( ) ( )2 23 2 6x x Ax B x C x− ≡ + + + +  

 Set 2x = − , so 1C =  

 1 0A C A+ = ⇒ =  

 2 6 0 3B C B+ = ⇒ = −  

 Therefore, 

 
( ) ( )

2

2

3
d

6 2

−
∫

+ +

x x
x

x x
 

 
2

1 1
3 d d

6 2
= − ∫ + ∫

+ +
x x

x x
   

 
3

arctan ln 2
2 6

x
x c

 
= − + + + 

 
 

 Therefore, 1A =  and 
3

2
B = −  

 

3 a Writing 4 3 2 3 2 6)4 2 12 ( 2)(x x x x x a bx x x− − − ++ + −− =  and solving we obtain   

  ( )2f ( ) ( 3)( 2) 2= − + +x x x x   

 

 b 
3

4 3

2

2

4 24
d

4 2 1

20

2

+ −
∫

− − −
−

−
x x

x
x x x x

x
 

  
( )( )( )

23

2

4 22 4
d

2 2

0

3

+ −
= ∫

+ +

−

−

x x

x x x

x
x  

  
2

d
2 3 2

+
= ∫ + +

+ − +
A B Cx D

x
x x x

 

 

( )( )
( )( )
( )( )
( )( )

2

3 2

2

3 2

2 2
4 240

3

2
2 3

2

A x x

B x x
x x

Cx x x

D x x

x

 − +
 
 + + + +
 + − ≡
 + − +
 
 + − 

−  

   

 

  Set 3x = , so 3B = −  

  Set 2x =− , so 4A =  

  1 0A B C C+ + = ⇒ =  

  6 4 6 24 2A B D D− + − = − ⇒ = −  
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3 b 
( )( ) ( )

23

2

4 24
d

2 2

20

3

+ −
∫

+

−

− +

x x
x

x x x

x
 

  
2

1 1 1
4 d 3 d 2 d

2 3 2
= ∫ − ∫ − ∫

+ − +
x x x

x x x
 

  

4ln 2 3ln 3

2 arctan
2

x x

x
c

 + − −
 

=   − +    

 

  
( )
( )

4

3

2
ln 2 arctan

23

x x
c

x

 +   = − +    −
 

Therefore, 4A = , 3B = − , and 2D = −  

 

4 
( )3 2

2 2
d d

4 4

− −
∫ = ∫

+ +

x x
x x

x x x x
 

    
2 4

Ax B C

x x

+
= +

+
 

 ( )( ) ( )22 4x Ax B x C x− ≡ + + +  

 1B = −  

 Set 0x = , so 
1

2
C =  

 
1

0
2

A C A+ = ⇒ = −  

 Therefore, 

 
3

2
d

4

−
∫

+
x

x
x x

 

 
2 2

1 1 1 1
d d d

2 4 4 2
= − ∫ − ∫ + ∫

+ +
x

x x x
x x x

 

 21 1 1
ln 4 arctan ln

4 2 2 2

x
x x c

 = − + − + + 
 

 

 
2

2

1 1
ln arctan

4 4 2 2

x x
c

x

 = − + +  
 

 Therefore, 
1

4
A = , 

1

2
B = −  

   

5 
( )

2 2

4 2 2 2

1 1

4 9 4 9

x x
dx dx

x x x x

+ +
∫ = ∫

+ +
 

        
2 24 9

Ax B Cx D

x x

+ +
= +

+
 

 ( )( ) ( )( )2 2 21 4 9x Ax B x Cx D x+ ≡ + + + +  

 
1

9
B =  

 
5

4 1
9

B D D+ = ⇒ =  

 0A=  
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5 0C =  

 Therefore, 

 
2

4 2

1
d

4 9

+
∫

+
x

x
x x

 

 
2 2

1 1 5 1
d d

9 9 4 9
= ∫ + ∫

+
x x

x x
 

 
2

2

1 1 5 1
d d

99 36

4

= ∫ + ∫
+

x x
x

x

 

 
1 5 1

arctan
3 39 36

2 2

x
c

x

  
  

= − + +  
     

 

 
1 5 2

arctan
9 54 3

x
c

x

 = − + + 
 

 

 Therefore, 
1

9
A = − , 

5

54
B =  

 

6 
3 2

4

9 1
d

1

+ + +
∫

−
x x x

x
x

 

 
( )( )( )

3 2

2

9 1
d

1 1 1

+ + +
= ∫

− + +

x x x
x

x x x
 

 
2

d
1 1 1

+
= ∫ + +

− + +
A B Cx D

x
x x x

 

 

( )( )
( )( )
( )( )
( ) ( )

2

2

3 2

1 1

1 1
9 1

1 1

1 1

A x x

B x x
x x x

Cx x x

D x x

 + + +
 
 − + +
 + + + ≡
 − + +
 
 − + 

 

 Set 1x =− , so 2B = −  

 Set 1x = , so 3A=  

 1 0A B C C+ + = ⇒ =  

 1 4A B D D− − = ⇒ =  

 Therefore, 

 
( )( ) ( )

