Decision Mathematics 2 SolutionBank

Game theory 6D

1 a First, check if we can reduce the pay-off matrix. The row maximin = 2.
The column minimax = 2, so the game has no stable solution. We cannot use row or column
dominance to reduce the matrix. To use linear programming, we need to make sure all entries in
the pay-off matrix are positive. Hence, we add 6 to every value in the table:

B plays 1 | B plays 2 | B plays 3

A plays 1 1 10 7
A plays 2 9 3 8
A plays 3 7 4 5

Now, assume A4 plays 1 with probability p;, 2 with probability p> and 3 with probability p;.
We have p + p, + p, = 1. The expected pay-offs are:

If Bplays 1= p +9p, +7p,
If B plays 2= 10p, +3p, +4p,
If Bplays3="7p +8p,+5p,

Now let V' be the value of the transformed game. 4 will want probabilities such that:
V<p+9p,+7p,

V <10p, +3p, +4p,
V < p, +8p, +5p;

Rearrange these inequalities and add slack variables 7, s, ¢ and . Now, maximise
P =7V, subject to:

V—p-9p,~Tp,+r=0
V—-10p, -3p,—4p,+s=0
V—1p ~8p,~5p,+t=0
P1+P2+p3+u:1

D> Pys Py T58,0,u =0
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1 b First, check if we can reduce the pay-off matrix. The row maximin = 2.
The column minimax = 1, so the game has no stable solution. We cannot use row or column
dominance to reduce the matrix. To use linear programming, we need to make sure all entries in
the pay-off matrix are positive. Hence, we add 5 to every value in the table:

B plays 1 | Bplays2 | B plays 3

A plays 1 2 7 4
A plays 2 4 3 6
A plays 3 7 1 3

Now, assume A4 plays 1 with probability p;, 2 with probability p> and 3 with probability p;.
We have p + p, + p, =1. The expected pay-offs are:

If Bplays 1= 2p +4p, +7p,
If Bplays2=T7p +3p, + p,
If Bplays3=4p +6p, +3p,

Now let V' be the value of the transformed game. 4 will want probabilities such that:
V< 2p +4p, +7p;

Rearrange these inequalities and add slack variables r, s, ¢ and u. Now, maximise
P =V, subject to:

V-2p—-4p,-Tp,+r=0

V=Tp,=3p,—p,+5s=0

V—4p —6p,—3p,+t=0

pt+p,+p+u=l1

D> Dy Py T58,0,u =0
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2 First, check if we can reduce the pay-off matrix. The row maximin = —1. The column minimax = 1, so
the game has no stable solution. We cannot use row or column dominance to reduce the matrix. To
use linear programming, we need to make sure all entries in the pay-off matrix are positive. Hence,
we add 4 to every value in the table:

B plays 1 | B plays 2 B plays 3
A plays 1 6 1 3
A plays 2 2 8 >
A plays 3 5 3 4

Now, assume A4 plays 1 with probability p;, 2 with probability p> and 3 with probability p;.
We have p + p, + p, = 1. The expected pay-offs are:

If Bplays 1= 6p +2p, +5p,
If Bplays 2= p +8p, +3p,
If B plays 3= 3p, +5p, +4p,

Now let V' be the value of the transformed game. 4 will want probabilities such that:
V< 6p +2p,+5p,

Rearrange these inequalities and add slack variables r, s, # and . Now, maximise
P =V, subject to:

V—6p —2p,~5p,+r=0

V—p—8p,-3p,+s=0

V-3p —5p,—4p,+t=0

ptp,tp,tu=1

D> Do Py T58,0u =0
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3 a First, check if we can reduce the pay-off matrix. The row maximin = 2.
The column minimax = 2, so the game has no stable solution. We cannot use row or column
dominance to reduce the matrix. Next, we re-write the game from B’s perspective:

