Further Mechanics 1 SolutionBank

Elastic collisions in two dimensions 5A

1
u
a
B
v
1 3 4 . 3 ,
a e= 3 tano = 2 = CosO = 3 and sino = 3 (from Pythagoras’ theorem)

For motion parallel to the wall:

veos f=ucosa :>vcos,3=%u 1)

For motion perpendicular to the wall:
vsin B =eusina
1 3 1
vsin B=—Xux—=—u 2
B 3 b (2)
Squaring and adding equations (1) and (2) gives:
16 1

vicos® f+visin® f=—u'+—u’

d p 25 25

17
vi(cos® B +sin’ B) = —u’
(cos” B 5 75

b Dividing equation (2) by equation (1) gives:
1
tanﬁ:j—”:lzo.zs
gu 4
B=14.04 2d.p.)
tano = 3 =0.75
4

o =36.87° (2 d.p.)

Angle of deflection = ox + 8 =36.87+14.04 =50.9° (1 d.p.)
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For motion parallel to the wall:
7
?ucos P =ucos30°

Tu 3u
—cosff=—— 1
2 B > @

For motion perpendicular to the wall:
Tu . .
?u sin f = eusin30°

Tu eu
—sin f=— 2
2 B > (2)

Squaring and adding equations (1) and (2) gives:

4 . 1
6—u2 cos’ [3+6—Zu2 sin’ B = 3u2 +—e’u’

4 4 4
2
%uz(coszﬂ+sin2 B)= uz(%+%j
£=3+e2
16
e=—=e=—
16 4
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3
u
a
B
v
3 12 . 5
a e=—, tano=—=coso=— and sina=— (from Pythagoras’ theorem)
5 12 13 13

For motion parallel to the wall:

veos f=ucosa :>vcos,8=%u 0))

For motion perpendicular to the wall:
vsin f =eusina
5 3

3
1 e fr— _——=— 2
vsin g ><u><1 0 u ?2)

Squaring and adding equations (1) and (2) gives:

144 9
vicos® f+visin® f=—u’+—u’
P P 169 169
153

vi(cos® B+sin’ B) = —u>

(cos” B 5 169
e V153u \Jox17u _ 3\17u

13 13 13
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4
u
o
B
~u
1 . 2 ,
tanq =2 = coso = @ and sino = ﬁ (from Pythagoras’ theorem)

For motion parallel to the wall:

3—ucosﬂ =ucosa

4

3u u

—cosff=—F= (1)
4 p J5

For motion perpendicular to the wall:
3u . .
Tsmﬂ =eusina

%usin p=2 )

5

Squaring and adding equations (1) and (2) gives:

9 9 . 1 4
—u’cos’ f+—u’sin’ f=—u’+—-eu’

16 16 5 5
—u (cos” /+sm = —+—
16" (cos™ S P)=u R
B g

» 29 29

e = =
64 8
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S Before the impact: After the impact:

8c0s30°m st
8ms)

8sin30°

30° 30°

. 1
The component of velocity parallel to the slope is 8sin30° =8 x 5 =4
Perpendicular to the slope: v =ex8c0s30° = Z x 8% £ =3

2
Therefore the speed immediately after impact =\ 4> + = \/B ms”'

6 Before the impact: After the impact:

10m s 10c0s20°m s

: o -1
10sin20°m s 10sin20°

20°

The component of velocity parallel to the slope is 10sin20°
Perpendicular to the slope: v =ex10cos20° = % x10cos 20° = cos 20°

Therefore the speed immediately after impact

= \/(IOSin2O°)2 +(4¢0s20°)* =+/25.826=5.08ms ™" (3 s.f)
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7 a Before the impact: After the impact:
5V2cos45°m s

5V2m sy

<

5V2sin45°m s

45°

1
V2
_1 R

Perpendicular to the slope: v = %x 572 cos45° = 5 x 532 x 5 =25

N

Therefore the speed immediately after impact = V52 +2.5 =4/31.25=5.59ms™ (3 5.f)

The component of velocity parallel to the slope is 5\/5 sin45° = 5\/5 X—==5

b The impulse is perpendicular to the surface:

T = mv —m(=5+/2 cos 45°)

zi(g_(_s)): >, 15 =§=5.625Ns

—_ X —
4 4 2
8 Before the impact: After the impact:
-1
75ms'y 7.5cosams
7.5sinams™

