Core Pure Mathematics Book 2 SolutionBank

Methods in differential equations 7A

1 a Integrating both sides of the equation and including a constant:

ii')—}=2x
dx
:>y:_[2xdx

— y=x"+c wherecis a constant

The family of solution curves are parabola.
Sketching the solution curves for ¢ =-2, -1, 0, 1, 2 and 3 gives:

Ha
y=2"+3
y=a"+2
::i::::: y=a"+1
3 y=1"
2 y=2-1
y=a'-2
-1
-2
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1 b Separating the variables and integrating:

dy _
a—y
:I;dy:_[ldx

=Iny=x+c where cis a constant
:>y=ex+c=ecxex

= y= Ae" where 4 is a constant (4 =¢°)

The family of solution curves are exponential curves.
Sketching the solution curves for 4 =-3, -2, -1, 1, 2 and 3 gives:

L]
1
[
&

A
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1 ¢ Separating the variables and integrating:
& _2y
dx x

1 2
= |—dy=|—dx
a2
=Iny=2lnx+c

Expressing the constant as In4 and simplifying using the laws of logarithms:

Iny=2Inx+In A4

=Iny=Inx"+In4 using the power law
= Iny = In Ax> using the multiplication law
= y=Ax’

The family of solution curves are parabola.
, 1, 2 gives:

N |—

b

N [—

Sketching the solution curves for 4 =2, -1, —

'L

(23 )
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1 d Separating the variables and integrating:

_x

dx

:>Iydy=jxdx

y2 2

=—="—+c or y -x'=2c
2 2

> —x*=0=(y—x)(y+x)=0, and the graph of this equation are straight lines y=x and y = —x

y* —x>=2c forc#0 is a hyperbola with asymptotes y=x and y =—x
Sketching some of the solution curves gives:

yz_xzz 4
y!_:zz 16 yz—}rzzl
_[;I'E—IE:G
yi-22= -16
P-ri=-4
yz—xE:—l

= y=sinx+c

The family of solution curves are sin curves.

0
The graph of y =sinx+c is a translation of y =sinx by the vector ( J
c

Sketching some of the solution curves gives:

¥

y=s5inx+1

J=sinx
J=snxr-1

y=s5nx-2
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1 f Separating the variables and integrating:

d
—y=ycotx O<x<m
dx

1
[l [

. . . COosXx
= In|y|=In|sinx|+ ¢ integrating

mx

using the reverse chain rule

Expressing the constant as In|4| and simplifying using the laws of logarithms:
In|y| = In|sin x|+ In|4]

= In|y| = In|4sin x|

= y = Asinx

The family of solution curves are sin curves for 0 < x <t with varying amplitudes.
Sketching some of the solution curves gives:

s
44
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2 a Separating the variables and integrating:
Y_ v

=Iny =%ln(9—x2)+lnA

=2Iny=In4°(9-x%)

=1Iny’ =In4°(9—x%)

=) =94 - A%’

Let A% =k, so be definition & is a positive constant
Then y* + kx* =9k

b If the solution passes through (2, 5) then
25+ 4k =9k
25=5k=k=5
So the equation is y* +5x”> =45

¢ The solution curves are all ellipses, except when k£ = 1 when the curve is circle.

When y:O,x:i3,whenx:0,y:i\/9_k

[ y*+ 5xt =45

=Y
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3 a xg+y=cosx
dx

d d dy
=— =cos as — =x—+y from the product rule
dx(xy) x ™ (xy)=x o p

:xy=_[cosdx=sinx+c

I . c
So y=—sinx+—
X X

dy
b e*"——-¢e"y=xe"
dr Y

d _ d _ Ldy
=—(e"y)=xe" as — (e "y)=e "——¢'y from the product rule
dx( y)=x dx( ») & y produ

=>e'y= J.xe’“dx =xe" — J.e’“dx using integration by parts formula (with u = x, v=¢e")
=xe' —e' +c¢

