Further Mechanics 1 SolutionBank

Review Exercise 1
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voms'y  Ground
As ball descends
u=0,a=98,s5=10,v= VI <« The ball is released from rest 10 m above the
2_ .2 ground. The first step is to calculate the speed with
Vi =ut+2as which the ball strikes the ground.
v =0"+2x10x9.8 =196
y, =~/196 =14
After rebound
v=0,a=98s=-25u=v, < You must then use the fact that the ball reaches a
2 2 maximum height of 2.5 m to find the velocity with
v:=u"+2as
which it rebounds from the ground.
0’ =v; +2x9.8x(-2.5)=v; =49
v, =—49 =-7 < As it rebounds from the ground, the ball is moving
I =mv. —my upwards. That is in the negative direction. You
2 ! must take the negative square root of 49, which is
=0.3x(-7)-0.3x14=-6.3 7.

The magnitude of the impulse is 6.3 N.
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2 a m=0250kg, mu=2Ns,u =0.2,v=0ms ', s =2

Resolving vertically:
R=mg

Friction is limiting, so F =uR = umg

Impulse on car = change of momentum of car:
Ft=mv—mu

umgt =0—(-2)
2
t=—"—
pumg
s=3(u+v)t
s :l(iwji
2\m umg
N 2 2 =16.3265...

T um’g 02x0257x9.8
The racing car travels a distance of 16 m (2 s.f.) past point 4 before coming to a stop.

b The car stops in a shorter distance because there will be additional frictional forces acting on it
(e.g. air resistance) which will increase the deceleration.
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3 Positive direction

Before 6ms ' 2ms

—
A4 (04kg B

>, 1
After yms 3ms

16}

a Conservation of linear momentum

SolutionBank

The total linear momentum before impact
must equal the total linear momentum after
impact.

O.4><6+O.3x(t2): 0.4xv+0.3x3
24-0.6=0.4v+0.9
0.4v=24-0.6-0.9=0.9
_ 09

The velocity of B before impact is in the
negative direction so it must be entered
as —2 in any equations involving linear
momentum.

The velocity of 4 is positive (2.25 ms ")

v=—-=225 &
0.4

The speed of 4 after the collision is 2.25 m s

The direction of motion of 4 is unchanged.
b For B,I1=mv—mu
I1=0.3x3-0.3x(-2)<
=0.9+0.6=1.5

The magnitude of the impulse exerted on Bis 1.5 N's

4 Positive direction (East)
Before 12ms 6ms’
_> 4_
S (2000 kg T
After vym ! (3.6 m s_l)
a For S, I=mv—mu

—28800=2000xv, —2000x12
2000v, = -28800 + 24000 = -4800

4800
2000

The speed of S immediately after the collision
is24ms’' <

after impact and it was positive (6 ms ')
before impact. So the direction of motion
of A is unchanged.

You do not know which direction S will be
moving in after the impact. Mark the
unknown velocity as vm s ' in the positive
direction. After you have worked out v, the
sign of v will tell you the direction in which
S is moving.

b Immediately after the collision S is moving due west.

Y

The sign of v is negative, so S is moving in
the negative direction. In this solution, the
positive direction has been taken as east, so S
is now moving west.
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4 ¢ Conservation of linear momentum

2000x12+mx(—6) =2000x(-2.4)+mx3.6
28800

9.6m =24000+4800=28800=m = =3000
The mass of 7'is 3000 kg
5 Positive direction -
Before 3ms’! 2ms’!
— e
A B 04kg

You need to translate the statement that
‘the speed of Bis 0.8 ms ' greater than

—> - 1 the speed of 4~ into algebra. If the speed
After v?" s (v408)ms of 4 after the collision is v m s then the
speed of Bis 0.8 ms ' greater; that is
(v+0.8)ms"

a Conservation of linear momentum

0.5x3+0.4%x2 =O.5><v+0.4(v+0.8)
1.5+0.8=0.5v+0.4v+0.32
0.9v=1.5+0.8—-0.32=1.98

198
0.9

. . . 1
The speed of A after the collision is 2.2 m s / To find the speed of B

-1
The speed of B after the collision is (2.2 +0.8) ms ' =3 ms" i(flif)'g ms 1o the speed

A

All velocities in this part are in the
positive direction.

v 2.2

b The momentum of 4 before the collision is given by

mu=05x3Ns=15Ns < The momentum of a particle is its
mass times its velocity.
Momentum is a vector quantity.

The momentum of 4 after the collision is given by

mv=05x22Ns=1.1Ns <

A loses a momentum of (1.5-1.1)Ns = 0.4 N's, as required.
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Before —a»
Obstacle on
|' the table
Alter «—

l msg!

For B, before and after the second impact

I=mv—mu
:0.4><(—1)—O.4><3

SolutionBank

=16

The magnitude of the impulse received by B
in this second impact is 1.6 Ns

Positive direction

Before 4ms’!

Left to right has been taken as the
positive direction throughout the
question. The impulse on B is
negative as, as the situation is
drawn here, the impulse on B is in
the direction from right to left.

>
=3
@

N
+
&
A

yms
Conservation of linear momentum
4x3+2%x1.5=5x%xv

12+3=5v:>v=1?5=3

The speed of C immediately after the collision is 3 m s™

After the collision 4 (of mass 3 kg)
and B (of mass 2 kg) combine to
form a single particle. That particle
will have the mass which is the

sum of the two individual masses,
5kg.
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Positive direction

Before 4ms Tms
4—
P 0
«— —
After 2ms! Ims’!

Conservation of linear momentum

v v
3x4+mx(—4)=3x(-2)+mx1
12-4m=-6+m=5m=18
==

m 3.6

In the equation for the conservation of
momentum, you must give the velocities in the
negative direction a negative sign.

For O, I=mv—-mu <
I=3.6><1—3.6><(—4)
=3.6+14.4=18

The magnitude of the impulse exerted on O
in the collision is I8 N s <

As the magnitude of the impulse exerted on P is
the same as the magnitude of the impulse exerted
on Q, you could equally correctly work out the
change in linear momentum of P. The working
then would be 7 =3x (—2) —3x4=-18, which

gives the same magnitude, 18 Ns

—4i+4j=0.2v-0.2x30i

v=10i+20jms™

Final velocity
20
=R g ;
T » Original veloeity
tand = 20
10

0=634

K.E.lost

:lxo.2><302—l><0.2(102+202)
2 2
—407

Impulse = change of momentum
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(2 s e
9 a v= (t + 2) i-6fj / Differentiate to find a.
a=2ti—6j

Use F=ma to find F.

