Core Pure Mathematics Book 2 SolutionBank

Review exercise 2

1 a r=2 < . .
You can just write the answer to part a down.
The equation » =k is the equation of a circle
b centre O and radius £, for any positive £.
YA
P
r
o () N initial line
— 6.0 X

For any point P on the line

3 If the point (3, 0) is labelled N, trigonometry on
—=cosf < the right-angled triangle ONP gives the polar
r equation of the line.

=3secH

}":
cosf

c In this diagram, the point (4, 0) is labelled A4, the

point [4, %j is labelled B and the foot of the

A

perpendicular from O to AB is labelled N. The
triangle OAB is equilateral and

ZAON = %60" =30° = % radians.

In the triangle ONA

ON ON T 3
——=——=C05S—=——
OA 4 6 2
ON =243
In the triangle ONP,
T
=cos| 6 —— This relation is true for any point P on the line
P 6 .
and, as OP =r this gives you the polar

2\/§ ( ch equation of the line.
——=cos| 0 B

t

r:2ﬁsec(0—%)
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T . .
At 0= s r=0.As @ increases, r increases

until § =0. For 8 =0, a cos 66 has its greatest
value of a. Then, as @ increases, » decreases to 0

at 0 == Between § == and 6=£,cos 60 is
6 6 2

negative and, as » > 0, the curve does not exist.
The pattern repeats itself in the other intervals
where the curve exists.

1s 5
b Azajfﬁr do / Using cos24 = 2cos’ A—1 with 4 = 3.
6

2
lJ.azcosz30d0=a—.|.(lcos60+ljd0 sin[6x£j=sinn=0
2 232 2 ;
2 .
=a_(s1n60+0j
4 6
2 . z 2
A=a_|:Sln60+0:|6 za_ 1(0_0)4_2_(_2}
4| 6 « 46 6 | 6
6
2
=a_X£=_a2

At 6= —%, r=0,As 6 increases, r

increases until 8 =0. For
6 =0, 3cos 260 has its greatest value

of 3. After that, as @ increases, r

b
decreases to 0 at 6 = Z
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1 n
3b 4 :Ejn4r2d0
. 6 . Using cos2A4 =2cos> A—1 with
—[r?d0 =—[9cos’20d0 4=26.
2 2
9 ¢(cos40 1 9
| += |d0 == [(cos40 +1)dg
2 2 2 4
9| sin40
== +0
4|: 4 } Sin(4><£j:sin2—n:£
6 3002
9[sindd 4
A=~ +0
4. 4 kd
6
911 3 T T
=—|—=|0—— |[+| ———
4| 4 2 4 6
9v3 3n 3
9w G
32 16 32
¢ Let y=rsinf =3cos20sinf
d Where the tangent at a point is parallel to the
Y _ —6sin20sin@+3cos26cosf =0 initial line, the distance y from the point to the
initial line has a stationary value. You find the
2sin26sin 260 = cos 26 cos O polar coordinate & of such a point by finding the
sin26sin 8 1 value of 6 for which y =rsiné has a stationary
——————=tan20tan0 =— value
cos 20 cost 2 '
2tan” 6 1 )
I-tan*§ 2 Using tan 26 = %
4tan’ @ =1—tan’ 0 —tan 0.
Stan’ 0 =1
1 One value of tan@ is sufficient to
tanfd = — < . .
\/g complete the question. r is not needed.
The distance between the two tangents is given by
2y =2rsinf = 6¢os20sinf = 6(2cos’ § —1)sin & 7 =
= y
5 1 2 1 £ ‘
=6><(2><——1)><—=6><—><— - y
6 Jo 3 e - ;
_ 2\/6 This sketch shows you that the distance
- 3 between the two tangents parallel to the
initial line is given by 2y = 2rsinf.
!
) [
\5
1
As (5 +1> =(/6), if tanf =—,
) ) NG
then sinf = L and cosd _3S
J6 V6
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r=a(l+cosé@)

SolutionBank

r=a(l+cosf) is a cardioid and

A

2a [nitial line

b Let y=rsinf =a(l+cosf)sinf

) ) ) a .
=asin@ +acosfsinf =as1n(9+5s1n2(9

7 = as a circle centre O, radius a.

Where the tangent at a point is parallel to the

initial line, the distance y from the point to the
initial line has a stationary value. You find the
polar coordinates € of such points by finding

the values of 6 for which y =rsinf has

A

ﬂ=acos€+acosZH=0

do
c0s260 +cosf =2cos’ 0 —1+cosd =0

2c0s” 0 +cosf —1=(2cosd —1)(cosf +1)=0

cosf =l, cosd =-1

The polar equation of the tangent is given by

33

stationary values.

You find the distance (labelled PN in the diagram
above) from the point where the tangent meets the
curve to the initial line.

The polar equation is found by trigonometry

rsind =——a <
4

3a\/§
}" =
4

cosect

Similarly at 0 = —%, the equation of the

3ax/§
4

cosecd.

tangent is » =—

At 6 = =, the equation of the tangent is

in the triangle marked in red on the diagram
above.

It is easy to overlook this case. The half-line

0=m. <

6 =m does touch the cardioid at the pole.
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4 ¢ The circle and the cardioids meet when

a=a(l+cosf)=cosfd =46

o=+"
2

To find the area of the cardioid between

f=-"ando="
2 2

T

A=2xlj5ﬂm9 <

The total area is twice the area

27J0

J.rzdﬁ =J.a2(1+0059)2d9 =.|.az(1+20059+cos2 0)do

=azj(l+2cosﬁ+lcos29+ljd9
2 2
Sef 3 1
=a_[ —+2cosf+—cos28 |df
2 2
513 ) 1 .
=q°| —60+2sinf +—sin26
2 4

T
2

A=a’ é6+2sin6 +lsin26}
2 4

:a2(3—n+2J
4

The required area is 4 less half of the circle

0

3—n+2 a’ —lnaz =lna2 +2a°
4 2 4

d
<«

above the initial line.

>
initial
line

= (n +8ja2, as required.

4

The area you are asked to find is inside the
cardioid and outside the circle. You find it
by subtracting the shaded semi-circle from
the area of the cardioid bounded by the

half-lines 0 = gand [ —

A

3¢ Initial line

The curve C is a circle of diameter 3a and
the curve D is a cardioid.

The points of intersection of C and D have
been marked on the diagram. The question
does not specify which is P and which is
Q. They could be interchanged. This would
make no substantial difference to the
solution of the question.
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5 b The points of intersection of C and D are given by
3,5{0050 =,¢{(1 +cosf)

2co0sf =1= cosd =%

0=+

w|a
A

In this question —g <b< %

1
Where cosf = E

r=3acos§=3axl=§a

A3, %) o (3, _F
P: (2a,3),Q. (251, 3)

¢ The area between D, the initial line and OP is given by
1,
4= [2 a0
er do =ja2(1+cose)2da = cﬂj(1+2cos(9+cos2 0)do

= azj(l+2c050+lcos20 +ljd0
2 2

=azj(§+2cosﬁ+lc0526jd0
2 2

Y

=a’ gH+2sin0+lsin2ﬁ}
2 4

B D
4 =l><a2 é0+2sin0 +lsin20}3

2 2 4 0
2 2
=“—[E+ﬁ+£}=i‘—6(4n+9ﬁ)

2|2 8

By the symmetry of the figure, to find the
area inside C but outside D, you subtract
two areas 4, and two areas 4, from the

o . . .3
d Let the smaller area enclosed by C area inside C. C is a circle of radius Ta'

and the half-line 0 =§ be A,.

3a ?
R=n 7 —24,-24,

9a’n 24’ 6a’ This is twice the area you are
= 1 _E (4m+ 9\/5) _E (2n— 3\/5) < given in the question.
2 2 2 2 2
_dam_ma _b\@a _3ma +b\6a =ma’, as required.
4 2 8 4 8
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6 a The locus is a circle of centre 3 —4i and radius 5, so the Argand diagram is the following:

YA

=Y

b Suppose z is such that |z —3+4i|=5. Then assuming z = r(cos&+isin @) we get that

‘r cos@—3+i(rsinf+ 4)‘ =5 ; but the magnitude of this complex number is given by

\/(r cosé?—3)2 +(rsin6?+4)2 , so we get the following:

7> cos” O—6rcosO+9+7° sin® 6+8rsinf+16=25

r*+25—6rcos@+8rsind =25
r=6cos@—8sind

¢ The area of 4 is the area of the circle minus the areas that are enclosed in the fourth Cartesian
quadrant. Now consider the 63circular sector enclosed between the radii that intersect the circle on
the real line. The intersections between the circle and the real line are the origin and 6. Then since
the circle has centre 3—4i, if we interpret this in the Cartesian plane we can find the angle

between the radii: it is arcos ( j, as the cosine of the angle is given by the ratio between the

inner product and the product of the magnitudes of the two radii, seen as vector. Then the area of

arcos (%)-25

the circular sector is . From this we subtract the area of the triangle formed by the

two real points and the circle, which is 12. With the same procedure applied to the complex line
arcos (—%)-25

we find that the arc between the origin and —8i encloses an area of —12. Then the
area of 4 is:
_7). 7).
g (A (=5)-25 ) (s (3)-25 )
2 2
=785-11.2-4.1=63.3
7 a
0= % A r=cos26 T
< At 6= e r=0. As 0 increases, r increases until

> 6 =0. For § =0, cos26 has its greatest value of 1.
1 Initial line
After that, as @ increases, r decreases to 0 at d = %
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7 b y=rsind=cos20sinf

d ) . N

& o 2sin20sin 0+ cos 20 cosd = 0

do L y

—4sinf cosOsin O +(1-2sin’ ) cosd =0 5

.2 © 2\

cosf(—4sin” 0 +1-2sin"0) =0 Where the tangent at a point is parallel to the initial

At A and B, cos 8 #0 line, the distance y from the point to the initial line

6sin26 =1 has a stationary value. The diagram above shows

Sin- o= that y =rsind. You find the polar coordinates 6 of

the points by finding the values of & for which
rsin f has a maximum or minimum value.

. 1
sinf =+—
6
6 =10.420 534 ...
. 2 2
r=cos20 =1-2sin’ 6 =1—g=§
r has an exact value but the question specifically
To 3 significant figures, the polar coordinates asks for 3 significant figures. Unless the question
of 4 and B are / specifies otherwise, in polar coordinates, you should
always give the value of the angle in radians.
(0.667, 0.421) and (0.667, —0.421).

8 a
o At =0, r=0. As 0 increases, r increases
_? . s T .
! = sin 20 < until 6 = e For 6 = 7 sin 26 has its greatest
i value of 1. After that, as 6 increases, r
' . T . T
: decreases to sm(ZxE):smn:O at o =E.
0 Initial line
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8 b x=rcosfd =sin20cosf

%=2cos2€cos€—sin2€sin0

=2(2cos> @ —1)cos@ —2sinf cossin b
=2(2cos’ @ —1)cosf—2sin> O cosf
=4cos’ @ —2cos—2(1—cos” @) cosb
=6cos’ @ —4cosf =0
2c0s0(3cos’ 0 —2)=0

At A, cosO#0

2
cos’fh==

1
cosf = 2 z,for Ogﬁgﬁ
3 2
0 =0.615479 ...
By calculator
r=sin260 =0.942809 ...

To 3 significant figures, the coordinates of 4 are
(0.943, 0.615)

r=6cos6
Multiplying the equation by r

r* =6rcosf

X+ =6x <
x> —6x+9+y> =0
(x=3)+y*=9

r=3sec(£—9j
3

3=rcos E—H = rcoszcosﬁ+rsin£sin0
3 3 3

1 :
=—rcosf +—3rs1n0
2 2

13

=X+
2Ty

x+\/§y:6

>

o
Where the tangent at a point is parallel to 6 =§ (which
is the same as being perpendicular to the initial line), the
distance x from the half line 6 =§ has a stationary

value. The diagram above shows that x =rcos6. You
find the polar coordinates @ of such points by finding
the values of @ for which rcos has a maximum or
minimum value.