Aplays 1 | Aplays2 | 4 plays 3

B plays 1 5 -3 -1
B plays 2 —4 3 2
B plays 3 -1 -2 1

To use linear programming, we need to make sure all entries in the pay-off matrix are positive.
Hence, we add 5 to every value in the table:

A plays 1 | A plays 2 | 4 plays 3

B plays 1 10 2 4
B plays 2 1 8 7
B plays 3 4 3 6

Now, assume B plays 1 with probability p;, 2 with probability p> and 3 with probability p;.
We have p + p, + p, =1. The expected pay-offs are:

If A plays 1 = 10p, + p, +4p,
If A plays2= 2p +8p, +3p,
If A plays3=4p +7p, +6p,

Now let V' be the value of the transformed game. B will want probabilities such that:
V<10p, + p, +4p;

e
e

<2p, +8p, +3p;
<4p +7p,+6p;

Rearrange these inequalities and add slack variables 7, s,  and u. Now, maximise P = V, subject to:
V—-10p, —p,—4p,+r=0

V-2p —8p,—3p,+s=0
V—-4p, —Tp,—6p,+t=0
p1+p2+p3+u:l

D> Do Py T58,0u =0
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3 b First, check if we can reduce the pay-off matrix. The row maximin = —2.
The column minimax = 1, so the game has no stable solution. We cannot use row or column
dominance to reduce the matrix. Next, we re-write the game from B’s perspective:

A plays 1 | A plays 2 | 4 plays 3
-2
B plays 1 3 1
4
B plays 2 -2 2
2
B plays 3 1 -1

To use linear programming, we need to make sure all entries in the pay-off matrix are positive.
Hence, we add 3 to every value in the table:

A plays 1 | A plays 2 | 4 plays 3

B plays 1 6 4 !

B 7
plays 2 1 5

B plays 3 4 2 >

Now, assume B plays 1 with probability p;, 2 with probability p> and 3 with probability p;.
We have p + p, + p, =1. The expected pay-offs are:

If A plays 1= 6p + p, +4p,
IfAplays2=4p +5p, +2p,
IfAplays3= p +7p,+5p,

Now let V' be the value of the transformed game. B will want probabilities such that:
V< 6p +p,+4p;

e
e

4p, +5p,+2p;

<
Sp+7p,+5p;

Rearrange these inequalities and add slack variables 7, s,  and . Now, maximise
P =1V, subject to:

V—6p,—p,—4p,+r=0
V—4p ~5p,—2p,+5=0
V-p-Tp,-5p,+1=0
ptp,tp,tu=1

D> Pys Py T58,0u =0
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3 ¢ First, check if we can reduce the pay-off matrix. The row maximin = —1. The column minimax
= 1, so the game has no stable solution. We cannot use row or column dominance to reduce the
matrix. Next, we re-write the game from B’s perspective:

Aplays 1 | Aplays2 | 4 plays 3

B plays 1 -2 2 -1
B plays 2 3 —4 1
B plays 3 1 -1 0

To use linear programming, we need to make sure all entries in the pay-off matrix are positive.
Hence, we add 5 to every value in the table:

A plays 1 | A plays 2 | 4 plays 3

B plays 1 3 7 4

B 6
plays 2 8 1

B plays 3 6 4 >

Now, assume B plays 1 with probability p;, 2 with probability p> and 3 with probability p;.
We have p, + p, + p, =1. The expected pay-offs are:

If A plays 1 = 3p, +8p, +6p,
IfAplays2=T7p + p, +4p,
If A plays3=4p +6p, +5p,

Now let V' be the value of the transformed game. B will want probabilities such that:
V<3p +8p,+6p,

V<7p+p,+4p;

<
V<

Rearrange these inequalities and add slack variables 7, s, ¢ and . Now, maximise
P =7V, subject to:

V—-3p,—8p,—6p,+r=0
V=Tp —p,—4p,+s=0
V—4p —6p,=5p,+t=0
p1+P2+p3+u=l

D> Dy Py T58,0u =0
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4 a Add S5 to all elements