F=0.75(26-6j) <

Make t=4

A

t=4

F =0.75(8i—6j)

=6i—4.5j
The magnitude of F is the modulus of the
|F| = (62 +4.52) =75N <«— vector.
b I=pi-pj < Impulse is parallel to i — j
1= \(p*+p*)=pV2
But |I| =92 .~ p=9 < Impulse = change of momentum

9i-9j=0.75(v—(27i-30j))

36i—36j=3v—81i+90j \

3v=117i—-126j For the initial velocity, t=5

v=39-42jms"’

10a 1=02((15i+15j)—(-10i)) ~ *—u [ =
= 5i+3j Impulse = change of momentum
[ 2, 2
|I| - (5 +3 ) - \/ﬁ —— | The magnitude of the impulse is the
—583Ns modulus of the vector.
b
3
&
3
tanf = 3
5
0 =31"(nearest degree)
¢ K.E.gained

:lxo.zx(lsz+152)—l><0.2x102
2 2

=35J
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11a v={(2i+66)dt
=2i+3j+c < Don’t forget the (vector)
t=0v=2i—4j constant of integration.
se=2i—4j

v=(2t+2)i+(3 - 4)j

b 1=2v=06i+38] < Find the velocity immediately
3i-1.5j= 0.5(V—(6i+8j)) before the impact.
6i—3j=V —6i-38] \ Impulse = change of momentum
V =12i+35j

Speed is the modulus of the
velocity.

A

V|=(12°+5%) =13

Speed =13ms™'

12 m=1250kg, u =0.05,5s=750m

a
Fis
___,___-—-F-'V
F=uR _
—— il
P
$ !
1250g N
750m —
| Jth
/7
50

Resolving perpendicular to the slope:
R =mgcos5
Friction is limiting, so F = uR

F = umgcos5
F=0.05x1250%x9.8cos5=610.16...

The frictional force between the sled and the slope is 610 N (3 s.f.)
b The frictional force acts along the slope, so work done against friction, Wpg:
W,.=Fs

W, =610x750=457500
The work done against friction is 458 kJ (3 s.f.)
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12 ¢ Work done against gravity, Ws = mgh
h=750sin5

W, =1250x9.8x750sin5 = 800743
The work done against gravity is 801 kJ (3 s.f.)

13 Wg=1960017J, s =25m, m=1000 kg

R

1000g N
25m
h

g
W, =mgh
h=25sin6
19600 =1000x9.8 x25sin &
25sin @ = M =2

9800

sinf = 2 as required.
25

14 m=4kg h=40m

a From the conservation of energy:
K.E. gained = P.E. lost

Final K.E. = mgh
Final K.E.=4x9.8x40=1568

When the rock hits the sea, its kinetic energy is 1568 J

b Work will be done against the opposing air resistance and the final kinetic energy will therefore be
reduced.
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15 m=200kg, u=2ms ', v=15ms ', s=200m

a Loss of kinetic energy = initial K.E. — final K.E.
K.E. lost = L mu® — L mv*

K.E. lost = %m(u2 —vz)

K.E. lost = £x200(2* -1.5°) =175
The cable car loses 175 J of kinetic energy.

b Potential energy gained, P.E. = mgh

200m

30°

h=200sin30
P.E.=200%x9.8x200sin30=196000

The potential energy gained is 196 kJ (3 s.f.)
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The change in the potential energy

of P depends on the vertical distance it
has moved. You find this using
trigonometry.

a Let the vertical distance moved by P
be A m.

gz sin30° = h =3sin30° =1.5

The potential energy gained by P is given by
PE =mgh=2x9.8x1.5=29.4

Let the speed of Pat Bbe vm s™
The kinetic energy lost by P is given by

K.E.= lmu2 —lmv2
2 2

=l2><102 —lsz =100—v*
2 2

Using the principle of conservation of energy

100—v* =29.4 < If no forces other than gravity are acting
on the particle, as mechanical energy is
V2 =100-29.4 =70.6 P anical enerey
conserved, the loss of kinetic energy

v=~70.6 =8.402... must equal the gain in potential energy.

. 1
The speed of Pat Bis 8.4ms  (2s.f.) As a numerical value of g has been used, you

\ should round your final answer to 2 significant

figures. Three significant figures are also
acceptable.
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16b

Let the normal reaction between the particle
and the plane have magnitude R N.

R(N)R=2gcos30’
The frictional force is given by
F =pR=p2gcos30’

The kinetic energy lost by P is given by

K.E.=—mu’ —lmv2
2 2

=l2x102—l2x72=51
2 2

The potential energy gained by P is the same =~ «————— The vertical height moved is the same
as 1in a. asin a.

The total loss of mechanical energy, in J, is
51-29.4=21.6

The work done by friction is given by

work done = force x distance moved
W =uRx3=pn2gcos30’°x3=pux50.922...

Using the work—energy principle

< The work done by the friction is
ux50.922...=21.6 => pn=0.424... equal to the total loss of energy of the
particle.

The coefficient of friction is 0.42 (2 s.f.)
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17 a

r

In moving from S to 7, P descends a vertical
distance of 4 m, where

o =sin30° = A =12sin30"=6 < The change in the potential energy
of P depends on the vertical distance
it has moved. You find this using

trigonometry.

The potential energy, in J, lost by P is given by
mgh =0.6x9.8x6=35.28

The kinetic energy, in J, lost by P is given by

2

lmuz —%mvz :%m(tﬂ —Vz)

=%x0.6><(102—92)=5.7

As P moves from S to T both kinetic
The total loss of energy of Pis < and potential energy are lost.

(35.28+5.7)J =40.987 = 41J (2 5.f)
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17b

30°

Y
0.6g

Let the normal reaction between the particle
and the plane have magnitude R N.