-
) ]

X

This diagram illustrates the relations between
polar and Cartesian coordinates. The relations
you need to solve the question are

> =x>+y*, x=rcosf and y = rsiné.

This is an acceptable answer but putting the
equation into a form which shows that the
curve is a circle, centre (3, 0) and radius 3,
helps you to draw the sketch in part b.
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Q Initial line

¢ By inspection, the polar coordinates of Q are (6, 0)

The initial line is the positive x-axis and

the half-line u =§ is the positive y-axis.

At x=0, x+\/§y=6givesy=i=2\/§.

NE)

The question does not say which point is
P and which is Q. You can choose which
is which.

ZOPQ =90
In the triangle OTM The angle in a semi-circle is a

04_253_5

tan A0 =——=
© (09 6 3

In the triangle OPQ
OP = OQsin POQO = 6sin30° =3

— £400 =30°

ZPOQ =180"-90" —30° = 60" :g
Hence the polar coordinates of P are

(OP, ZPOQ) = (3, gj

right angle.

10A=1j5r2d9 <
2 0

%j ﬁw:%j a’sin260d6

B a_z[_ cos29}
2 2

2
a

A

You need to know the formula for the area
1 .

of polar curves 4 = EJ‘ rd6. In this

question, the diagram shows that the limits

are 0 and E.
2

n az
A —T[—cos29]0 _T[l —(-D)]

=—da

2

005(2 xgj =cost=-1and cos0=1.
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A=1j,3 246 <
2%
11 1 e
[ r°d0 = [ 164°cos* 26d6
2% 2%

= 8512_[71Z cos’26d6
8
(11
=8a If(—+—cos46jd6
s\2 2

8

= a2[9+

sin 460 }4

sin 460 }4

El

A=4a*| 0+

Y]

T

The lower limit, %, is given by the polar

equation of m. The upper limit, %, can be
identified from the domain of definition,
0<0< % given in the question and the

diagram.

Using cos2A4 =2cos” A—1 with 4 =26.

e —_

_§_ﬂ

sin 4><£ =sinnt =0 and sin 4><E =sin£=l.
4 8 2

1>
=—a’(n-2
;¢ (m=2)

12 A:2><1J.n dé <
2 Jo

2
—I (1+—cos€j déo

1+cosfO + i cos deﬁ

1+cosfO + ;cos2ﬁ+

2+ cosf +lcos20jd0
8 8

The method used here is to find twice
the area above the initial line.

Use cos20 =2cos’ 0 —1.

As sinm =sin2n =0 and sin0 =0, all of
the terms are zero at both the lower and

=a’ [20+sin0+8m20} )
8 0

the upper limit except for %9, which has

a non-zero value at .
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13 a The curves intersect at

l=sin20
2
20=" "
6 6
g St
1212
b
Yy

o
P

=y

9

The area of the sector (3) is given by

The shaded area can be broken up into three parts.
You can find the small areas labelled (1) and (2),
which are equal in area, by integration. The larger
area is a sector of a circle and you find this using

A= % 0, where @ is in radians.

2 |
A3:l>< 1y, r_m
2 2 3 24
The area of (1) is given by

s 2
AI—E.[O r*do

1
The radius of the sector is E and the

.5t m m
angleis ———=—.
12 12 3

d
<«

1jsin2 260d6 =lj(l—lcos49Jd9
2 22 2

21[9_sin49}
4 4

[ _sin4d }12

Il
A=
[E—
M|=1

|

|
A=

N
© | &
|

o

~
1

The area of the shaded region is given by

l{n\/g}nn\/g

2+ dy =l =

2

Using cos2A4 =1-2sin> 4 with 4 =26.

3

sin 4><l =sin
12

w|a
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14a Let y=rsinf <

<«

Where the tangent at a point is parallel to
_ . the initial line, the distance y from the
y=aG+ \/g cos ¢))sin & point to the initial line has a stationary
. \/— . . \Ba . value. You find the polar coordinate 6 of
=3asinf ++5acosfsinf =3asinb +Ts1n29 the point by finding the value @ for

which y =rsiné has a stationary value.

%:3ac059+\/§acos29 =0

3cosO++/5(2cos>0-1)=0
235 ¢c0s20+3cosO—+/5 =0

\ (9+40) < As |cos 49| <1, you reject the value _ 10 ~—1.118.
cosf =-3+——~ 45
45
_=3+7 1

T4 5

By calculator
0=+x1.107 3 d.p.)

1
At cosf =—

V5

r:a(3+\/50059)=a(3+\/§x%j:4a

5

The polar coordinates are %

P:(4a,1.107), Q: (4a, —1.107) !
As 1 +2% =(1/5)?, the diagram illustrates

1 2
that if cos@ = —=then sinf =—.
b PO=2y=2rsind BN N

29 16 .
=2x4ax—= =—=a =20m, given
NG £

2045 55
a= m= m

16 4
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14 ¢ Total area=2x 1 J.ﬁ r’dé@

2Ja

r= a(3+\/§c050)
SO area = az_[: (3++/5cos0)*do

= az_[: (9+6+/5 cos 9+ 5cos’ 0)d

-’ 99+6\/§sin9+§sin26+§9}
L 0

-’ 29+6\/§sin9+§sin29}
2 4
24

0

2
23(56}
SO area=7 _— T

4

2875 2

= m
32

15a Area=l_[n r*do
2d-n
_ % [" a*(1+costydo

2
=%J: (1+2cosf +cos’0)do

=%2Innd0+a2_[nncosﬁd0 +%2Inncoszﬁd0

2 2
=a'n+a’ [sinH]:[ + %I, do + %I, cos260df using the identity cos26 =2cos* 0 —1

2 2 T
:a2n+ﬂ+a— lsin20
2 412 .

_3ma’
2
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15b At A and B, i(rcos@) =0.
do
i(r cosf) = i(a cos@(1+cosf))
deo deo
= ai(cosﬁ +cos’0)
do

=—asinf + ai(cos2 0)
do

=—asinf —2acosfsinf, using the product rule
=—asinf(1+2cosbh)

Setting this equal to 0 gives:
sinf (1+2cosf)=0

sind =0 orcosf = —%

S.0=0or i2_7t
3

But 8 =0 is where C intersects the initial line so 6 = J_rz?n at A and B.
0=J_r2—n:> r=a(1+c052—nJ =2
3 3 2
. a 2=n
So the polar coordinates of A and B are A: (E, ?J and B: (5 ——J.
¢ When C intersects the initial line, » = 2a.

Therefore, length WX =2a +length of x—component of vector OA

=2a+gcos£=2a+g=9—a.
a 3 4 4

2
d Area WXYZ:%xg’af:mfa .

€ Areawasted = Area WXYZ — Areainside C

B 27\/§a2 B 3na’
8 2

So when a =10cm, the area of card wasted is

2700v3  300m
8

=113 cm” (to 3s.f.)
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16 a C; and C; intersect where

34 (1-cosO) = 4(1+cosb)

3—-3cosf =1+cosl

1 C,
4cos€=2:>cos€=5 B
eziﬁ z\

3 0 -
1
Where cosf =— Q%
2 4

r=a(1+cos€)=a(l+lJ =§a
2) 2

3 b 3 @
A |=a,—— |, B:| —a, — . .
2 3 2 3 Referring to the diagram,
X . T 3 .on
< — =s8in—=> x =—asin— and
h 3a 3 2 3
AB=2x.

3

b AB=2x§asin£=3a X~
2 3 2

33 .
= Ta, as required.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 16
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16 ¢ The area A; enclosed by OB and C;
is given by

1 K
—— 3,2
Al—zjo rd9

j r’df = j9a2(1 —co0sf)’do = j9a2(1 —2cosf +cos’0)do

Y

= 9azj(1—20059 +%cos29 +%Jd9

=9azj(§—2cosﬁ+lcos29Jd9
2 2
51 3 ) 1.
=9qa [—0—2sm0+—sm20}
2 4

T
3

AI:lx9a2 30 2sin0+sin26
2 2 4

0

=2a2[5—\/§+£}=91—“62(4n—7ﬁ)

2 2 8

The area 4> enclosed by the initial line, C>
and OB is given by

15 c
A2_2j0 r*de
Irzdﬁ:Ia2(1+cosﬁ)2d0:az_[(l+2cosﬁ+coszﬁ)d0 o3

initial
1 1 line
= az_[ 1+2cosf+—cos26 +— |dd
2 2

= azj.(§+2cosﬁ +lcos20jd0
2 2

=a’ 20 +2sind +lsin20}
2 4

4, =l><a2 é0+2sin6 +lsin26 ’
2 2 4

0

:_2[_+ﬁ+_} :?—;(4%9\6)

The required area R is given by

R=2(4,-4)
a’ 9a’
- 2[E(4n +9V3) =~ (4 —7\/5)}

24’
=20 [4n 4943 - (36n-633) |

= "—82[726 ~32n | = (93 - 4m)a’
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33
16d ia =4.5cm
2
You use the result from part b to find ¢
a=—=cm=+/3cm and substitute the value of @ into the
3\/§ result of part c.
The area of the badge is

(93 —4m)a® = (93 — 4m) x 3cm?
=9.07cm” (3s.f.)

17a A4:(5a, 0), B:(3a, 0)

A

For A,at 6=0,r=a(3+2cos0)=a(3+2)=>5a.
For B,at =0,r=a(5-2cos0)=a(5-2)=3a.

b The curves intersect where

;{(3+2c050)=;{(5—2c050)

4cosf =2 = cosl =%

5w

? In this question 0<6 < 2x.

A

6=",
3

Where cosf = %

r:a(3+2c059):a(3+2x%J:4a

C: (4a,5—nj, D:(4a,£j
3 3
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17c¢ The area Al enclosed by » =a(3+2cos#)and

the half-lines 6 =§ and 0 = S?H is given by r=aG-cost)_ P73
Len
4=2 x—jn r-dg
275
2 ) ) r=a(3 + 2cos0)
[ 77d0 =[a*(3+2c0s0)do
=azj(9+12c059+4c0520)d0 0=7
= azj(9 +12cosf +2cos260 +2)dd The shaded area in the question is the
sum of the two areas 41 and 4, shown
= azj(l 1+12cosf +2cos26)db in the diagram above. It is important
that you carefully distinguish which

A =a*[110+12sin6 +sin 20|z
3

=az_11(n_§j+12[0—§] (O_gﬂ

_az_@_l.%@}

3 2
The area 4, enclosed by » =a(5—-2cosf) and

the half-lines 6 = S?H and 6 =§ is given by

T

4, =2><%.[03 r’do

j 2d0 = ja2(5—2cosa)2d9 = azj(zs—zocosa +4cos’0)do
=a2j(25—20cosa+2cosza+2)d9
=a2I(27—20c050+2c0520)d0
=a’[276 - 20sin 6 +sin 20|

2 . . s The double angle formulae, here
4,=a [270 —20sin6 + Sln20]3 c0s826 =2cos’ 0 —1, are used in

i \/_ \/_ :| all questions involving the areas

=g 27 x=-20x—+4+—~— of cardioids.
3 2

270 19@}

=q|—
3 2
The area of the overlapping region is given by

A+ d Za{zzn_13\/§+27n_19ﬁJ

3 2 3 2

) (497; 16[}

= %(49% —484/3), as required.
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18 2tanhx—-1=0

et —e ™" sinhx £ e -¢*
2l —|=1 < tanh x = =—2_= -
e 1o " coshx c*e’  g' e
2¢"—2¢ " =¢"+e "
ef =3¢ P You multiply both sides of this
h equation by e*.

er —
2x=1In3 \ You take the logarithms of both sides of this
equation and use the property that

x=—In3

19 5=3coshx

Ine* =2x.

The wording of the question requires you
e +e”

to use the definition coshx =

5:3(iJ «
2

10=3¢e" +3¢e*

You multiply this equation throughout by e*.

3¢* —10+3¢ " =0
3¢* —10e* +3=0 <
(3e* —1)(e* =3)=0

e =l,e =3
3

You may find it helpful to substitute y =e* and then, factorise,
33> =10y +3 =3y —-1)(y—3) = 0. This gives

y= 1 and y =3 and, hence, ¢” =% and e* = 3. With practice,

the substitution can be omitted.

