Core Pure Mathematics Book 2

SolutionBank

Review exercise 1

1 Using Euler’s solution ¢ =cosf+isiné,

<
a

cos2x+isin2x =e*

cos 9x —isin 9x = cos(—9x) +isin(—9x) = &'

Hence
cos2x+1sin2x _ elzx _ ei(2x+9x) _ eillx
cos9x —isin9x e
=cosllx+isinllx

This is the required form with n=11.

For any angle, 0, cos8 = cos(—8) and
—sinf =sin (-6)
You will find these relations useful

when finding the arguments of
complex numbers.

Manipulating the arguments in
¢” you use the ordinary laws of
indices.

. It is sensible to abbreviate cosd
2 a Byde Moivre’s theorem / and sin 0 as ¢ and s respectively

cos 50 +isin 50 = (cos O +isin @)’ = (c+is)’, say
=’ +5c'is +10c%i’s” +10c%i’s” + 5cits® +1°s’
=’ +i5¢*s —10c’s® —i10c’s® + 5¢s™ —is’
Equating real parts
cos 50 = ¢’ —10c’s” +5¢s*
Using cos” 0 +sin’ 0 =1
cos50 =c” —10c’(1-c*) +5c(1-c*)?
=c’ —10c¢’ +10¢° +5¢ —10¢ + 5¢
=16¢’ —20¢” +5¢

=16cos’ 0 —20cos’ & +5cosf, as required

b Substitute x =cosfintol6x° —20x> +5x+1=0

16cos’ @ —20cos’ O +5cosO+1=0
16cos’ @ —20cos’ O +5cosf =—1

Using the result of part a

when you have as many powers
of cosd and sin @ to write out
as you have in this question.

Use the binomial expansion.

Usei’=-1i=-,i* =1

and i’ =ixi* =ix1=i.

Additional solutions are found by
increasing the angles in steps of

cos S50 =-1
50 =m, 37, 57 <
m 3w Sm
57575

T 3z
x=cosd =cosg, cos?, COST

2x. You are asked for 3 answers,
so you need 3 angles at this stage.

The two approximate answers are
given to 3 decimal places, as the

A

=0.809, —0.309, -1

3 a Byde Moivre’s theorem
cos 50 +isin50 = (cosf +isinf)’ = (c +is)’, say
=c +5c'is +10c’1°s” +10ci°s” + 5ci’s® +1°s”

= +i5¢*s —10c’s* —i10c%s® + 5¢s* —is”

question specified; the remaining
answer —1 is exact.
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3 a Equating imaginary parts Repeatedly using the

. . . 2 . 2 _
sin50 =5¢*s —10c%s” + s° identity cos” 8 +sin’ 6 =1,
which in this context is

=5(5¢* =10c’s* +5%) RN
=5(5¢* =10’ (1-c*)+(1-c?)?)

=5(5¢* =10c* +10c* +1-2¢" +c*)
=s(16¢* —12¢* +1)

=sinf(16cos* @ —12cos”  +1), asrequired

b sin 50 + cos#sin 20 =0 , .
Using the identity proved
sin@(16cos* @ —12cos’ O +1)+2sinfcos’0 =0 in part a and the identity

. in 20 = 2si :

sinf(16cos* @ —10cos>H+1)=0 Sin 26 =2sinf cos§

sinf(2cos” @ —1)(8cos’ 0 —1)=0
Hence sinf =0, cos’f = %, cos’*d =3

sind=0=0=0

1 1
cos’ 0 == cosf = iT
2 You must consider the
n negative as well as the

1
cosf=—==0= =
ﬁ 4 positive square roots.

cosH=—L:>0=3—7t

V2 4

1
cos’f=—=cosf=+——
8 22

cosd =—==6=1.209 (3d.p.)
12 ; ;
The question has specified no
cosf = _L =60=1932(3dp.) <« accuracy and any sensible
2\/5 accuracy would be accepted for
the approximate answers.

The solutions of the equation are

0, %, %", 1.209 (3 d.p.)and 1.932 (3 d.p.).

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.



Core Pure Mathematics Book 2

SolutionBank

4 a sinf=

Putting z = ¢" shortens the working.

Let z=¢" <

z—2z

then sinf =——
21

_ 5
sinfg=| 2% 1
2i

1
(2i)

=L_(z5 —522 410z -10z"+52z7 = z7)

321

Use Pascal’s triangle to remember the
coefficients in (a+b)’ =a’ +5a*b +

10a°h> +10a°b* +5ab* +b°.

(22 =5z"xz7"' 4102 x 27 =102° x 27 +5zx 2z —27)

The general relation is
ind _ e—inH

sinnf = -
21

16l 2 2 2i

1 (25—25 _5(z3—z3)+10(z—zl)J <

= % (sin 560 —5sin 36 +10sin #), as required

b Psinsﬁdﬁ =ij5(sin59 —5sin30 +10sin0)do
0 1690

=i —lc0550+§cos30—10c050
16| 5 3

SR

I 128

8 :
=—x =—, as required
16 15 15

5 a z=cosf@+1sind

Using de Moivre’s theorem

z" =(cos@+i1sinf)" =cosnf+isinnfd (1)

From (1)
1 1
Z == . .
z"  cosnf+isinnf

1 cosnf —1sin né
% b

T

2

0

zZ"=z"

2

Each term on the right hand
side of the identity shown in
part a can be integrated using
the formula

[sinnodo __cosnf.

n

Multiply the numerator and
denominator by cosnf —isinn0,

cosnf +isinnfd cosnf —1isinnd

cos nf —1sin né ..
= =cosnf@ —isinnf

- 2 -2
cos” nf +sin” né

z"+z " =cosnl+1isinnf + cos nd —isin n

=2cosnf, as required.

@)

the conjugate complex number of
cosnf +isinné.

