Core Pure Mathematics Book 2 SolutionBank

Methods in differential equations — mixed exercise 7

tan xdx
f anxde elnsecx =secx

Multiplying the equation by this factor gives:

1 The integrating factor is e

d
secxay+ysecxtanx =2sec’ x

d 2
= —(ysecx)=2sec” x
dx(y )

:>ysecx=j2sec2xdx=2tanx+c

= y=2sinx+ccosx

. . d 5
2 Rewrite the equation as ay+ al =y d

= 2
—X 1-x

1 2 _L
2 g E (g 2y

Multiplying the equation by this factor gives:

—dv
The integrating factoris ¢’ =e¢

1 dy X Sx
T+ TV = 3
(1-x*)> dx  (1-x%) (1-x%)
:>d_y y _ S5x :
dv (1-x%) (1-2)}
= 4 T =J. > 3
(1-x*)? ~(1-x*)
b% 5

= - = T+
(1-x*)7  (1-x*)

So y:5+c(1—xz)El

d
3 Rewrite the equation as xay +y=-Xx

The left-hand side is the derivative of the product xy, so the equation is equivalent to
d
—(xy)=—x
o)
2

:xy:—jxdx:—%+c

X c
So y=—-—+—
7 2 x
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1

—dx
,[ X = elnx —
Multiplying the equation by this factor gives:

_+ f—

4 The integrating factor is e X

=)=

3
:>xy:_[x\/;dx=§x2 +c
3

2 =
So y=—x? +£
5 x

2

5 The integrating factor is eI B e
Multiplying the equation by this factor gives:

2d 2 2
e” L 1 oxe” y=uxe"
dx

d 2 2
=—(e = xe
dx( »)
—e" —J‘xe"zdx—le)‘2+c
Y 2

1 >
So y=—+ce™
75
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: . dy  2x*-1 2x7
6 Rewrite the equation in the form Y, —y= al 5
x(1-x7) 1-x7)

2x%-1
x(l—xz)

The integrating factor is e and this simplifies as follows:

3x? —1 X
dx = dx
I l—x2

J- 2x* -1 _J-3x2—1 x?

x(1-x%) x—x
=—1n(x—x3)+51n(1—x2)=1n(1—x2)%—1n(x—x3)
((1 )’5\\ ( A

1
L (x—x )J ) lnLx(l—xz)ﬁ
1

So the integrating factor simplifies to

x(1- xz)%
Multiplying the equation by this factor gives:
1 dy  2xX° -1 2x
Tt V= 3
x(1-x*) dx  x*(1-x%) (1-x%)

d y 2x
=— T | = 3
dx(x(l—xz)zJ (1—x2)7

=

-I 2
x(1- x) = x) (1—x2)%

So y=2x+cx(l-x’ )E =2x+cx\1-x°

—ax

d ~a
7 a Given that ay —ay= ke’ix, the integrating factor is eI e
Multiplying the equation by this factor gives:

e—ax d_y _ ae—axy — ke/lxe
dx

d _ Jx -
= —(ye ) =ke"e™™
0

_ _ ket o>
= ye @ =_|.ke(’1 D= D 4 ¢
A—a
ke(/'L - a)xeax ke/lx
So y= +ce™ = +ce™ forA#a
—a —a

b When Q(x) = kx"e*

%(ye ) keﬂ.x ax _keﬂ.x

n+1
= ye ™ =Ilocndx= +c
n+l
n+1
So y= e™ +ce™
n+l
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d
8 Rewrite the equation in the form X ocosx

dx tanx

. . . _[ ! dx jcotxdx Insinx :
The integrating factor is e’ ™* =¢ =e =sinx
Multiplying both sides by this factor gives:

sin xay + ycosx =2cosxsinx =sin2x using a trigonometric identity
= i(ysinx) =sin2x
dx

) ) 1 . ) )
:>ysmx=_[sm2xdx=—Ecos2x+c=—5+sm2x+c using cos2x =1—sin’ x

So y =sinx+ Acosec x defining 4 =c—l

Note that without making the simplification using cos2x = 1—sin’ x, an alternative but correct
answer is obtained.

