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Methods in calculus 3E
1 _Ax+B C
= +
(x +1) x+3) x4l x+3
1=(Ax+B)(x+3)+C(x* +1)
1

Ifx=-3,C=—
10
A+C=0:>A=—i
10
3
3B+C=1=B=—
10
Therefore,
1 _ —x+3 1

(x2+1)(x+3) 100 +1) " 10(x+3)

1 Ax+B+ C
(x +2) P42 x-l
IE(Ax+B)(x 1)+C(x +2)

If x=1, C=—
3
1
A+C=0:>A=—§

—B+2C:1:>B:—%

Therefore,
1 x+1 1

(F+2)(x-1) 367 +2) 3(x-1)

x—4 Ax+B C
= + —
x(x2+7) ¥ +7 X
x—4E(Ax+B)(x)+C(x2+7)
B=1
4
Set x=0,s0 C=——
7

A+C=0:>A=§

Therefore,
x—4 4x+7 4

x(x2+7) - 7(x2+7) ﬁ
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2 |

dx = +
(x2+6)(x+2) X+6 x+2
)cz—3)cE(A)C+B)()C+2)+C()c2 +6)
Set x=-2,s0 C=1
A+C=1=>4=0
2B+6C=0=B=-3

Therefore,

x? =3x IAx+B C

x> —=3x
(x2 +6)(x+2)
1

21 dx + dx
X +6 x+2
3 arctan(
N J6
3

Therefore, A=1 and B=——F
V2

=3[

J+ln|x+2|+c

3 a Writing x*—x’ —4x* —2x—12=(x+2)(x’ + ax” +bx —6) and solving we obtain

f(x) = (x = 3)(x +2)(x* +2)

| X’ —20x% +4x 24

xt—x'—4x* -2x-12
X =20x7 +4x-24
- (x+2)(x—3)(x2+2)
A N B Cx+D
x+2 x-3 x*+42

(x +2)
+B( x+2)(x +2)+
Cx(x+2)(x 3)

D(x+2)(x-3)

X —=20x*+4x-24=

Set x=3,s0 B=-3

Set x=-2,s0 A=4
A+B+C=1=C=0
—-6A+4B-6D=-24=>D=-2
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X =20x% +4x—24
(x+2)(x—3)(x2 +2>

B Ix+2 3 42
4ln|x+2|—3h1|x—3|

—J2 arctan (%j +e
(x+ 2!

" sy farcm[ﬁj J

Therefore, A=4, B=-3,and D=-/2

dx

2—x 2—-x
4 dx = dx
jx3+4x jx(xz%r4)
_Ax+B C
+
x+4 X
2—-x=(Ax+B)(x)+C(x* +4)
B=-1

Set x=0, so C=l

R | — D

A+C=0=>4=-

Therefore,

2—x
| dx
x> +4x

1 1,1
=—= dx — do +—[—dx
2Ix +4 J.)c2+4 2 x

= —lln‘x2 + 4‘—larctan (£j+lln|x| +c
4 2 2 2

2

1 X 1 X
=— 5 ——arctan| — |+c¢
4 |x +4| 2 2
1 1
Therefore, A=—, B=——
4’ 2
5 —x2+1 = A
4)(34 +9X2 x2 (4X2 +9)
Ax+B Cx+D
= > + 5
X 4x° +9
x*+1=(Ax+B)(4x” +9)+(Cx+D)(x*)
B:l
9
5
A=0
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5 C=0
Therefore,
x*+1
4x* +9x?
1,1 5 1
Ll
x? 9 4x*+9
5 1
=_j_
36 9

+c

Therefore, 4 = —l , B=

©
i
4>|U‘

jx3+9x2+x+ldx

xt—1
_ X 4+9x7 +x+1 e
(x—l)(x+1)(x2 +1)
A B Cx+D
+ +
x—1 x+1 x*+1

&

X+9x +x+1=

Set x=—1,s0 B=-2
Set x=1,s0 A=3
A+B+C=1=C=0
A-B-D=1=D=4
Therefore,

X +9x +x+1

I(x—l)(x+1)(x2+1)dx

3!

dx — 2I—dx 4]
x—1 x2 +l

:31n|x—1|—21n|x+1|+4arctanx+c

(x-1)

~|+4arctanx +c
(x+l)

Therefore, A=3, B=2,and D=4

=In
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7 a f(x)=x’-4x"+6x-24
Since f(4)=0, (x—4) is a factor. Using long division, we find that

f(x) = (x—4)(x2 + 6)

2x* —3x+24 _ 2x* —3x+24
X' —4x’ +6x-24  (x—4)(x* +6)

A(X* +6)+
= 4 +B)§+C 2x* —3x+24= (x )
x—4 x"+6 (Bx+C)(x-4)

Set x=-2,50 A=2
A+B=2=B=0
6A-4C=24=C=-3
So,

2x* —3x+24 2 3
X —dx’ +6x-24 x—4 x'+6

2x* —3x+24
¢ 3 2
x’—4x°+6x—-24
2 3
=] - dx
x—4 x*+6
1 1
=2 dx-3 dx
Ix—4 Ixz+6
3 X
=2In|x—-4|——=arctan| — |+¢
o= fpaman| -
3 X
=2In x—4—\/:arctan — |+c
et rn|
8 a | 1 _| A B

