Core Pure Mathematics Book 2 SolutionBank

Methods in differential equations 7D

1 a The auxiliary equation for the corresponding homogeneous equation is
m* +5m+6=0
(m+2)(m+3)=0
m=-2or -3

So the complementary function is y= Ae™" + Be ™
2
A particular integral for the equation is of the form y = Ae*, so % = Ae" and EJ; = Ae"

2
Substituting into jxy + 5% +6y=12¢" gives 124e" =12¢" => A =1

2

So a particular integral is e”

The general solution is y= e + Be ™ +¢"

b Whenx=0,y=1s04+B+1=1=>4=-B 1)
Y =-34e —2Be ™ +e¢"
dx

When x=0,%=0 so —34-2B+1=0
=34+2B =1 (2)
Substituting the value for 4 from equation (1) into equation (2)

-3B+2B=1=>B=-1
SoAd=-B=1

Substituting values for 4 and B into the general solution from part a gives the particular solution

y — e—3x _ e—2x + ex

2
2 a Solving the corresponding homogeneous equation % + 2% =0
The auxiliary equation is
m +2m=0
m(m+2)=0
m=0or -2

So the complementary function is y = Ae™ + Be ™ = A+ Be™"

2
The form of the particular integral is y =A™, so % =21e* and % =41e™

2

Substituting into &y J; + 2d_y =12¢™ gives: 4de* +41e™ =12e™ = 1= 3
dx dx 2
) ) .3
So a particular integral is Eez"

The general solution is y = 4+ Be™* +%ez"
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2 b Whenx=0,y=2 soA+B+%:2:>A+B:% (1)
Y_ —2Be " +3¢™
dx

Whenx=0,d—y:6 SO —2B+3:6:>B:_§
dx 2

Substituting into equation (1) A4 —% = % =>A=2

Substituting values for 4 and B into the general solution from part a gives the particular solution
_2_3672x+362x
4 2 2

2
3 Solving the corresponding homogeneous equation % —% -42y=0

The auxiliary equation is

m —m-42=0
(m—-T7)(m+6)=0
m=-6or7

So the complementary function is y = Ae™*" + Be”™

. . . dy d’y
The form of the particular integral is y =4, so ™ =0 and ol =0

2

Substituting in d—f—g—@y:m gives: —42 =14 = A=—t
d  dv 3

. 1
So the general solution is y = Ae™** + Be”™ -3

Now applying the boundary conditions
Whenx =0,y =0 soA+B—%:O:>3A+3B:1 1

b _ —6A4e* +7Be"™
dx

Whenx=0,d—y=l SO —6A+7B=l (2)
dx 6 6

Adding 2 x equation (1) to equation (2) gives:
6A+6B—6A+7B=2+%

=13B= 13 =B= 1
6 6
e : 1 1 1
Substituting into equation (1) 4 +g = 3 = A= P

Substituting values for 4 and B into the general solution gives the particular solution

1 —6x 1 Tx 1
=—e " +—e"—=
7% 6" 3
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2
4 a Solving the corresponding homogeneous equation % +9y=0

The auxiliary equation is m”* +9=0=m = +3i

So the complementary function is y = 4cos3x + Bsin3x

To find a particular integral consider functions of the form y = Acosx + usinx

2
Q=—ﬂ,sinx+,ucosx and d—i}:—ﬂ,cosx—,usinx
dx dx

2
Substituting in % +9y =16sinx gives:

— Acosx —usinx +9(Acosx + psinx) =16sinx
= 8Acosx+8usinx =16sinx
=>A=0,u=2
So a particular integral is 2sinx
The general solution of the equation is y = Acos3x + Bsin3x +2sinx

b Whenx=0,y=1s04cos0+ Bsin0+2sin0=1= A=1

d_y =-3A4sin3x+3Bcos3x+2cosx

Whenx=0,%=8 so 3B+2=8=B=2

Substituting values for 4 and B into the general solution from part a gives the particular solution
y=cos3x+2sin3x+2sinx

: : . d’ d
5 a Solving the corresponding homogeneous equation 435 + 4ay +5y=0
The auxiliary equation is 4m* +4m+5=0

o _AEV16-80  4xy64 A48 1

——=i using the quadratic formula
8 8 8 2

1
So the complementary functionis y=¢ 2 (Acosx+ Bsinx)

The form of the particular integral is y =Acosx+ usinx

2
Qz—/lsinxﬁucosx and d—J;z—/?,cosx—,usinx
dx dx

2
Substituting into 4ix_J; + 4% +5y=sinx+4cosx gives:

—4Acosx—4usinx —4Asinx+4ucosx +54cosx+5Susinx =sinx+4cosx
Equating the coefficients of cosx: A+4u=4 (1)
Equating the coefficients of sinx: —44+ u=1 (2)
Adding 4 X equation (1) to equation (2) gives: 17u=17= u=1

And hence from equation (1) 4 =0, so a particular integral is sinx
1

The general solution is y = e? (Acosx+ Bsinx)+sinx
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5 b Whenx=0,y=0s0e’4=0=4=0
1
So the particular solution is y = Be ? sinx +sinx
1

dy - —x
——=PBe 2 cosx——Be ? sinx+cosx
dx 2

Whenx=0,%=0 so B+1=0=B=-1

Substituting values for 4 and B into the general solution from part a gives the particular solution
1 1
y=—e 2 sinx+sinx=sinx(l—e ?)