The answer x = —1n3 would also be

acceptable.
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20 The curves intersect when

5sinh x =4 cosh x

A

SolutionBank

You use the definitions

e —e”

sinh x = and

51:4i
2 2

S5e* —5¢ " =4¢e* +4e”"

e’ =9
er — 9
2x=In9

X =%ln9 = ln\/§ =In3

3 _ ,-In3
y = 5sinh (In3) =5(Lj :éx(g,_lJ

2 2 3
20
= —X— = —
3
20
=3’ = —
p q 3

21 5coshx—2sinhx =11

A

e +e
2

cosh x =

Using the law of logarithms

nlna=Ima" with n=% and a =9.

it 1
e —3ande ™ =l _ g3 _ 2

3

>

<4— using In1=0 and the law of logarithms

Ina—Inb=In<.

x —-X

You use the definitions sinh x = ¢-¢

slere | He=e ||
2 2

S5e*+5e " —2e"+2e =22
3e"—-22+7e* =0

A

—-x

e +e

and cosh x =

3¢ —22e"+7=0
(Be"—1)(e"-7)=0

A

You multiply this equation throughout by e*.

1
e =—,7
3
x=lnl, In7
3

You may find it helpful to substitute y =¢* and
then, factorising
3y =22y+7=0By-1)(y-7)=0.

This gives y =% and y=7 and, hence,

e’ =% and e* =7. With practice, the

substitution can be omitted.
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22 6sinh2x+9cosh2x =7

SolutionBank

2x —2x 2x —2x
P TP B I <
2 2

6™ —6e +9¢™ +9¢ > =14
15¢™ —14+3e ™ =0
15¢™ —14e** +3=0
(3e™ —1)(5¢** —=3)=0

x —-X

You use the definitions sinhx = &S
and coshx == +2e replacing x by 2x.

“\ You multiply this equation throughout

by e*.

You take the logarithms of both sides

erzl,g <
35
2x=lnl,lng
3 5
x:llnl,llng
2 32 5
_13
P=35

23a sinhx+2coshx=k

of this equation and use the property
that Ine™ = 2x.

. . e —¢e™"
You use the definitions sinh x =

A

c —-¢C +2(e + ¢ J=k

2 2
et —e " +2e" +2eF =2k
3e"-2k+e =0

3¢ —2ke* +1=0

Let y=¢"
3)% —2ky+1=0

x —-X

e +¢

and cosh x =

Using the quadratic formula

b 2k £J(4k> —12) <

6

k+(k*=3)
SERESD )
For real y

K-320> k2B, k< -3 <

e —b++/(b” —4ac)

2a

If x< —\/g, then both

As y=¢" >0 forall real x, k< —3 s rejected.

k>3

k=3 k(K -3)
and
3 3
are negative.

You could solve the equation in part b

A

b Using (1) above with £k =2
_2+4(4-3) 2+1
3 3

y=¢€

e’ =1,l:>x=ln1, lnl=0, —In3
3 3

without using part a but it is efficient to
use the work you have already done.
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—X X —X 2
24a cosh’x—sinh’x=| > | |&£=¢€
2 2

—2+e™)

e +2+ e —(e™

(e +e)Y =(e") +2e e +(e)

=e™ +2+e ™

4

4 :
= 2 =1, as required.

b Rewriting the equation in terms of the exponential definitions of the hyperbolic functions, it

becomes:
X 1 —X - X 2 —X :2

e —e e —e

2 e +e”

2{e +e*

2 2etrer)
e —e” e —e”
2-2¢e" —2¢ " =2e" —2¢"
4" =2
x:m%:—mz

(e +e" )Y =(e") +2e e +(e)

25a 2cosh2x—l=2(e +2€ J -1 <

oy e +2+e" 1
4
_2e™ 4 2e ™ B
4 4 4
er +e—2x
= B = cosh 2x, as required

b Using the result in part a
cosh2x—-5coshx=2
2cosh® x—1-5coshx =2
2cosh® x—5coshx—3=0
(2cosh x +1)(coshx—3)=0

coshx=—%, coshx=3

coshx = —% is impossible

x = tarcosh3 =J_r1n(3+\/§) <

=e +2+e

If arcosh x >0 then arcosh x = In(x ++/(x* —1)).

However if cosh x = a, where a > 0, then there are

two answers x = *In(a++/(a’ —1))
vA

y=coshx
\__a

NP

Q
=Y
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) X —x
26a 4cosh3x—3coshx=4[%J —3(iJ

X

et +3e 43¢ +e 3t +3e

2 2

e3x + e—3x

= B— = cosh 3x, as required.

b cosh3x=5coshx
Using the result in part a

4cosh’® x —3cosh x = 5cosh x
4cosh® x —8coshx =0

4cosh x(cosh> x—2)=0
As for all x, coshx >1,

coshxzx/i <

Using the binomial expansion
(e +e™)
=(e") +3(e") e
+3e"(e) +(e™)

=™ +3e¢" +3e ™ +e7.

x=+tln(x2+1) <

1 1 V21
~In(v2 +1) =1n(mj :h{m X\/E_J

=In [@] =In(2-1)

There are 3 possible answers to this cubic,
coshx =0, coshx=—/2 and

cosh x = \/5 As for all real x, coshx >1

only the last of the three gives real values
of x.

Using arcoshx =1In (x +A/(x° —1))

The solutions of cosh3x = 5cosh x, as natural logarithms, are x = In(~/2 £1).

27a cosh Acosh B—sinh Asinh B

When multiplying out the brackets

(et+e ) +e” ~ el—e\ef-e? )
2 2 2 2 )

you must be careful to obtain all
eight terms with the correct signs.

You use the definition

x -x

— Z(eAJrB feAtB f oA B o AB _ oA+B | o—A+B | oA-B _e—A—B)
1 B B e 4 o=(4-B)

=— (26" 42" )=
4 2

= cosh (4 — B), as required.

coshx = with x = 4+ B.

You expand cosh (x —1) using the

b cosh xcoshl—sinhxsinhl =sinhx <

cosh xcosh1 =sinh x (1 +sinh1) \

1+sinhl

ete’!

—-1
;- e+e

result of part a.

Divide both sides of this equation by
sinh x

cosh x(1+sinh1) and use tanh x = .
cosh x

e’ +1

tanh x =

1+ 2+e—e' e +2e-1

, as required.
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28a Let y=arsinhx

Y _ed You multiply this equation throughout by e”

Then x =sinh ):ZCT/ and treat the result as a quadratic in ¢’.

2x=¢"—¢e’

2
e —2xe’ —1=0 The quadratic formula has + in it. However

’ 2X + /(4x2 +4) P x—+f/(x” +1) is negative for all real x and
e’ = <

does not have a real logarithm, so you can
ignore the negative sign.

2
_ 2x+2«2/(x2 +1) . /7()62 )

Taking the natural logarithms of both sides,

y=In [x +J(x7 + 1)}, as required.

Using the result of part a with x = cot6.

b arsinh(cotd)=1In cot0+ (1 +cot? 9)} /

= In(cot § + cosect) < Using cosec’d =1+ cot” 6.
cosé 1 cosf+1
=In| —+— =ln| ——
sinf sin6 sin @
29 You use both double angle
2cos” 5 N
=In PRI < formulae cos2x =2cos” x—1 and
2sin 50083 sin2x = 2sin xcosx with 2x = 6.
0
cos? % )
=In| —2 |=1In| cot— |, as required.
sing 2
29a Let y =artanhx
You have been asked to prove a standard result
Y _eV

in this question. You should learn the proof of
e’ 4oV this and other similar results as part of your
preparation for the examination.

x=tanhy=

A

_el-e’ ¢
e’+e”’ ¢
e —1

— Make e the subject of the formulas and then
e” +1 take logarithms.

2 2
xeV+x=e" -1

e (1-x)=1+x

A

&2 = I+x
I-x
zyzln(“_xj
I-x
1 I+x .
y =artanh x ZEIH T for | x |< 1as required.
—Xx
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29b
1 y“ 1
i | y=artanhy ¢ You need to be able to sketch the graphs of the
i i hyperbolic and inverse hyperbolic functions.
! ! When you sketch a graph you should show any
i i important features of the curve. In this case, you
i 0 i . should show the asymptotes x =—1 and x =1
_15 15 & of the curve.
c x =tanh [m (6x)]

In/(6x) = artanh x = % In (I-I-_xj

1-x
1+x
In\/(6x) =In (1 j

A

You use the result in part a.

A

As you have squared this equation, you might
have introduced an incorrect solution. It would
be sensible to check on your calculator that

62 = I+x L
(6x) = 1—x ¥==»3 are solutions of x = tanh[ln«/(6x)]

In this case, both are correct.

Squaring

6x:1+—x
1-x
6x—6x* =1+x

6x” —5x+1=Bx-1)2x—-1)=0

11
X=—,—
23
1-J(1-x 1++/(1—x?
30a In 1-x) +1 (-x) There are a number of different ways of
X X starting this question. The method used
here begins by using the log rule
i l—\/(l—xz) 1+4/(1-x7%) / loga +logh = logab.
X X
1-(1-x° x° This is the diff ft
' ( : —in’ =In1=0 21s 1s2 ¢ difference of two squares
X X a’ —b* =(a—b)(a+b)with
Hence a=1and b=+/(1-x%).
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30b Let y= arcoshl = arsech x
X

sechy=ux
2
— =x
e’ +e”

2=xe’+xe”

SolutionBank

xe? =2¢"+x=0

o 2+.J(4—4x%) =li«/(l—x2)
2x X

X

—+1n 1+— V(l_xz)

X

y:m[lhf(l—xz)}, ln[l—\/(l—xz)}

Multiply throughout by e” and treat
the result as a quadratic in ¢”.

J , using the resultof a
X

14+4/(1-x
y=arsechx=1In Irya=x)

, as required.

Either of the two answers is
possible but it is conventional
to take 0 < arsechx <1.

X
¢ Using sech’x =1—tanh” x
3tanh® x —4sechx+1=0,
3—3sech’x —4sechx+1=0
3sech’x+4sechx—4=0
(3sechx—2)(sechx+2)=0 <
sechx = g
3
1+/(
x=x%In

sech x =-2 is impossible
with real values of x.

[31\6
x=In

5 J is another correct

form of the answer.
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31a cosh36 =cosh(260+6)

In a complicated calculation like this, it is

= cosh 26 cosh 6 + sinh 20 sinh sensible to use the abbreviated notation
cosh = candsinh @ = s < sugge'sted' here but, if you intend to use a
notation like this, you should state the
cosh30 = (2¢* —1)c+2scx s notation in the solution so that the marker

knows what you are doing.

=20 —c+2sc

=2¢" —c+2(c* 1)

; 5 You use the ‘double angle’ for
=2c —c+2c" -2 hyperbolics cosh26 = 2cosh® -1
=4cosh®9—-3coshd and sinh 26 =2sinhf#coshd and
cosh 56 = cosh(36 + 26) = cosh 36 cosh 20 + sinh 36 sinh 26 the identity cosh” 6 —sinh” 6 = 1.
The signs in these formulae can be
cosh 36 cosh 20 = (4¢* —3c)(2¢” 1) worked out using Osborn’s rule.

=8¢"-10¢’ +3¢

sinh 30 sinh 26 = sin(26 + #) sinh 26
= (sinh 26 cosh 8 + cosh 26 sinh 6) sinh 26
= (2scxc+(2¢* —1)s)2sc
=2(4c* - 1)s’c
=2(4c*> -1)(c* - 1)c
=8¢’ —10c” +2¢

Combining the results

cosh50 =8¢* —10¢” +3¢c+8¢” —10¢” + 2¢
=16cosh’ @ —20cosh® 8+ Scosh @

b 2cosh5x+10cosh3x+20cosh x =243,
Letting cosh x = ¢ and using the results in a

32¢° —40¢® +10c¢ + 40¢® —30c + 20c = 243

You can use an inverse hyperbolic
s 243 3 button on your calculator to find

CC =——>=>C~=
32 2 / 3
arcoshz.

