Core Pure Mathematics Book 2 SolutionBank

Methods in differential equations 7B

1 a The auxiliary equation is

m’ +5m+6=0 &y dy
The auxiliary equation of a—5+b—+cy =0
(m+3)(m+2)=0 dx®  dx
m=-3or -2 is am® +bm* +c=0. If aand 8 are real roots
of this quadratic then y = Ae™ + Be’" is the

So the general solution is y = Ae™ + Be™ , , , ,
general solution of the differential equation.

b The auxiliary equation is

m*—8m+12=0
(m—-6)(m-2)=0
m=2or6

So the general solution is y = Ae>* + Be®™

¢ The auxiliary equation is

m*+2m—-15=0
(m+5)(m-3)=0
m=-50r3

So the general solution is y = de™" + Be™

d The auxiliary equation is

m* =3m—-28=0
(m=7)(m+4)=0
m=7o0r—4

So the general solution is y = 4e’* + Be ™

e The auxiliary equation is

m*+5m=0
m(m+5)=0
m=0or -5

The auxiliary equation has two real roots, but one of them is zero. As e”* = 1, the general solution
is y=Ae" + Be™ = A+ Be™

f The auxiliary equation is
3m’ +Tm+2=0
Bm+1)(m+2)=0

1
m=——or-—2
3

1
So the general solution is y = de > +Be ™"
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The auxiliary equation is
4m* —Tm-2=0
(4m+1)(m-2)=0
1
m=——or2
4

1
So the general solution is y = de 4 + Be™

The auxiliary equation is
15m* = Tm-2=0
(Sm+1)(3m—-2)=0

1
m=——0r —
3

1 2
So the general solution is y = 4e ° + Be?

The auxiliary equation is
m’ +10m+25=0
(m+5)(m+5)=0
m=-5
So the general solution is y = (A+ Bx)e™"

The auxiliary equation is
m*—18m+81=0
(m—-9)(m-9)=0
m=9

So the general solution is y = (A+ Bx)e™

The auxiliary equation is
m’+2m+1=0
(m+1)(m+1)=0
m=—1
So the general solution is y=(A+ Bx)e ™"

The auxiliary equation is
m*—8m+16=0
(m—4)(m—-4)=0
m=4

So the general solution is y = (A+ Bx)e**

d’ d

The auxiliary equation of a —)2/ +h2 4 cy=0
dx dx

is am® +bm* +c = 0. If this equation has one

repeated real root & then the general solution of

the differential equation is y = (A4 + Bx)e™
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The auxiliary equation is
16m*> +8m+1=0
(4m+1)(4m+1)=0
1
m=——
4
Ly
So the general solution is y = (A4 + Bx)e *

The auxiliary equation is

4m* —4m+1=0
2m-1)2m-1)=0
1

m=—

2

1
So the general solution is y = (A + Bx)e?

The auxiliary equation is
4m® +20m+25=0
2m+5)2m+5)=0

5
m=——
2
3.
So the general solution is y = (A4 + Bx)e 2

The auxiliary equation is
m* +243m+3=0
(m+\/§)(m+\/§) =0
e

So the general solutionis y=(4+ Bx)e_ﬁx

The auxiliary equation is
m +25=0
= m=151

The general solution is y = Acos5x + BsinSx

The auxiliary equation is
m’+81=0
=>m==x91

The general solution is y = Acos9x + Bsin9x.

If the auxiliary equation has purely
imaginary roots, the general solution
has the form y = Acos@x + Bsinawx,

where A and B are constants and i@ 1is
the solution of the auxiliary equation.
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3 ¢ The auxiliary equation is
m +1=0
=>m==*i

The general solution is y = Acosx + Bsinx

d The auxiliary equation is

Im*+16=0
m2=—E
9
:>m=iﬂi
3

. 4 .4
The general solution is y = 4 cosEx +B smgx

e The auxiliary equation is

m*+8m+17=0

_R+.64—
e 8+ 6; 4X17=—4i%\/—_=

—4+1 using the quadratic formula

The general solution is y=e™**(4cosx+ Bsinx)

If the auxiliary equation has complex
roots, the general solution has the form

f The auxiliary equation is y =e”(Acosgx + Bsingx), where 4

m*—4m+5=0 and B are constants and p * ig are
lutions of the auxiliary equation.
4+16-20 1 : i
m=f=2i5\/—4 =2%1

The general solution is y = e**(Acosx + Bsinx)

g The auxiliary equation is
m® +20m+109 =0
= -20£+/400-436 -20++/-36
2 2

The general solution is y =e'**(4 cos3x + Bsin 3x)

