Core Pure Mathematics Book 2 SolutionBank

Hyperbolic Functions 6E

1 a I(sinhx+3c0shx)dx =coshx+3sinhx +C

=3

I(coshx— 12 jdxzI(coshx—sechzx)dxzsinhx—tanhx+C
cosh” x

J-sinhx dx J‘ 1 .sinhx

(o]

dxzjsechxtanhx dx = —sechx+C

cosh? x cosh x cosh x

2 a J.sinh2xdx=%cosh2x+C

=3

3

J.cosh(gjdx :ﬁsinh(gJ+C :3sinh(§J+C

I+x 1 X
3 dx = dx+ | ——=dx
R Byt e S
1 1
= ———=dr+|x(x*-1) 2dx
= arcoshx ++/(x* —=1) +C
b

dr = dr— |

X 3
——dx
VA +x%) J1+x%)
1 3
= [x(1+x*) 2dx - [ ——=dx
Ix( +x7) I ,7(1+x2)

= J(1+x*) = 3arsinhx + C

J' x-=3
J(1+x%)

4 a Isinh3xcoshxdx=I(sinhx)3coshxdx=%sinh4x+C

sinh 4x dx = %lncosh4x +C

b Itanh4xdx =Icosh4x

(o]

1
J.\/ cosh 2x sinh 2xdx = %J. (cosh2x)?(2sinh 2x) dx

3

2
=l (cosh2x) L C

21 ()

= %(cosh 2x)E +C
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5 a J- sinh x =_J- 3sinh x
2 +3coshx 2+3coshx
=§1n(2+3coshx)+C
1+ tanh x
b |——"dx=|(1+tanhx)sech’xdx
J‘coshzx I( )

= _[ (sech’x + tanh xsech’x)dx

1 1
=tanh x+—tanh’* x+C or tanhx—Esech2x+C

c ISCOth+2Sinhxdx =I(5+2tanhx)dx

cosh x
=5x+2Incoshx+C

A

6 J.xsinh3xdx = lxcosh3x —J.lcosh3xdx Using Iuﬁdx = uv—Ivd—udx with
3 3 dx dx

dv .
=lxcosh3x—lsinh3x+C u=x anda=smh3x
3 9

You cannot use integration by parts.

A

7 a Ie’“ coshxdx=_[e{ex -;exjdx

1 2x
—Ej(e +1)dx
1
Lo e
2
b J‘ sinh 3x dx J‘e ( 3 —C3XJ de < You cou.ld use integration by
2 parts twice.
=_I(e 75)6
Lo levic
2 10
3x —3x
c Icoshxcosh3xdx J.(e te J(e e de
2
or write as% (cosh4x + cosh 2x)
1
=Z.|.(e4’“ +e M +e’ +e ) dx
=ie4x—ie*4x+le“—le*2x+C or lsinh4x+lsinh2x+C
16 16 8 8 8 4
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8 sinhx+coshx=%(ex—ex)+%(ex+ex)=ex
0 _[1 S dx—jle’)‘dx—[—e’)‘]1 oL
0\ sinh x + cosh x 0 0 e
s 1 1. 1
9 a J‘smh xdx=—_[(cosh2x—1)dx=—smh2x——x+C
2 4 2
1 2
b J.sinhz xcosh® xdx = J.(— sinh 2xj dx
2

= lJ.sinh2 2xdx
4

=lI(COSh4x_ljdx
4 2

= —lx+isinh4x+C
g8 32

A

Using cosh2u = 1+2sinh’® u

c Icoshs xdx = J.cosh“xcoshxdx
= I(l +sinh® x)* cosh x dx
= I(l +2sinh” x +sinh* x) cosh x dx

= J.(cosh x +2sinh’® x cosh x + sinh* x cosh x) dx

=sinh x +%sinh3 X +%sinh5 x+C

10 jmzcoshz (ﬁde = jm(dex
0 2 0 2

= %[x +sinh x]g12

In2 —In2
= %|:1H2 + (%J} < o2 2, e el“g _
=l 1n2+i
2 4

=%[3+4ln2]

N | =

=é(3+ln16)
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11a Let x =3coshu, so dx =3sinhudu
[t [——
x° -9 9cosh“u -9
1
= | ——=3sinhu du
J‘3\/cosh2u—1