R(/)R=0.6 g cos30’

The frictional force is given by Friction opposes motion and acts up
F =pR =p0.6gcos30" = x5.09229... the plane. The work done by friction
against the motion of the particle
VTN equals the total loss of energy of the
The work done by friction is given by X
. particle. You should use the unrounded
work done = force x distance moved
answer from a for the total energy loss.
W=Fx12=ux61.106...

Using the work—energy principle
ux61.106...=40.98 = n =0.6706

The coefficient of friction is 0.67 (2 s.f.)
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3 . 3
18a tana=Z:> sma=g,cosa=

|

R
R
5
3
UR 25m hm "
4
This diagram illustrates that if
a []
A + 3 . 3 4
tana = —,sina = —andcosa = —
4 5 5
4g
Let the normal reaction between the particle
and the plane have magnitude R N.
4
R(N)R=4gcosa = 4X9'8X§ =31.36
The work done by friction is given by
work done = force x distance moved
W =uRx AB < The magnitude of the frictional force is
o) given by F'=pR for the particle’s motion
= 7 x31.36x2.5=22.4 both up and down the plane. The direction
Lo . . of the frictional force changes but its
The Work done by friction in moving from 4 magnitude does not.
toB1s22.41]

b Let the vertical distance moved by P in moving from 4 to B be & m.

i=sin05:>h=2.5><§=1.5
2.5 5

The potential energy, in J, gained by P in
moving from 4 to B is given by

mgh =4x9.8x1.5=58.8

Let the speed of Pat Abe ums™'

The kinetic energy, in J, lost by P in moving
from 4 to B is given by

At B the particle is instantaneously at
rest and has no kinetic energy. So all of
the initial kinetic energy has been lost.

A

2 2
—mu” =2u

The mechanical energy, in J, lost by P in
moving from 4 to B is given by

2u’>-58.8 < In moving from 4 to B, kinetic energy has been
lost and potential energy gained. The
Using the work—energy principle difference between the values is the net loss.
22.4=2u"-58.8
58.8+22.4
uw=""""""=406

u=+40.6 =6.371...

The speed of Pat A is 6.4 m s ' (2s.f)
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18 ¢ Let the speed of P when it returns to A be vm s~

The work done by friction as P moves from

B to A is the same that it does as P moves The work done depends on the normal reaction

from A4 to B. Hence the total work done by and the distance moved. Both the reaction and the

friction is distance are the same as when the particle moves

2%x22.4=44.8] < from 4 to B and from B to 4. So you can find the
total work done by friction by doubling your

.. answer to a.

By the work—energy principle

44.8 = l mu’ — l mv? < As the particle is now at the same level as it
started, there is no change in its potential energy.

=2%40.6 —21? So the change in mechanical energy is just the loss
in kinetic energy.
S = 81.2-44.8 ~182

v=+/18.2 =4.266...

The speed of P when it returns to 4 is 43 m s ' (2 s.f)

A

3 .3 4
19a tana = 2 = sina g,cosa = 3 You can sketch a 3, 4, 5 triangle to check

these relations.

As B descends a distance 4, A moves a
distance /4 up the plane. Let the vertical
displacement of 4 be y.

Z=sinoz§:>y=zh
h 5 5

«— ~

The potential energy lost by B is 2mgh 1}}[3 has mass 2m and descends a distance
The potential energy gained by A4 is

3 3
mgy =mgx—h==—mgh < A has mass m and ascends a vertical

5 5 i

- . . 1stance 3
The net loss in potential energy of the system is o

2mgh — % mgh = %mgh
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19b ForA4

'

mg
Let the normal reaction between the particle
and the plane have magnitude R N
R(N)R=mgcosa = mgx%: %mg

The work done by friction is given by
work done = force x distance moved

W =uRxh
5 4 1
=—x—mgxh=—mgh
g 5 e TS

The gain in kinetic energy is

lmv2 +l(2m)v2 = 3mv2 <
2 2 2

Both particles start from rest, so the system
has no initial kinetic energy.

The net loss of mechanical energy is

Z mgh —— mv? < The total loss in mechanic energy is the

5 2 difference between the loss in potential energy
you worked out in a, less the kinetic energy

Using the work—energy principle gained.

A

l The work done by friction against the motion of the

2 particle A equals the total loss of energy of the
3, 7 1 9 system. Other than gravity, there is no force acting on
5 mv” =| ———|mgh=—mgh B. The only force causing the loss of mechanical
energy is the friction acting on 4.
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20a

25mst
—
Trailer Car
A
RN ~ . FN
T30 N
Y
15002 N 1000g N

Let F' N be the magnitude of the driving
force produced by the engine of the car.

50kW =50000 W
P=Fv
50000= F x25= F =2000

For the car and trailer combined
R(—=)F-750-R=0 <

R=F-750=2000-750=1250, asrequired

When you consider the car and trailer
combined, the tensions at the ends of the
tow—bar cancel one another out and can be
ignored.
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20b
ams™
D ——
Tratler Car As the car brakes, the forces in the tow-bar are
A thrusts and act in the directions shown in this
+ + diagram. The forces in the tow-bar in a are
tensions and act in the opposite directions to
1250 N I'N I'N o 100N 1 thruss.
T50N
¥
1500g N 1000g N

Let the acceleration of the car while braking
beams?
For the car and trailer combined:

R(—)F=ma
—1500-750-1250=2500a
3500 _

2500a =-3500=a =

2500
The deceleration of the car is therefore 1.4 m s >

¢ Let the magnitude of the thrust in the
tow-bar while braking be 7' N.

For the trailer alone
R(—>)F =ma
—1250-7T=1500a =1500x% (—1.4)
T=1500x1.4-1250=2850

The magnitude of the thrust in the tow-bar
while braking is 850 N
20d To find the distance travelled in coming to rest

vi=u®+2as

0’ =25 +2x(=1.4)s
25°

§=—
2.8

The work done, in J, by the braking force of
1500 N is given by

Work done = force x distance moved

A

2
W =1500x s :1500x%:334821

The work done by the braking force in
bringing the car and the trailer to rest is
335kJ (3s.f)

e The resistance could be modelled as varying
with speed.
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21

ams™

—_—
1Zms
—_—

1200 N FN
- -
1000g N

a Let F N be the magnitude of the driving
force produced by the engine of the car.