(x—2)(2x—1)dx_ x—2 2x-1
15A(2x—1)+B(x—2)

Set x=2,s0 A=%

SR L R
37x-2 0 3 2x-1

~Lnfy—2/-Lmfox 1]+
3 3

x—2
2x-1

=—In +c
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1
EECE

plit the integral as

1 F 1
e e

N e~ U2 0 —— o

2
1
Consid dx
onsider 'I[(x—2)(2x—1)

=1 dx
o) (x=2)(2x-1)
x—=2

t
2x—1 1

=2
2t—-1

= lim{l In

-2] 3

= lim(lhl

-2 3

{—
2t —

In

xt+5x7 +2x B xt+5x7 +2x

¥ 41057 424 (x2 +4)(x*+6)

Bx+C+Dx+E

x’+4 X +6
A(x2+4)(x2+6)+

=A+

xt+5x7 +2x = (Bx+C)(x2+6)+
(Dx+E)(x* +4)

A=1

B+D=0 and 6B+4D=2

So B=1and D=-1

244+6C+4E =0

104+C+E=5

So C=-2 and E=-3

Therefore,

x*+5x% +2x x—2 x+3

102424 X+4 X2 +6

xt+5x% +2x
x*+10x% +24
-2 x+3
x+4 x*+6

1
=Jdv+]——dx-2
I J.)c2+4 J.)c2+4

dx

21‘ — o0 as t — 2, so the integral diverges.
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x+6

=x+lln‘x2 +4‘ —arctan(
2

%l‘* N | =

——ln‘x +6‘——arcta (

—x+—ln|x +4 —arctan(%}

)

‘x +6
—\/E arctan (LJ +c
2 J6

10 Setting up the model x* +4x+10_A Bx+C
x(x* +5) x  x*4+5
= x? +4x+10= A(x* +5)+ (Bx+ C)x
x=0 =10=54 = A=2
Coefficientof x = 4=C

Coefficient of x> = 1=4+B = B=

So J-x +4x+10 J-( x+4de

x> +5x x x*4+5

_J-( 2x de

x x*+5 2x +5

—21nx+iarctan(iJ—lln(x2+5)+C
V5 V5) 2

1 Xt 4
=—In| —— |+—=arctan +C
2 (x2+5J J5 (\BJ

-1
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2 A Bx+C
2 - T
(x+D(x"+1) x+1 x"+1
= 2= A(x* +1)+(Bx+ C)(x+1)
x=—1=22=24=A4=-1

11 Setting up the model

Coefficient of x> =>0=A+B = B=-1
Coefficient of x=0=B+C=C=1

Oj-l 2 _ 11 +J-1 1-x
0 (x+1)(x*+1) 0(x+1) 0 (x? +1)

11 1] X
= 0(x+1)dx+-..0(x2+1)dx_-[0(x2+l)dx
1
= [In(1 + x)]; +[arctan x]z) - [%ln(l +x? )}
0

=]n2 +arctanl —%ln2

:E+lm2
4 2

1
[— +21
(t+2In2)

12 xt+1 A Bx+C Dx+E
a s=—+— + 5
x(x2 +2) x X +2 ()c2 +2)

A(x2 +2)2 +

xt+l= (Bx+C)x(x2 +2)+
(

Dx+E)x
1
Set x=0,s0 4A=—
4

A+B:1::>B:3

4

:>D:—é
2

44A+2B+D=0

C=0
2C+E=0=FE=0
Therefore,

xt+1 1 3x 5x

d(cr2) 4 4(¢+2) o(xr2)
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4
12b ILIZ
x()c2 +2)
1 3x 5x

B E+4(x2+2) _2(x2+2)2

dx

4dex ij +2 __I(x +2)
Consider Iﬁdx

Let u = x*+2 and du =2xdx
1.1
I—x zdngjydu

(x2+2)
1
__Z+c=_2(x2+2)+c1
So,
5
4dex ij +2 _Ej(x2+2)
=Zln|x|+ ln‘x +2‘+ 25 +c

(x +2)
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Challenge

=] 1 S dx
(x-4) -(22)
1
:%x—4+2J§xx—4—2J§yk

A N B i
x—4+22 x-4-22
IEA(X—4—2\/5)+B(x—4+2\/§)
Set x=4-242, 50 A=———

42

A+B=0:>B=L

Nb)
So,
1

x> —8x+8
1
——=dx +
_ 1 x—4+22
42 i 1 "
x—4-22
—ln‘x—4+2\/§‘+

L
_4J§lnh—4+2Jﬂ

1 [x—4-22]
= In +c
W2 |x-4+242

+c
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Challenge
1

2x2 +4x+11

sy -
+1)7 4| ==
i +{ )
(Let u=x+1,s0 du=dx)
=%j;du

(3]

1 u
=——arctan| — |+¢

32 3

1
= —=arctan

32 3
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