Use cos’® nf+sin® nf =1.
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= = (2°+62°z7" +152° 27 4202’27 +152° 27 +62'27° +27°%)

64 : Pair the terms as shown.
Ve v e v

:é(zé +6z* +152° +20+1527 +627* +27°)

6 -6 4 4 2 )
l[z +z +6(z +z )+15(z +z )+&J

32 2 ‘2 2 2 You use Az cosnf)
:%(cosw+6cos49+15c0s29+10) with n=6, 4 and 2.

c J‘ECOSGQd@=LJ‘E(COS69+6COS40+1500$20+10)d0
0 320

2

:i— lsin60 +§sin40 +£sin20+100
32 |6 4

2 0
1 T Szm . With the exception of 106 all
- 3_2 x10x 5 = 3_2 » as required of these terms have value 0 at

both the upper and the lower
limit.

6 C+iS:§em9Ze":‘:—lzcosnﬁﬂ:s%nnﬁ—l
—o e’ -1 cos@+isinfd -1
_ (cosnf—1+isinn@)(cos @ —1—isin0)
B (cos@ —1+isinf)(cos@ —1—isin )
_cosnfcosf—cost —cosnb+1+sinnfsinf
- cos’ @ —2cos@ +1+sin’ @
_H,sin9—cosn&sin9+sinn9cos9—sinm9
cos’@—2cos@+1+sin’ @
cos(n—1)8 —cos@ —cosnd +1

C=Re(C+iS)=
2—-2cosé
S=Im(C+iS)= sin(n — 1)@ + sin @ —sin nf
2—-2cosé
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7 a Let 4+4i=r(cosf+isinf)=rcosf +irsinf

Equating real parts
4=rcosf 1)

Finding the roots of a complex number is
usually easier if you obtain the number in
i6 : s
Equating imaginary parts the ff)rm re"”. As you will use El'lle'l‘ s
) relation, the first step towards this is to
4 =rsinf 2) get the complex number into the form

Dividing (2) by (1) r(cos +isin ).

tan(9=1:>(9=£

Substituting 6 =% into (1)

5
To take the fifth root, write 4+/2 = 22.

4=rcos%:>4=rxiz>r=4\/§ <

NG

Hence
. T .. T
4+4i=42| cos— +isin—
4 4
5 om
_2264
Sm 5 9% 5 7x 5 25 5 33w .
5_"n2,4 2, 4 2, 4 2, 4 2, 4 . 2 iz
z2=2%¢%,2% *,2%¢ *,2% *, 2% For example, if z° =22¢ 4 then
1
< 5925 51 91 1 ox
1om 1 9r 1 Vm 1 25% 1 3 Z=[226“ =2%7%e "t 2 =2%.
— 20 2 20 2 20 2 20
z=22¢%0, 2220, 22¢ 20, 22¢ 20 22¢

This is the required form with » = V2 and
Lo s 5

T20°20°20° 200 4) 20
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7 b 4

The points representing the 5
roots are the vertices of a regular
pentagon.
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Equating real parts
32=rcosf 1)

Equating imaginary parts
32J3 =rsinf ()
Dividing (2) by (1)

tanf =~/3 =0 = %
Substituting 6 :g into (1)

32=rcos§:>32:rx%:>r:64

Hence

SolutionBank

8 a Let 32+32+3i=r(cosf +isin@) = rcos @ +irsinf

Finding the roots of a complex number is
usually easier if you obtain the number in

the form re. As you will use Euler’s
relation, the first step towards this is to
get the complex number into the form
r(cos@ +isin 6).

32+ 32\/§i = 64(cos§ + isin%} <

.
=64e’ =

.Tn .—5m

A

Additional solutions are found by increasing or

£ =64c’, 6de 3, 64e 3

.Tn Sn

LT .
i— i— —I
z=4¢%,4e¢ %, 4e °
. 0
The solutions are re" where » = 4 and

nxm
9’9’9

. .In .—57n

1 1 1
z=4e%,4¢e "’ ,4¢e °

T 9 In 9 =51 9
29=(469J ,(4e9j ,(46 ? J

decreasing the arguments in steps of 2. You
area asked for 3 answers, so you need 3
arguments. Had you increased the argument

7?nby 2nto 1371:’ this would have given a
correct solution to the equation but it would
lead to 6 = 1371:’ which does not satisfy the

condition @ <7 in the question. So the third
argument has to be found by subtracting 27x

from E.
3

d
<«

— 49 em’ 49 el71‘[’ 49 eflﬁn

e™ =cosm+isinm=—1+0=—1. Similarly for the
arguments 7m and —5m.

The value of all three of these expressions is —4° = -2'*

Hence the solutions satisfy z° +2" =0, where k =18.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 7



Core Pure Mathematics Book 2 SolutionBank

The modulus of the complex number i is

A

. T .. T iE
9 1=cos—+1SIn—=¢
2 2

1 and its argument is g So i=1le>.

T 151 911 1311 1711

i
Z’=e? ,e?,e B e : e 2, \ Additional solutions are found by increasing the
ot St 9 I3n o 17n arguments in steps of 2w. AS the equation is of
z=¢l0 , € o , € 0 , € 10 , € o degree 5, there are exactly 5 distinct answers.
Hence :
91r In \5 iﬂ
z =cosf +1isinf, where For example, if z° =¢ 2 then z—(e 2 J =(e “’J.
_m Sm n) 9n 13n 17n
10710 2)710° 10 10

10 a zS=16+16iﬁ=32(cos( +2lmj+zs1n( +2ImD
1633

162+(16\/§)2=32,arctan = =§

z=r(cos@+isinH)

2> =r°(cos 50 +isin 56)

P =32r=2

o= 2kn _ m 7n 13m E)_ﬁ
15 5 15715715 3" 15

z= 26%,2eﬁ,2e?,2673, 2¢
b The polygon is a regular pentagon.