B plays 1 B plays 2
A plays 1 4 6
A plays 2 8 1
A plays 3 3 7

Let A play 1 with probability p,

and A plays 2 with probability p,

and A play 3 with probability p;

Let the value of the gameto Abevand v = v +5

Maximise P =V

Subjectto 4p, +8p, +3p, 2V =V -4p —8p, -3p,+r=0
6p,+p,+7p, ZV=>V—-6p,—p,—Tp;+s=0

PPty S1=p+p+p+i=l

P> Pys P3s 15 5,120

b Using part a we can write

bv | V | pi | p2 |p3 r s t Value
rl1 |48 3[1]0]o] O
sl1 ||l lol1]o] ©
clol1 |11 lolo] 1] !
pl-1|ofoflolofofo] Y

¢ The value of the game for 4 when the strategy is to play 1 with probability g and 2 with

probability % can be calculated as follows:

7 2 44
IfBplays1 =4.—+8-=Z=—
Py 9 9 9
7 2 44
IfBplays2=6-—+1-==—
Py 9 9 9

) 44 1

The value of the game for 4 is thus ?— 5:_5
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Aplays 1 | Aplays?2 Aplays1 | Aplays?2
B plays 1 5 -1 Adding B plays 1 9 3
B plays 2 -2 3 4 to all B plays 2 2 7
B plays 3 -3 4 elements B plays 3 1 8

Let B play 1 with probability g,
Let B play 2 with probability ¢,
Let B play 3 with probability g;
Let the value of the gameto Bbe vand v = v + 4

Maximise P =V

Subject to

99,+2q,+q, =2V V-99,-2q,—q;+r=0
3, +7q,+8q, =V V-3q,-7q,—8¢q,+s5=0
Gi+q,+q; <1 Gtq+q+i=1

41> 95> 45> 7> 8, £ = 0

Using part a we can write

bv | V | p1 | p2 |p3 r s t Value
rl1 9|21l 1]0]o] ©
s |1 |=3|7|=8]o0o]1 |0 0
tlol1 |1 l1lolo|1| !
pl-1lololo]lo|o|ol| ©

Since A has only the two choices of playing 1 or 2, the value of the game for this strategy for B can

be calculated as follows:

7 6 17

IfdAplays1 =5 —-3.—=—
Py 13 13 13

7 6 17

IfAplays2= ——+4.—=—
Py 13 13 13

Hence the value of the game for B is %
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6 a The row maximin = 2. The column minimax = 4. These are not the same, so by the stable solution
theorem we know that this game has no stable solution.

b We notice that row 1 dominates row 3, so row 3 can be removed. Updated game:

B plays 1 | B plays 2 | B plays 3
A plays 1 5 3 -1
A plays 2 4 5 2
A plays 4 7 -2 4

¢ To use linear programming, we need to make sure all entries in the pay-off matrix are positive.
Hence, we add 3 to every value in the table:

B plays 1 | B plays 2 B plays 3
A plays 1 8 6 2
A plays 2 7 8 >
A plays 4 10 1 7

Now, assume A4 plays 1 with probability p;, 2 with probability p> and 4 with probability ps3.
We have p + p, + p, = 1. The expected pay-offs are:

If B plays 1 = 8p +7p, +10p,
If Bplays2= 6p, +8p, + p,
If Bplays3=2p +5p,+7p,

Now let V' be the value of the transformed game. 4 will want probabilities such that:
V< 8p +7p,+10p,

e

<
V<

2p,+5p, +7p;

Rearrange these inequalities and add slack variables 7, s,  and . Now, maximise
P =V, subject to:

V—8p,+7p,+10p,+r=0

V—6p +8p,+p,+5=0

V=2p+5p,+Tp,+t=0

ptp,tp,tu=1

p13p23p3gr,s,t,u>0
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