) ) 1
ysinx = Ism2xdx = —Ecos2x+c

= y= —ECOS2XCOSGCX + ccosecx

1

COSX
Multiplying both sides by this factor gives:

[ 1 jdy sinx
—+y——=¢
cosx/ dx cos” x

:i[ Y j=_[e"dx
dx\ cosx

Y
COSX

Itande — elnsecx —

9 a The integrating factor is €

= =e"+c

So y=e"cosx+ccosx

b When x=m,y=1s0 —e"—c=1=c=-¢"-1

So y=e"cosx—(1+e")cosx
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10 The integrating factor is eI o

Multiplying the equation by this factor gives:

e d _ 3y
e 3¢ = sinx

d —3x —3x
= —I(e =¢ "smx
& ey)

=e y= Ie’“ sin xdx 1)
The expression e " sinx can be integrated by using integration by parts twice
) s I L : : : 1.
Ie’“ sinxdx = —ge *sinx + Ige *cosxdx using integration by parts with u =sinx, v = —ge
1 : I _ I . o : l
=——e Fsinx——e " cosx— I—e *sinxdx this time with # =cosx,v=——¢
3 9 9 9

Simplifying this equation gives:

10 ) 1 ... 1 _
—J‘e’“smxdx =——e¢ P sinx——e *cosx
9 3 9
) 3 . 1 _
= J‘e’3x51nxdx=——e sinx——e " cosx
10 10

Using this expression in equation (1) and adding in a constant gives:

_ . 3 . 1 _
e y= Ie 3 smxdx=—ﬁe 3 smx—ﬁe ¥ cosx+c

3 : 1 3x
So y=——sinx——cosx+ce
10 10

1 1
Applying the condition that when x =0,y =0 so - m +c=0=>c= 10

X

1 1
So the solution is y = ——sinx ——cosx + —e’
=70 10 10

11 a Separating the variables and integrating:

dy .
— = ysinh
d 2o

:Iidy:_“sinhxdx

= Iny =coshx+c where c is a constant

coshx+c¢ coshx

=>y=e =e‘xe

coshx

= y=Ae where 4 is a constant (4 =¢°)

b When x=0,y=1so de=1=>A=¢"

coshx coshx—1

So the solution is y=¢ e =¢
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12 Separating the variables and integrating:

dy 2
=~ x(4—
] x(4-y%)

:>I4—1y2 dy:_[xdx
1
“lapam b
1
+)

rearranging the left-hand side so that it is easier to integrate

1 1
:ZJ.(2—y)+(2 dy:_[xdx

1 1 1
= ——InR-yY)+—In2Q+y)=—x>+c
1 2-y) 1 2+y) 5

24y )4 1, T . .
=1 5 = Ex +c simplifying using the rules of logarithms
-y

5 taking the power of 4 of each side
-y

rearranging to find an expression in y
2Ce™ -2

Ce™ +1

When x=0,y=1 so 2 ) =1=22C-2=C+1=C=3

) ) 2x2 _ 2 2x? _
So the solution is y = be — = 2(3e 5 D
3 41 3™ +1

13 The auxiliary equation is

If the auxiliary equation has complex
P roots, the solution is of the form
m +m+1=0

y = e (Acosqx + Bsingx)
“1x\1-4 143,
m=————=—-——%t—1
2 2 2
1
So the general solution is y =e¢ 2 (Acosg)ﬁBsinﬂx]

14 The auxiliary equation is

2 _ If the auxiliary equation has a repeated
m"—12m+36=0 solution, the solution is of the form
(m_6)(m_6)=0 y=(A+Bx)eax

m=6

So the general solution is y=(A4+ Bx)e6x
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15 The auxiliary equation is

m* —4m =0
m(m—4)=0
m=0or 4

So the general solution is y = Ae”* + Be** = 4+ Be™

16 The auxiliary equation is m> + k> = 0= m=+ik If the auxiliary equation has
imaginary solutions, and the general
solution has the form