11 a
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in

11b (2-3)+i(1-0)=—-1+i=+2¢"
z=2+i+2e 7 =3
z=2+i+2e e =24i+-/2eF

=3.26+1.64i (2 d.p.)

z=2+i+~2e% =1.78+2.40i (2 d.p.)
z=2+i+2e™ =0.60+1.22i (2 d.p.)
z=2+i+~2e  =1.36-0.26i (2 d.p.)
Vertices of polygon are at

(3,0),(3.26,1.64), (1.78,2.40),
(0.60,1.22),(1.36,-0.26)

2 _ A N B
(r+h)(r+2) r+1 r+2
2=A(r+2)+B(r+1)
2=A=-B

12

Let f(r)=L
r+1

n 2 (o 1
Z(r+l)(r+2) _22(”1_”2}

r=1 r=1

=2(f(D=f(n+D)

_ofL_ 1
2 n+2

- 2 _n
n+2 n+2
2 A B

13

= +
(r+1)(r+3) r+1 r+3
2=A(r+3)+B(r+1)
2=2A4A=-2B

Let f(r)=

r+1
1_1

n 2 n
Z(r+1)(r+3)_z(r+l r+3j

r=l r=1
=f()+f2)-f(n+1)—f(n+2)
11 1 1
2 3 n+2 n+3
_5(n+2)(n+3)—6(n+3)—6(n+2)
- 6(n+2)(n+3)
_ n(5n+13)
T 6(n+2)(n+3)
Hencea=5,b=13andc=6
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r+1 r
14a LHS= -
r+2 r+l To show that an algebraic identity is true, you should
_(r+ 1)’ —r(r+2) start from one side of the identity, here the left hand
- (r+1)(r+2) side (LHS), and use algebra to show that it is equal
to the other side of the identity, here the right hand
B P +2r+1-r2 =2r side (RHS).
(r+1)(r+2)
_ 1
(r+1)(r+2)
= RHS, asrequired
< 1 i( r+1 r J You use the identity that you proved in
= - part a to break up each term in the
b FHr+D(r+2) F\r+2 r+l summation into two parts.
_ 1
B 7 < This is the LHS of the identity with r= 1.
+ z —%\ < This is the LHS of the identity with » = 2.
+X T« This is the LHS of the identity with » = 3.
il
AN This is the LHS of the identity with 7= — 1.
+1 n ‘\ r+l r _n-l+41  n-1
n+l n r+2 r+l n-142 n-1+1
n+2 A+l _non-l
n+l1 n
_n+l 1
T a12 2 This is the LHS of the identity with 7= n.
_2(n+D)—(n+2) 2n+2-n-2
2(n+2) 2(n+2) The only terms which have not cancelled one
__n another out are the L in the first line of the
2(n+2) 21
summation and the — * in the last line.
n+2
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2 4 N B N C
(x+D)(x+2)(x+3) x+1 x+2 x+3

Multiplying throughout by (x+1)(x+2)(x+3)
2=A(x+2)(x+3)+B(x+D)(x+3)+C(x+1)(x+2)

15a Let

Substitute x = -1
When —1 is substituted for x then both
2=Ax1x2= A=1 B(x+1)(x+3) and C(x+1)(x+2) become zero.
Substitute x =-2
2=Bx—-1x1=>B=-2
Substitute x =-3

2=Cx2x-1=>C=1

Hence

1 2 1

f(x)= - +
x+1 x+2 x+3

You use the partial fractions in part a to break up
each term in the summation into three parts.

b Using the result in part a with x=r

Zf(r): ! 2 + !
r=1

r+1_r+2 r+3

I 2
=———+
2 3 /A
: % %\
+——F+
3 A Three terms at the beginning of the summation
and three terms at the end have not been
+ 4L X4 cancelled out.
4 6

l/ %4
+ - X+
-1 \% +1
2 1
+ - +
%\ +1 2
1

n+
4—
| 2
+ - +
ﬁ@l n+2 n+3

I 2 1 1 2 1
=——+— - +

2 3 3 n+2 n+2 n+3
= % — 1 1 This question asks for no particular form of

+
n+2 n+3 the answer. You should collect together like
terms but, otherwise, the expression can be
left as it is. You do not have to express your

answer as a single fraction unless the question
asks you to do this.
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16 a

r=1> -1y
=’ =2r+1)
r2(r-1)>
2r—1
r2(r-1)°

S 2r—1 z 1 1

Methods for simplifying algebraic fractions can
be found in Chapter 1 of book C3.

This summation starts from » = 2 and not from
the more common r = 1. It could not start from

r=1as

( 1)2 is not defined for that value.
r—

r=2
o2
KA
X
N 11
(n=2%_ -1y’
1 1
: T2
-1)" =n
zliz_%:l_n_lz’ as required
17 a
4 A B

r(r+2) - r o r+2
4=A(r+2)+ Br

4=24=-2B
Let f(r)=l
r
Z 4 :22(1_ 1 j
o r(r+2) =\r r+2

=2(f(1)+£(2) = f(n+1)—f(n+2))

2 n+l n+2

_3(n+D)(n+2)-2(n+2)-2(n+1)
- (n+1)(n+2)
_ n(3n+5)
C(n+D(n+2)

Hencea=3and b=5

In this summation all of the terms cancel out
with one another except for one term at the
beginning and one term at the end.
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100 100
100 100 4 49 4 Zs‘f)f(r) Zf(r) Zf(r)
17b ,ZS;) (r + 2) —r(r+2) - = r(r+2) You find the sum from the 50th to the 100th term

by subtracting the sum from the first to the 49th
_ 100x 305 3 49 x 152‘\ term from the sum from the first to the 100th term.
101x102  50x51 It is a common error to subtract one term too
=2.960 590...—2.920 784 many, in this case the 50th term. The sum you are
finding starts with the 50th term. You must not
=0.0398 (4 d.p.) e

subtract it from the series — you have to leave it in

the series.
18a 4" —1=Q2r-1)Q2r+1) This question gives you the option to choose
your own method (the question has ‘or
Let otherwise’) and, as you are given the answer,

) 2 y B you could, if you preferred, use the method of
_ — mathematical induction.