X = iarcosh% ~ 10.96

2x 2x 2Ink —2Ink
e +e e +e
32a cosh2x= =
2 2

) o JE N elnkiz ) 1 . | Using the law of logarithms nln x = Inx",
B 2 2 k* D withn=-2, 2Ink=Ink> = lnk—lz.

1k +1) k*+1
=— — |= —, as requred

20 k 2k
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32b f(x)= px—tanh2x
For a stationary value

f'(x) = p—2sech®2x =0

2
p=2sech’2x = — There is no ‘hence’ in this question but using the
cosh” 2x result in part a shortens the working. The question

Using the result of part a with k=2 <+——— requires an exact fraction for the answer and you
should not use a calculator other than, possibly,

If x=In2 for multiplying and dividing fractions.
cosh2x = L—f = 7
2x2 8
Hence
o2
Ty

33a y=-x+tanh4x

Y =—1+4sech’4x =0
dx

As coshx>1 for all real x,
cosh4x =-2 is impossible.

1
sech’4x = 2 = cosh’4x =4
coshdx =2

4x =arcosh2 = In(2 ++/3) , , :
gives a stationary value. The question tells
1 . .
x==1In(2+ \/5 ) < you t.hat the curve has a maximum point s0,
4 in this question, you need not show that this
point is a maximum by, for example,
examining the second derivative.

For x> 0, there is only one value of x which

b tanh®4x=1-sech’4x =1—l =§
4 4
\/5 \ You need a value for tanh4x and this is
As x>0, tanh4x =— easiest found using the hyperbolic
2 identity sech’x =1-tanh” x.

At xz%ln(2+\/§)

NG

y:—x+tanh4x=—%ln(2+\/§)+7

= %{2\/5 —In(2+ \/5 )} , as required.

34 a Deriving the function we get f'(x) = 2cosh® 2x + 2sinh® 2x ; thus f'(0) =2 is the first non-zero
term. Deriving f'(x) we find f"(x) =2[4cosh2xsinh2x+4sinh2xcosh2x] =16f(x)
So the corresponding term in the Maclaurin series will be zero, but on the other hand we already
know that £¥(x) = (16f(x))" which is 16f'(x) by linearity of the derivative operator, so

£3(0) =32 Similarly, we find that £(0) =0 and £¥(0) =512, so the first terms of the series
expansion are as follows:

fox) =2x+Lx +8x°+...
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34b Froma it is easy to see that ") (x)=16"2f"(x) for n odd and " (x)=16"2f(x) for n even;
however, all the even terms of the Maclaurin series are zero. So a formula for the nth non-zero
4(”*1) 4n-3

£'(0)x*""; since f'(0) =2 we can rewrite this as 2ot

(2n-1)1"

35 a First of all we note that f(0) =1, so this is the first non-zero term of the series expansion. The first

derivative of the function is given by sinh xcos2x —2sin2xcosh x ; of course, since one summand
features the term sinh x, and the other one features sin x, f'(0) = 0. The second derivative is given

term is

by —4sinh xsin2x—3coshxcos2x, so £"(0)=-3: then the beginning of the series expansion is

1—%x?

b This expression gives f (0.1) ~0.985. The correct value of the function is about 0.9849710 . Then
0.9849710-0.985

the error is given by ~0.000029 , which corresponds to an error of the
0.9849710
0.0029% .
36 x=— = a(sinh 0)™
sinh 6
A 4(sinh#) 2 cosh @ = — acosh6 P When substituting remember to substitute for
sinh® 4 h the dx as well as the rest of the integral.
.[ 21 2 dx - .[ 12 x ﬂda
x\/(x +a’) Shfhe\/(sishze+a2) do
scosht B Use 1+sinh® @ =cosh’ 6 to
_ sinh’0 40 — __1 I coshd dﬁ‘ simplify this expression.
2ylisish’g a? cosf
sinh”
__1 COSth0=—ljld9
a* cosh® a

As x = .a , then sinhg =<
1 sinh @ X
= ——6@ + constant a
a and 0 = arsinh [—]
x

I . a .
= ——arsinh (—j + constant, as required.
a X

37a Let y=artanhx

tanh y = x To differentiate a function f(y) with
respect to x you use a version of the

Differentiate implicitly with respect to x <
. d , dy
chain rule a(f(y)) =f (y)xa.

sechzyd—y=1:>2= 12 = ! -
dx dx sech’y 1-—tanh”y

b as required
C1-x
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37b Using integration by parts and the result in part a

J.artanhxdx=.|.l><artanhxdx N

- dx

= xartanh x —I

You use juﬂdx = uv—jvﬂdx with
dx dx

u = artanh x and ﬂzl. You know ﬂ from
dx dx

part a.

l_x &

<«

= xartanhx+%ln(l—x2)+A

This solution uses the result

-2x
—dx=In(l -x%)

J.wdlenf(x). So j

f(x) 1-x

. . 1
and you multiply this by 5 to complete the

solution. This is a question where there are a
number of possible alternative forms of the
answer.

You multiply this equation throughout by

¢” and treat the result as a quadratic in ¢’

The quadratic formula has + in it.
However x—+/(x” +1) is negative for all

38a Let y =arsinhx then x:sinhy:%
2x =¢’ —¢e™”
e —2xe’ —1=0
ey:2x+«/(4x2—4)
2 <
2x+24(x* +1
JZENEAD [

2

real x and does not have a real logarithm,
so you can ignore the negative sign.

Taking the natural logarithms of both sides, y = ln[x +4(x + l)} , as required.

b y=arsinh x
sinhy =x
Differentiating implicitly with respect to x

coshyﬂ=lz>ﬂ= !
dx dx coshy

cosh” y =1+sinh” y =1+x” = cosh y =/(1+x%)

1

Hence 4 (arsinh x) =
dx

1
Ja+x%)

arsinh x is an increasing function of
x for all x. So its gradient is always
positive and you need not consider
the negative square root.

=(1+x%) 2, as required.
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38¢ y=(arsinh x)z You use the proc(iiuct rule fo; .
d 1 differentiation a (uv) = vau +u av
LA 2arsinh x (1 +x7) 2 1
& | X with u =1 2arsinhx and v =(1+x%) 2.
d’y =

I 1
o =2(1+x%) 2(1+x%) 2 +2arsinh x x (—%)(2)@(1 +x%)

3
=2(1+x*)" —2xarsinh x (1 + x°) 2

o d d’y .
Substituting for < and —)2/ into
dx

2
(1+x2)d—f+xﬂ—2
dx dx
3 1
= (1+x2)(2(1 +x>)" = 2arsinh x(1+ x°) 2 } + xx 2arsinh x(1+x°) 2 =2
1 1
=2 —2xarsinh x(1+ x*) 2 + 2xarsinh x(1+ x%) 2 =2

=0, as required.

d J.Olarsinhxdx = J.Ol 1x arsinh x dx

. 1 1 X i((1+x2)ijzlx2x><(1+x2)_; =2
:[xarsmhx]o—_[omdx 4— dx 2 \/m

50 [ dx = /(1 + ).
:arsinhl—[\/(l+x2)J1 J.\/(l+x2)
0
=In(1+~/2)-~/2 +1

39a 4x° +4x+5:(px+q)2 +7r

:p2x2+2pqx+q2+r

Equating coefficients of x> The conditions of the question allow p = -2

42 5 P as an answer, but the negative sign would
=p =pP= < make the integrals following awkward, so
Equating coefficients of x choose the positive root.

4=2pg=4qg=>q=1

Equating constant coefficients

S=q¢*+r=l+r=>r=4
p=2,q=1r=4
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39b .[2; dx = _[;z dx If you know a formula of the type
4x° +4x+5 2x+1)" +4 <
o 1

jﬁdx = arctan(axj, or you
ax +b ab b
are confident at writing down integrals
by inspection, you may be able to find
this integral without working. It is,
however, very easy to make errors with
1 1 dx

Im dx = 4‘[2—94-4 @ the constant and get, for example, the

X an

Let 2x+1=2tan@

2i=2sec2 2, :>£=sec2 2,
do do

1 2x+1
common error Earctan 2 +C.

:19+C
4

=larctan 2o+l +C
4 2

c _[ 2 dx _[ 2 dx As in part b, you may be able to write
= < down this integral without working,
J(4x> +4x+5) /((2x+1)2 +4) i °

Let 2x+1=2sinh &

2£ =2coshd :g =coshéd
déo d@

dx
IJ (2x+l) +4 w/(4smhz(9+4 (dﬁj

(cosh0)do = 1d0

=~[2cosh0
=0+C= arsinh(2x2+lj+c

Using arsinh x = 1n(xJ”/(x2 + 1))
2 2x+1 2x+1)°
dx=In|| —— |+, || ————+1 | [+ C
J.«/(4x2+4x+5) n[( 2 J \/( 4 ﬂ

2x+1 4%’ +4x+1+4
=In 5 + 1 +C

—In (2x+lj+%\/(4x2 +4x+5)}+C

2
i 2 —In2+ an arbitrary constant is
— In| (2x+ 1)+ y/(4x +4x+5)}—ln2+C<— |

another arbitrary constant.

=In| 2x +1)+/(4x> +4x + 5)} +k, as required.
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40 Solve the integral as follows:
_[ x+2

V4x* +9 5
= dx + dx
IJ4x2 +9 IJ4x2 +9

Then the first integral is a standard integral of the form Af '(x)(f (x))n , and we can easily see that its

 4xT+ . : 4 :
value is ng, as the derivative of v/4x” +9 is —% _ For the second integral we make a

Jax* +9

substitution: if ¢ =2 x, then:
J
4x° -I-2 9
2 s
2
425 +9

=I\/217 dt = arsinh ¢ = arsinh % x
t"+1

2

Then we can conclude that the integral of the function is +arsinh $x+C.

41 Since (x—2)2 =x’—4x+4, we can rewrite the integral as =J‘;; dx. So if we put

=2y
4

+1

-2 : :
t= XT we get that the integral is:

I% 2 dt

0 2\/t +

=arsinh 2
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Thi luti int ti t
42 J‘x arcosh x dx = —arcosh o j 1(si solution uses 1r(1i egration by parts,
2y(x ju—vdxzuv—jv—udx,withuzarcoshx and
dx dx
To find the remaining integral, let x = cosh 6. dv
dx . = x. There are other possible approaches to
@ =sinh¢ this question, for example, substituting
, , u = arcoshx.
X cosh” @ dx
o e e
2 (x*=1) 2+/cosh?9—-1\1dE
cosh’ @ 1
= j sinh 0d6 = [ cosh® 6d0
2sin 6 2

=— j (cosh20+1)d0 +——— | Using the identity
4 cosh280 =2cosh? 6—1.

B sinh26+g_ sinh@cosh0+g
8 4 4 4
(x2 —1) X

_L 4 rcoshy® sinh 6 = \J(cosh® 0 — 1) = (x> 1)
4 4

Hence the area, 4, of R is given by

B 1 1 ’
A= %arcoshx—zx\/(xz -1) —Zarcoshx}

1

= (%z—ljarcoshx—%x\/(xz —l)}

4

2

1

= %arcosh2 ——:| [O] < As arcosh 1 =0 and (12 - 1) =0, both

terms are zero at the lower limit.

=%ln(2+\/§)—§,asrequired.

43 Calculate the area of the section of the greenhouse with the integral:

I, JXT

—IOI dx

3 ( j +1
3
Substitute ¢ =% to get:
1

10 dx

e
=10| arsinh$ — (arsinh(—%))]
=10 2arsinh%] = 20arsinh %

2

Then the volume of the greenhouse is given by 20arsinh 3

is 688 m’.

-55 which, to the third significant figure,
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44 The integrating factor is
ax 414 A . If the differential equation has the form
e’ =¢ =€ =X «— dy . . . [Pdx
. . 4 — + Py = Q, the integrating factor is e
Multiply the equation throughout by x dx

x42+4x3y:6x5 —5x*
dx

For any function f(x),e™ ™ =f(x).