When x =0 y—l s0Ad=1 y = Acos wx + Bsin ox.
=0,y= =

The general solution is y = Acoskx + Bsinkx

d—y:—kAsinloc+chosloc
dx
dy 1
When x=0,—=1s0 kB=1=B=—
dx k

Substituting values for 4 and B into the general solution gives the particular solution

1.
y= coskx+;smkx

17 The auxiliary equation is

m? —=2m+10=0
24+J4-40 2++/-36 .
m= ; = > =1+ 31

The general solution is y =¢”(Acos3x + Bsin3x)
When x=0,y=0s04=0
% =e" Bsin3x+3e" Bcos3x

Whenx=0,%=3 so 3B=3=B=1

Substituting values for 4 and B into the general solution gives the particular solution

y=¢"sin3x

2

18a y=ke™ so Y_ ke® +2kxe™ and d—J; = 4ke? + Ao
dx dx

... dy  dy 2 .
Substituting into ——-4—+13y =¢™* gives:
g o dr y g
Ake™ + 4kxe™ — A(ke™ + 2kxe™ ) +13kxe™ =e**
1
= ke =™ :>k=§

X

. . 1
So a particular integral is — e’

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.



Core Pure Mathematics Book 2 SolutionBank

2
18 b Solving the corresponding homogeneous equation % — 4% +13y =0

The auxiliary equation is

m*—4m+13=0
44+4N16-52 4++-36 .
m= 5 = > =2+31

So the complementary function is y = e**(4cos3x + Bsin3x)

: I,
Using the particular integral from part a, the general solution is y = e”*(A4cos3x + Bsin3x)+ 9 e’

2
19 Solving the corresponding homogeneous equation E); -y=0

The auxiliary equation is

m’ —1=0
(m+1)(m-1)=0
m=1or —1

So the complementary function is y= Ae* + Be™*

As the complementary function has an e* term, try a particular integral in the form Axe”
2

So Q =Ae" + Axe* and d—J; =24e" + Axe*
dx dx

L d )
Substituting into E); —y=4¢" gives:

24e" + Axe" — Axe" =4e”
=2e" =4e" > A1=2
So a particular integral is 2xe”

The general solution is y= Ae* + Be ™™ + 2xe”

2
20a Solving the corresponding homogeneous equation ic—J; — 4% +4y=0

The auxiliary equation is
m* —4m+4=0
(m—-2)(m—-2)=0
m=2
So the complementary function is y = (4 + Bx)e™

b As the complementary function has e** and xe** terms, these cannot be terms in the
particular integral.
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20c y=hx'e™, so % = 2hx’e™ + 2hkne™

2
‘;x—f = 4k + dhoxe™ + dke™ + 2ke™ = Ahoc’e™ + 8loxe + 2k
d? d
Substituting into g); 4 4 y=4e*" gives:

(4kx® + 8kx + 2k — 8kx? — 8kox + 4kx? )e™ = 4e**
= 2ke’ =4 =k =2

So a particular interval is 2x%e*

Using the complementary function from part a, the general solution is y=(A4+ Bx+ 2x2)62x

d2y

21 Solving the corresponding homogeneous equation F +4y=0
t

The auxiliary equation is m” +4=0=> m=+2i
So the complementary function is y = 4cos2t+ Bsin2¢

The form of the particular integral is y = Acos 3¢+ usin 3¢

2
Y =—-3Asin3¢+3ucos3t and % =—-94cos3t—-9usin3t

dr
2

Substituting into % +4y=>5cos3t gives:

—9Acos3t—9usin3t+4Acos3t+4usint =5cos3t
= —54cos 3t —5usin3t =5cos 3¢

=>A=-land u=0

So a particular integral is —cos3¢

The general solution is y = Acos2¢+ Bsin2¢—cos3t

When 1=0, y=1s0 A-1=1=>4=2

d_y =-2A4sin2¢t+2Bcos2t +3sin 3¢

dr
When t=0,%=2 so 2B=2=B=1

Substituting values for 4 and B into the general solution gives the particular solution
y=2c0s2¢t+sin2t—cos3t
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22a Let y=A+ ux+kxe™
b g+ 2kxe™ + ke
dx