= = +
4r* -1 2r-DQ2r+D)  2r-1 2r+l If the method of differences is used, you begin
. by factorising 472 — 1, using the difference of two
Multiply throughout by (2r—1)(2r+1)
squares, and then express

—— in
2=AQ2r+1)+B2r-1) (2r=D)(2r+1)

partial fractions.

Substitute » = l

2
2=24=>A4=1
Substitute r = —%

2=-2B=B=-1
Hence
2 1 1
4r2—1 2r—1 2r+l

z z Wlthr
< -1 2r+l 1 111
2r—1 2r+1 2><1 1 2x1+1 1 3
! ZJV
Withr=n-1,
+]3V_

% 1 | 1 1
+\ - _ 1 B 1 _ 1 B 1
2n—-2-1 2n-2+41 2n-3 2n-1

2—1 2r+1 2x(n—1)—1 2x(n—1)+1
N
213 2n-1

d
<«

The only terms which are not cancelled out in thej
! — 1 summation are the l at the beginning and the
n—1 2n+1 1
< - - at the end.
=1- , as required 2n+1
2n+1

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 13



Core Pure Mathematics Book 2 SolutionBank

n 10 2
18b < You find the sum from the 11th to the 20th
2 .
r=11 41’ - o 4ro—1 term by subtracting the sum from the first to
1 1 the 10th term from the sum from the first to
= (1_—_14.—) the 20th term.
_ The conditions of the question require an exact
- answer, so you must not use decimals.

19a Using the binomial expansion

Qr+1)Y =8 +127* +6r+1 (1) Subtracting the two expansions gives an

5 5 , expression in #2. This enables you to sum 72
2r-1y =8r —12r" +6r-1 2) using the method of differences.

Subtracting (2) from (1)

Qr+1)} —Qr-1y =24 +2  (3)
A=24,B=2

b Using identity (3) in part a
Z(24r2 +2) = Z((2r +1)’ - (2r-1y’)

24zr +22 Z((2r+l) —(@2r-17)

Zz=2+2+2+...+2=2n

r=l ntimes

242 P +2n= }’3/ - It is a common error to write 22 =2.
r= r=1
PR+
+
71 3\ The expression is (27 +1)° —(2r —1)* with n—1
/ substituted for 7. (2(n—1)+1)° —(2(n—-1)—1)
-2
9”4/ E — 2n-1) —~2n-3)
+(2n+1) -

24" P 4+2n=2n+1y -1 <

p Summing gives you an equation in Z P,
n which you solve. You then factorise the result to
242 P =8n* +12n* +6n+1-1-2n give the answer in the form required by the
1 question.
=8n’ +12n" +4n =4n(2n° +3n+1)
=4n(n+1)(2n+1)
< 4n(n+1)2n+1) 1 .
D> rt= ( 2)4( ) - gn(n +1)(2n+1), as required.
r=1
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19¢ (Br-1=9"-6r+1

Hence

In the formula proved in part b, you replace

40 40 40 40 P
D @Br=1?=9> -6 r+y 1 ~
r=1 r=1 r=1 r=1
Using the result in part b.

40
9 r? =9><%><40><41><81=199 260

r=I1

Using the standard result Z r= @,

r=1

40x 41

40
6 r=6x S =4920
r=1

the n by 40.

40
21=40 <
r=1

Combining these results

40
Z (3r—1)2 =199 260—-4920+40=194 380

r=1

1 A B C
r(r+)(r+2) r r+l r+2

l=A(r+1)(r+2)+ Br(r+2)+Cr(r+1)
r=0:1=24
r=1:1=-B
r=2:1=2C

Let £(r) =~
r

2n 1 1 2n
2 Fr+1)(r +2) =52

r=1 r=1

l_1+1_1
r r+l1 r+2 r+l1

40
Z 1=40 is 40 ones added together which is,
r=l1

of course, 40.

=%(f(l)—f(2n+1)+f(2n+2)—f(2))
1( 1 1 1 j
=—|1l-————+

2 2 2n+1 2n+2

1( 2 1 j
=—|1- +

4 2n+l1 n+1
_{(n+D@r+D)=2(n+1)+(2n+1)
4 (n+1)(2n+1)

1 2 +3n n(2n+3)
4 (n+1)2n+1) 4(n+1)2n+1)
Hencea=2,b=3andc=4
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1 1
21a RHS=r—-1+——— To show that an algebraic identity is true, you
ror+l should start from one side of the identity, here the
(r-Dr(r+D)+(r+1)—-r right hand side (RHS), and use algebra to show
= 1 that it is equal to the other side of the identity,
r(r+l) here the left hand side (LHS).
B r(r* =1)+1
r(r+1)
P —r+l

=———=LHS, as required
r(r+1)

This summation is broken up into 3 separate

b Using the result in part a summations. Only the third of these uses the

¢ ¢ ¢ method of differences.
Lol g (1 1
= r— 1+ -
r=I1 r(r + 1) r=1 r=I1 r=1 r r+ 1
Z _n(n+1)
r=1 2
Z l=n
r=1
Z”: 1 1 _ 1
= \r r+1) 1
+ —_
4
1
+ " +
In the summation, using the method of
1 differences, all of the terms cancel out with one
Ty n+l another except for one term at the beginning and
one term at the end.
1
=1+——
n+1

Combining the three summations

" —r+l on(n+ ) 1 To complete the question, you put the results
z r(r+1) = > —n+l- n+1 of the three summations over a common
r=t / denominator and simplify the resulting
_n(n+ 1) =2n(n+1)+2(n+1)-2 expression as far as possible.
2(n+1)
2 +n-2n —2n+2n+2-2
2(n+1)

B n+n _n(n2+1)
S 2(n+1)  2(n+1)

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 16
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2r+3 A4 B

r(r+1) o+l
2r+3=A(r+1)+ Br

22

3=A4,1=-B
2743 1 _1(3 1
r(r+1)3_’_3_’(;_r+lj
111
_3’_1;_3_’r+1
Let f(r) = }_11

243 ]
;rv+ny—gxﬂﬂ—ﬂwﬂn

=(fM)~f(n+1)

B 1
3" (n+1)
2
23 cosx=1—-——+—-—...
20 4! The series of cos x and sin x are both given
%2 in the formulae book and may be quoted
=1-"—, neglecting termsin x” and higher powers without proof, unless the question
2 specifically asks for a proof.
. ¥ oxX
sinx=x——+—-—...
31 5!