So y=xe —e™ +ce” multiplying both sides by e

c sinxQ+ycosx=3
dx

d ) d ) . dy
= —(ysinx)=3 as —(ysinx)=sinx—+ ycosx from the product rule
™ (ysinx) ™ (ysinx) R p

:>ysinx=_[3 dx
= ysinx=3x+c
3x
. + .
sinx sinx

=3xcosecx+ccosecx

So y=

d(1 1 Idy 1
=—|—y|=¢" as —| —y |=————1y from the product rule
( yj dx (x yj xdx ¥’ 4 P

So y=xe" +cx
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3 e Simplify the left-hand side by noting that from the product and chain rules
i y) x2 ( y)

% (x’e +2xe” the product rule
y
x’ d(e )by 2xe” the chain rule
dy
=x’e’ Y +2xe”
dx
Sox’e’ = dy +2xe’ =x= %(xzey) =x

2
X
= x’e’ :Ix dx :7+c

= % (2x°)=x" us ing the product and chain rules

1
= 2xp° = Ixz dx= §x3 +c

o= le
7T Tx
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'[P(x)dx _ e.[Zxdx _ ex2

d : : :
2 P(x)y =0Q(x), so the integrating factor is e

4 a The equation is in the form &

Multiplying the equation by this factor gives:
e & +e" 2xy =1
d >
=—(ye' )=1
o)
:ye"2 = J-ldx=x+c

2 _x2
+ ce

So y= 5 = Xe
e

b As x > o, e"2 becomes much larger than x; therefore, y — 0.

5 a xzd—y+2xy:2x+l
dx

d
= —(xy)=2x+1
dx( »)
:>x2y:_[(2x+l)dx
=>x’y=x"+x+c

1
Soy=1+—+i2
X X
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1
5 b When x=—%,y=0, 1—2+4c=0:>4c=1:>c=z
1

e

Soy=1+l+
x 4x

When x:—%,y:l 1-2+4c=3=4c=4=c=1

Soy=l+l+i2
X X

When x:—%,y:19, 1-2+4c=19=4c=20=c=5

Soy=1+l+i2
X X

The curves have a horizontal asymptote at y =1 and a vertical asymptote at x =0

1 |
Whenyzl,—+%=0:>x=—c. When y =0, x*+x+c=0. There are no real roots forc>z.
X

So a sketch of the three curves for x <0 is

6 a lnxQ+l=;
dx x (x+D(x+2)
d 1 d dy vy .
=>—(hx)=——— as —(yInx) =Inx——+-= using the product rule
dx (x+D(x+2) dx dx x
1
> yhx=|———
yns I(x+1)(x+2)
=J- (x+2)—(x+1) dx=J.( 11 jdx
(x+D(x+2) x+1 x+2
=In(x+1)-In(x+2)+1In4
nA(x+1)
In(x+1)—In(x+2)+1In 4 (x+2)
SO y: =
Inx Inx
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6 b

In3 4
In2

When x=2, y=2, 2=

So ln%A= 2In2=1In4

:>§A=4:>A=E
4 3

ln16(x+1)
3(x+2)

So the solution is y =
Inx

. . . 2dx
The integrating factor is eI =e™

Multiplying the equation by this factor gives:
er d_y + 262xy — erex
dx
d 2x 3x
=—(e"y)=¢e
&
1
2x 3x 3x
=ey=|e"dx==—e"+c
y=| 3

1
So y =§e" +ee

cotxdx Insinx
feorar__

The integrating factor is e =sinx

Multiplying the equation by this factor gives:

. dy )
sinx—— + ycosx =sinx
dx

:i( sinx) =sinx
dx y

= ysinx = Isinxdx= —cosx+c

So y=-—cotx+ccosecx

Isinx dx _ e—cosx

The integrating factor is e
Multiplying the equation by this factor gives:

—COosSXx —COSXx *COSXeCOSX

d :
e ' —+ysinxe ' =e
PR

d
= —cosxy _ 1
dx(ye )

—COSX

=ye T =x+c

Ccosx COsx

So y=xe™" +ce
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7 d The integrating factor is eI TV oo <
Multiplying the equation by this factor gives:

e " Y

dx

Note that P(x) =—1 and the minus
sign is important.