2
?ix—f = dhxe + 2ke* +2ke?* = 4kxe™ + 4ke*
d? y

.. . dy 2 .
Substituting into —= —3—+2y=4x+e~" gives:
g & dr Yy g

4hxe™ +dke™ — 31— 6kxe™ —3ke™ + 21+ 2 px + 2kxe™ = dx +e**
= ke™ +2ux+21-3u=4x+e>
Equating the coefficients of ¢**: k=1

Equating the coefficients of x: 2u=4= pu=2
Equating constants: 24 -3u=0=>1=3

So a particular integral is 3+ 2x + xe>*

2
b Solving the corresponding homogeneous equation ZX—J; — 3% +2y=0

The auxiliary equation is
m*=3m+2=0
(m—-2)(m-1)=0
m=1or 2
So the complementary function is y = Ae* + Be**
Using the particular integral from part a, the general solution is
y=Ae" + Be* +3+2x +xe™* = de* +(B+x)e™ +2x+3

2
23 a Solving the corresponding homogeneous equation 16% + ng_y +5y=0
The auxiliary equation is
16m* +8m+5=0

o _8EV64-320 1 V256 1 1.
32 4~ 32 472

1
So the complementary functionis y=¢ 4 (A cos %x + Bsin %xj

2
The particular integral has the form y = Ax+ u, so % =A and illx—J; =0
2
Substituting into 16d—J2/ + 8d—y +5y=5x+23 gives:
dx dx

8A+5Ax+5u=5x+23

Equating the coefficients of x: 5A=5=>1=1
Equating constant terms: 84 +5u =23 = u=3

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 10



Core Pure Mathematics Book 2 SolutionBank

23a So a particular integral is x+3
1

—X

The general solutionis y=e 4 (Acos%x+Bsin%xj+x+3

Whenx=0,y=3s04+3=3 = 4=0

1 1
Q=—le 4 (Acoslx+Bsinlxj—le 4 (Asinlx+Bcoslxj+l
dx 4 2 2 2 2 2

When x =0, Q=3 SO —1A+1B+1=3
dx 4 2

AsA=0=B=4

Substituting values for 4 and B into the general solution gives the particular solution
1

y=4e 4stin%x+x+ 3

1
b As x—>w,e 4 50 so y—>x+3
Therefore y = x+3 for large values of x.

2
24 Solving the corresponding homogeneous equation iy &

y
—6y=0
dx?  dx 4

The auxiliary equation is
m*—m—-6=0
(m-3)(m+2)=0
m=3or—2
So the complementary function is y = Ae** + Be >
The particular integral is of the form y = Asin3x + gcos3x

b =3Acos3x—3usin3x
dx

2
jx_{=—9zsin3x—9ycos3x

d’y d : :
Substituting into KJ; - Ey —6y=3sin3x—2cos3x gives:

—9Asin3x -9 ucos3x—3Acos3x +3usin3x —6Asin3x — 6cos3x=3sin3x —2cos3x
= Bu—-151)sin3x—(15u+34)cos3x = 3sin3x — 2cos 3x

Equating the coefficients of sin 3x: 3u—154=3 ¢))
Equating the coefficients of sin 3x: 15u+31=2 2)

Adding 5 x equation (2) to equation (1) gives: 78u=13=>u=

AN|— N[ —

1 5
Substituting in equation (1) gives: 2~ 154=3=154= —5=
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1 .
24 So a particular integral is o (cos3x —sin 3x)
1 .
The general solution is y = Ae®* + Be ™ + P (cos3x—sin3x)

When x=0,y=1 so A+B+é=1:A+B=%

: : 5
However as y remains finite for large values ofx, 4=0= B = p3

Substituting values for 4 and B into the general solution gives the particular solution

5 5,01 .
=—¢e " +—(cos3x—sin3x
y=y 6( )