J‘3smhu
3sinhu
=I1du

=u+C

=arcosh (%j +C

b You need 4x* =25sinh®u, or 2x = Ssinhu, then dx = %cosh udu

3sinhu du

1
— dx = —coshu |du
I \Jax? +25 I \/2531nh2u+2 ( j

_3 _[ coshu

5/sinh? u +1

_I coshu

coshu

1
=—u+C
2

= l arsinh (Ej +C
2 5

dx = 3arsmh(§j +C

12a I Using I

A

3 ! dx arsmh(ﬁj +C
Vx*+9 Vx? +a a

Using I

A

dx arcosh[ﬁj +C
a

1
Vx? -

1 X
b .[\/xz__zdx = arcosh($J+C

13a

1 1
——dx = | ——dx
I\/4)8—12 I«/4(x2—3)

1 1
=— dx
s
—%arcosh(\/gj+c
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= %[arsinh (2x)]12

3 ) )
= E [arsmh4 — arsmh2]

=0.977 (3sf)

15 Reminder: The logarithmic form of an inverse hyperbolic function is in the Edexcel formulae
booklet.

4

4 1 X
a | ——dx= arsinh(—ﬂ
j‘) VX +16 { 4) 1,

= arsinh1 — arsinh0Q

=ln(1+\/§)

Using arsinhx = 1n{x+\/x2 + l}

A

15

15 1 X
b ————dx =| arcosh| —
I” Jx? —144 [ (IJL

= arcosh (%j —arcosh (gj < Using arcoshx = 1n{x +/x’ —1}

5 25 13 (169
=lny—+,[—-1;-Inqs—+,[——1

4 V16 12 V144

5 9 13 25
=ln<—+,[—¢r—In<—+,[—

4 V16 12 V144

4 a
=In E < Using Ina—Inb =1H(Z)
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16 With x =sinh”« and dx =2sinu coshu du,
x _ sinh’u _ sinh’u
x+1 sinh’u+1 cosh>u

j = j sinhu 2sinhu coshu du
Vx+ coshu

= j2sinh udu

= j (cosh 2u —1)du

_ s1n1212u e

= sinh u cosh u —arsinh (\/;) +C sinhu =/x and
=/x1+x —arsinh(\/;)+C coshu =~/1+sinh”u

17With u=x" and du =2x dx,
= [arcoshu]4

=arcosh 9 —arcosh 4
=0.824 (3s.f.)

18 Using x =2coshu, dx =2sinhu du
J.\/x2 —4 dx= J.2xlcosh2u —1 x2sinhudu
=4J.sinh2udu
= 2J. (cosh2u—1)du
22{51n1212u —u}+C

=2sinhucoshu —2u+C

coshu = X and
2

2
=2 (%j - l}(gj — 2arcosh (%j +C sinhu =~/cosh” u —1

2
=2 X —4 X —2arcosh X +C
2 2 2

= %x\/x2 —4 —2arcosh (%j +C

19a 2coshx_sinhx=2| & FC | [& ¢ |_e+3¢
2 2 2

So_[ ! - dx=_[ 2 -
2cosh x —sinh x e" +3¢™

26" Multiplying numerator
= I dx and denominator by ¢*.
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19b Using the substitution u =¢*, du =e* dx and
Ieiei3dx:2j uzdis
= % artan (%J +C
=%arctan(j§j+ C

20 With u = %sinh x, du = %cosh xdx or cosh xdx =%du

2
4sinh2x+9:4(37uJ +9=9u"+9=9u>+1)

gSin
SOJ: cosh x d :_[03 h1 1 3du

— X_
J4sinh® x +9 Wut+1 2
1 gsinhl
= [— arsinh (u)}
2 0
= larsinh (g sinhl)
2 3
=0.360 (3 s.f))

21a x2—4x—12={(x—2)2—16}

1 1
So | ——dr= | ———dx
° I\/x2 —4x—12 J.«/(x—2)2 -16

Let u =(x—2), so du =dx.

1 1
Then | ——dx=|—=dx
I\/x2—4x—12 I\/u2—16
=arcosh(zj+C
4
=arcosh(%j+€

b x2+6x+10={(x+3)2+1}

1 1
So | —mn—dr= | —xnrdx
OJ.\/x2+6x+10 J.«/(x+3)2+1

Let u =(x+3), so du =dx.

1 1
Then |—————=dx=|—=du
I\/x2+6x+10 ‘[\/u2+1
=arsinh (u) + C
=arsinh(x+3)+C
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21¢ 2x° +4x+7 =2(x2 +2x+%j:2{(x+1)2 +§}

Let u=(x+1), so du =dx.