24kW =24000 W
P=Fv
24000=F x12= F =2000

R(—)F=ma
F —1200=1000a

2000-1200=1000a = a = 800 =0.8ms”
1000
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21b The kinetic energy, in J, lost as the car is
brought to rest is

lmu2 = l1000 x14% =98000 < The final kinetic energy is zero.
2 2

Work done by resistance = Energy lost <+— You use the work-energy principle.

Resistancex distance=Energy lost The work done by the resistance
(1200 N) in bringing the car to rest is
12004 = 98000 equal to the kinetic energy lost.
d= 98000 .2

1200 3

¢ Resistance usually varies with speed As the speed slows down, the resistance to

motion usually decreases. In this case, this
might mean that the car would travel further.

22 a From A4 to B, the cyclist descends

(20-12)m=8m 1\
Whatever the path taken, the potential

from 4 to B is given by depends solely on the difference in levels
between 4 and 5.

mgh =80x9.8x8 = 6272

The kinetic energy, in J, lost in travelling
from A to B is given by

lmu2 —lmv2 :lm(u2 —v2)
2 2 2

=40(82—52)=1560

The total mechanical energy lost is
(6272 +1560)J=78321]

The work done by resistance due to non-
gravitational forces is given by

W = force x distance moved
=20x500=10000

The non-gravitational resistances to motion have
worked 10 000 J against the motion. However, the
(10000—-7832)J=2168J < mechanical energy lost is only 7832 J. The
difference between these values is the work that
has been done by the cyclist.

The work done by the cyclist in moving
from A to B 1s 2200 J (2 s.f.)
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22b At B, let the force generated by the cyclist
be FN.

R(—)F =ma
F-20=80x0.5
So F=60N
P=Fv
=60x5=300
The power generated by the cyclist is 300 W

23
20 ms?

=

FN

400g N

Let FN be the magnitude of the driving
force produced by the engine.

10kW =10000 W <

P=Fv
10000=F x20= F =500

Before you use the formula P = Fv, you
have to convert kilowatts to watts.

R(/") F=ma

F—-R—-400gsinf=0 < As the car is travelling at a constant
R=F— 400g sin 6 speed, its acceleration is zero.

=500—400x9.8x$=220
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24 a
ams™
— e
T50N FN
- r
1500 N

Let the acceleration of the lorry be ¢ m s
and the driving force of the engine have
magnitude FN.

A

36kW =36000 W
P=Fv
36000 = Fx20= F=1800
R(—)F =ma
F—-750=1500a
1800—750=1500a
1800750
a :—1500 =0.7

The acceleration of the lorry when the speed
is20ms'is0.7ms> <

kW must be converted to W.

This result is only true at one instant
in time. The speed would now
increase and the driving force and
acceleration decrease.
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24b

1500g N

Let the driving force of the engine

SolutionBank

have magnitude F'' N. <

R(/")F =ma

The driving forces in a and b are
different and it is a good idea to
avoid confusion by using different
symbols for the forces.

F'-750-1500g sina =0 <
F'=750+1500x9.8x%=2220

P=Fv
=2220x20=44400

The rate at which the lorry is now working

In this part of the question the lorry
is moving at a constant speed and
the acceleration is zero.

is 44.4 kW. <

This question asks for no particular
form of the answer, so you could
give your answer in either W or
kW. Two or three significant
figures are acceptable.
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25a
ums
600 N FN
— -
1200g N
Let the speed of the car be u m s~ and the
driving force of the engine have magnitude
FN.
21kW =21000 W In both parts of this question, as the
| car is moving with constant speed, the
4 ‘ acceleration is zero. So the vector sum
R(—)F-600=0= F=600 of the forces acting on the car is zero.
P=Fy
21000=600v = v=M =35
600
The speed of the car is 35 m s
b

vmst!

F'N

1200g N
-1
Let the Sp(.?e.d of the car be u ms' The driving forces in a and b are
and the driving force of the engine different and it is a good idea to avoid
have magnitude F''N. « confusion by using different symbols for
the forces.

R(/)F'—1200g sin & — 600 = 0

F'=1200x9.8xﬁ+600=1440

Although there is an exact answer, 14%, a

P=Fv numerical value for g has been used in the
question and the answer should be rounded to 2

2100 =1440v = v =14.583 4_,,,/'/'/'/'/" significant figures. Three significant figures
The constant speed of the car as it moves up (14.6) is also acceptable.
the hillis 15 m s (2 5.f)
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26
0.2ms*
s 1S5my!
—_—
RN FN
= =
1000g N

a Let F'N be the magnitude of the driving
force produced by the engine of the car.

12kW =12000 W

P=Fv
12000 = F x15
e 12000 300
15
R(—>)F =ma

A

SolutionBank

F—R=1000x0.2
R=F-1000x0.2
=800—200 = 600, as required

1000g N

Let the driving force of the engine have
magnitude F'' N.

A

Using Newton’s second law, the vector sum
of the forces on the car equals the mass
times acceleration.

Resistance acts against motion. As the car is
travelling down the hill, the resistance of 600 N
acts up the hill.

R(/)F'+1000g sin & — 600 = 0

F':600—1000><9.8><i=355
40

TkW =7000 W
P=Fv
7000 =355U

U =T _19718.. .= 2002sf)
355

As the car is travelling at a constant
speed, there is no acceleration.
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27m=600kg, R=(500+2v")N,v=15ms ', P="?

a The engine must create a force /' where F' = R
P=Fv

P=(500+2v2)v
P:(500+(2x152))x15:14250

For the motorcycle to maintain a constant speed of 15 ms ™' on a horizontal road, the engine must
deliver 14.3 kW (3 s.f.)

v R=(500+2v)N

Resolving parallel to the slope:
T =(500+2v")—mgsin5

So the power required is:
P= (500 +2v° —mgsin 5)v

P= (500+(2><152)— (600x9.8sin 5))x15 = 6562.8...