. . . d’x L dx
6 a Solving the corresponding homogeneous equation o 35 +2x=0
The auxiliary equation is
mr=3m+2=0 In this question ¢ is the independent
variable, and x the dependent variable.
(m=2)(m-1)=0 The method of solution is the same as
m=1or?2 in questions connecting x and y.
So the complementary function is x = 4e' + Be®
. . . dx d’x
The form of the particular integral is x = A+ ut, so @ =u and a =0

2
Substituting into i—f -3 ;ﬂ +2x=2t-3 gives:
t t

—3u+2A4+2ut=2t-3

Equate coefficients of t: 2u=2= u=1
Equate constant terms: 2A-3u=-3=>1=0
So a particular integral is ¢.

The general solution is x = Ae' + Be* +1¢
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6 b Whent=0,x=1s04+B=1
Whent=1,x=2so e+ Be’=1
Ae+(1—A)e2 =1

Ae+e*—e’A=1

Ade(l-e)=1-¢’
1-¢?
A=
e(l-e)
yo1te
e
g1 lte
e
_ !
e

So the particular solution is

(1+ej, ( 1j2,
x=|——|e +|——|e" +¢
(] (]

et + et+1 eZt

= — =+t
€ €

=e' " +e' —e¥ "+t
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2
7 Solving the corresponding homogeneous equation d—); -9x=0
4

The auxiliary equationis m*—9=0=m=+3

: : _ 3t =3t
So the complementary function is x = Ae™ + Be The particular integral is of

The form of the particular integral is x = Acost + usint the form A.cos?+ psint.
2

dx d°x
— =—Asint+ucost and — =-Acost— usint
dt H ds? H

2
Substituting into % —9x =10sint gives:

—Acost—pusint—9Acost —9usint =10sint

Equating the coefficients of cos #: —10A=0=>1=0
Equating the coefficients of sin#: =10 =10= pu=-1
So a particular integral is —sin¢#

The general solution is x = 4e” + Be™ —sin¢

When t=0,x=2 soA+B=2 €))

dx _ 34e* —3Be™ —cost
dr

When t=0,%=—1 so 34-3B-1=-1= A=8B
Substituting 4 = B in equation (1) gives 2B=2= A= B =1
Substituting values for 4 and B into the general solution gives the particular solution

x=e¢'+e —sint

8 a i x=Are", so % =3A%e* +24re™

2
‘:17’2‘ = 621e™ + 621 + 61 +4Ar'e” = 6 41e™ + 120%™ +40°¢™

2
Substituting into % — 4% +4x =3te* gives:

6Ate™ +12A%e™ + 4™ —4(3Ar'e™ +2A'e™ )+ 4Ar'e™ = 3te”
= 6’ =3te”

:>ﬂ=l
2
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2
8 a ii Solving the corresponding homogeneous equation % — 4% +4x=0

The auxiliary equation is
m —4m+4=0
(m-2)(m-2)=0
m=2
So the complementary function is x = (4 + Bt)e™
Therefore using the particular integral from part ai the general solution is

1
x=(A+Bt)e* + 5 re”
This equation can also be written as

1 1
x= Ae* + Bte* +5t3ez’ or x =(A+Bt+5t3jez’

b When r=0,x=0s04=0
@=2(A+Bt+lt3Je2’ +(B+§t2Je2’
dr 2 2

Whent=0,;1£=1 so 2A+B=1
t

AsA=0=B=1

Substituting values for 4 and B into the general solution gives the particular solution

P O PIRLI N P
2 2 2

2
9 Solving the corresponding homogeneous equation 25d—; +36x=0

The auxiliary equation is

25m* +36=0
»__36
25
m=i§i
5

o 6 . 6
So the complementary function is x= A4 cosgt +B smg t

2
The form of the particular integral is x = A, so % =0 and d'x =0

2
Substituting into 25 % +36x =18 gives:

36/1=18:>/1=§=l
36 2

: 1
So the general solution is x = 4 cosgt +B smgt +5

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.



