Core Pure Mathematics Book 2

Hyperbolic Functions Mixed Exercise 6
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Use Ina—Inb= ln(%)

1

24xy —26y =24 -26x
y(12x—-13)=12-13x
_12-13x

Y k13

Use %ma =Ina?
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3 RHS =sinh 4cosh B —cosh Asinh B

{e“ _zj( ZGBHGA ZJ( _2ij

eA+B _ e—A+B + eA—B _ e—A—B eA+B + e—A+B _ eA—B _ e—A—B

4 4
2(eAfB _ efAJrB)

=sinh(4—-B)=LHS

2tanhJ x
1—tanh® L x

2 e" +1

2
l—tanh21x=l— c -1
2 e’ +1

4 RHS=

C(eF 1) (e -1y
(et 41
_4e’
(e +1)
(e"—1) y (e +1)°
e +1 4¢”
(e"—D(e"+1)
2¢e"

e -1

2¢"

So RHS = 2

=sinh x = LHS
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5 9coshx—5sinhx=15
9(6’“ +e ’“) _S(e’“ —-e ’“) 15
2 2
9¢" +9¢ " —5¢" +5¢ " =30
4e* —=30+14e " =0
2¢" —15+7¢ " =0
2¢* —15¢" +7=0
(2e" =) (e"=7)=0

A

Multiply throughout by e*.

A

Solve as a quadratic in e".

X

ef=—,¢e"=7

1

27
1

x=ln(—j, x=In7
2

6 23sinhx—17coshx+7=0

pE—e) ,i+e’) L,

23e* —23¢ " —17e* —17e " +14=0
6e" +14-40e" =0

3¢"+7-20e" =0

3™ +7¢" —20=0

< Multiply throughout by e*.
(3e*-5)(e"+4)=0
x93 < . .
e = 5 < e' =—4 is not possible for real x.

7 3cosh’x+11sinhx=17
Using cosh® x—sinh® x =1
3(1+sinh® x) +11sinh x =17
3sinh® x+11sinhx —14 =0
(3sinh x +14)(sinh x—-1) =0

sinh x = —%, sinhx =1

) 14 .
X = arsmh(—?j ,x = arsinhl < Use arsinhx = In(x++/x” +1).

14 /196
x=In| —+,[—+1
( 3 9

:h{—14+\/ﬁj

3

x=In(1+~v1+1)
=In(1++/2)
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yA
=06+ sinhx

i = sinh 3x

=Y

b At the interaction,
6 + sinh x = sinh 3x

6 + sinh x = 3sinh x + 4sinh® x

4sinh® x + 2sinhx—6 =0

You can see, by inspection that
. 3 . _ P 5
Zsinh” x +sinhx—3=0 < sinh x = 1 satisfies this equation.

(sinh x —1)(2sinh® x + 2sinh x + 3) = 0

The equation 2sinh’® x+2sinh x+3 =0 has no real roots, because
b*—4ac=4-24<0.

The only intersection is where sinh x =1

For sinhx =1,

x = arsinhl
=1+~ +1)
=In(1++/2)

Using y =6+sinhx
y=1

Coordinates of the point of intersection are (In(1+ V2 ), 7)
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9 a 13 cosh x + 5sinh x = R cosh xcosh a + R sinh xsinh a
So Rcosha =13
Rsinha =5

Use the identity
cosh” 4—sinh” 4 =1.

R? cosh? o — R? sinh*> a =13 — 5° <

R*(cosh® a —sinh® o) = 144

R* =144
R=12

Rsinha i
Rcosha 13
tanhao = El

13

o =0.405 < Direct from calculator.
b 13cosh x+ 5sinh x =12 cosh(x +0.405) < For any value 4, cosh 4>1.

The minimum value of 13cosh x+5sinh x is 12.

10a 3cosh x +5sinh x = Rsinh xcosh a + R cosh xsinh a
SoRcosha =5
Rsinhoa =3 o
Use the identity
R’cosh’o—R’sinh’ a=5" -3 < cosh? A—sinh? 4 =1.
R*(cosh” a—sinh’a) =16
R*=16
R=4
Rsinha _g
Rcosha 5
3
tanho = —
5
a=0.693 < Direct from calculator.

3cosh x + 5sinh x = 4sinh(x + 0.693)

b 4sinh(x+0.693) =38
sinh(x +0.693) =2
x4+ 0.693 = arsinh2
=144 (3s.f)
x=0.75 (2 d.p.)

Direct from calculator.

A
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10¢ 3coshx+5sinh =8

3(e +e )+5(e —¢ ) _qg

3e"+3e¢ " +5¢" -5¢" =16
8 —-16—-2e¢ =0

Multiply throughout by e*.