7.5sina

3 4 . 3
tanor = 2 =cosa = 3 and sina = 3 (from Pythagoras’ theorem)
. 3
The component of velocity parallel to the slope is 7.5sinot =7.5X 3 =45

4
Perpendicular to the slope: v=eX7.5cosa=eXx7.5%X 37 6e
The speed immediately after impact is Sms, so
5° =4.5" +(6e)’
25=20.25+36¢"

e’ = 475 =0.13194...
36

=036 (2sf)
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(51— 3j)ms™

(pi+gj)ms,

a Let the velocity v of the ball immediately after impact be pi + gj
Parallel to the wall: g = -3
Perpendicular to the wall: —p=ex5=2.5

So v=(-2.5i-3j)ms™"
b Kinetic energy before impact = % x0.8x(5°+3%)=13.6

Kinetic energy after impact = %x 0.8x(2.5°+3*)=6.1

Kinetic energy lost=13.6-6.1=7.51]

¢ Using the scalar product to determine the angle of deflection:

cosG:ﬂ
jul}v|
080 = 5(=2.5)+(=3)(-3) -3 -3.5 —0.15371

J5 13257 +3 Badis2s 22771
0=98.8° (3 s.f)

The angle of deflection is 98.8° (3 s.f.).

10

(pi + gjyms
(3i+ 6j)ms™

a Let the velocity v of the ball immediately after impact be pi + gj
Parallel to the wall: p =3
Perpendicular to the wall: —g=ex6=2

So v=(3i-2j)ms™
Speed =32 +2% =13 ms™
b Kinetic energy before impact = % x1x(3*+6%)=22.5

Kinetic energy after impact = %x 1x13=6.5

Kinetic energy lost=22.5-6.5=16J
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11

(4i+2j)ms™

a Letv=a+b, where a is parallel to the wall and b is perpendicular to the wall.

1 . . . o
ﬁ(i + j) is a unit vector in the direction of the wall

and % (—i+ j) is a unit vector perpendicular to the wall.

Parallel to the wall:

a=[(4i+2j).%(i+j)}%(i+j)=%x6x%(i+j)=3i+3j

Perpendicular to the wall:
b—l[(4i+2j)L(i—j)}i(—ﬂj)—lxix(4—2)xi(—i+j)—l(—i+j)
| AR g VAR

30v=3i+3j—1i+1j=[§i+9j ms™
337 (3 3

b Kinetic energy before impact = %X 2x(4°+2%)=20

I . 1 64 100) 164
Kinetic energy after impact = —x2x| —4+—— |=—
2 9 9 9

Kinetic energy lost= 20— % = % J

16
Proportion of kinetic energy lost = % x100=8.89% (3 s.f.)
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11c

Angle of deflection = a +

Consider triangle ABC

Angle ABC = 135°

Angle CAB = arctan % = 26.56505...°

o = 180° — 135° — 26.56505...° = 18.43494...°
Consider triangle CDE
Angle DEC = 45°

Angle CDE = 90° + angle CDF = 90 + arctan - =128.54980...°
B =180° —45° — 128.54980...° =6.34019...°

a+=1843494...° + 6.34019...° =24.8° (3 s.f.)
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For motion parallel to the cushion:

vcos ff =8cos45° :>vcos/5’=i @

NG

For motion perpendicular to the wall:
vsin f = ex8sin 45°

2 1 16
vsin f=—x8x—==—+— 2)
P m 5
Squaring and adding equations (1) and (2) gives:
vicos® B+visin® B =ﬁ+%

v (cos® B +sin’ B) = % =37.12

v=+37.12=6.09ms™"

Dividing equation (2) by equation (1) gives:
tanﬁ:£x£:2:0.4
5\/5 8 5
B=21.8°3s.f)
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13

a For motion parallel to the cushion:

veos ff =ucosS0° 1)
For motion perpendicular to the cushion:
vsin f = eusin 50° 2)
Dividing equation (2) by equation (1) gives:
tan f = eusin 507 = etan 50°

ucos50°

Hence B is independent of u.

b If the ball rebounds at right angles from its original direction: = 40°

From part a:
tan B = tan40° = etan50°
_ 40”204 3 s £)
n50°

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 1



Further Mechanics 1 SolutionBank

14
u
a
s
v
3 4 . 3 )
a tano = 2 = coso = 3 and sino = 3 (from Pythagoras’ theorem)
5 12 ) 5
tan = I =cosf= I and sinf = e (from Pythagoras’ theorem)