%(x“y) =6x° —5x*

e y= J~ (6 ¥ 5y )dx = Y iC Itis 1mponqnt that you remember to. a.dd the \
constant of integration. When you divide by x* ,
2 C the constant becomes a function of x and its
y=x—-x+— . o
X omission would be a significant error.

45 The integrating factor is

1

J.*;dx _ —Inx _ ]ni _ 1
© =¢ =¢ _; For all n,nlnx = Inx", so forn = —1,
< 1
. . 1 —lnx =Inx ' =In—.
Multiply the equation throughout by — x
X
ldy vy
;a - ? =X < The product rule for differentiating, in this case
d 1 dy 1 1
d(y dx(yszdix+yx—2,enablesyoutowrite
—| = |= X X X
dx\ x . . . .
the differential equation as an exact equation, where
y X’ L C one side is the exact derivative of a product and the
Y 2 other side can be integrated with respect to x.
3
y=—+Cx
d 1
46 (x+l)—y+2y=— o dy
dr . > If the equation is in the form R a +Sy =T, you
b, 2 y= 1 must begin by dividing throughout by R, in this
dx x+1 x(x+1) case (x + 1), before finding the integrating factor.
The integrating factor is
I ﬁdx 2In(x+1) In(x+1)? 2
e =e =e =(x+1)
Multiply throughout by (x + 1)?
2 d x+1 1 1 1 1
(x+l) —y+2(x+l)y= < To integrate * , write LI AL P
dx X x x X x x
d 1
—(()c+l)2 y) =1+—
dx X

(x+1)2y=j(l+ljdx:x+lnx+C
X

You divide throughout by (x + 1)? to obtain the
x+Inx+C equation in the form y = f(x). This is required by
y=—"—"">—

(x+ 1)2 the wording of the question.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 36



Core Pure Mathematics Book 2 SolutionBank

. . . tan xdx
47 The integrating factor is ej "
sin X g
jtanxdx j =—Incosx=In =Insecx Here we have that
cos x Cos x £'(x) ,
< | dx = Inf(x).As—sinx is the derivative
Hence f(x)
.[ta“)‘d" — el"ser _gac of cos x, [ Y 4x = Incos x.
COS X

Multiply the differential equation throughout by sec x

d
sec xay+ysecxtanx =e’“secxcosx =e>"

SEeC X COS X = xcosx =1

COS x

d 2x
—(ysecx)=¢
& (ysecx)

2x

2x c
secx=|e"dx=—+C
y J. >

Multiply throughout by cos x

2x
e
=|—+C |cosx

y=2atx=0 -« The condition y = 2 at x = 0 enables you to
1 3 evaluate the constant of integration and find the
2=—4+C=>C=— particular solution of the differential equation for
2 2 these values.
1/
=—(e™ +3)cosx
y=(e7+3)
. . . j2cot2xdx
48 The integrating factor is e
2cos2x .
J.2cot2xdx—.|. dx =Insin2x
sin2x
Hence
2cot2xdx ; .
ej O 2 ghin2x — gin 2
Multiply the differential equation throughout by sin 2x
. dy . .
sin 2xa +2ycos2x =sinxsin2x < Using the identity sin 2x = 2 sin x cos x.

%(ysinbc) = 2sin” xcos x

d . .
.4 As— (sin’x) = 3sin’x cos x, then
2sin’ x dx

ysin2x = +C

3

[sin® x cosdx = . It saves time to

2sin’ x C
" 3sin2x * sin 2x find integrals of this type by inspection.
However, you can use the substitution
sin” = s if you find inspection difficult.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 37



Core Pure Mathematics Book 2 SolutionBank

49 (1 + x)%}—xy =xe "

X

dy  xy _xe”

d
= (1) If the equation is in the form R Yy Sy =T,
dx 1+x 1+x dx

d
<«

[ you must begin by dividing throughout by R, in this

. . . _:
The integrating factor is e* ™ case (1 + x) before finding the integrating factor.

x _lex-l_ 1

I+x 1+x 1+x To integrate an expression in which the degree of
the numerator is greater or equal to the degree of
Hence i
the denominator, you must transform the
expression into one with a proper fraction. This can

be done using partial fractions, long division or, as
here, using decomposition.

J.de:x—ln(l+x)
I+x

and the integrating factor is

—x+In(1+x) — —xeln(l+x)

e e =e +(1+x)

Multiplying (1) throughout by (1+x)e™
L dy - -2
I+x)e " ——xe 'y=xe "
(+x)e y

%( y(l+x)e™ ) =xe "

. P .
y(+x)e = jxefzx dx < You integrate x e * using integration by parts.
2x —2x —2x —2x
X€ € X€ €
=- +] =— -—+C
2 4
—2x
C —2x—(—x —2x+x X
*2 ¢2 —=e =P =0
xe ™" e C ¢

y == —X - —X + —X

2(1+x)e 4(1+x)e (1+x)e

_xet e N Ce”

20+x) 4(1+x) (A+x)

y=latx=0
5 This expression could be put over a

1 .
1=0——+C=C= common denominator but, other than
4 4 requiring that y is expressed in terms of x,

5e* xe " e the question asks for no particular form and
y = - - < . . '
41+x) 2(1+x) 4(1+x) this is an acceptable answer
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50 a Dividing throughout by cos x Here we use

dy sinx o B
a ’ cosx I COS:M J.f(x) dx=Inf(x). As—sinx
1

is the derivative if cos x,

sinx —sinx
J. dx=—.|. dx=—-Incosx =1In =Insecx _sinx
COS X cos x COS X —[——=dx=—Incosx.
COS x
Hence the integrating factor is "% :m
Multiply (1) by sec x Asln1=0,
1
d sin x —~Incosx=Inl-Incosx =1In ,
secx—y+secx y= oS’ XSec X cos x
COoS X . a
using the log law Ina—Inb=1In—.
dy b

secx—— +(secxtanx)y = cosx

a(ysecx):cosx
ysecx=Icosxdx=sinx+C

Multiplying throughout by cos x

y=sinxcosx+ Ccosx

In general, for a given value of x, different

b Where cosx=0and 0 <x <2n values of ¢ give different values of y. However,
\ if cos x = 0, the ¢ will have no effect and y will be

3n zero for any value of c.

T
X=—,—
2°2

The points (g ,0) and (37%, 0) lie on all of the

solution curves of the differential equation.

¢ )V =sInXCcosx+Ccosx
Atx=0,y=0

0=0+C=C=0 Using the identity sin 2x = 2sin x cos x.

) 1. ) “  sin 2x is a function with period m. So
Yy =8N X COSX = — SN 24X
2

the curve makes two complete

/ oscillations in the interval 0 <x <2n
YA

>
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S51a The integrating factor is
Multiplying the differential equation throughout by e**
e Y, 2"y = xe™
dx

d 2x 2x
- € =X€
w7 )=x

y o2 = J.xezxdx / Integrate by parts.

2x 2x 2x 2x
xX€ € xX€ €
= - I dx = -—+C
2 2 2 4
x 1 o
y=———+Ce ?
2 4
b y=latx=0
1 5
1=0-—+C=C=—
4 4
¥ 1 5e This is the particular solution of the
y=——-—+ < differential equation for y =1 at
2 4 4 x=0. You are asked to sketch this in
o d part c.
For a minimum % =0
dp 1 5% o .
L A =0=>5¢ > =1=e™ =5
de 2 2
Ine”™ =In5=2x=1In5
1 . . . .ody
X = 5 In5 The differential equation is ™ +2y=ux. At
At the minimum, the differential equation reduces to the minimum, % =0and so 2y = x. If you
2y=x < did not see this you could, of course,
1
Hence substitute x = ) In 5 into the particular
_ l Y= l In5 solution and find y. This would take longer
y=5%= but would gain full marks.
d’y

=—=5¢"" >0 for any real x
d"x
This confirms the point is a minimum.

The coordinates of the minimum are (% In S,lln SJ.
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As x increases, € > — 0 and so
1 1
=In5,—~In5 —2x

G s x_ 1, 5e N —l. This means that

2 4 4 2 4

1 \V x 1.
y= 27 is an asymptote of the curve.
>

/1 This has been drawn on the graph. It is not
4 essential to do this, but if you recognise
that this line is an asymptote, it helps you
to draw the correct shape of the curve.

NS

52 a Rewrite the equation as Y_ sinh x dx . Integrate this to get In y =coshx+ C, and therefore

y
is the general solution of the equation.

coshx

y=Ce

b When x = 0, the function takes the value Ce. Then the particular solution that satisfies f (0) =

2+coshx

is y=e .

53 The auxiliary equation is
m’ +4m+5=0
m’ +4m+4=-1
(m+2)°" =-1
m=-2%*i

The general solution is

If the solutions to the auxiliary equation are o+ if3,
you may quote the result that the general solution of
the differential equation is e*. (A4 cos St + Bsin fSt).

O =e(Acost+ Bsint)

A

t=0,0=3
3=4 <
40 Using sin 0 =0 and cost 0= 1.
o —2e 7 (Acost+ Bsint)+e ' (—Asint+ Bcost)
L
de
-6=-24A+B <«
B=24-6=0 < AsA=3

The particular solution is

6 =3¢ cost
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54 a y=3xsin2x:>%=3sin2x+6xcos2x

42 > Use the product rule
Y = 6cos2x+6cos 2x —12xsin 2x for differentiating.

=

=12cos2x—12xsin2x

Substituting into the differential equation

12c0s2x — 1281 2x + 12%s2x =k cos 2x

Hence
k=12

b The auxiliary equation is

m’+4=0

m==12i

The complementary function is given by If the solutions to the auxiliary equation are
y = Acos2x + Bsin 2x < m =+ ai, you may quote the result that the

complementary function is 4 cos ax + Bsin ax.

From a, the general solution is

y=Acos2x+Bsin2x+3xsin2X  <«———— Partaofthe question gives you that 3x sin 2x is
a particular integral of the differential equation

¥=0,y=2 and general solution = complementary function +
2=4 particular integral.
L

47 2
T T . T T . T
—=A4cos—+ Bsin—+3x—sin—
2 2 2 4 2
T 3n T
—=B+—=>B=— < T T

< Use cos—=0and sin —=1.

2 4 4 5 >

The particular solution is

y= 2cos2x—§sin2x+3xsin2x
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2
55 a y=a+bx:>ﬂ=band d—);=0
dx dx

Substituting into the differential equation
0-4b+4a+4bx=16+4x

Equating the coefficients of x

4b-4=b=1

Equating the constant coefficients

—4b+4a =16

—4+da=16=a=5 Use b=1.
a=5,b=1

b The auxiliary equation is
m’ —4m+4=0
(m—2)"=0

m= 2,repeated

The complementary function is given by

If the auxiliary equation has a repeated root ¢,
y= e (A+ Bx) < then the complementary function is e* (4 + Bx).
You can quote this result.

The general solution is

general solution = complementary
function + particular integral.

y=e"(A+Bx)+5+x <

y=8 x=0
8=A+5=>4=3

%=2e2x(A+Bx)+Be2x+l

Q:9,x:0
dx

9=24+B+1=>B=8-24=2 «— | Uses=3

The Particular solution is

y=e"(3+2x)+5+x
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56 a The auxiliary equation is
m’ +4m+5=0
m’ +4m+4=-1
(m+2)* =-1
m=-2%*i

The complementary function is given by
y=e*(Acosx+ Bsinx)

For a particular integral, let y = pcos2x+¢gsin2x

If the right hand side of the second
dy = -2 psin2x+2¢g cos 2x \ order differential equation is a sine
dx or cosine function, then you should

try a particular integral of the form
P cos x + g sin wx, with an

d? .
EJ; =—4pcos2x—4gsin2x

Substituting into the differential equation appropriate @ . Here & = 2.