For the motorcycle to maintain a constant speed of 15 ms ' when travelling down a road inclined
at 5° to the horizontal, the engine must deliver 6.6 kW (2 s.f.)
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28m = 1500 kg, R =(700+10v)N, v=30ms '

a
a
/-frv ¥
/ F
R=(700+ 10v) N
[is
¥
1500g N
P =60000W
The force provided by the engine, F, is given by:
P=Fvy
60000 =30F
F =2000

Using Newton’s second law of motion up the hill:
2000—(700+10v)—mg sina = ma

2000—(700+300)—(1500%9.8x:5) =1500a

_ 225
1500

—-0.15

The initial deceleration of the van is 0.15 ms >

b P=80000W
The force provided by the engine is now given by:
P=F"v
80000 = F'v
P 80000
v

When the van reaches its maximum speed, the acceleration will be zero.
Therefore, by Newton’s second law,

the resultant force on the van (in the direction of the acceleration)

will be zero.

Only the positive root is relevant.

When the engine operates at 80 kW, the van maintains a constant uphill speed of 35.1 ms™ (3 s.f))
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29a The vertical distance fallen by P in moving
fromAto Cis (45 -30)m=15m

Using the principle of conservation of energy,

kinetic energy gained = potential energy lost The mass of the particle cancels
1 1 throughout this equation. The
E }% V- E }% u’ = }% gh < calculations in this question are
independent of the mass of P.
1 1

—x24.5" ——u* =9.8%15
2 2

This equation has a similar form to

u’ =24.5>-2%x9.8x15=306.25 «—

v? = u? + 2as. However, it would be an error to

u=+/306.25 =17.5,asrequired use this formula, which is a formula for motion in a
straight line, as P is not moving in a straight line.

The horizontal component of the
velocity is constant throughout the

b R(—>)u, =ucosH=l7.5x%=14

. tion.

Let the required angle be y moton
14 4
COSY=——=—" At C, the velocity of P and its components
245 7 are illustrated in this diagram.
w=55.15..." = 55° (nearest degree) 14
s
. 3
¢ RMu,=usind=17.5x—-=10.5 |

_ 5 24.5
To find the time taken for P to move from
AtoD

 can now be found using trigonometry.

1
R(M)s =ut+—at’ There is no need to find the vertical
2 component of the velocity at C.

—45=10.5t—4.9¢
4.9/2-10.5t-45=0
49t —105¢—-450=0

(7t =30)(7t+15)=0 < These factors are difficult to spot and you
can use the formula for a quadratic. You
t=—,ast>0 should, however, obtain an exact answer.
7

R(—)distance = speed x time

30 _

=14x 60
7

BD =60m
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30 a The kinetic energy, in J, gained in moving
from A4 to B is

lmv2 = l80x202 =16000
2 2

The potential energy, in J, lost in moving
from A to B1is

mgh =80x9.8x (32.5-8.1)=19129.6

The net loss of mechanical energy is
(19129.6-16000)J =3129.6J

A

The net loss in mechanical
energy is the work done by the

The work done by the resisting force of R resistance to motion.
newtons, in J, is given by

Work = force x distance
=Rx60

By the work—energy principle

60R =3129.6

Re 3129.6

=52.16=52N(2sf.)

A

You can sketch a 3, 4, 5, triangle

3 ) 3
b tana=—=sina=—,cosa =
4 5 to check these relations.

4
5

R(—=)u, =20cosa = 20x§ =16
) 3
R(Mu, =20sina = 2O><g =12
To find the time taken to move from B to C

1
R(T)s=ut +§at2

—8.1=12¢—4.9¢* < Rear.ranging the quadratic and
49¢* =120t -81=0
(t—3)(49¢+27)=0
t=3,ast>0

The time taken to move from B to C'1s 3 s.

¢ — distance=speed x time
=16x3=48

The horizontal distance from B to C is 48 m.
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30d Let the speed of the skier immediately

31

before reaching C be wm s~

Using the conservation of energy

1 1
Eﬂwz —Eﬂvz = )ﬁgh

SolutionBank

w =V’ +2gh <
=20>+2x9.8x8.1=558.76

w=+/558.76 =23.638...

The speed of the skier immediately before
reaching Cis 24 ms ™' (2 s.f)

. JJ,L+::r},L N 4.’R+xB

Ade - r— ek

4 T, P T 3
1.6m

AB=1.6m

Cancelling the m and rearranging the formula. This

result is similar to v? = u” + 2as. However, it
would be an error to use this formula, which is a
formula for motion in a straight line, as the skier is
not moving in a straight line. You must establish the
result using the principle of conservation of energy.

For spring AP: [=1,=08m,A= A=24N, x=x4, T=Ty4
For spring PB: [=13=04m,A= Ay =20N,x=xp5, T=T3

lA+lB+xA+xB= 1.6

xX4+x3=16-08-04= 04
xp=0.4-xy

Since P is in equilibrium, 7= T3

a Using Hooke’s law for each spring:

7o Ax

[
AXy _ ApXg
L
24x, 20x,
08 04

30x, =50x, substituting for x,
3x,=5(04-x,)

8x,=2
x,=025
AP=1,+x,

AP=0.8+0.25=1.05
The distance AP is 1.05 m.
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31b Substituting the value for x4 into the expression for 74
T = A%,
A lA

T, - 243(;.25 _75

Since P is in equilibrium, 7,= T
The tension in each spring is 7.5 N

32
L+, L&,
Ae & 2 r 18
" £ B I,
- i >
AC=4m

Forspring AB: I=1,=15m,A= M =20N,x=x4, T =Ty
For spring BC: I=[c=0.75m,A= A=15N,x=x¢, T=T¢

lA+lC+xA+xc=4

XA+XC=4 -15-0.75=1.75
Xc= 1.75 — X4

Since system is in equilibrium, 7,= T¢
Using Hooke’s law for each spring:

i
[
AXy _ AcXe
Ly B le
20x, 15x.
15 075
40, _ 20x,

2x, = 3x, substituting for x,.
2x,=3(1.75-x,)

5x,=5.25

x,=1.05
AB=1,+x,
AB=15+1.05=2.55
BC=4-4B

BC=4-2.55=1.45
The distances 4B and BC are 2.55 m and 1.45 m respectively.
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33

A

You must consider the two strings separately. Here
the string of natural length 100 cm is drawn on the
left. The extension of this string is (120 — 100) cm
=20 cm and the tension in this string is taken as 7
newtons. The string of natural length 90 cm is
drawn on the right. The extension of this string is
(120 — 90) cm = 30 cm and the tension in this string
1 2 is taken as T, newtons.

