Further Mechanics 1 SolutionBank

Elastic collisions in two dimensions 5C

6sin 10°

After ‘

No change in component of velocity perpendicular to line of centres.
So component of velocity for 4 = 6sin10°

Since B is stationary before impact, it will be moving along the line of centres.

Conservation of momentum along the line of centres gives:
2x6c0s10°=4w—2v

=2w—-v=6c0s10° 1

Using Newton’s law of restitution:

w+v=%x6cos10°=300s10° )

Adding equations (1) and (2) gives:
3w=9co0s10°= w=3cos10°

Substituting in equation (2) gives:
v=0

So, after the impact, 4 has velocity 6sin10°=1.04ms™ (3 s.f) perpendicular to the line of centres,
and B has velocity 3c0s10°=2.95ms™" (3 s.f)) parallel to the line of centres.
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Before

4sin30°

No change in component of velocity perpendicular to line of centres.
So component of velocity for 4 = 4sin30° =2

Since B is stationary before impact, it will be moving along the line of centres.

Conservation of momentum along the line of centres gives:
4x4c0s30°=4v+2w

= w+2v=8co0s30° 4))

Using Newton’s law of restitution:

w—v:§x4cos30°=§cos30° 2)

Adding equation (1) and 2 x equation (2) gives:

3w=(8+§]cos30°:> W=%x£=@

2 9

Substituting in equation (2) gives:

16\/_ 4 3 1043
v=y > yv=—

9

2 9

A has speed | [(2) + UO\/—J \/4+1200 \/208 4:/; 4\/9— s

A is moving at arctan 2 = arctan (i] = arctan ﬂ =46.1° (3 s.f.) to the line of centres
V3 1043 5

10¥>
9

163
B has speed Tms_1 along the line of centres
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Before

No change in component of velocity perpendicular to line of centres.

So component of velocity for 4 = 5sin45° = ﬂ

Since B is stationary before impact, it will be moving along the line of centres.

Conservation of momentum along the line of centres gives:
3x5c0s45°=3v+4w

15v2

:>4w+3v=T 1

Using Newton’s law of restitution:

52

w—v=lx500s45°=— ?2)
2 4

Adding equation (1) and 3 x equation (2) gives:

1572 1542 452
St TOWE g

4 28

Tw=

Substituting in equation (2) gives:

V= V=——
28 4 28 14

A has speed (SfJ 5\/—\ 5\/—1/ — 5\/—\/7 5\/— 2 ms”'

2)

) =arctan7 = 81.9° (3 s.f.) to the line of centres

- - S

(s
A is moving at arctanL

452
B has speed ms~ along the line of centres
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No change in component of velocity perpendicular to line of centres.
So for A, the component perpendicular to the line of centres is vsiné.

Conservation of momentum along the line of centres gives:

mycosd=2mv, —mv, = vcosf=2v, —v, a)

Using Newton’s law of restitution:
v +v,=evcosf=v =evcost—v, ?2)

Substituting for v; in equation (1) gives:
vcos@=2(evcosf—v,)—v, =2evcosd—3v,
_veosf(2e-1)
i 3
fan(90° — ) = 1 _vsinf _ 3vsing
tan @ v, vcosB(2e—1)

R 1 3tand
tand 2e-1
= tan’ @ = Ze-1
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5 After impact:

No change in component of velocity perpendicular to line of centres.

Conservation of momentum along the line of centres gives:

my=my,+my,=v=yv, +v, €))

Using Newton’s law of restitution:

2
VA—VB=§V 2)

Adding equations (1) and (2) gives: 2v, = %v =v, = %v

1
And by substitution v, = v

2 Je1
A has speed — —v = —v

A is moving at arctan— = arctang =50.2° (3 s.f.) to the line of centres.

(3)

. . . . 1 _
B is moving along the line of centres with speed —vms™'.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 5



Further Mechanics 1 SolutionBank

Before -----——--A-157#--—-—-1--------F--------

a Perpendicular to the line of centres, component of velocity of 4 is usina

Conservation of momentum along the line of centres gives:
MUCOSe = mv+mw =UCOSA =V+ W €))

Using Newton’s law of restitution:
w—v=eucosa 2)

Solving equations (1) and (2):
2v=ucosa —eucosa =ucosa(l—e)

usina 2usina 2tana
= tan f= = =

v ucosa(l—e) T l-e

b The path of 4 has been deflected through an angle equal to f— o
tan f—tana % —tana
l+tanotan f 1+tana 2e

tan(f - ) =

_2tana—(l-e)tana  (I+e)tana

l—e+2tan’a  2tan’a+l—e
1+e)t
Hence f —a:arctan((zeﬂ\
2tan"a+1-e
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7 a After impact: 35in45° 25in 60°

No change in the components of velocity perpendicular to the line of centres.

Conservation of momentum along the line of centres gives:

1% 200860°—2 x 300845° = 2v— w=>2v— w=1-32 a)

Using Newton’s law of restitution:

v+w=72(3cos45°+200s60°):>v+w=1+£

(2)
Solving equations (1) and (2):

3y = 2—@ = =§—¥ =-0.590ms™ (3 s.f)

2 2 &2 1 12
w=1+ +

=2.062ms™ (4s.f)
33 9 3 9

Kinetic energy lost in the impact = % x 2% ((3c0s45°)* —v?) +% x 1x ((2c0s60°)* — w*)

=2 % 2x((3cos 45°) —0.590°) + % x 1% ((2c0860°) —2.062°)
=4.1519-1.6259=2.531 (3 s.f)

b Impulse on B =1(w+2c0s60°)=3.06Ns (3 s.f)
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. . 4
8 a After impact: 3T sin 45° 5x<

v w

No change in the components of velocity perpendicular to the line of centres. So after the collision
the components of velocity perpendicular to the line of centres are 3ms ' and 4ms .