—4pcos2x —4gsin2x —8psin2x +8gcos2x + 5pcos2x + 5gsin2x = 65sin 2x
(—4p+8g+5p)cos2x+(—4qg —8p+5¢)sin2x = 65sin2x

Equating the coefficients of cos 2x and sin 2x The coefficients of cos2x and sin
) 2x can be equated separately. The
cos 2x: —4p+8q+5p=0=p+8¢=0 1  * coefficient of cos2x on the right
sin 2x: —4qg-8p+59=65=-8p+g=065 (2) hand side of this equation is zero.
8p+649g=0 3)

65¢=65=>q=1 +—0 N

Multiply (1) by 8 and add the result to (2).

Substitute ¢ = 1 into (1)
p+8=0=p=-8

A particular integral is —8cos2x +sin 2x
The general solution is

y=e>*(Acosx+ Bsinx)+sin2x—8cos 2x
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56b As x —oo,e " —0and, hence, y
y —>sin2x—8cos 2x <
Let
sin2x —8cos2x = Rsin(2x — «) g x

= Rsin2xcosa —Rcos2xsina The graph of €™ against x has

Equating the coefficients of cos 2x and sin 2x thli shape. As x becomes 1a:2ger

e " is close to zero, so €
I=Rcosa... (4) (4 cos x + B sin x) is also small.
8=Rsina.. (5

R’cos’a+R’sina=1"+8 =65

Add (4) squared to (5) squared and

=65= RJ65 4// use the identity cos> a + sin? o = 1.
Rsina 8

=—=tana =8 <

Roosa Divide (5) by (4).

Hence, for large x, y can be approximated by the sine function J65 sin (2x — a), where
tan =8 (a ~82.9")

57 a The auxiliary equation is
m +2m+2=0
m’ +2m+1=-1
(m+1)* =—

—1#i

The complementary function is

y=¢"'(Acost+ Bsint) If the right hand side of the differential

at+b

equation is Le“*", where Aisany

A

. . _ —t
Try a particular integral y = ke constant, then a possible form of the

at+b

particular integral is ke

2
d—y:—ke’t, d—g/:ke’t
dr dr

Substituting into the differential equation

ke —2ke +2ke’ =2¢”' < Divide throughout by e™.
k-2k+2k=2=k=2

A particular integral is 2¢”
The general solution is

y=¢e"'(Acost+Bsint)+2e™
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1 = Substitute the boundary condition
57b y=1, =0 y =1, t =0 into the general solution gives
1=2=44+2=> A=-1 / you an equation for one arbitrary constant.
dy _

— =—e '(Acost + Bsint)+e ' (—Asint + Bcost)—2¢"

dt
Y120 \
a0 Use the product rule for differentiating.
l=—A+B-2=>B=3+4=2 < 
As A=-1.

The particular solution is

y=¢e"'(2sint—cost)+2e”

58 a The auxiliary equation is

m*+2m+5=0 < You may use any appropriate method to solve
mE +2m+1 = —4 the quadratic. Completing the square .wo§ks
efficiently when the coefficient of m is given.
(m+1)° =—4
m=—-1%2i

The general solution is

x=¢e'(Acos2t+ Bsin2t)

b x=Lt=0

Use the product rule for differentiation.
1= 4 /

% =—e'(Acos2t+ Bsin2t)+2e ' (—Asin 2t + B cos 2t)
dx
de

=1,¢t=0
1=—A+2B=2B=A4+1=2=B=1

The particular solution is

Both 4 and B are 1.

x = e (cos 2t +sin 2t)

A
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58 ¢ The curve crosses the ¢-axis where

-
e '(cos2t+sin2t) =0 < e’ can never be zero.

cos2t+sin2t=0

sin2¢ = —cos2¢ Divide both sides by cos2¢ and
tan2z = -1 < use the identity tan § = Smg .
3t Tn cos
2t=—, —
4 4
_3n n
8 8
* The boundary conditions give you that at
t =0, x =1 and the curve has a positive
1 x =10 < gradient. The curve must then turn down
and cross the axis at the two points where
t= Eul and 7_n
8 8

59 a The auxiliary equation is
2m* +Tm+3=0
2m+1)(m+3)=0

m=-——,-3
2

The complementary function is given by

If the auxiliary equation has two real
solutions ¢ and £ the complementary
function is y = Ae” + Be”. You can

1
—t
y=Ae? +Be™ <

For a particular integral, try y=at’ +bt+c quote this result,

d d’
—y:2at+b,—y:2a . . . . .
dr dr? If the right hand side of the differential equation

) ) ) ) ) is a polynomial of degree n, then you can try a
Substitute into the differential equation particular integral of the same degree. Here the

right-hand side is a quadratic, so you try the
general quadratic at® + bt +c.

da+14at+7b+3at* +3bt+3c =32 +11t
3at> + (14a+3b)t+4a+7Th+3c =3 +11¢

Equating the coefficients of ¢

3a=3=a=1 Use a=1.
Equating the coefficients of ¢ ‘ 

14a+3b=11=3b=11-14a=-3=b=-1 Use a=1and b=—1.

Equating the constant coefficients
4a+7b+3c=0=>3c=—4a-7b=3=c=1

A particular integral is t* —¢+1.

1
—t
The general solutionis y=Ae 2 + Be™ +¢* —t+1.
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Differentiate the general solution

59b y=1,t=0
l1=A+B+1= A+B=0 (1)
1
Yl e aperin-1 <
dt 2
Y=o
dt

1=—%A—3B—l:>%A+3B=—2 (2)

A+6B=-4

53:-4:3:-%

Substituting B = %into §))
A 4 0=>4= 4
5 5

in part a with respect to 7.

3
3) Multiply (2) by 2 and then
subtract (1) from (3).

1
The particular solution is y = %(e_z —e™ j +£ -1+ 1.

1
¢ When =1, y =%(e_2 —e‘3j+l =1.45 (3sf.)

60a Let y=2Arcos3x

Use the product rule for differentiation

Q =Acos3x—3Axsin3x <
dx

2
% — —3)sin3x — 3 sin3x — 9hx cos 3x

= —6Asin3x —9Ax cos3x
Substituting into the differential equation

—6.8in3x — 94%€0S3x + 9Jxe0s3x =—12sin3x

Hence
A=2
b The auxiliary equation is

m +9=0=>m*=-9
m=131

The complementary function is given by

y = Acos3x+ Bsin3x

The general solution is

% (xsin3x) = %(x) sin3x +x %(Sil‘l 3x)

=sin3x+ 3xcos3x

y=Acos3x+ Bsin3x+2xcos3x <

Part a shows that 2xcos3x is a particular
integral of the differential equation and general
solution = complementary function + particular
integral

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free.

48



Core Pure Mathematics Book 2 SolutionBank

60c y=1x=0
1=4
dy Differentiate the general solution in

™ =—-34sin3x +3Bcos3x+2cos3x —6xsin3x «————— part b with respect to x.

2=3B+2=B=0
The particular solution is

y=cos3x+2xcos3x=(1+2x)cos3x

d For x > 0, the curve crosses the x-axis at cos3x =0

7w 3n 5n 7w Sn
27272 62" 6
The boundary conditions give you thatat x=0, y =1
Yp < and the curve has a positive gradient. The curve must
then turn down and cross the axis at the three points
y =gl T T Sn
where x=—, —and —.
6 6
; = = = > The (1+ 2x) factor in the general solution means that
Kin A s x
6\/2 6 the size of the oscillations increases as x increases.

6la If y=Kt'e"
Y _okiet 43k
dr

2
ady _ 2Kte +3Kt* e +6Kte™ +9Kt* e

dr ¢ cannot be zero, so you can
=2Ke" +12Kte’ +9Kt* e divide throughout by e* .

Substituting into the differential equation

2K & + 12Kr€" + OKRS — 12KrE — I8Kee” + IKre) =4e”

Hence
2K =4=K =2

2t* " is a particular integral of the differential equation.
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61b The auxiliary equation is
m> —6m+9=0
(m—=3)=0

m =3, repeated

The complementary function is given by If the auxiliary equation has a repeated

y= & (A+ Bt) < root ¢, then the complementary i:‘unct10n
is €“ (A4 + Bt). You can quote this result.

The general solution is

=e’(A+ Bt)+2t°¢” =(A+ Bt +2t*)e”
y

0

y=31=
3=4
Y

‘;t =(B+4t)e” +3(A+Bt+2t%)e”

Y1 =0 4/ /
d

1=B+34=B=1-34=B=-8

As A4=3.

The particular solution is

y=0B-8t+2t*)e”

d This particular solution crosses the #-axis where
1-3t+2 =(1-2t)(1-1)=0

1

2 b

t=—,1

YA

For a minimum d_y =0

e’ cannot be zero, so you can

3 2vA L3 <
(=3+4n)e” +(1-3t+217)3e” =0 divide throughout by ¢

—34+4t+3-9t+6t>=0

6t2—5t=t(6t—5)=0:>t=0,§
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61d From the diagram ¢ = s gives the minimum <+—— Itis clear from the diagram that there is a

. . 1
minimum point between ¢ = 3 and 7 =1.

You do not have to consider the second
derivative to show that it is a minimum.

Atr=>
6

2 3 3
y= 1—3><§+2>< > es"=—le2
6 6 9

The coordinates of the minimum point are
5
RER
6 9

62 a The auxiliary equation is

2m* +5m+2=0
Cm+1)(m+2)=0

If the auxiliary equation has two real
solutions ¢ and £ the complementary

. ionis x=Ae” b
The complementary function is given by function is x = 4¢ + Be”. You can

quote this result.

1
—t
x=Ae? +Be™”

For a particular integration, try x = pt+g¢q

dx d’x

dr — P 4’ - If the right hand side of the differential equation
is a polynomial of degree n, then you can try a

Substituting into the differential equation particular integral of the same degree. Here the

right-hand side is linear, so you try the general
linear function pt+gq.

0+Sp+2pt+2qg=2t+9

Equating the coefficients of ¢
2p=2=p=1
Equating the constant coefficients

5p+2q=9:>q=9_%:>q=2

A particular integral is ¢+ 2

The general solution is

1
—t
x=Ae? +Be ¥ +t+2
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62b x=3,1=0

3=A+B+2=A4+B=1 (1
dx 1 -k _ ~ Differentiating the general
Ez_EAe ?-2Be” 41 solution in part a.
dx

Zo1,t=0
d

—1=—%A—2B+l:>%A+2B=2 (2)

Multiplying (2) by 2 and subtracting

3B=3=B=1

Substituting B =1 into (1)
A+1=1=A4=0

The particular solution is

x=e X +1+2

¢ For a minimum

dx

—=-2e"+1=0
dt
o, 1 . You take logarithms of both sides of
e = 5 = this equation and use "' = f(x).
1
—2t=In—=-In2
2 \
t—llnz 1n%:1n1—1n2:—1n2, asln1=0.
2
d’x _
e 4e”" >0, foranyreal ¢
t

Hence the stationary value is a minimum value :
~In2 Inl-In2 tn
(S

1 e = =e2=l
Whenti_ 2

x=e " +lln2+2=l+lln2+2=§+lln2
2 2 2 2 2

The minimum distance is %(5 +In 2) m, as required.
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63a If x=At'e”

dr _ 2Ate™ — At* e
ds
2
% =2Ade"' —2Ate —2Ate” + At e
t
=2Ade"' —4Ate” + At’e™

Substituting into the differential equation »
e’ cannot be zero, so you can

QA7 — 4ArET + AT + 4APTT — 2ARe + ATl = e7/ divide throughout by €.

Hence

2A:1:>A:l
2

b The auxiliary equation is

m’* +2m+1=(m+1)> =0

m = —1, repeated
If the auxiliary equation has a repeated

The complementary function is given by root @, then the complementary function

<«

x=e (A+Bt) < is e” (4 + Bt). You can quote this result.