For the string of natural length 100 cm

Hooke’s law T =%

- 175x20 _ 35
100
For the string of natural length 90 cm
Hooke’s law T’ =%
T, - Ax30 _ A
90 3

RMT +T,=5g
35+i:5><9.8
3
A=3(5%9.8—-35)=42
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2mg

a The line of action of the weight must pass

through C which is not above the centre D For. three forces to be in equilibrium the lines of
of the rod action of all three forces must pass through the same

point. As the lines of action of both tensions pass
through C, the line of action of the weight has to pass
through C as well, so the rod cannot be uniform.

34b tana:%:sina%,cosa:i

Let the tension in AC be 7> newtons and the
tension in BC be T, newtons.

R(») Ticosa=T,sinx

4 3 3
sh=3h=0L=71

R(M Tisina+T,cosa =2mg <« You substitute 7, = %Tz and the values of sin « and

cos ¢ into this equation and solve for 7,

%sz§+T2x—:2mg

9 4 5

- |I,="T,=2m

(20 5) 2Ty T
I,=-mg

The tension in BC'is %mg, as required.

—ET —§x§m —ém
1T TS g 5 g

The tension in AC is gmg.

A

You find the length of BC by
trigonometry. Then the extension of the

For BC 1

L .6
elastic string BC is ga —a=—a

c BC=ABsina=2ax%=§a

Hooke’s law T,=—"—

kmgxla
—mg=—5:>k=8
5 a
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35

—~¢—| [nitially the spring .is in compress%on gnd
1, the force of the spring on the particle is
acting down the plane.

Y

O.8g

Let the thrust in the spring be 7' newtons. The compression is

2-1.6)m=04
Hooke’s law T:% / ( )m m
_20x04

4 When you know tan « you can draw a triangle
2 to find cos « and sin .
R(v)F =ma

mgﬁna+{:Zgi_/_,,,,ﬂ——~—-”’””’— 5

3 3
O.8><9.8><§+4 =0.8a
0.8a =8.704 @ [
a=10.88 .,
tana = Z
The initial acceleration of the particle . 3
isl1ms' (2s.f) sma =~
4
cosa =—
5

As you have used an approximate value
of g, you should round your answer to a
sensible accuracy. Either 2 or 3
significant figures is acceptable.
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When P comes instantaneously to rest, it is not in

equilibrium and so the question cannot easily be
solved by resolving. It is a common error to
attempt the solution of this, and similar questions,
by resolving.
P
tan g = f — cosq = é When you know tan & you can draw a triangle to
find cos a.
Let the distance fallen by P be A.
4a 3
h=atano =— 4
4a 254
AP’ =R +a’=|— | +d’° = a A
3 9
3
Sa
AP =— 4
3 tana = 3
. 3
When P first comes to rest the energy stored in cosa =7
one string is given by
Ax°
E=—
2] . .
s The extension in one string is
2a <
Al = Sa
3 _ 2a AP —natural length = 3 a
2a 9 2a
: 3
When P first comes to rest the potential energy

lost is given by
4
mgh = mg x Ea

Conservation of energy

Initially P is at rest and, when it has fallen

Elastic ener ained = potential energy lost <+— 5
gy 8 P gy ?a’ it is at rest again. So there is no change

40a _ 4mga in kinetic energy. Elastic energy is gained
9 - 3 by both strings and potential energy is lost
dmga 9 by the particle.
= Xx—=3mg
3 a
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37
A In solving nearly all questions involving elastic
strings and springs you need to find the value of,
7m or an expression for, the extension. If no symbol is
given in the question, you should introduce a symbol,
here x m, yourself.
T'A
Xm
4
Y
0.5¢g

a Let the extension of string when B is at C be x m.

By the conservation of energy

elastic energy gained = potential energy lost

Ax’
=mgh
T
19.6x> <4— Infilling from 4 to C, the ball moves a
i =0.5x9.8(2+x) distance of (2 + x)m and so the potential
energy lost is, in Joules, mg (2 + x).
4.9x% = 4.9(2 + x)
X' —x-2=0
(x-2)(x+1)=0 < For there to be elastic energy in a string, the
x=2 extension must be positive, so you can
discard the solution x =—1
AC=4m
b AtC
Hooke’s law
Ax  19.6x2
I'=—=——"-—=19.6
[
R()F =ma

mg—T =ma
0.5x9.8-19.6=0.5a
= 0.5x9.8-19.6

0.5 that the acceleration is in the direction
of x decreasing, that is towards 4.

—-004 < The negative acceleration shows you

The instantaneous acceleration of B at C
is 29.4 m s directed towards A.
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38
Sms!
—_—
| il | 4
J{ 1.5m 4 0.5m é,
a Let AC=2m. When S is at C, the elastic energy stored in the string is given by
Ee Ax’
21
_20x(0.5° 5 I
2x1.5 3

Let the speed of Sat Cbe vm s
Conservation of energy

Kinetic energy lost = elastic potential energy gained

1 1 , 5
—mu ——my =—
2 2 3
l><0.2><52—l><0.2v2=§
2 2 3
0.2 =0.1x25 > =2
36
VB S 3B ke

53 .
The exact answer ——m s~ is

3 V3

The speed of S when A4S =2mis2.89 ms ™ (3 s.f)

3 <

b Let the extension of the string immediately

also accepted.

before the string breaks be x m. <
When the extension in the string is x m, the
elastic energy stored in the string is given by

Ee Ax’ _ 20x°
21 3
Conservation of energy

Kinetic energy lost = elastic energy gained
1, 1, 20x
—mu" ——my° =

2 2 3
20x2

lx0.2x52—lx0.2x1.52=
2 2

2
20x7 5 275 = 2 = 034125

x=./(0.34125)

Hooke’s law

Ax _ 204/(0.34125)
/ 1.5

T= =7.788...

To find the tension in the string when
the speed of Sis 1.5 m s ™', you first
need to find the extension of the string
at this speed. The extension is found
using conservation of energy.

The tension in the string immediately before the string breaks is 7.79 N (3 s.f.)
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39a

AP? = (1 .51)2 + (21)2 =625/> = AP =2.5] «— | Itis acceptab}e just to write dpwn
AP =2.5], using the 3, 4, 5 triangle.

Let a be the angle between AP and the vertical.