= x, neglecting termsin x” and higher powers

2
. X
I1sinx—-6cosx+5 =11x—6(1——j+5
2 P You substitute the abbreviated series into
1lx—6+3%2+5 the expression and collect together terms.

=—1+11x+3x°

A=-1,B=11,C=3

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 17
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24 LHS =In(x’ —x+1)+In(x+1)-3Inx

=In[(x* —x+1)(x+1)]-Inx’

You collect together the three terms of the
left hand side (LHS) of the expression into
a single logarithm using all three log rules;
logx+logy =logxy

log x—log y =log (ij,
y

T | ) )
Substituting —- for x and » for r in the series
X

and nlogx =logx".

(X —x+D)x+D)=x"+x"—x" —x+x+1

=x +1

This series is given in the formulae
booklet. It is valid for —1 < x <1 and, if

1 ..
x>1, then 0 <—- <1 so the series is
X

valid for this question.

2 3 R
1n(1+x)=x—x—+x—+...+(l)—x+...
2 r
n—1 <
LHS=L3—L6+ +( 1)3n +..., asrequired
X 2x nx

(=)™ =(=1)""". If nis odd, both sides are
1. If n is even, both sides are —1.

Substituting —2x for x in the formula

(_2x)2 + (_2x)3 +...

25 e =14+ (-2x)+
2! 3!

=1-2x+2x" —ng +...

2 3

X . .
e =1+x +;+;+ ... and ignoring terms

in x* and higher powers.

2
cosSx=l—(5x) +.. <
2!
=l—§x2 +..
2

e cosSx = (1—2x+2x2 —§x3 +...)(1—§x

=1—%x2 —2x+25x° +2x2 —§x3 +...

=1—2x+(—§+2jx2 +(25—ijx3
2 3

=1—2x—2x2+ﬂx3+...
2 3
A=1 B=-2, C=—2,D:7—l
2 3

© Pearson Education Ltd 2018. Copying permitted for

Substituting 5x for x in the formula
X . . .4
cosx = 1—; +... and ignoring terms in x

and higher powers.

When multiplying out the brackets, you
discard terms in x* and higher powers. For

]

o 2 .
<«——| example, multiplying 2x? by —75 x* gives

—25x* and you just ignore his term.

+...

purchasing institution only. This material is not copyright free.
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-1
26a (2x+3)'=3" (1 +2?x) p

2.1 3 3.2.1

Part a is a binomial series with a rational
index.

3

_ % {1 ) 2_3x L (D) (2_xj L (DD (2_xj +}

b SlI12x=sin2x(3+2x)’1
3+2x
:(2x—@+...j(l—gx+ixz—§x3+...j
3! 3 9 27 81
:(2x—ix3+...J(l—gx+ix2—ix3+...j
3 3 9 27 81
2, 80 8o 104 45,8,
3 9 27 81 9 27
2 4 , 8 4) , 8 16) ,
=—x——x" +|—— x4+ ———|x"+
3 9 27 9 27 81
2 4, 4 4
=—Xx——Xx ——XxX +—Xx
3 9 27 81
24
27a cosx=1—-—+"——
21 41

4, <— example, multiplying —§x3 by LI

When multiplying out the brackets, you
discard terms in x* and higher powers. For

27

. 1 . .
gives _8_61 x* and you ignore this term.

=1+(—§+x—4j (D),

24‘\

neglecting terms above x*

Vo

ln(1+x)=x—%+...

Using the expansion (1)

2 4
In(cosx) =In| 1+ X
2 24

_ XXX
2 24 8
x2 x4

T2 12

2 4
The expression Y +$ is used to

replace the x in the standard series for
In(1+x).

T AT A
_ ) —— 4 — -

2 ( 2 24J 8 48 1152
but, as the expansion is only required up
to the term in x*, you only need the first

of the three terms.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.
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27b 1n(secx)=ln( J=ln1—lncosx

1
COSX Using the log rule
=—Incosx \ log [%J =loga—logb and the fact that

Using the result to part a In1=0.
2 4 2 4

In(secx) =— I P
2 12 2 12

28a Let u=1+cos2x,then f(x)=Inu

du )
— =-2sin2x
dx
du 1du 1 )
f'(x) =f'"(u)—=——=————x-2sin2x
dx wdx l+cos2x Using the identities
_ —4sinxcosx P sin 2x = 2sin xcos x and
2cos” x cos2x =2cos’ x—1.
—2sin x .
= ——— = —2tanx, as required
COS X
b f"(x)=-2sec’ x F""(x) is a symbol used for the fourth

£(x) = —4 sec? x tan x derivative of f(x) with respect to x. The
fmm 2 . ¢ Asec ) symbol £ (x) is also used for the fourth
(x)=—8secx- secxtanx-tanx—4sec x-sec x derivative.

=—8sec’ xtan® x —4sec’ x

5 s O You use the product rule for
=——4sec” xtan xx—2tan x +(—2sec” x)"] du

% 2 . differentiation i(uv) =v—+ uﬂ with
=—f""(x)f'(x)+(f"(x))"], as required dx dr  dx
u=—4sec’ x and v = tan x. You also use

the chain rule
¢ f(0)=In(l+cos0)=1In2
f'(0)=-2tan0=0

d 2 d
—(sec” x) =2secx—(secx
dx( ) dx( )

=2secxxsecxtanx.
£"(0) = —2sec’ 0 =2
£"'(0) = —4sec’0tan0 =0
£(0) = ~[£"(0)f"(0) + (£"(0))’] < Using the result for part b.