The general solution is

x= e’(A+Bt)+%t2e’ = (A+Bt+%t2}:’

x=11t=0
1 = A 1
2 —t : -
From part a, Et e’ isa particular
;12 =(B+ t)e" — ( A+ Bt + % £ je‘ integral of the differential equation.
t
dx
—=0,7=0
dr

0=B-4A=>B=4=1

The particular solution is

x:(1+t+lt2je‘
2
VA

c @=(1+t)e’—(1+t+lt2Je’
dt 2
- —%tze’ <0, forallreal. 1\

When ¢ =0, x =1and x has a negative gradient 0 x
for all positive ¢, x is a decreasing function ~<«———| The graph of x against 7, shows the curve crossing
of ¢. Hence, for ¢ > 0, x <1, as required. the x-axis at x = 1 and then decreasing. For all

positive £, x is less than 1.
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d2
Substituting into a); +y=3x

0+ kx =3x
k=3

b The auxiliary equation is
m’ +1=0=>m==i
The complementary function is given by
y=Asinx+ Bcosx
and the general solution is

y = Asinx+ Bcosx+3x

y=0,x=0 In part b, only one condition is given, so only
0=B+0=B=0 one of the arbitrary constants can be found.
.. The solution is a family of functions, some of
The most general S(llutlonls/ which are illustrated in the diagram below.
y=Asinx+3x
c Atx=m

yA
y=Asinn+3n=3n

This is independent of the value of 4. 37

Hence, all curves given by the solution in
part a pass through (m, 3m).

~Y

7o

=z
2

d—y=Acosx+3
dx

As is illustrated by this diagram, the family
At x = n of curves y = Asinx+3x all go through

(0, 0) and (=, 3w). The tangent to the curves

d T
< Acos—+3=3 at x == areall parallel to each other.
dx 2 2

This is independent of the value of 4.

Hence, all curves given by the solution in

part a have an equal gradient of 3 at x = %

T
d y=0,x==
Y 2
Substituting into y = Asinx + 3x
0=Asin£+3—n=A+37n:> A=—3?”

The particular solution is

—3x—3—nsinx
Y 2
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64 ¢ For a minimum

Q=3—3?ncosx=0

dx
2 2
COSX =— = X = arcos| —
I I
d? 3n .
—)2; =—sinx
dx 2
. T 2 . .
In the interval 0 <x < ’Y cos x == has an infinite number of
T
42 solutions. This shows that the solution in
—)2} > (0 = minimum the first quadrant gives a minimum as
dx sin x is positive in that quadrant.
2
. -4
sin x=1-cos’x=1-—=—
T T
. b
In the interval 0 <x < 3

T T

(2} 3 Nnt -4

y=3arcos| — |[-—x——
s 2 s

= 3arcos (EJ —%\/nz —4, as required.
n
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1
dt =—2In(120-£)=In(120-¢)~ =1n

65a jlz

Hence the integrating factor is

2 1 1
e-[1207tdt en(IZO*t)2 = 1

- (120—71)?

1
Multiply the equation throughout by ——
ply q g Yy (120— t)z

1 ds 2 1
7T §= 2
(120-1)" dr  (120—-¢)  4(120-1)

20—t (120 —¢)’

Using the log law
nloga =loga", withn =-2.

N

i(%}=l(120—t)2
de\ (120-¢2)* ) 4

Integrating both sides with respect to ¢

!
%:lI(UO—t)’Zdt =—1M+C
(120-1)° 4 4 -1

S 1

<

d 2
a(S(lzo—t) )

ds 2 _gy(— 3
= (12007 =5x(-2)(120-0)

1 45 2
(120—¢)* dr  (120-¢)

This product enables you to write the
differential equation as a complete
equation.

= +C
(120—-1)*  4(120-1)

120—1¢

S = +C(120-1)°

S =6 when t=0

6=30+Cx120° > C=— 2+ - L
1200 600

_120—-¢ (120—¢)
4 600

S

b For a maximum value

ds_ 1 2(120-1)
d 4 600

0

240-150

240-2¢t=150=>1¢ 45

d’s 1 )
— =< 0 = maximum
dt 300

Maximum values is given by

g 120-45 (120-45° 75 75 _75 3
-4 600 4 8 8 8

The maximum mass of salt predicted is 9%kg.

Multiply this equation by (120—¢)°.

Remember to multiply the C by
\ (120—1¢)*. It is a common error to

obtain C instead of C(120—¢)* at
this stage.
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66 a Three quarters of the nutrient is %x 100m, = 75m,

At time ¢, the nutrient consumed is 5(m —m,)

Hence
S5(m—my) =T5m,
Sm—5m, =T75m, = 5m = 80m,

_ 80m,

m =16m,, as required.

b Rate of increase of mass = x x mass x nutrient remaining

m
ar = pxmx[100m, —5(m —m,)] The nutrient remaining is the nutrient
d consumed, 5(m—m,), subtracted from
d—m = um(100m, —5m+ Smy) the original nutrient 100m.

t

= um(105m, —5m)

=5um(21m, —m),asrequired.

dm
c & =5um(21m, —m) < This is a separable equation.
1 . .
J.S wdt = J. dm < Separating the variables.
m(21m, —m)

1 A B \ To integrate the right hand side of this
Let ———=—+—"— < equation, you must break the expression
m(2lmy—m) m 2lm,—m

up into partial fractions using one of the
methods you learnt in C4.

Multiplying throughout by m(21m, —m)

1=A4(21m, —m)+ Bm

Let m=0
1
1=Ax2lmy = A=
21m,
Let m=21m,
1
1=Bx2lmy = B =
1m,
Hence
1 1 1
Sut = I —t+—|dm
2lmy*\m  2lm, —m
1
105,um0t:_[ —+ dm=Inm—-In(2lm, —m)+C
21lmy, —m
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66¢c When 1 =0, m=m, <

Initially, the mass of the embryo is m,.

0=Inm, —In20m, +C

20m,

=1n20

C=In20m, —Inm, =In
m,

105umyt =Ilnm—In(21m, —m)+1n20 = lr{21—

From part a, when ¢ =7, m =16m,

I 320m,
Sm,

=1n 64, as required.

20x16m,
21m, —16m,

105um,T" = ln(

67a +——-v=t¢

t
Divide throughout by ¢

dv v

-1

Q)

de ¢

The integrating factor is

1 1
e‘[jdt _ _In: In— l
t

c :et:

Multiply (1) throughout by %

v

=
v=t(Int+c), as required.

J.%dt=lnt+c

v=3 when ¢t =2

3=2(In2+c¢)=2In2+2c=>c=15-1In2
v=t (Int+1.5-1In2)

When 1 =4

This enables you to find the particular
solution of the differential equation. The
initial conditions are often known in
scientific applications of mathematics.

Combining the logarithms at this stage
simplifies the next stage of the calculation.
The form of the simplification is

1na—1nb+1nc=ln%

The product rule for differentiating, in this
Casei(v xt™) = ﬂx v (=De?,
dt dt

enables you to write the differential equation
as an exact equation, where one side is the
exact derivative of a product and the other
side can be integrated with respect to .

v=4(In4+1.5-In2) <
~8.77

The speed of the particle when # =4 is 8.77ms ™' (3s.f.)
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dv

To find the acceleration, you integrate the
velocity with respect to time. Remember to

68 a=—=62t
dt
v=IeZ’ dt=leZ’+A <
2
When t=0,v=0

0=1+A:>A=—l
2 2

Hence v = %(ez’ —1), as required.

1
69 a a:ﬂz 6

1
dt 2

include a constant of integration.

Using Ie’“ dr= %e"’ + A, then

1 1
v=.|‘le6 di=-3¢ % +4 <
2

When =0, v=10
10=-3+4A= A=13

1
Hence v=13-3e 3

b When =3

1

v=13-3e¢ 2 =11.180...

The speed of P when t=31is 11.2ms™" (3 sf.).

1
—t
¢ Ast—>o,e ® -0 and v—>13.

<

1 1
[serdi=c——c+4
2 2% (1-1)

1

=3¢ ¢+ 4.

The limiting value of vis 13. <

70 a a =ﬂ=—462t
dr

v=j4e-2’ dt=2%+4
Att=0,v=1
=2+ A= A=—1

Hence v=2¢ % —1

1
As ¢t gets large, e ¢ gets very small. For example,
1
if£=120, then e ¢ ~2.06x10”’. In this question,
as t gets larger, v gets closer and closer to 13 and
so 13 is the limiting value of v.
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70 b P is instantaneously at rest when v =0.

0=2¢2 -1 <«

e =—=e" =2
2

2t=ln2:>t=%ln2
x=jv dt=j(2e-2f)dt
=—¢ " ~t+B
When =0, x=0
0=-1-0+B=B=1 <

To find the speed when P is instantaneously
at rest, you will need to know the value of ¢
when v=0.

Take natural logarithms of both sides of this
equation and use the property that, for any x,
In(e*)=x

Using e’ =1. It is a common error to

Hence x=1—-¢% —¢

When t:%ln2

72(lln2
2

x=1-¢ ]—lln2=l—e’h’2—lln2
2 2

obtain B =0 by carelessly writing
e’ =0.

Using the law of logarithms,
Ina" =nlna with n=-1,

1
TN PR S LR
2 2 2

=l—lln2=l(l—ln2)
2 2 2

~In2=(-1)In2=In2" =1n%. Then as

1
n- ]
foranyx, ™ =x, e 2 :E'

: : 1
The distance of P from O when P comes to instantaneous rest is 5 (1-In2)m.

: : d 3 : : : :
71 a Rewrite the equation as d_: +2Y~9.8. This equation has integrating factor

t+3

J'idt
e t+3 —
(t+3)3%+(t+3)2 3v=9.8(+3)

%(V(t+3)3)=9.8(t+3)3

]
V(t+3)3=9.8@+C
V=9.8£+ C3
4 (1+3)
9.8(1+3)" +4C
- 4(t+3)
V=49(t+3)4+20C
20(z+3)’
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71 a Since the droplet starts falling from rest, the equation must satisfy the condition V(O) =0, so
49(+3)" —3969

49.3*+20C =0. Then C = 3269 , and the velocity can be expressed as v = 20( 3)3
t+

20

49(9)" -3969

——=21.78ms™".
20(9)

b After six seconds, the velocity of the droplets is given by

¢ According to this model the velocity of the droplets is always increasing (it is clear that the limit
for t —> o is infinity, so for every possible value of velocity there is a time ¢ such that that value is
reached). However, it is known from fluid dynamics that a particle falling through air must at
some point reach the so-called terminal velocity and stop accelerating.

72 a The amount of liquid inside the bottle at the minute ¢ is given by 400 —30¢ + 407 = 400+10¢ . Of
this amount we know that x is acid, so the concentration of acid in the bottle is given simply by
X

—400 ™ Now the liquid that leaks out of this bottle has this concentration of water, so at each
4+ 10¢

X 3x

400+10r  40+7
4ml. Then the equation that describes the rate of change in the quantity of acid at minute ¢ is

dx 3x
exactly —=4- .
dt 40 +1¢

minute the rate of acid leaking out is 30 ; the quantity of acid is 10% of 40ml, so

3
Sy
b Solve the equation, by finding the integrating factor eI a0 2 (40 +t)3 . Then the equation is

equivalent to %x(40 + z‘)3 =4(40+ z‘)3 , which is solved by x = (40+ t)4 + G()%tf By forcing

the condition x(0)=0 we find that the value of the constant C is —2 560 000, and we easily
compute x(7)=22.3ml.

¢ Of course, acid cannot disperse immediately on entry, so a correct model would also take into
account the velocity at which this process takes place.

73 a From the differential equation relating position and acceleration it is clear that it is a simple
harmonic motion.

b The auxiliary equation for this equation is m° +49 =0, so the general solution is
x = Acos7t+ Bsin7t . By considering the initial condition for position and velocity we have that
A=0.3 and 7B =0, so the equation of the motion is x =0.3cos7¢.

... 2m . ) ) ) . . .
¢ The period is ER as is known by a simple analysis of the cosine function. Since the maximum of

the cosine function is 1, the maximum of x is 0.3. Differentiating we find that the maximum speed
is 7(0.3) = 2.1 m per second.
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74 a The auxiliary equation is m° +1.6 =0, so the general solution of the differential equation is:
: . . dx
x=A cos(\/1.6t) + Bsin(\/1.6t) . Assuming the initial conditions x(0)=0 and E(O) =1 we see
that the two coefficients have to satisfy the conditions 4 =0 and +/1.68 =1, so the correct

solution is x = “11‘66 sin(\/ 1.6t). Calculating “11'66 yields the maximum displacement: it is

0.791 mto (3 s. f).

b The boat is at its maximum displacement when +/1.6¢ = g, and at its minimum when +/1.6¢ = Tn .