Conservation of momentum along the line of centres gives:

mx3\/§cos45°—mx5x§=mw—mv:>w—v=0 1)

Using Newton’s law of restitution:

v+w=§(3\/§cos45°+5x%):>v+w=4 ?2)

Solving equations (1) and (2) gives v=w=2

A has speed V2> +3* = J13ms™
B has speed 2* +4* = J20=245ms™

43
=—m

b Total kinetic energy before impact = %x mx(332)* + % xmx5° J

o . 1 1
Total kinetic energy after impact = 5 X m X (\/E)2 + 5 X m X (2\/§ ) = % ml

43-33 10
43 43

Fraction lost=
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2i+j

Before After

Line of centres parallel to j so no change in the components of velocity parallel to i

Conservation of momentum along the line of centres gives:

2x1+4x1=2xs5-4xt=>s5-2t=1 6))
Using Newton’s law of restitution:

s+t=%(l+l):>s+t=l 2)

Solving equations (1) and (2):
3s=3=s5=1
And by substitution =0

Velocity of 4 is 4i +j ms™
Velocity of B is 2i ms ™'
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10

After __

Line of centres parallel to i so no change in the components of velocity parallel to j

Conservation of momentum along the line of centres gives:
3xl-1x4=w-3v=>w-3v=-1 4))

Using Newton’s law of restitution:

v+w=%(4+l):>4v+4w=15 2)

Solving equations (1) and (2):

dw—-12v=—4
=16v=19
19 41
=DV=—, W= —
16 16

2
After the impact, speed of 4=,[3’ + [%} =323ms™ (3s.f)

2
Speed of B=,[2>+ (%} =3.25ms™ (3s.9)
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11

Before

After

Line of centres parallel to i so no change in the components of velocity parallel to j

Conservation of momentum along the line of centres gives:

Ix2-2x1=2w—v=2w-v=0 4))
Using Newton’s law of restitution:

v+w=%(2+1):>5v+5w=9 2)

Solving equations (1) and (2):

15w=9:>w=% andv=E

As components of velocity unchanged parallel to j all kinetic energy lost is parallel to i

ORI TR
Kinetic energy lost=—x1x| 2°—| = | |+=x2x|*=|=| |=—=1.92]
2 5 2 5 25
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12 a Let velocity of B immediately after the collision be v
Using conservation of momentum:
m(2i+5j)+2m(3i— j) = m(3i+2j)+2mv
2v=1i(24+2x3-3)+j(5-2x1-2)=5i+]j

v=—i+—_j
2

b Impulse on A =m((3i+2j)—(2i+5j)) =m(i+3j)

Therefore the line of centres is parallel to L(i -3j)

J10
13 a Let velocity of B immediately after the collision be v
Using conservation of momentum:
3m(3i—-5j)+m(4i+j)=3m(4i—-4j)+mv
v=i3x3+4-3x4)+j(-3x5+1+3x4)=i-2]j

Speed of Bis V1 +27 = \/gms_1

b Kinetic energy lost = 37’” (32 +5%)— (42 +4%) + % (4> +1%)=5)

:%(3(34—32)+(l7—5)}=%(6+12)=9m J

14 a Let velocity of B immediately after the collision be v
Using conservation of momentum:
2m(2i+5j)+ m(2i—-2j) = 2m(3i + 4j) + mv
v=i2x2+2-2x3)+j(2x5-2-2x4)=0

b B is brought to a halt in the collision, therefore the line of centres must be parallel to the

2
original direction of motion of B, i.e. T(i -J)

. . B

In this direction, speed of A before impact = (2i +5 j).T2 i-j= 72 2-5= —37

Speed of A after impact = (3i+ 4j).g(i -j)= %(3 —4)= _%

Speed of B before = 2\/5
Speed of B after =0

Therefore the impact law gives e =

1
N

2
2
R

ol
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15 After impact: \5sina

\13sinf

Before collision, components of velocity of 4 are 1 ms ™' perpendicular to the lines of centres and
2ms " parallel to the line. The components of the velocity of B are 3ms™' perpendicular to the line,
and 2ms " parallel to it.

Conservation of momentum along the line of centres gives:
2x2-1x2=1xw-2xv=>w-2v=2 1)

Using Newton’s law of restitution:
w+v=e(2+2)=2=>w+v=2 2)

Solving equations (1) and (2): > w=2,v=0

After the collision, the speed of 4 is 1 ms ™ and speed of B is V32 + 22 =13 ms™
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—_—
usin45° v w

Parallel to the line of centres, using conservation of momentum and the law of restitution gives:
mucos45° = mv+mw and w—v = eucos45°

By subtracting:
2v=ucos45°(l—-e)
e uN2(1—e)
4
_usin45° 2

So tana = =
(uﬁ(l—e)) l—e
4

0=a-45°
tan ¢ —tan 45° -1 2-14+e l+e
= tanf = = = =

2
1-e
l+tanatan45° 1+2 l-e+2 3-e
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Challenge

. . . 1
Tangent perpendicular to radius = sina =—

Initial components of velocity of 4 are ucosa parallel to the line of centres, and usina perpendicular
to the line of centres.

Conservation of momentum along the line of centres gives:
mucoso = myv+mw=ucosa=v+w 1

Using Newton’s law of restitution: 2)
W—V=eucosa

Subtracting equation (2) from equation (1) gives:
2v=ucosa—eucosa

-3)
ucosa|l——
2) ux

2

==

;/[\)N‘&
N

u
usinar  \ 2

tan(0+a) =

1+tan(@+a)tan o _1 4

4 1 3
tand — tan(0+a)—tana \/5_\/51 _ [\B] 9 33
"B ( 3
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