2

25a Solving the corresponding homogeneous equation ((11—;6 +8—+16x=0
t

The auxiliary equation is
m’+8m+16=0
(m+4)(m+4)=0
m=—-4
So the complementary function is y = (A4 + Bt)e_4t
The particular integral is of the form x = Asin4¢+ ucos4t
% =4Acos4t —4usindt

2
% =—16Asin4t —16ucos 4t
t

2

Substituting into % +8—+16x = cos4t gives:
t

—16Asin4t —16cos4t +32Acosdt —32usin 4t +16Asin 4t + 16 1 cos 4t = cos 4¢
= —32usin4t + 321 cos4t = cos 4t

1
=>A=—and y=0
32 0
. : 1
So a particular integral is 3—251n 4t

I .
The general solution is x = (A+ Bt)e ™ + 3—25111 4t
1 1
b When t=0,x=—so 4=—
2 2

% =—4(A+Br)e™ +Be™ + %cos At

When t=0,£=0 SO —4A+B+l=0
dr 8

—p=ad-t-p 1D
8 & 8
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25b Substituting values for 4 and B into the general solution from part a gives the particular solution

1
x=—e"+ Ete"” + isin4t
2 8 32

¢ Ast—m,e > 0and e —0,as e decreases faster than the linear factor.

1 .
So for large values of ¢, the function behaves like x = 3—2s1n 4¢

1
It will oscillate like a sine wave with amplitude D) and period g

Challenge
1 a Giventhat z=)?, then y=2z" and d_1 1d
dx 2 dx

: 1
The equation 2(1+ xz)% +2xy =— becomes
y

2(1+ xz)lz_% d +2xz2 =z
2 dx

Multiply the equation by " z 5 gives

+x
dz 2x 1
T Pl 2
dx 1+x I+x

2x

The integrating factoris e '*% ="+ =14 42

(1+x2)%+2xz:1

:%((lerz)z) =1

:>(1+x2)Z:I1dx:x+c

x+c
=z= >
1+x
1 xX+c
Asy=z*, y= >
1+x

b Whenx=0,y=2so0 \/2:2:>c:4
x+4

So the particular solution is y = >
I+x
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Challenge
dx
2 a Let x=¢",then —=¢"
du
dy dy & ,d d
d_i}l:ayxaze ay=xay Find g—yintermsofxand%, and
u
2 2 2 2
d_yzgxg xd_yxg showthatd—);=xd—y+x2d—); then
du? du dx  dx? du u
d £ substitute into the differential equation.
=x2x? =
dx dx?
d? d d’y _d
So xz—y+4x—y+2y =Inx transforms to —y+3—y+2y= Inx=u
dx? dx du> du

The auxiliary equation is
m* +3m+2=0
(m+2)(m+1)=0
m=-lor—-2

So the complementary function is y = Ae™ + Be™"

o d?
Let the particular integral be of the form y = Au+ p, sog—y = A and d—J; =0
u u
2
Substituting into d—J; + 3d_y +2y=u gives:
du du

3A+2u+2u=u

. : 1
Equating the coefficients of u: 2A=1=> 1= 5

: 3 3
Equating constants: 34+2u=0=2u= = => U= 2

: : .1 3
So a particular integral is Eu 2
The general solution is y = Ae™ + Be ™ +Eu —%
u ~u a1 2u -2 1
But x=¢"u=hxand e” =x" =—, ¢ " =x"=—
X X
: .. . B 1 3
So the general solution of the original equationis y=—+—+ 3 Inx— 2
X X
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Challenge

2 b Whenx:I,y:ISOA+B—%:1:>A+B:% (1)

Whenle,d—yzlso —A—2B+l:1:>A+ZB:—l (2)
dx 2 2
) ) ) ) 9 ) 9 7
Subtracting equation (1) from equation (2) gives B = _Z and so from equation (1) 4 = Z + Z =4

Substituting values for 4 and B into the general solution from part a gives the particular solution

4 9 1 3
=————F+-lhx——
x 4x 2 4
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