2l 4
cosa =——=—
250 5

The extension of half of the string, AP, is 2.5/ — 1.5/ =1
Hooke’s law

_ Axextension
natural length
< You find two equations in 7'and A
= ﬂ = % 1) by resolving vertically and using
1.5 3 Hooke’s law. Eliminating T between
the two equations gives A

R(M)2T cosa = mg

4
2T x—=m
s=me
T=—5?g )

Eliminating 7 between (1) and (2)

24 _5Smg
3 8
A= S?gx% = 15mg, asrequired.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 39



Further Mechanics 1

P

SolutionBank

Let the perpendicular distance from the original
position of P to AB be h.

h* =(3.91)* —(1.5))* =12.96/* = h =3.6l

Let the speed of P as it reaches ABbe vm's ' <——

To prove that the speed of P at AB is zero,
the speed of P at AB is taken as vm s . You
then use conservation of energy to obtain an
equation for v. You complete the proof by
solving the equation for v and showing the
solution is zero.

Conservation of energy

kinetic energy gained + potential energy gained = elastic energy lost

2 <
lmvz+mgh:2>< Ax
2 2 xnatural length
Bme)(3.91-1.51)
lmv2+mg><3.6l:2x( & )( )
2 2x1.51

%mvz +3.6mgl = Sg’lg x(2.41) =3.6mgl

Hence %mv2 =0=v=0

P comes to instantaneous rest on the line 4B, as required.

Each of the two halves of the
string have natural length 1.5/
and extension 2.4/
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40 Due to equivalence of work and energy:
energy stored = work done in stretching the string.
Work done in stretching the string is given by the area under the line (see graph):

Ax

energy stored = l x(—j
gy > /

2
energy stored =

A

-

o Ay

E i
=
-
=
&

=

0 Extension, s =

At equilibrium, the tension in the spring, 7 = mg
Using Hooke’s law:

T =ﬂ=mg
/
_Img
A
A (Img ?
so energy stored = ——| —=
&y 21( 2 J
m2 2
energy stored = f as required.
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41/=0.5m, 1 =20N, m = 0.5kg

\\.\r\\ SN
0.5m
1 1m
EIg
i

Due to the equivalence of work and energy:
work done in stretching the string
= energy stored when total length is 1.0 m — total energy stored at equilibrium length

When the string is stretched to a total length of 1.0m,x=1.0—-0.5=0.5m

2
and energy stored in the string at this length = /12xl

When the string is at equilibrium, the tension, 7 = mg
Let the extension at this point be e

Using Hooke’s law:

T=ﬂ:mg
[
m _E
&7
o mgl _ 0.5x0.5%x9.8 _0.1225
A 20

However, in this position there is also additional gravitational potential energy as particle is further
above the ground.

gravitational potential energy = mgh = mg (x—e)

So work done in stretching the string from equilibrium to 1.0 m:

work done = final EPE — initial (EPE + PE)

Ax> [ Ae?
k done ="——| —+ —
work done == [ 5 mg (x e)}

A
work done =2—l(x2 —ez)—mg(x—e)

work done =

(0.5 -0.1225%)-0.5x9.8(0.5-0.1225)

2x0.5

work done = 20(0.25 —0.01500...)—4.9(0.5-0.1225) = 2.8501...
The work done in stretching the string is 2.85J (3 s.f.)
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42 a

R(MT cos60° =0.8¢g

Resolving vertically gives you
the tension in the string.

A

%T=O.8g:>T=1.6g

\/5 < Substituting for the tension into
R(«~)F =Tcos30"=1.6 gx— the equation obtained by resolving
2 horizontally gives the value of F.
=13.579
~14(2sf.)
Ax
b Hooke’slaw T = NE
1.6g= & < Substituting for the tension into
1.2 Hooke’s Law gives you an equation
1.6 gx1.2 for the extension.

=0.784

The extension of the string is 0.78 m (2 s.f.)

¢ The elastic energy sotred in the string is given by

Ax*

A

You need to remember the
2/ formula for the energy stored
in an elastic string.

_ 24x(0.784)
2x1.2

=6.14656

The elastic energy stored in the string is 6.1 J (2 s.f.)
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At A, the extension of the

43
R
V(2ag) |
—qa
a F 3
| < | A
O
mg
a At A, the elastic energy stored in the string is given by
oA
21
_3.6mg><(§a)2 B
2a
=0.2mga

b The total energy lost is

.4 1
string 1s —a—a =§a

Emu2 —0.2mga = %x 2mga —0.2mga<

=0.8mga
At any point in the motion
R(MR =mg

The friction is given by

F=uR=umg
By the work—energy principle

d

As P is at rest at 4, then net loss of energy
is the loss in kinetic energy minus the
gain in elastic energy.

<«

0.8mga= umg xga

3
=0.8x>=0.6
Ky

By the work—energy principle, the net loss in energy
is equal to the work done by friction. You find the work
done by friction by multiplying the magnitude of the

- . . 4
friction, umg, by the distance the particle moves, Ea

This gives you an equation in g which you solve.
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44

A

mg

At any point in the motion
R(T) R=mg

The friction is given by
F=uR= %mg

At A, the elastic energy stored in the string is given by

Ax’
E=
21
4mg x (L a)’
= M < At A, the extension of the string
2a 1
is 5 a—-a= 5 a
=—mga
2
By the work—energy principle
—mga=—mgxAB < When P comes to rest, as OB < a, the string is slack
2 3 so all of the elastic energy has been lost. This lost
AB 3 energy must equal the work done by friction, which
=—a

2
is the magnitude of the friction, gmg, multiplied

by the distance moved by P, which is AB.
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45/=10m,A=75N,m=5kg,x=15-1.0=0.5m

Energy stored in the spring is transferred to the kinetic energy of the particle.

By the conservation of energy

x> 1,
=—my
21 2
S
Vz_lxz
ml
,_75%0.5% 15
5x1 4

15 .
v=——as required.
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46 /=08m,A=15N,m=05kg,x=2-0.8=12m

P

LEm

2

2m

_.
J+-\
I
>

Energy stored in string when stretched to total length 2 m
Ax’
21
_15x1.2°

E= =135
2x0.8

As particle moves upwards, this is converted into gravitational potential energy and kinetic energy.