4" —8—-e " =0 <
4e* —8e" —1=0

o 864416

Solve as a quadratic in e*.

x= ln(l+£}
2
=0.75 (2 dp.)
11 y =cosh2x

d_y =2sinh2x
dx

12a y=arsinh3x

Let t =3x y =arsinht

Gy dy
dx e’ +1
d_y: ! x3
dx 2 41
B 3
Vox® +1
b y=arsinhx’

Let t=x" y=arsinht
A, b 1
dx dt 1> +1

dy 1
— = x2Xx
dt rF+1
. 2x
xt+1

5
e = I—T is negative, so

not possible for real x.
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12¢ y= arcoshg

Let t=§ y = arcosht
a1 dy_ 1
dx 2 dt 2 -1
__1 1
dx 21 2

1 1

d y=x"arcosh2x
b_ 2xarcosh2x + x* x
dx

2
Vax* -1
=2x (arcosh2x + LJ
Vax* -1
13 y, = (arsinhx)’
dy _ 2(arsinhx)'
dx Vx*+1

1
diy ﬁx«/x2+l—%(x2+l) 2 x 2x x 2arsinhx

o )

1

2 J—
(x> + 1)% =2 2x(x*+1) 2arsinhx

=2—xd—y

2
(x2+1)%+x%—2=0

14 a Differentiating with respect to x gives us f'(x) = Ssinh x —3cosh x.

b y=1(x) has a turning point when f'(x) = 0.
f'(x)=5sinhx—3coshx =0
5sinh x =3cosh x
Stanhx =3

tanh x = E
5

x = ar tanh (EJ
5

x=1In2
Thus, x=1n2, and y =5cosh(In2)—3sinh(In2)
Therefore (In2,4) are the coordinates of the turning point.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.



Core Pure Mathematics Book 2

SolutionBank

15 y = arcosh (sinh 2x)
Let t =sinh2x y = arcosht

16 a

£=2cosh2x Q= !
dx dr tz -1
dy 1
= = x 2 cosh 2x
dr 2 -1

2cosh 2x

Vsinh? 2x —1

Differentiating y with respect to x four times and applying the product rule where necessary gives

% =cos xcosh x +sin xsinh x,
d’y
@ =2cos xsinh x,
d’y
@ =-2sinxsinh x + 2 cos x cosh x,
4
% = —4sin x cosh x.
d*y
So, @ =—4y

Evaluating the expressions we found in part a atx =0 gives
¥(0)=0,

Since we know that d—i} =-4y, we conclude JS} =—4.
dx

This gives us the first three terms in the Maclaurin expansion as
0x* 2x° 0x* —4x°
+ + +

y=0+1x+
2031 41 s

+3 xS

rxX4+———

Y 330
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17 Differentiating y with respect to x five times and applying the product rule where necessary give

il—di: = 2cosh 2x cosh x + sinh 2x sinh x,

2
% = 5sinh 2x cosh x + 4 cosh 2x sinh x,

3
9 _ 14cosh 2xcosh.x +13sinh 2xsinh x,
d4
—i} =41sinh 2x cosh x + 40 cosh 2xsinh x,
d’y

==

E 122 cosh 2x cosh x +121sinh 2xsinh x.

Evaluating these expressions at( gives

»(0)=0
L0)-2
dZ
3
%(0):14
d4
5
EJ;(O)=122
3 5
So yz2x+7i+61x .
360

18 4x> +4x+17=(ax+b)* +c, a>0

a 4x’ +4x+17=Q2x+b)Y’+c a=2

=4x" +4bx+b’ +c
Comparing coefficient of x: b = 1

Comparing constant term: 17 =1+c=c =16

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 9



Core Pure Mathematics Book 2

SolutionBank

1
z—dxzj—z
4x° +4x+17 2x+D)"+16
Let 2x +1=4tan@,then 2dx = 4sec*d db

2
nd J.;zdx:jzsez—cedﬁ

2x+1D)"+16 16tan"@ +16

2sec’d

=|————d6
~|.16seczﬁ

=—0
8

= larctan[zx A 1j(+C)
8 4

1.5 1
) J. —————dx=—[arctanl—arctan 0]
054x" +4x +17

18 b Using a, I

19  Using the definitions of sinh4x and cosh6x

4x _ 4x 6x —6x
J.sinh4xcosh6xdx=.|.(e 2e J(e -;e jdx

=icosh10x—lcosh2x+C
20 4

b You cannot use by parts for Iex sinh x dx

Using the definition of sinh x
jexsinhxdx=.[e{e ¢ de
2
L 1)dx
=) (e 1)
=l(le“—xj+C
2\ 2
2x

1 1
=—e" ——x+C
4 2

You could use hyperbolic
identities to split up into a
difference of two sinhs.

ax

e +¢

—ax

as coshax =
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s ¢ 10
20 Areaundercurwe:j0 ydx =£mdx

5 1
ZSIO 'x2 +% dx
5 . 1 X
U dx = arsinh| =
= S{arsinh(z?xﬂ She J‘«/xz +a? e (aj

0
= Sarsinh (&j
3

‘Real’ area = Sarsinh (I?Oj x 100 =960 m?.