Core Pure Mathematics Book 2 SolutionBank

9 When t=0,x=1 soA+%=1:>A:%
g=—§Asin§t+§Bcos§t
dt 5 5 5 5

Whent=0,%=0.6 SO I.ZB=0.6:>B=%

Substituting values for 4 and B into the general solution gives the particular solution

1 6 .6 )
X=— cos—t+sm—t+lJ
2L 5 5

2
10a Solving the corresponding homogeneous equation % — 2% +2x=0

The auxiliary equation is
m*—2m+2=0

2+4-8
m =" =
2
So the complementary function is x =e'(Acost + Bsint)

1+i1

2
The form of the particular integral is x = vt* + ut + 1, so % = u+2ut and % =2v

2
Substituting into i—f -2 ;ﬂ +2x =2t gives:
t t

20-2(p+20t)+2(A+ ut +vt*) =21

Equating the coefficients of #: 20=2=v =1
Equating the coefficients of #: 2u—-4v=0=>2u=4v0= u=72

Equating constant terms: 20-24+2A=0=2-4+21=0=>21=2=>1=1
So a particular integral is ¢* +2¢+1

The general solution is x = ¢'(Acost+ Bsint)+1* +2¢ +1

b Whent=0,x=1s04+1=1=4=0

% = ¢/(Acost + Bsint)+ €' (~ Asint + Beost)+ 21 +2

Whent:O,%:S and given A=0s0o B+2=3=B=1

Substituting values for 4 and B into the general solution gives the particular solution

x =e'sint+¢" +2t+1 which can be rewitten as x =e'sin¢+(1+¢)°
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11 a Solving the corresponding homogeneous equation % — 3% +2y=0

The auxiliary equation is
m =3m+2=0
(m—-2)(m-1)=0
m=1or2
So the complementary function is y = Ae* + Be™*

As the complementary function has an e** term, try a particular integral in the form Axe**
2

So Q = le* +2Axe* and d—J; =40e* + 4 xe™
dx dx

Substituting into % -3 % +2y=3e"" gives:
42> +4Axe’ —3(Ae” +2Axe™) +2Axe” = 3™
= A’ =3 = 1=3

So a particular integral is 3xe™

The general solution is y = Ae* + Be™ + 3xe™

b When x=0,y=0s04+B=0=4=-B

% = Ae* +2Be* +3e** + 6xe™

When x:O,%:O and given 4=-Bso —B+2B+3=0=B=-3andA4=3

Substituting values for 4 and B into the general solution from part a gives the particular solution

y=3e" —3e™ +3xe™

2
12 Solving the corresponding homogeneous equation % +9y=0

The auxiliary equation is m* +9=0=m = +3i
So the complementary function is y = 4Acos3x + Bsin3x
As the complementary function has a sin3x term, try a particular integral y = Axcos3x + zoxsin3x

% =-3Axsin3x+ Acos3x +3uxcos3x + ysin3x

d’y
dx2

=-94Axcos3x—3Asin3x -3Asin3x —9uxsin3x +3ucos3x —3pcos3x

=-94Axcos3x —6Asin3x —9uxsin3x
2

Substituting into % +9y =sin3x gives:

—9Axcos3x —6A4sin3x —9uxsin3x + 9Ax cos3x + 9 uxsin3x =sin 3x

= —6Asin3x=sin3x => A= —%

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.



Core Pure Mathematics Book 2 SolutionBank

. : : : .1
12 The equation 1s satisfied for any z, so choose 1 =0 and a particular integral is —gxcos 3x

o : 1
The general solution is y = Acos3x+ Bsin3x — P xcos3x

When x=0,y=0s04=0
% = —3Asin3x+3B0053x—%0053x—lxsin3x

_ L
18

Substituting values for 4 and B into the general solution gives the particular solution

Whenx:O,Q:O SO SB—l:O:>B
dx 6

1 .
y =—sm3x—lxcos3x
18 6

2
13a Solving the corresponding homogeneous equation % + 5% +6x=0

The auxiliary equation is

m*+5m+6=0
(m+3)(m+2)=0

m=-3or -2
So the complementary function is x = 4e™ + Be™
: : : _ dx = d’ =
The form of the particular integral is x = le™', so i —Ae” and d—f = Ae
t
2
Substituting into d—f + 5% +6x=2¢" gives:
dt dt

Ae™ =54 +64e” =2¢”"
=2le =2 A=1
So a particular integral is ¢’

The general solution is x= de > + Be ™ +¢

When t=0,x=0s0A4+B+1=0=> A4=-B-1
dx

—=24e* -3Be>" —¢"'
dt

Whent=0,%=2 so —2A-3B-1=2
=-2(-B-1)-3B-1=2
—> B=-1and hence 4=0

Substituting values for 4 and B into the general solution gives the particular solution

x=—e"+e "
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When % =0,3¢” =¢ and taking logarithms of both sides gives In3e™ =In""

=1In3+Ilne” =lne”’ = n3-3r=—¢

1
=t=—In3
2
d’ 1
—f =-9¢ +e”, sowhent=—1In3
dr 2
d2 —éln?a —lln?a ’z ’% 1 2
—fz B . L S —ﬁ
dr 33 3 3
1 dx d’x . . .. .
So when ¢ = 5 In3, E =0 and F < 0, there is a maximum, and as the function is continuous
t
this is its maximum value. Substituting in the equation gives
w3 s = -+ R 1 )
Maximum value=—e 2 +e 2 =-e" 4+e™ =-32432=——— V3

N RN EE
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