E=

a When string first becomes slack, the particle is # = 1.2 m above initial position.
Initial elastic potential energy = final potential energy + final kinetic energy

E =mgh +%mv2

E=m(gh+%v2)

12 _E
>V - gh

V= Z(E—ghj
m

v= \/2(£—(9.8x1.2)) =5.5208...
0.5

When the string first becomes slack, the particle is travelling at 5.5 ms ' (2s.f.)

b When particle reaches P, /=2 m

v= \/2(13—'5—(9.8x2)j =3.8470...
0.5

When the particle reaches P, it is travelling at 3.8 ms ' (2s.f)
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47a When P comes to rest for the first time, let the extension of the string be x m

Conservation of energy

elastic energy gained = potential energy lost

Ax’
2] =mgh Divide this equation throughout by 2.45 and
, rearrange the terms. If you cannot see this
58.8x simplification, you can use the quadratic
=0.5%9.8x(4+ xz formula but you would be expected to
) - obtain an exact answer.
7.5x" =19.6 +4.9x

2 —
3x"-2x-8=0 < For the string to have elastic energy, it
(x=2)3x+4)=0 has to be stretched so you can ignore the
4
x=2 negative solution -3

The distance fallen by Pis (4 + 2) m=6 m

b P will first become slack when it has moved 3 m vertically.
Let the velocity at this point be vm s
Conservation of energy

kinetic energy gained + potential energy gained = elastic energy lost

2
%mv2 + mgh = Ax \

21 Initially P is at rest and then rise 3 m. So both
1 53 8% 3’ kinetic and potential energy are gained. Initially

2057 4+05%x98%x3 =" the string is stretched but, after rising 3 m, it is
slack. So elastic energy is lost. By Conservation

0.25v% =14.7 = 66.15 of energy, the net gain of kinetic and potential

’ ’ ) energies must equal the elastic energy lost.
66.15-14.7
Vi=— 2 =205.8
0.25

v=./(205.8) =14.345...

The speed of the particle when the string first becomes slack is 14 m s (2 s.f.)
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48 a
0.75m

P
When P has fallen 1 m, let AP =x m
R . <4— To find the elastic energy in the string, you
x =0.75"+1"=1.5625= x=1.25 need to calculate the extension in the string.
First find AP (you could just use the 3, 4, 5
At this point the extension of the string AP is triangle) and then subtract the natural length,
(1.25-0.75)m=0.5m «—— 1 075m

Let the velocity of P when it has fallen I mbe vm s

Conservation of energy
kinetic energy gained + elastic energy gained = potential energy lost

Pl
<«

) Both strings have elastic energy

2 +2x X mgh stored ip them. By syn.lmetry, the
2 / energy in both strings is the same.
1 49x0.5°
—2x V' 4+ 2x——— =2x9.8x1
2 2x0.75

v2+?=19.6:>v2 =3.266
v=1.807...

The speed of P when it has fallen I mis 1.8 ms™ (2 s.f)
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Let AP = y m and the angle 4P makes with the vertical be a.

By trigonometry
. 0.75 0.75
sing=——=y =—
v sin
R(M2Tcosa =2g
r__8 _ 9.8

cosa coso

2
Hooke’s law You find two separate expression for 7,

one by resolving vertically and the other

T = ﬂ from Hooke’s law. Equating the two
B / expressions gives you an equation in a.
:ﬂ(y_()js):ﬂ 9'75 —-0.75
0.75 0.75\sinx

:49( '1 _1j:49(1__5ﬂ
sSino SiIno

9.8 _ 49(1—.sma
cosa sin o

J

) <

Eliminating 7 gives an equation in «.
You have to manipulate this equation
to obtain the printed answer.

SN _ 4 i) = 5(1-sina)
cosax 9.8

tanag =5-5sina

tan @ + 5sin @ = 5, as required.

Challenge

1 a The method used by the student is not suitable because the equation for potential energy used
assumes that the weight of the object (the gravitational force acting on its mass) remains constant.

In practice, the force the earth exerts on an object far above the surface of the earth is significantly
less than that at sea level.

This means that less work is done in raising a mass to a great height than suggested by use of this
equation.
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Challenge
1 b m=420000kg

initial height = ; = radius of the earth = 6380 km = 6.38 x 10°m
final height = 7= orbital radius = 6380 km + 405 km = 6.785x 10°m
For a variable force, the work done, E, is area under the curve:

Tr
E=der

r

_rf 14 m
E = [3.99x10" = dr

T
E=3.99x10" [—ﬂ}
r I

rr
E=3.99x10" [—ﬂ}
r I

E=3.99%10% x4.2x10°| -1 6_(_ 16)
6.785x10 6.38x10

E=16.758x%10" x9.3558...x10~°
E =1.5678...x10"

The work done against gravity in raising the ISS to its orbital height is 1.57 x 10'*J (3 5.f))

2 a Due to equivalence of work and energy:
energy stored = work done in stretching the string.

Work done in stretching the string is given by the area under the line (see graph):

P A
area = J‘ﬁ ds
o !

aréa =| ——
2 |,
2

21

Applied force, T

arca =

0 Extension, s

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 51



Further Mechanics 1 SolutionBank

Challenge
2 b Work done = change in elastic potential energy stored by string

Work done = i(b2 - az)
21/
Work done = %(b+ a)(b-a)

Work done = %(%+%)(b—a)

Work done =4(7, + 7, )(b—a)

Work done = mean tension xdistance moved as required.

3 [=0.8m,A=120N, m = 1.2 kg, extension of string, x = ?
If the particle first comes to rest a distance 4 below P, h =1+ x
Initially, energy is all gravitational potential energy.

When particle instantaneously comes to rest, this has all been converted to elastic potential energy.
Ax’

=mgh
a

2
12); =mg(l+x)

Ax? = 21mg(l+x)
120x* =(2x0.8x1.2x9.8)(0.8+ x)
0=120x"-18.816x—15.0528

_ 18.816+,18.816+(4x120x15.0528)

2x120
x=0.44114... orx =-0.28434...
Only the positive root is relevant

X

h=1+x=0.8+0.44114...=1.24114 ...

The particle falls a distance of 1.24 m (3 s.f.) before coming instantaneously to rest.
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