3 2

2

9 1
d

1 1 1

+ + +
∫

− + +

x x x
x

x x x
 

 
2

1 1 1
3 d 2 d 4 d

1 1 1
= ∫ − ∫ + ∫

− + +
x x x

x x x
 

 3 ln 1 2 ln 1 4 arctanx x x c= − − + + +  

 
( )
( )

3

2

1
ln 4arctan

1

x
x c

x

−
= + +

+
 

 Therefore, 3A= , 2B = , and 4D =  
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7 a ( ) 3 2f 4 6 24= − + −x x x x  

Since ( )f 4 0= , ( )4x −  is a factor. Using long division, we find that 

  ( ) ( )( )2f 4 6= − +x x x  

 

 b 
( ) ( )

2 2

3 2 2

2 3 24 2 3 24

4 6 24 4 6

x x x x

x x x x x

− + − +
=

− + − − +
 

        
24 6

A Bx C

x x

+
= +

− +
   

( )
( )( )

2

2
6

2 3 24
4

A x
x x

Bx C x

 + +
 − + ≡
 + − 

 

  Set 2x =− , so 2A =  

  2 0A B B+ = ⇒ =  

  6 4 24 3A C C− = ⇒ =−  

  So, 

  
2

3 2 2

2 3 24 2 3

4 6 24 4 6

x x

x x x x x

− +
= −

− + − − +
 

 

 c 
2

3 2

2 3 24
d

4 6 24

− +
∫

− + −
x x

x
x x x

 

  
2

2 3
d

4 6
= ∫ −

− +
x

x x
 

  
2

1 1
2 d 3 d

4 6
= ∫ − ∫

− +
x x

x x
 

  
3

2ln 4 arctan
6 6

x
x c

 
= − − + 

 
 

  
3

2ln 4 arctan
2 6

x
x c

 
= − − + 

 
 

 

8 a 
( ) ( )

1
d d

2 2 1 2 2 1
∫ = ∫ +

− − − −
A B

x x
x x x x

 

  ( ) ( )1 2 1 2A x B x≡ − + −  

  Set 2x = , so 
1

3
A =  

  Set 
1

2
x = , so 

2

3
B = −  

  
( )( )

1
d

2 2 1
∫

− −
x

x x
 

  
1 1 2 1

d d
3 2 3 2 1

= ∫ − ∫
− −

x x
x x

 

  
1 1

ln 2 ln 2 1
3 3

x x c= − − − +  

  
1 2

ln
3 2 1

x
c

x

−
= +

−
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8 b 
( ) ( )

2

1

2

1
d

2 2 1− −∫ x
x x

 

  Split the integral as 

  
( )( ) ( )( )

1 2

1 1

2

1 1
d d

2 2 1 2 2 1
+

− − − −∫ ∫x x
x x x x

 

  Consider 
( ) ( )

2

1

1
d

2 2 1− −∫ x
x x

 

  
( )( )2

1

1
lim d

2 2 1→
=

− −∫
t

t

x
x x

 

  
2

1

1 2
lim ln

3 2 1

t

t

x

x→

 −
=  − 

 

  
2

1 2
lim ln

3 2 1t

t

t→

 −
=  − 

 

2
ln

2 1

t

t

−
→ ∞

−
 as 2t→ , so the integral diverges. 

 

9 a 
( )( )

4 2 4 2

4 2 2 2

5 2 5 2

10 24 4 6

x x x x x x

x x x x

+ + + +
=

+ + + +
 

  
2 24 6

Bx C Dx E
A

x x

+ +
= + +

+ +
 

  

( )( )
( ) ( )
( )( )

2 2

4 2 2

2

4 6

5 2 6

4

A x x

x x x Bx C x

Dx E x

 + + +
 
 + + ≡ + + +
 
 + + 

 

  1A =  

  0B D+ =  and 6 4 2B D+ =  

  So 1B =  and 1D = −  

  24 6 4 0A C E+ + =  

  10 5A C E+ + =  

  So 2C = −  and 3E = −  

  Therefore, 

  
4 2

4 2 2 2

5 2 2 3
1

10 24 4 6

x x x x x

x x x x

+ + − +
= + −

+ + + +
 

 

 b 
4 2

4 2

5 2
d

10 24

+ +
∫

+ +
x x x

x
x x

 

  
2 2

2 3
1 d

4 6

− +
= ∫ + −

+ +
x x

x
x x

 

  
2 2

1
d d 2 d

4 4
= ∫ + ∫ − ∫

+ +
x

x x x
x x
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9 b 
2 2

1
d 3 d

6 6
− ∫ − ∫

+ +
x

x x
x x

 

  

2

2

1
ln 4 arctan

2 2

1 3
ln 6 arctan

2 6 6

x
x x

x
x c

 = + + −  
 

 
− + − + 

   

  

2

2

1 4
ln arctan

2 6 2

3
arctan

2 6

x x
x

x

x
c

+  = + −  +  

 
− + 

 

 

 

10 Setting up the model 
2

2 2

4 10

( 5) 5

x x A Bx C

xx x x

+ + +
= +

+ +
 

 
2 24 10 ( 5) ( )