= [0x0+(=2)*]=—4

2 3 4
X X X iv
£ (x) =£(0) + xf'(0) + =—£"(0) + —£""(0) + — "™ (0) +...
2! 3! 41 ———
2' ; . The formula for Maclaurin's series is given
in the formulae booklet. For this question,

24X 0+ x 24 X0+ X x4+
B o 2 6 24 o you need the terms up to and including the

term in x*.

=In2-x> —lx4+...
6

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 20
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0

o0
2'[0 e"sinxdx=| —e *cosx—e *sin x]o =1

|

o : 1
I e “sin xdx=—
0 2

30 [ Y e [xlx}q\/ﬁdx

1-x*

X 2
(u=x,u'=l,v'= ,v=—l—x J

= dx
I\/l x’ I \/1 x’ \/l—x2
= arcsinx]0+I;\/1—x2dx
2

2]1 Y dx= [arcsinx —xV1-x? T

2
‘V1-x 0

) b
=arcsinl = —
2

X T
v

1 A B

x(x+3) X ox+3
1=A4(x+3)+Bx,1=34=-3B

Ildxlll

31a

x(x+3) 3x x+3

1 1
=—(Inx-In(x+3)) =-1 +
3(nx n(x+3)) 3nx+3 c

-L x(x+3) -L x(x+3)
(1 t 3 J

=lim| —

>3 143 3 3+l

1,1 1

=—l l-——In—=—In2
3 3 2 3
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32 Lw e dx = lim tx3e"‘4dx

t—>o Jd1

i(e"‘4 ) = —dxe™

[ ] - Herme)

Lw e dx = lirnl(e‘l e ) = €

t—0

.
2(5-2x)

33a I(s 2)dx jz(s 2x)2dx =

.3 1 .
Lo(5—2x)2dx=h+zj (5-2x) +£1£5Lo(5—2x)2

[
= (5-2x) 2(5-2s)

—>ooass—>é
2

34 f(x)=xcos2x
j F(x)dx = 1 xsin 2x - j L gin 2xd
2 2

1 .
=—xs1n2x+lcos2x+c
2 4

f= R f( )dx = 2 lxsin2x+lcos2x}
7—0 w2 4

2(1 1 2( 1 1
=—|—cosnt——cos0 |[=—| —= |=—
n\ 4 4 T\ 2 T

3x ! N B
(x-D(2x-3) x-1 2x-3
3x=A42x-3)+B(x-1),3=-4,0=-34-B

I 3
flxr) = _3(ﬁ_2x—3)

2;5_3(;_ 3 jd"
5-272 x—1 2x-3
1

0

35a f(x)=

=

5

2 x— 2x3

5

—In(x - 1)+—1n(2x 3)}

2

( 1n4+1n1+—1n7—%1n1)

L7 142)_ In>43
2 16
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35b f(x)+Ink has mean value f +Ink

2
llnﬁwtlnk :lln 343k
2 16 2 16

36a f(x)=x"(x’-1)
%(ﬁ —D* =4 -1)’Gx?) =12x*(x’ 1)’

- 1 3 1 3
f=——| x> =1Ddx=—| 12x*(x* = Ddx
3-1t ( ) 24-"1 ( )

1 3 3 57122
= — —1 =
2] =3

b kf(x) has mean value kf over [1,3]

so —2f(x) has mean value — 114244
— 1 3 1 3 1
7f=—| —dx=-| ————dx
3—1"‘1 N3-x 'L 24/3—x
]
38 f(x)=1Inkx
1 5
=——| Inkxdx
5-1

—— Y|

lnkxdx=xlnkx—_[1dx=x(lnkx—1)+c
fzi[x(lnkx—l)]ls =i(5(ln5k—1)—lnk+1)

5
=lln (55) —lzllnSSk4 —lzllnS9 -1
4 k 4 4

k=5
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39a y =(arcsinx)’

Let u =arcsin x

y=u’
dy dy y du
dx du dx
Q =2u This result is in the Edexcel formula
du booklet, which is provided for use with
du 1 the paper. It is a good idea to quote any
o formulae you use in your solution.
dr -
Hence
d 1 2 arcsin x
Y oux =
b Ju=a) a0
(- xz) d_y _ D arcsin x < Square both sides of this solution and use
dx the given y = (arcsin x)? to complete the

solution.

(1-x%) (%J = 4(arcsin x)’

=4y, as required

b Differentiating the result of part a implicitly with respect to x

_2x(d_yf +(1—x2)22ﬁ=4d—y | Using the chain rule
=2 S XN T BT
—xd—y+(1—x2)i32’=2 dr{ldx dr drlde) dx dv
dx dx
) dzy dy ) . ) dy
(1—x")——x—=2,as required Divide the equation throughout by 2—=.
dx* dx dx

40a y =arctan3x
tan y = 3x
Differentiating implicitly with respect to x

, dy
secy—=3
-

Q_ 3 3
dx sec’y 1+tan’y

—L as required
1+9x%’ a
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40 b Using integration by parts and the result in part a

J. 6xarctan 3x dx = 3x* arctan 3x — J. 3x% x -
1+9x

9x* +1-1

= 3x? arctan 3x — J. -
1+9x

1
1+9x?

=3y’ arctan3x—.|.1dx+.|.

1
=3x?arctan 3x —x + 3 arctan 3x

N

1 3
[3x2 arctan 3x —x + 5 arctan 3x}
0

2
=3x (?j arctan \/5 —? + % arctan \/5

4 3
—arctan f e
3 3

Vil

3 9

g X % - (4w — 33 ), as required
41a Let y=f(x)=arcsinx
siny=ux
Differentiating implicitly with respect to x
cosy Y =1

&1 1 o
dx cosy [(1-sinh®)y (1-x?)

f'(x)=;
J(I-x?)