—X

_yefx — ere

d =X X
=—(e)=¢

e
:ye’xzjexdxzex+c

So y=e> +ce*

Itande _ lnsecx

e The integrating factor is e =e =secx
Multiplying the equation by this factor gives:

d
secxay+ysecxtanx =XCOSXSeCx

:i(ysecx)=x
dx
:>ysecx=jxdx=lx2+c
2
1,
So y=(5x +cj COS X

o

Multiplying the equation by this factor gives:

f The integrating factoris '~ =e"* =x

dy X
—~ ty=—
xdx Y X
d 1
= — =—
] (xy) .

1
:>xy=.|.;dx =lnx+c

So y=llnx+£
x X
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7 g Divide both sides by x* to get an equation in the form ay + P(x)y =Q(x). This gives:

dy 1 X
dr x r= x+2 M

. . N A L |
The integrating factoris e’ * =e "' =e * = -
Multiplying equation (1) by this factor gives:
Idy 1 1
ra @) T

=Ly o[ n(x+2)+c
b x+2

So y=xIn(x+2)+cx

h Divide both sides by x* to get an equation in the form ay + P(x)y =Q(x). This gives:

dy 1 1
-t — 1y =— 1
d 3x° 3 M

1 1

: : . 3

The integrating factoris e’3* =e* =e¢ *=x3
1

Multiplying equation (1) by x3 gives:
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7 i Dividing both sides by (x + 2) gives:

d 1
T ——y=l M
dx (x+2)
;ldx ]ni 1
The integrating factoris € ** =¢ """ =¢ 2=
x+2

Multiplying equation (1) by the integrating factor:
1 dy 1 1
(x+2) dr  (x+2)7°  (x+2)

d[ 1 } 1

=— yi|=

dx| (x+2) x+2
1

M

So y=(x+2)In(x+2)+c(x+2)

| L g =in(x+2)+c
x+2

j Dividing both sides by x gives:

dr 4 e (1)

dx xy_x3

: : : Iﬂdx 4lnx Inx* 4
The integrating factoris e'* =e¢" ' =¢"" =x

Multiplying equation (1) by the integrating factor:

x4d—y+4x3y:xe"
dx

d 4 x
= —(x"y)=xe
dx
Integrating xe™ using

:>x4y=Ixexdx=xex—Ie"dx=xe"—e"+c I :
integration by parts

1 . 1 . ¢
So y=—36 ——46 +—4
X X X

8 Dividing both sides by x gives:

. . . J.gdx 2Inx Inx’ 2
The integrating factoris > =e " =e"" =x
Multiplying equation (1) by x>

x’ Y +2xy = xe*

d 2 X
> — = Xe
] (x"y)=x

:>x2y=.|.xe’“dx=xe’“ —J.e’“dx=xe’“ —e"+c

| - . C
Soy=—¢€¢"-—¢ +—
X X X
Giventhat y=1whenx=1, thenl=e-e+c=>c=1
: L . o, 1
So the required equationis y=—e'——e' +—
X X X
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9 Dividing both sides by x’ gives:

dy 1 1
Tey= M)
dx x X

B ldx —Inx lnl 1
The integrating factoris € °* =€ =~ =€ * = >

. : 1
Multiplying equation (1) by —
X

1dy 1 L
x dx xzy_x4
df1y_ 1
dexy) x*

| D S SR [

;y—j?dx—jx dx——gx +c

So ——lx’2+cx——i+cx
Y773 3

1 4
But y =1 when x =1, s()l:_§.|_cjczE

1 4
So the required equation is y = _F + ?x
X

10a Dividing both sides by (x +1J gives:
X

2 2
d_y+ 2 y=2(x 1) , which simplifies to
dr (ved)” ()
dy 2x 2
-4 xy=2x(x"+1 1
PRI (x"+1) (1)