=-10%31

h The auxiliary equation is

m2+\/§m+3:0
o 3e3-12_3ed9 B3
2 2 2

N

—x

The general solutionis y =¢ 2 (A cos%x +B sin%xj
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The auxiliary equation is
m’ +14m+49=0
(m+7)(m+7)=0

m=-7

So the general solution is y =(A+ Bx)e

The auxiliary equation is
m' +m—-12=0
(m+4)(m-3)=0
m=—4or3

So the general solution is y = de™** + Be™

The auxiliary equation is

m’> +4m+13=0

—4+16-52 —4++-36 )
m= 5 = 5 =243

The general solution is y = e™*(Acos3x+ Bsin3x)

The auxiliary equation is
16m*> —24m+9=0
(4m-3)(4m-3)=0
3
m=—
4
35
So the general solution is y = (4 + Bx)e*

The auxiliary equation is

I9m* —6m+5=0
m_64_r\/36—4><9><5_61\/36—180_6J_r\/—144_6J_rl2i_14_rZi
B 2%9 B 18 18 18 3

1
So the general solution is y =e? (A cos%x + Bsin%xj

The auxiliary equation is

6m*—m—-2=0
(Bm—-2)2m+1)=0
2 1
m=—or ——
3 2

2 1
So the general solution is y = 4e3 + Be ?
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5 a The auxiliary equation is

m’ +2km+9=0
2k +~4k> - : :
=>m= k 5 k=36 =—k+Vk*-9 using the quadratic formula
i If [k|>3, the auxiliary equation has two real solutions
So the differential equation has the general solution x = Ae(_k“/kz__g)’ + Be(_k_m)’

i If |k|< 3, then the auxiliary equation has two complex conjugate roots, —k £iV9 — K

So the general solution is x=¢ " (Acos((\/ 9-k* )t) + Bsin((«/ 9-k* )t))

iii If |k|=3, then the solution of the auxiliary equation is one repeated root —k,

So the differential equation has general solution x = (A4 + Bt)e ™
b i The general solution can be found simply substituting k = 2 in the equation found in part a ii

So the general solution is x =¢™ (Acosx/gt +B sin\/gt)

ii When t —» o, e — 0, while the trigonometric functions take values that are bounded,
sox—0.

6 If « is the only root of the equation, then:

(1) aa*+ba+c=0 by definition
2) a= _23 from the quadratic formula, as equal roots = b* = 4ac
a

Let y=(A4+ Bx)e™

Then % = Be™ +(A+ Bx)ae™

2

And d—J; = Bae™ + Bae™ + (A+ Bx)a’e™ = 2Bae™ +(A+ Bx)a’e™
dx

Substituting these results into the differential equation gives:
d’y

a o + b% +c=a(2Bae™ +(A+ Bx)a’e™ )+ b(Be™ + (A+ Bx)ae™ )+ c(A+ Bx)e™

= Be™ (2ac + b)+(A+ Bx)e™ (aa” + ba + )

b
But from equation (1) aa’ + b + ¢ =0 and from equation (2) & = Ty =2a0+b=0
a

2
dy+bg

Hence a— +c=0,and so y=(4+ Bx)e” is a solution to this equation.
dx
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7 Lety= Af(x)+ Bg(x)
&A@ | de)

Then e . .
2 2
g 82 (10 et

Then substituting these results into the differential equation gives:

dzf(x) d> (x)\ df(x) dg(x)\

+B ) bLA )+c(Af(x)+ Bg(x))

2
d—+bd +c=a| A4
dx? dx L

( d? f(x) df(x)

L +cf(x ))+BL

As y=1f(x) and y = g(x) are solutions of the differential equation, it follows that

g(x) +bdi§c X) +cg(x))

dz f(zx) bdf(x) +cf(x)=0 and a ¢ g(zx) + bdg(x) +cg(x)=0
dx dx dx dx
Therefore 4| a zf(") PPALCI BTN ) +Bla g(") PpA-(CoI g(x)\ -0
L o ) L dx )

So y=Af(x)+ Bg(x) is a solution.

Challenge
If a real-valued quadratic equation has complex roots p +gi then by Euler’s formula,
e/’ = e”e = e’ (cosq +ising)

e’ =e’e" = e”(cos(—q) +isin(—q) = e”(cos g —ising)

So substituting for & = p+ig and f= p—iq into Ae™ + Be” gives:
Ae”™ + B’ = 4e” (cosgx +isingx) + Be™ (cos gx —isingx)
=e” ((A+ B)cosgx +(A— B)isingx)

Choose 4 and B such that they are complex conjugates, 1.e. there are real numbers A4 and ¢ where
A=A+ ppand B=A1— ui
So A+B=2Aand (4- B)i=(2ui)i=2ui’ = 2u

Hence Ae™ + Be”™ =e™(2Acosqx —2usingx) = e” (Ccosgx + Dsingx),
where C and D are real constants, C =24 and D=-2u
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