, as required

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.
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You use J.u%dx = uv—jv%dx with

u = artanh 3x and dv =6x. You know du from part]
dx dx

a.

N\

dx

2
You have to integrate

5 As the degree of
1+9x

the numerator is equal to the degree of the

denominator, you must divide the denominator into

the numerator before integrating.

The adaptation of the formula given in the Edexcel

> ! > dx=ltan[£
a +x a

a

formulae booklet, j ] to this

integral is not straightforward.

1 1 1
frm e
1+9x 9 1+x2
9
1 X 1
=—x—arctan| — | = —arctan 3x. You may prefer
971 173
3 3

to find such an integral using the substitution
3x=tané.

Unless otherwise stated, arcsin x is taken to have

the range —g <arcsin x < % These are the

principal values of arcsin x. In this range, arcsin x

is an increasing function of x, Yis positive and

you can take the positive value of the square root.
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41b y =arcsin2x

Let u=2x,%=2
dx

y =arcsinu
Using the chain rule

& _dy du
dx du dx

L, 2

N N T

In this question it is convenient to carry out the
substitution without returning to the original
variable x. So at some stage you must change the
x limits to @ limits.

1. dx 1
¢ x=—sinf =—=—cosb «———

At x =

Tl lGno=sing=t=p="
43 2 2 6

At x=0,0=%sin9:>sin9=0:>9=0

J- xarcsin2x J- Lsin  arcsin(sin ) ( Jd@
do

J(A-4x%) {J(1=sin* 0)
J‘ >sin@x0 (_ cos HJ 40 N By definition, arcsin (sin 0) =0.
osd 2

You use integration by parts,

=—jasinad9 D )
J.u—v=uv—.|.v—ud9, with ¥ =6 and
Lo coso lj 0de 40 40
=——0¢CcoSt+—|CoS
4 4 %=sin0.

= —100050+%sin6

Hence

J. xarcs1n2x = —10c050+lsin0}6
4 4 0

JA—4x%)

48(6 n\/_) as required
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2x+1 Ax+B C

= + —

x(x*+1)  x*+1  x
2x+1=(Ax+B)x+C(x* +1)
Coefficients of x*:0= A4+ C,

42

x:2=8B,
1:1=Csod=-1,B=2,C =1

1
J~ 2xz+1 dx=I 22 3 2)C LN
x(x~+1) x“+1 x"+1 «x

=2arctanx—%ln(x2 +1)+Inx+c

Hence A =2 and B =—%

2 2
3a f(x)= : 3x2+5x _ 3x +§x
x =3x"+5x-15 (x-3)(x"+5)
A Bx+C

x-3 x +5
3x7 +5x = A(x* +5)+ (Bx+ C)(x - 3)

x=3:42=144
Coefficients of x> :3= A4+ B,
x:5=C-3B,
1:0=54-3CsoA=3,B=0,C=5
3 5
f(x) = +
) x-3 x*+5
3 5
b |f(x)dx= + dx
I(x) Ix—3 x*+5

1 X
=3In(x-3)+5—arctan—+c¢
(x=3)+3 arean
=31n(x—3)+\/§arctani+c

V5
HenceP=3,Q=\/§ and R = !

N
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44 Use
V=n j y* dx
3
=nj 222 dx < Let u =x* and dv_ e
dx
1
du
u=x>=-—=2x
1 d du dv
2x v 2% Complete the table for u, v,— and — . Take care|
V= Ee e a =¢ dx dx
. . . dv
1 3 31 to differentiate u but 1ntegratea .
V= n[xz —ez"} —nj—e“ 2xdx
1 1 2
3
Le.V=n {—66 — _ez} — Tt.[ xe™ dx. . This integral is simpler than ¥ but still not one you
2 2 1 - can write down. Use integration by parts again
du with ¥ =x and v = e,
U=x= a =1 dx
y= l 2x ﬂ — 2x 4
2 dx Complete a new table for the new u, v, Qu
IS 0 U I T A a N
V=ml=¢ ——¢ |-7 x;e +TCI—C -1dx and &
dx
L - L 1

ol 2ef — lez ol et — e |y Lo {\pply the integration by parts formula a second
| 2 2 2 | time.
13 T
=—qe’ - ¢’
4 4
2n X
45a Area= J. 3sin—dx < Recall (5) in the introduction to integrating.
0 2 Integration a sin function gives a change of
2n sign and a cos function.
X
=|3x—-2cos—
2
x]" 1
= [—6 cos E:| The 2 here is obtained from dividing by 5
0
which anses from the chain rule.
= [6 — (—6)]
Area =12
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2n
X
45b Volume :n.[9s1n2—dx ' x
0 2 You cannot integrate sin > but you can

<

Recall cos24=1-2sin* 4 write this in terms of cos x.

So sin® 4 :%(1—2cos2A)

So sin’ % =%(1—cos x)

You can now integrate each term directly.

2n
.. Volume = 9771 J. (I1—cos x)dx
0 al

_97[ . 2n

—7[x+smx]0
On

_ 2T (2n-0
5 (2n-0)

volume = 97°

A

Use v =1t_[y2 dx.

46 Volume =n_[ (x+/sinx)” dx
0

i
2 .
=n_[x sin x dx
0

d .
Let u = x* and =¥ = sin x.
dx

Use integration by parts. <
du
u = x =>-—=2x
dx
dv . Complete the table for u, v,ﬂ
v = —COS)CCE=SIHX dx
7 and d_v
. Volume=mn| [-x” cos x|} — _[ —2x cosxdx dx
0
=7l * + I 2xcosxdx < This integral is simpler than the original
0 one but you will need to use integration by
du  with g = dv _
U=2x = a ) parts again, with # = 2x and & cos X.