Then I—dx=l
2x* +4x+7 2 % (%)
2
—l ﬁarctan @ +C
2|45 NG
=@arctan —\/E(x+1) +C
10 NG
8 1 4\ 7
d 9x2—8x+1=9(x2——x+—):9 (x__j _L
9 9 9 81
1
So_[ ool I — dx
? (x=4) (%)
4
Let u =(x—§), so du =dx.
Then_[ ! dx=—
Vox? —8x+1 ,
=larcosh Ou +C
I W
=larcosh(—9x_4j+C
3 7

22a 4x° —l2x+10=4(x2 —3x+§)

Il

N
/_/%
TN

=

|

o | W
~—
38

+
NN
H_J

1 1

0'[\/4962—12)c+10 EJ\/(x—§)2+( )2

Let u =(x—%), so du =dx.

Then J. ! dx=l.|.;
Jaxr’ —12x+10 2 W+ (1)

= %arsinh Qu)+C

= %arsinh 2x-3)+C
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2
22b 4x" —12x+4=4(x" -3x+1) =4{(x——) —-=

1 1
So dx=—
I\/4x2—12x+4 21\/()6_3)2_(@)2
2 2
3
Let u =(x—5), so du =dx.

Then J.

2

2u

J5

= l arcosh (—J +C
2

= %arcosh (MJ +C

V5

23 x*+2x+5=(x+1)+4

1 1 1
So dx
J“’ VX +2x+5 JEx+1)° +4

Let u =(x+1), so du =dx.

1
VxXP+2x45

de=,

Then I()l dx = Lz

b
Nu*+2°
2
=| arsinh (gj
2 1
. ) 1
= {arsmhl —arsinh (Eﬂ

=0.400 (3sf)
24 X" —2x+2=(x—1)+1
3 1 3 1
So | ——dx=| ——dx
L Vx? =2x+2 L Jx=1)%+1

=[arsinh(x - 1)]13
= arsinh2

=In{2+~/5}

1 1 1
Vax* 12 i e
X —12x+4 - (%)

arsinh x =In{x++/x> +1}
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253x" —6x+7 =3(x2 —2x+%j=3{(x_1)2 +§}

1 1

—1 -
>0 J‘\/?vcz —6x+7 = \/g'[ (x—1) +(L)2

NG

dx

Let u =(x—1), so du =dx.

B S

1 1
\/3x2—6x+7_\/§‘[° ()

Then f

V3

L arsin @ 2
—@[ o ﬂ

= L arsinh\/g

NE)

:%In{\/g+\/3+l} arsinhx=ln{x+\/x2 +1}

_

—\/gln{2+\/§}

26 a In order to find the intersection point of the two curves, we solve
S5coshx =7—sinhx

%(ex+ex)=7—%(ex—ex)
S o Lo
5(62 +1)=7e _5(82 —1)

3¢ —7e" +2=0.
Set u =¢" in order to clearly see the quadratic equation 3u” —7u +2 =0 with solutions

L T£N49-24

6

7£5

U=——-
6

Le.

1
ul = g
u, =2.
This gives us the x values for the intersection points as
X = ln% =—1In3
x,=In2
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26 b We find the area of the region R by calculating

Area,, = f(7 —sinhx)dx—f(S cosh x)dx

= .[(7—sinhx—SCoshx)dx
= [7x—coshx—SSinh)c]ljfl3
=(7In2-5)-(-7In3+5)
=7ln6-10
=1n279936-10.

L, T 1
27 Volume = n_[o sinh® xdx = E.[o (cosh2x —1)dx

r 1

lsinh 2x — x}
2

0

lsinh2 - 1}
2

3 Na Nja s
I 1

%(e2 —e7) —1}

=—[ez —4—e’2}

=T (e —4e” - 1).
8¢

o0

Challenge

1 Using the substitution x =1+sinh@, dx = coshd df

x* —2x+2 = (sinh> 6+ 2sinh & + 1) — 2(sinh @ + 1) + 2 = sinh® @ + 1 = cosh® &

So | 1 Sdv=| L coshodo
(x? —2x+2)> cosh” 0
= [sech’0do
=tanhf+C

=x—_1+C

Nxt=2x+2
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Challenge

2 Using the substitution u = x*, du = 2xdx,

a So J.xcoshz (x*)dx =%J.cosh2 udu

= %J.(cosh 2u+1)du

=lsinh2u +2yc
8 4
1. o X
=—sinh(2x")+—+C
8 4

X

b So|————
J.coshz(xz)

dx = jxsech2 (x*)dx
= lJ.sechzu du
2

=ltanhu+C
2

=%tanh(x2)+C
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