2x
. . . 2a Y e 2
The integrating factoris € * " =e" ' =(x"+1)

Multiplying equation (1) by (x* +1)

(x> + l)d—y +2xy = 2x(x” +1)
dx
= %((x2 + l)y) =2x(x* +1)°

Y +1) = [ 2x(x" +1) dx = %(x2 +1Y +c

1 c
So y=—(x*+1)*+
y=30+D o +1)

: 1 1 2
b Given that y =1 whenx =1, then 1=§X4+EC:C=_§

2
3(x* +1)

. .. 1
So the required equation is y = g(x2 +1)°
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11 a Dividing both sides by cosx gives:

dy
—+ ysecx =secx 1
P )]

Using the standard result _[SGC xdx=In(secx +tanx)  (you will not be expected to prove this

result)the integrating factor is

secxdx
eI = ghseex+tany) — goo ¥ + tan x

Multiplying equation (1) by this factor gives:
d
(secx +tan x)ay +(sec” x +secx tan x)y =sec” X +sec x tan x
d >
= a((secx+ tan x)y) = sec’ x +secx tan x
= (secx+tanx)y = Isecz x+secxtanxdx =tan x+secx+c

So y=1+
secx+tanx

b Given that y =2 whenx =0, then 2:1+ﬁ:>c:1

+
1
Soy=1+————
secx +tanx
o . CoS X
Dividing top and bottom by cos x gives y =1+ -
I+sinx

12 Rewriting the equation as dy = xdx

2
y -4
Integrate the left-hand side using the substitution y = 2coshu

g—y = 2sinhu, so dy can be replaced by 2sinhudu
u

1 B 1
J‘\/yz —4 dy_‘[\/4cosh2u—4

=u+c=arcosh(§)+c

2sinhu du :I

- 2sinhudu:_[l du
2sinhu

So integrating both sides of the rewritten equation gives:
2 2
arcosh| 2 |=2 +¢c= 2 = cosh| Z+¢
2 2 2 2

2
So the general solution is y =2cosh (% + cj

1
13 a Rewriting the equation as —dy = coshxdx
y

Integrating both sides gives
Iny =sinhx + ¢ and therefore the general solutionis y=e¢

sinhx+c

sinh0+c sinhx+1

b Given that y =e whenx =0, then e=¢ =¢° = ¢ =1. So the particular solution is y=e
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14 a Rewriting the equation as

! dy =dx
J1+5?
The left-hand side is the derivative of arsinh y, so integrating both sides gives:
arsinh y = x + ¢ = y =sinh(x +c¢)

b The graph of y =sinh(x+ ¢) 1s a translation of y =sinhx by the vector (_OCJ
This is a sketch of some solution curves.

y=sinhx
Ha

y: sillh[x—ll-m__“__“

ra
=Y

y =sinh{r +1) y=sinh(x-2)

/

15a Dividing both sides by cos x gives
dy
—+ ytanx =secx 1
b (1)

The integrating factor is eI A e —gec
Multiply both sides of equation (1) by sec x

dy 2
secx— + ytanx =sec” x
dx

d >
—(ysecx) = sec
& (ysecx) x

= ysecx = _[seczx dx

= ysecx =tanx+c

y=sinx+ccosx

b Given that y =3 when x =, then 3=sint+ccosn=0-c=c=-3.
So the particular solution 1s y =sinx —3cosx
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15¢ Ifng, theny:sing+ccosg:1+cx0:l for any value of ¢

Similarly if x= 3?%, then y = sin%+ ccos% =—1+cx0=-1 forany value of ¢

) (3n

So {g, 1) and L?’ — 1) lie on all solution curves.

dy b
16 Dividing by a gives 2,2 y=0
dx a
b bx
-[a dr — e a
Multiplying by this factor gives

bx bx

The integrating factor is e

bx
=e‘y=c
bx

So the general solutionis y =ce ¢
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