: Y
V=sin X < — =C0S X
dx

. Volume = n[nz +[2xsin x]; —J.2sinxdx}

0

= n(nz +[2 cosx]g)

_ 2
=T (n +[-2- 2]) This term becomes zero as
2nsint—0=0.
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{ 1 T ( 1 1 J 3n
=7 T ——t—— ==
3G3y-1) 42 " 3Ba-1)) 70

-5+ 70 =9, 14 = 70
3a-1 3a-1
42a =84, a=2

48a x=ycosy
x =0 when ycosy=0
3n

y=0orcosy=0,y= e

oA

k==
2

b V=njf xzdy=n_.‘f y* cos” ydy
3 51
=nI0y E(l+cos2y) dy
2 1 1 1 1 1 .
u=y,u'=2yyv =E(l+cos2y),v=§y+zsm2y

151 1
V=n +=y*sin2y | —m +—ysin2
[2y 27 y] I b S ysin2ydy

5,01 o1 s
*y? +—ysin2ydy =| ———ycos2y | +| —cos2
[y 5 ysin2ydy L ed y]o I04 ydy

3

Yy y y 1 1 :
V= Zg§in2y—=—+—ycos2y+—sin2
{2 PR AT yl

: 1) 1
=7{yz +[y7 +§Jsm2y+zycos2y}

o A
4+ cosm=———
48 8 48 &

vis
2

0

Hencea=i andb=—1
48 8
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49 v=nf" " ¥4 teth=Ina
m2” df

RN 4
V—nL (t —2);dt—nLt —dr+—dr

4 a 4
=1{tz—2t2+4h1t} =n(%—2a2+4h1a+4—4h12J

2

2
=n| 2a*| & ~1|+4+4In 2
8 2

a=4V =n(36+41n2)
b=Ina=mn4

4 25
01+4x
4
= n[z—sln(l+ 4x)} = 25—nln17
4 4

0

50 a Vznj:yzdx:n

Volume scale factor is (2cm)’

y =%51n17x8cm3 = 50mIn17cm’

b Non-zero thickness of the vase

51a x:\/;(.?)—%eyj

x:O:>y:00r3—%ey:O,ey:6

Intersection at (0,In 6)

In6
0

2
B 2. (W6 _l y
b V—nI xdy—nJ-O y(3 2ejdy
— n6 L P l 2y
—nJ.O y(9 3e +4e dy
J.ye“ydy =lye“y —J.le“ydy =Lze“y (ay-1)
a a a

V= J'M v,
=x) 9y—-3ye +Zye dy

r P In6
=7 9L—3yey+36y +l(lyezy _le2yj
| 2 42 4 o
9(In6)’
=T u—18h16+18+E1n6—E—(?’—i)
2 4 6 16
9(In6)’
2 2 16

Volume scale factor is (1cm)’
V =9.65cm’ (2d.p.)
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51c¢ Filament may be wasted
52a y=0=3sin2t,2t=n
v=ny —dz_nf(3sin2z)2(2cost)dt
Volume scale factor is (0.5cm)’
V= on r sin® 2¢ costdt cm’
4 Jo
_om r 4sin’ t cos’ tcos tdt cm’
4 Jo

= 97:-[; sin’zcos® tdt em®

b V= 97:-[; sin® ¢ cos® tdt cm’

= 97:]? sin” t(1—sin* ) costdt cm’

. 3 .5 2
sin’t sin’¢
=9n - cm’
35

= 9n(l—lj cm’ = 6—ncm3
35 5

Challenge

2m .
1 a 0)263,0)3k:ezmk:1

n

.1”+a)”+(a)2) Reatal

n=0: =
3 3
3k 3% 235 3k 3% 3k )2
3% I+ w +(a)) I+ w +(a) )
n=3k: =
3 3
:1+;+1=1
ot P 4 3! +((02 )3k+l ) 1+ o™ 4+ @t
: 3 3
_l+a)3ka)+(a)3k)2 o _1+a)+a)2 ~0
3 3
13k+1+a)3k+2+(a)2 )3’”2 1+ 0™ + @+
n=3k+2: =
3 3
14 o™ o 36\2 3 )
tore +(a) ) N S +a)_0
3 3
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1 b fx)= Zanx"

f0)=a,f(@)=Y a0 f(&)=Y a, ()

fO+@)+@) Ve (@)
3 ! 3
= Zan 1{n:3k} >

where 1, ., =1if n =3k and 0 otherwise

¢ f(x)=(1+x)" = i[ts}

r=0
5,045 5,(45
53 =3)
_ f(1)+f(a))+f(a)2) _ A +(1+a))45 +(1+a)2)45
B 3 B 3
~ 94 +(_a)2)45 +(_a))45 ~ 945 —((03)30 —((03)15
3 3

45

=3 asl+w+®* =0and @’ =0

x+3
2 f(x)= R

o . rtx+3
V=TEI yzdx=nth 3 dx

2 t—0

t
—lim [ 42 de = nlim[—l—iz}

t—>0 Zx X t—0 X 2x 2
. 31 3} Tn
=nlim| ————+—+-|=—
=\t 2% 2 8) 8
A
3 a f(x)=
) 1+ x?
[ fyde=4f L dv= Aarctanx]”.
- X
S| R L P
2 2 b
b j“’xzf(x)dx—lj“’ LA
o 1+ x°
1 1

dx

t
=—Ilm| 1- 5
TC S,t>0 =8 1 +Xx

—Lim [x—arctanx] — o0

T §,f—00
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3 ¢ lim| xzdleim[lln(l+x2)}
a—o —a1+x a—o s

a—o| 2

=lim(lhl(1+a2)—%hl(1+(—a)2))=O

2

2a
fim [ —* dx=1im[lln(1+x2)}

aswd-a | 4 x a—wo| )
1 1
=lim| —In(1+(2a)* )= In(1+(-a)’
m(z (1+Ca)) = In(1+( )))
2
lim i g oo
a2 l+a
lim [ dv=[ —5dx
aswd-a] 4y “1+x
2a X 0 X
lim dx = dx
a—ed-a 14 x° LO1+x2
but fim [ —dvlim [ — dx
a—>o —a1+x a—w —a1+x

so mean does not exist
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