Then the time elapsing between these two moments is given by:

3n . m
24J1.6  241.6
=L 248

JL6

So the time is 2.48 minutes.

¢ It is very unlikely that for large values of ¢ the boat keeps moving with such regularity, surely
other factors should be taken into account.
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75 a

2
d—f+29+2x:1zcoszt—6sin2t
d? dx

Auxiliary equation: m” +2m+2=0 <
—2+,/(4-8
e k) NS
2
Complementary function is

x=¢e"'(Acost+ Bsint)

An expression for x is needed. Refer
to book FP2 Chapter 5 for the
method of solving these equations.

Letx = pcos2t+gsin2t <
X =-2psin2t+2qcos2t
X =—-4pcos2t—4qsin2t
~.—4pcos2t—4gsin2t

Try this for a particular integrate.

Substitute the expressions for x, x and

+2(—2psin2t +2gcos2t) <
+2(pcos2t+gsin2t)
=12cos 2t —6sin 2t
cos2t(—4p+4q+2p)
+sin2¢(—4qg-4p+2q)
=12cos 2t —6sin2t

X into the differential equation.

Equate coefficients of cos 2z...

A

—4p+4qg+2p=12

... and of sin 2¢.

—-2p+4q=12 (1)
—4qg—-4p+2q =—6
—-4p-2q=-6 <
—2p-q=-3 (2)
5g=15 <
q=3p=0

s.x=e"'(Acost+ Bsint) + 3sin 2t
t=0,x=0..0=4 <

Solve (1) and (2).

Use the initial conditions given in the

Xx=—e"'Bsint+e'Bcost+ 6cos2t
t=0,x=0..0=B+6
B=-6

.ox=3sin2t—6e" sint

X =6e"'sint—6e”' cost+ 6cos2t
T s

T . 4 T " T T
t=—,x=6|¢e *sin——e *cos—+cos—
4 4 4 2

d

question to obtain values for 4 and B.

=0

. T
.. Pcomes to instantaneous test whent = Z

. T b b
sz =cos—cos—=0
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75 ¢ x=3sin2t—6e 'sint

T . W = .m
t=— x=3sin——6¢e *sin—
4 4

T

= 1
=3-6e *x—
2
=1.07(3s.1)
df—>ow Large values of ¢ needed, so let t — o
X = 3sin 2¢ e’ —>0ast >
.. approximate period isw

76 a The value of the constants can be found by forcing the conditions x(O) =0 and %(0) =U : these

give us that 4 =0 and — w4+ Bw =U , so the correct equation for this motion is
(U .
x=e | —sinat |.
@

b The velocity of the particle is given by the following expression:

dx a,(U . j ﬂ(U )
— =—we —smax |+e —@COSaX |=
dr w w

=-Ue “”sinwt +Ue ™ coswt =
=Ue ™ (cos wt —sin xr)

. .. ) s . b
The least value for which this is zero is @t = Z ,sothetimeis 7= 4— .
0]

77 To find a particular integral for this equation we look at functions of the form x = A+ ut ; by deriving
it we find that the coefficients must satisfy the conditions 10k =10k*V and 2ku+10k’°A=0, so

the particular integral will be x:—£k+Vt. As for the general solution, the auxiliary equation

associated with the homogeneous equation is m” +2km+10k> =0, and solutions for this equation are
—k +3ik , so the general solution for the homogeneous equation is x =e ™ (Acos 3kt + Bsin 3kt).

Then the general solution of the equation is x = —% +Vt+e™ (A cos3kt + Bsin 3kt) . To find 4 and

. dx S 14
B we force the conditions x(0)=0 and E(O) =0, which yield T A=0 and V -kA+3Bk=0.
By solving these simple equations we find that the expression for x is:

xX= —£+Vt+e’k’ Kcos3kt—4—Vsin3kt )
Sk Sk 15k
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78 a A particular integral for this equation is given by the constant function x = 0.3. To find the general
solution, consider the auxiliary equation m” +6m+8 =0} this gives us that the general solution of
the homogeneous equation is x=Ae > +Be™, so the general solution is x=0.3+de™ +Be ™. To

find the coefficients we force the conditions x(O) =0 and %(0) =0, which yield 4+ B+0.3=0

and -24-4B =0, so we can easily see that the solution of the equation that describes the motion
of Pis x=0.3-0.6e > +0.3¢™" .

b Deriving the expression for x gives us that at time ¢ the speed of the particle is 1.2(6’2’ —641).

This is a positive number for every ¢ > 0, so the particle never stops moving downward.

79 a Compute the second derivative of x:

£x_o k)
d de\ dr

=%(0.1x+0.1y)

:0.1£+0.1d—y

dt dt
=0.0Lx +0.01y — 0.0025x + 0.02y
=0.0075x +0.03y

Now we can substitute the derivatives of x in the equation and we get:

0.0075x+0.03y —0.03x —0.03y +0.0225x
=-0.0225x +0.0225x =0

b The auxiliary equation is m” —0.3m+0.0225=0, which can be rewritten as (m—0.15)2 =0, so

the general solution is x = (4 + Bt)e"™ .

¢ We must solve % =—-0.025x+0.2y. This is % —0.2y =-0.025x ; the integrating factor for this

. d _ . .
equation is e ", so we get — ye "> =—0.025xe > . In order to solve this, we must first solve

I —0.025xe"* dt, as follows:

j ~0.025xe¢ ™% d =

=-0.025 j xe ' dt =

=—-0.025(A+ Bt)e "™ dt =

= —0.025(A [ de+ B e dt) =

—0.05¢ —0.05¢ —0.05¢
=005 -AS—+B| - ¢ |-
0.05

m —m—-6=0

0.05 0.0025

=0.54¢ """ +0.5Bte™*” +10Be ™"
Multiply this by the integrating factor to get an expression for y:

y=0.54¢e""" +0.5Bte"" +10Be""™
d Use the given initial conditions to find the value of the constants. In particular, if we fix # = 0 at

the beginning of 2010, we get that 4 =20 and 0.54+10B8 =100, so the coefficients are 20 and 9.
Then after seven months the number of angler fish is given by (20+9-7)e*"*7 =237.
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79 e The model does not give any bounds on the growth of the number of fish, so it models a situation
in which the number is always increasing — unlikely to be a good model for large values of 7.

80 a Compute the second derivative of x:

d_zx_i(ﬂj_
de®  dr\ ds

d
=—(2x+y+1)=
dtdgcxdy )

dr _dr
=4x+2y+2+4x—-y+1=
=8x+y+3

Now we can substitute the derivatives of x in the equation and we get:
8x+y+3-2x—-y-1-6x=
=6x—6x+3-1=2
b First we solve the differential equation that models x; we easily see that a particular integral is

given by the constant function x = —%. Solving the auxiliary equation m° —m—6=0 then tells us

that the general solution for the equation is x:—%+Ae3t +Be”" . Then we use this to find an

: . d : : :
expression for y: we need to solve the equation, d—y+ y=4x+1 which has integrating factor ¢’
t

) ) d ) )
and is therefore equivalent to Py ye' =(4x+1)e'. Substitute the value of x to solve this:

I(4x+l) e dr=
= [(-4+44e”" +4Be™ )' di =

:I—%+4Ae4’ +4Be™ df =

=-S 4 At —4Be

Therefore:
15

ye' = ~% A" —4Be
y=-1+4e" -4Be™

Now we use the initial conditions to determine the coefficients: we have that 1 +A+B=20 and

3
—%+A—4B=60, and so B=-8 and A=%.

H __ 1 85 3 _q 2 . __ 1, 85 3 -2t
ence x 3)+3)e e,y 3)+3)e +32e

¢ Since both expressions feature the term e, for large values of ¢ the amount of gas should go to
infinity in both tanks, which cannot happen.
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1 Letn=1
The result M” = M becomes M! = M, which is true.
. _ < You can prove this result using
Assume the result is true for n = k. mathematical induction, a method of
That is proof you learnt in the FP1 module. The
prerequisites in the FP3 specification
M = M = cosh’x  cosh® x state that a knowledge of FP1 is assumed
=M= _sinh®x  —sinh? x and may be tested.

Mk+1 — MkM

=( cosh’x  cosh®x j ( cosh’x  cosh®x j

. . 2 . 2 . 2
—sinh*x —sinh’ x ) | —sinh®x —sinh® x

4 2 12 4 2 12
cosh”™ x —cosh” xsinh® xcosh™ x —cosh” xsinh” x
—sinh?® x cosh? x + sinh* x —sinh® x cosh?®+ sinh* x

. . C g 2 b2
cosh® x —cosh® xsinh® x = cosh® x (cosh2 x —sinh? x) <« Youuse the identity cosh”x —sinh” x =1
to simplify the terms in the matrix.

= cosh? x
. 2 2 . 4 . 2 2 . 2
—sinh” xcosh” x + sinh™ x = sinh x(—cosh x + sinh x)

= —sinh® x
—sinh?x —sinh? x

Hence M :[ cosh’x  cosh®x j

and this is the result for n =k +1.

The result is true for n =1, and, if it is true for n = k , then it is true forn =k + 1.
By mathematical induction the result is true for all positive integers n.

) ) ) ) dp d(dx) d°
2 a Turn one of these into a second order differential equation by noting that x = & —(—j = —f .
de  dr\ dr dr
dy

.. _ ) .. d _
Of course this is solved by x = Ae’ + Be'. Now we use this to turn & =X into d_)t} =Ae' + Be',

an equation that can be easily solved finding y = de' — Be™ . With the given initial conditions we
find that x and y must satisfy 4—B=0 and A+B=1,s0 4= B=1. Substituting this into the
expressions for x and y yields x =cosh# and y =sinh¢.
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2 b Turn one of these into a second order differential equation by noting that ¢ satisfies the equation

2
dq_ 2ﬂ +2g =0, which is solved by g =¢' (A cost + Bsin t). Now consider the equation

e dt
d L : d _ P : )
?p = p—q , which is equivalent to O pe ' =—ge "' ; with the expression for ¢ that we found this
t t
: : d _ : _ )
can be easily rewritten as — pe™’ = —(A cost+ Bsin t) , and therefore pe™ = —(A sint — B cos t) .
t

Then an expression for p is p =—¢' (Asint -B cost) . Then it is easy to solve the equation for 7:

d

—re' =(p+2g)e”

% (p+2q)

re”! :_[ZAcost+2Bsint—Asint+Bcost d

re’ =A(2sint+cost)+B(sint—2cost)+C

r=Aé (2sint+cost)+Be (sint—2cost) +Ce

Now we can use the initial conditions to find the coefficients: from the expression for ¢ we get
A=1, from the expression for p we get B =1 and from the expression for » we getC =2. Then

the particular solution for r satisfying the given conditions is » = ¢’ (3 sint—cost + 2) .
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3 The gradient of the line / is clearly the tangent of the angle & + @ . This gradient can be expressed as
dr sin @ +rcos 6

follows: since the Cartesian coordinates of P are (r cos &, rsin 0) , the gradient is ar
——cos@—rsind

Now obviouslya =a+6 -6, so tana = tan((a + 0) — 0). By a formula, this can be solved as follows:

tan((a+6?)—6?)— tan(a +6)—tan @ ~
B 1+tan(a+6)tané B

isin9+rc050
—tan @

ﬂcos&—rsin&

isin9+rc050
1+d9 tan @

ﬂcos&—rsin&

isir16?<30s6?+rc0s2 6?—((;;oos6?sir16?+rsir12 /2]

do
ioos2 O—rsinfcosl
_ do _
gsinz G+roos@sing
1+d
— cos> O—rsinfcos @
do
_rcos’@+rsin’ o
icosz 0+isin2 2] dr
do do do
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