21 x* =2x+10=(x—1)"+9

o [-—2—=]
Vi =2x+10 7 J(x=1)*+9
Let x—1—3sinhu then dx =3coshudu

so_[ I3coshu
Jx2=2x+10 3coshu
=u+C

= arsinh (XT_IJ +C

22 a Using the exponential forms

! |
'[sinhx+2coshxdx= (exzex)+2(ex+;x)dx
J.3e2’“+1
du

Using the substitution u =e”, then ™ =e' =u

S°I3e 1 _I3u +1( ) I3u2+1du
:Eju2+§du
%(\/g)arctan(\/gu)+C

2 arctan (\/ge" ) +C

5
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22b x*-2x+10=(x—1)>+9
So let x—1=23sinhu, then dx =3coshu du

andJ‘de=J‘M3coshudu
Vx2 =2x+10 \V9sinh® u +9
—I9Slnhu+23coshudu
3coshu

=9coshu +2u+C

2
=9 1+ (XT_I) + 2arsinh (XT_I) +C

So_[ m =[9I+2arsmhl] [9]

=9 (\/5 - 1) + 2arsinhl

23 a An infinitesimal region close to the point of intersection can be seen in this diagram.

So tan @ = %
dy
We differentiate with respect to x and obtain

& =1sinh(fJ
dx 3 3

That is, % = ; .
Y sinh (’“J
3
So at x =4,
0 = arctan ~59.5° (3s.f)

3

sinh[4j
3
\ 4

b I cosh(ﬁ)dx= 3sinh(£) =8.82m>.
N3 3)),
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24a 3cosh2x= %(ezx +e "), 84sinh2x =8+ % (e —e™),
we find the intersection points by setting these expressions equal to each other and solving for x .
é(eZX +e—2)C) — 8+%(62x _e—ZX)

—8+2e7" =0.
Multiplying through by e’* and using the substitution z = e**, we obtain the quadratic equation

2 —8z+2=0, with solutions z, =4—+/14, z, = 4+\/_
Therefore, the solutions are x, = 51n(4 V14 ) and x, = (4 ++/14 )

l111(4+\/ﬁ)
2 1 —
b I % . (4_@)(8 +sinh 2x —3cosh 2x) dx
1 3 %ln(4+\/ﬁ)

= {8x +—cosh 2x —=sinh 2x}
2 2 %ln(4—\/ﬁ)

~6.12 (3s.f.)

25 First we find the cross-sectional area of the loaf. Note that since a unit is Scm, we will have a
number which we will multiply by (5cm)* = 25cm” as opposed to the usualcm”® . Let 4 denote

cross-sectional area.
5
= dx
N
2 “‘«/( x)? +1

Let> =sinh u, so that the integral becomes

2
5 arsinh(1) 1
A=— ————x2coshu du
2 arsinjl:(—l) 4/ (Sinh u)2 +1
arsinh(1)
=5 I 1du
arsinh(-1)

] arsinh(1)
[ arsinh(-1)

= 10arsinh(1) units’

=10arsinh(1) (5cm)’

=250arsinh(1) cm”.
Then the volume, V', is calculated by multiplying the cross-sectional area in centimetres by the
length in centimetres.

V' =250arsinh(1)x30
=7500arsinh(1)
~6610cm’
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26a y=3-sinhx crosses the x—axis
when x = arsinh(3)

=ln(3+\/32 +1)
= ln(3+\/ﬁ).
So the coordinates are (ln(3 +\/E),0).

b The volume of revolution, ¥, is found by
In(3++/10)
V= [ n(3-sinhx)’ dr
0
ln(3+m)

V= I n(3—%(e"—e") dx
= I n(9—3(e"—ex)+%(e2x—2+e2x))dx

1 1 1 ln(3+m)
=7|9x—-3(e" +e ) +—(—e2x —2x ——ez")
412 2

~22.7 (3s.f)

0

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 14



Core Pure Mathematics Book 2 SolutionBank

Challenge

First we find the area between two arbitrarily large values equidistant from the origin; we will call
these values —R and R.

R
Soarea = I sech x dx
-R

X

: _ : d
We convert to exponential form and use the substitution u = e, noting that au =e =u.

R R 2
Isechx dx= | —— dx
i e +e
_]3 2e* &
__R e +1
_]‘R 2u %
_e*R w+1 u
ER 1
=2€7R ) du
= 2[arctan(u)]::
=2 [arctan (ex )]:

Now that we have this expression for arbitrarily large R, we take the limit as R — oo.

A=2lim [arctan (ex )]I_?R

R—w

=2lim (arctan (eR ) —arctan (e_R ))

R—w

Az

=T
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