For motion parallel to the cushion:

13 4 13
veosfB=ucos = v=—X—-u=—u
12 5 15

o . 1
Kinetic energy before impact = 5 mu’

1, 56
—MmMu X—
2 225

Kinetic energy lost = Lo Lo oLy 1,100 e 1109
2 2 225

m
2 2 225 2
Kinetic energy lost _ 56

Fraction of kinetic energy lost = —— : =
Kinetic energy before impact 225

b For motion perpendicular to the cushion:
vsin f = eusino

13 5 3
—UX—=eux—
15 13 5
55 5

e: = —
15x3 9
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15
(2i +2j)ms™

impulse

g (5i —2)ms”

~

a Impulse = mv — mu
I=m(2i+2j)—m(51-2j)
I =m(-3i+4j)

_ _3:. 4
I—Sm( 51+5.])

The impulse acts in the direction of the unit vector (—%i + % J) = %(—3i +4 J)

b Component of (5i — 2j) in the direction of the impulse
i 1 11 1 1 23 1

= (5i—2j).=(3i+4j) |=(3i+4j)=—-x(-15-8)=(3i+4j) = — x = (=3i+ 4j
_(1 J)S( i J)_S( i+4j) 5( )5( i+4j) s 5( i+4j)

Component of (2i + 2j) in the direction of the impulse

1 1 1 1 2 1
=| (2i+2j).~(=3i+4j) |- (=3i+4j) ==X (=6+8)=(=3i+4j) = = X — (=3i+ 4j
(2i J)S(l J)5(1 J)S( )5(1 J)55(l ),

By Newton’s law of restitution:
2 23 2
—=ex—=e=—

5 5 23
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(2i + 3j)ms™

a Impulse = mv — mu
I =m(3i—j)—m(2i+3j)
I1=2(i—4j)

The impulse has magnitude 2\/ﬁ N's in the direction parallel to the unit VectorL (i- 4))
7

T

b Component of (2i + 3j) in the direction of the impulse

1 1 1 1 10
2i+3j).——(i—4j) |——(i—4j) = —— (2 - 12)——(i—4j) = —— (i— 4j
_( 30 \/17(l J)L/ﬁ(l ) \/ﬁ( )x/ﬁ(l U TR

Component of (3i — j) in the direction of the impulse

1 1 1 1 7
3 i 48 | — iy = 30 Ay (f— 4y = L (i — 4
_( i—j) ,—17(1 J)} ,—17(1 1), ,—17( +4) ,—17(1 ), 17(l 1))

By Newton’s law of restitution:
l:ex&:e:l=0.7
17 17 10

¢ Kinetic energy before impact = %x 2x (2 +3%)=13

Kinetic energy after impact = % x2x (3 +1°)=10

Kinetic energy lost=13-10=31]

17

a For motion parallel to the wall:
vcos(90°—a) =3vcosa
=sina =3cosa (as cos(90°— ) =sin )
=tana =3
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17b For motion perpendicular to the wall:
vsin(90° — o) = eusino

_veosar 1

1
9

e= - =
3vsina  3tano

For motion parallel to wall:

veosE =ucosa 1)

2
For motion perpendicular to wall:

vsin% =eusina =04usina (2)

Dividing equation (2) by equation (1) gives:

tan % =04tanc 3)
Using the identity:
tan(0+ ¢) = tan 6 + tan ¢
1—tanftan ¢
2tan§

2 g
1—tan 5

with 9=¢=%

tano =

o

Writing tan )

as ¢, and substituting into equation (3)

t=04x ifr#0

1-#
1-2=08
=02

Sot= tan% =402

= % =2409°= a=48.2° (3s.t)
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Challenge
Let angle of rebound from W, be 8 and let the point where W, meets W, be O

For motion parallel to wall W':
veos f=ucosa (§))]

For motion perpendicular to wall W;:
vsin f =eusina 2)

Dividing equation (2) by equation (1) gives:
0Q

tanﬂ=etana:>etana=T

Using Pythagoras’ theorem:
PQ* =00’ +1°
PQ* =é* tan’* o +1

So PO=+¢e tan’ o +1
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