0 10 5 2

x x A x Bx C x

x A A

⇒ + + ≡ + + +

= ⇒ = ⇒ =
 

 Coefficient of 4x C⇒ =  

 Coefficient of 2
1 1x A B B⇒ = + ⇒ = −  

 

2

3 2

2 2

2

4

2

4 10 2 4
So d d

5 5

2 4 1 2
d

25 5

4 1
2ln arctan ln( 5)

25 5

1 4
ln arctan

2 5 5 5

x x x
x x

xx x x

x
x

x x x

x
x x C

x x
C

x

+ + − + = + + + 

 = + − + + 

 
= + − + + 

 

   
= + +   +   

∫ ∫

∫
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11 Setting up the model 
2 2

2

1( 1)( 1) 1

A Bx C

xx x x

+
= +

++ + +
 

 
22 ( 1) ( )( 1)

1 2 2 1

A x Bx C x

x A A

⇒ ≡ + + + +

= − ⇒ = ⇒ = −
 

 Coefficient of 2 0 1x A B B⇒ = + ⇒ = −  

 Coefficient of 0 1x B C C⇒ = + ⇒ =    

 
[ ]

1 1 1

2 20 0 0

1 1 1

2 20 0 0

1
11 2

0 0
0

2 1 1
So d d d

( 1)( 1)( 1) ( 1)

1 1
d d d

( 1) ( 1) ( 1)

1
[ln(1 )] arctan ln(1 )

2

1
ln 2 arctan1 ln 2

2

π 1
ln 2

4 2

1
(π 2ln 2)

4

−
= +

++ + +

= + −
+ + +

 = + + − +  

= + −

= +

= +

∫ ∫ ∫

∫ ∫ ∫

x
x x x

xx x x

x
x x x

x x x

x x x

 

 

12 a 

( ) ( )
4

2 22
2 2

1

22 2

x A Bx C Dx E

x xx x x

+ + +
= + +

++ +
 

  

( )
( ) ( )
( )

2
2

4 2

2

1 2

A x

x Bx C x x

Dx E x

 + + 
 + ≡ + + + 
 + 
 

 

  Set 0x = , so 
1

4
A =  

  
3

1
4

A B B+ = ⇒ =  

  
5

4 2 0
2

A B D D+ + = ⇒ = −  

  0C =  

  2 0 0C E E+ = ⇒ =  

  Therefore, 

  

( ) ( ) ( )
4

2 222 2

1 1 3 5

4 4 22 2 2

x x x

x xx x x

+
= + −

++ +
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12 b 

( )
4

2
2

1
d

2

+
∫

+

x
x

x x

 

  ( ) ( )22 2

1 3 5
d

4 4 2 2 2
= ∫ + −

+ +

x x
x

x x x

 

  
( )22 2

1 1 3 5
d d d

4 4 2 2 2
= ∫ + ∫ − ∫

+ +

x x
x x x

x x x

 

  Consider 
( )2

2
d

2
∫

+

x
x

x

 

  Let 2 2u x= +  and 2 d=du x x  

  
( )2 22

1 1
d

22
∫ = ∫

+

x
x du

ux

 

           
( ) 12

1 1

2 2 2
c c

u x
= − + = − +

+
 

  So, 

  
( )22 2

1 1 3 5
d d d

4 4 2 2 2
∫ + ∫ − ∫

+ +

x x
x x x

x x x

 

  
( )

2

2

1 3 5
ln ln 2

4 8 4 2
x x c

x
= + + + +

+
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Challenge 

 a 
2

1
d

8 8
∫

− +
x

x x
 

  
( )2

1
d

4 8
= ∫

− −
x

x

 

  

( ) ( )22

1
d

4 2 2
= ∫

− −
x

x

 

  
( )( )

1
d

4 2 2 4 2 2
= ∫

− + − −
x

x x
 

  d
4 2 2 4 2 2

= ∫ +
− + − −

A B
x

x x
 

  ( ) ( )1 4 2 2 4 2 2A x B x≡ − − + − +  

  Set 4 2 2x = − , so 
1

4 2
A = −  

  
1

0
4 2

A B B+ = ⇒ =  

  So, 

  
2

1
d

8 8
∫

− +
x

x x
 

  

1
d

1 4 2 2

14 2
d

4 2 2

 − ∫ + − + =
 ∫ − − 

x
x

x
x

 

  
ln 4 2 21

4 2 ln 4 2 2

x

c

x

 − − + +
 = +  − + 

 

  
1 4 2 2

ln
4 2 4 2 2

x
c

x

− −
= +

− +
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Challenge 

 b 
2

1
d

2 4 11
∫

+ +
x

x x
 

 

  

( )2

1 1
d

92 1
2

= ∫
+ +

x

x

 

  

( )
2

2

1 1
d

2 3
1

2

= ∫
 + +  
 

x

x

 

  (Let 1u x= + , so d=du x ) 

  
2

2

1 1

2 3

2

du

u

= ∫
 

+  
 

 

  
1

arctan
33 2

2

u
c

 
 

= + 
 
 
 

 

  
( )2 11

arctan
33 2

x
c

 +
= +  

 
 

 


