Further Mechanics 1 SolutionBank

Review Exercise 2

1 — U —>1/6 u
SOm T OSm
—0 —pV

Conservation of momentum.

A

mu+3mxéu:3mv

—u=3v
2
u=2
1
e(u— P u)=v < Newton’s Law of Restitution.
5 1
—eu=—u
6 2
6 1
e=—x—
5 2
3
e=—
5
2 a —>u —Au
sOn 1O
—0 — v
mu +kmu = kmv < Conservation of momentum.

u(l+)=kv (1)
v=e(u—iu)=eu(l-1)(2)

Newton’s Law of Restitution.

A

Eliminate v from (1) and (2)

u(l+k\) = keu(1-2)

L Ltk
k(1=2)

b e<l1

< Any coefficient of restitution
<lk—
= I+kd Sk—kA satisfies 0 <e <1
LNyt
1-24

but 0<}»<%:>0<1—2k<1andk>1
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3 a —>u —»0
SOm TO2m
—> —>y

N T

mu =mvg +2mv,

u=vg+2v, (1)

eu=v,—vy (2) ‘ 

M+ @)u+eu=3v,

<
<«

Conservation of momentum.

Newton’s Law of Restitution.

v, =§u(l+e)

b i from (2)

eu =%u(l+e)—vs
1
ve=—u(l+e)—eu

Vg = %u(l—Ze)

A

1
bute>—=1-2e<0
2 Speed must be positive.

..Speedof S'is %u(2e —-1)

ii The arrow in the diagram was the
wrong way round, as shown in
b i, so the direction of motion was
reversed.
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4 a —>2u U +—
P O 3m 0 O 2m < Speed must be positive.
—>u, —> u,

A

3mx2u—2mu =3mu, +2mu, Conservation of momentum.

4u =3up +2u, 1)

eQu+u)= Uy —Up < Newton’s Law of Restitution.

Seu=u,—u, )

Eliminating u, between (1) and (2):
4u =3(u, —3eu)+2u,
4u = 5u, —9eu

U, = %u(9e+4)

b Using (2)
Up =y, — 3eu

= %u(9e+4)—3eu

2
=—u(2-3e)
5
But
U, <0 < Direction of motion of P is reversed.
5.2-3e<0
2
e> § Use the general condition
< 0<e<l
§ <e < 1
¢ For Q
32 < Impulse = change of momentum.

?mu =2mx%u(9e+4)+2mu

32=2(%9e+4)+10

18¢=14
7

e=—
9
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5 For the fall, down positive:
u=0ms=',a=g t=2s,v="2
v=u-+at

v=0+2g=2g
Speed after the bounce, V', is given by Newton’s law of restitution:

Vi=ev =—x2g

For the return, up positive: u =%g ms~,a=—g=-98ms2 v=0ms—!,s="?

2 2
Vv =u"+2as

S :lxﬁx9.8:l4.4
2 49

The ball rises to a height of 14.4 m on the first bounce.

6 a Distance travelled =s, tin =25, towr =38

When travelling towards the wall, average speed, u = SR %

in

When travelling away from the wall, average speed, v = S -
out

Using Newton’s law of restitution:
v=eu

) Lo 2
The coefficient of restitution is g

b If the plane is rough, then the sphere will experience a frictional force and decelerate as it travels
to and from the wall.

If the times it takes to travel between the wall and P are the same as in part a, then, although the

average speed in each direction remains the same, the sphere hits the wall at a lower speed (u is
smaller) and leaves it at a greater speed (v is greater) than the values calculated.

Since the coefficient of restitution is given by e = —, it would therefore have a bigger value than
u

that calculated in part a.
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7 a For the fall, down positive: u=0ms=!, a=g,s=50m, v="2
v =u’+2as
= 2gx50=100g

Speed after the bounce, V', is given by Newton’s law of restitution:
V= ev

Vi= et = IOOge2

For the return, up positive: v=0ms~L, u=v,a=—g,s=35m
Vi =u’ +2as
0= 100ge” —(2g x35)
100e” =70

J70

10

The coefficient of restitution is ILOO

b For the first fall, down positive: u=0ms=!, a =g, s =50m, t =1,
s =ut+ %at2

50=1gt’
100
g

For the second fall, down positive: u=0ms=!, a=g,s=35m, t=1¢

35:7gt22
210
, =

8

The ball takes the same time to rise to 35 m after the first bounce so total time, ¢, is given by:
t=t+2t,

_1o 70
N
15

Ifg=9.8:>T=
10f IJ_
10f IJ_

7 7

t=%(10\/§+ 1400
= g(ﬁ +/14 ) as required.

then
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8 a —>»7u U ¢—— 095 <4— Draw a diagram.
e=0.
A O m 3m O B
—>x —»y

A

Tmu —3mu = mx +3my
4u=x+3y (1)
025x(Tu+u)=y—-x
2u=y-x ?2)
(DH)+@2)6u=4y

Conservation of momentum.

A

Newton’s Law of Restitution.

3 Solve (1) and (2) simultaneously.
u
y="
2
3u
In2)2u="—x
The minus sign shows the arrow
X=— u < in the diagram is pointing in the
2 wrong direction.

A has speed %

A

B has speed 3;”

Speed is always positive.

b KE. lost

2 2
=lxmx(7u)2+lx3m><u2— lm>< s +lx3m 3u
2 2 2 2 2 2

=lm><49u2 +§mu2 _(muz + 27mu2j
2 2

8 8
=§mu2
9 —>Uu U —
A0O3m B om
—0 —>»V

a 3mu-—2mu=2mv

A

Conservation of momentum.
mu = 2my
e(u+u)=v o
< Newton’s Law of Restitution.
2ue=v

Eliminating v:
mu =2m(2ue)

e=—

4
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9 b K.E.lost
1
2 v=2ue=2ux—
=lx3mu2+lx2mu2— 0+l><2m lu < 4
2 2 2 2 _1,
2
—émuz—lmu2
2 4
—2mu2
4
10a —u —0
AOm  BO m
— v, W

mu=myv,+3mv,

y=v,+3v, a

A

Conservation of momentum.

eu=v,—v, 2)

A

Newton’s Law of Restitution.

M+Q)u+eu=4v,

Vg =%(l+e)u

b Using (2):
v, =V, —eu

1
=—((+eu—eu
4( )

1
=—(1-3eu
4( )
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10c K.E. after impact

=lmvf1 +%x3mv§

2
2 2
=lmu—(1—6e+9e2)+Emu—(l+2e+e2)
2 16 2 16
2
=T (1—6e+9e* +3+6e+3¢%)
32
mu’ s
MU 44120
%) ( )
mu’
= (1+3e%)
8
K.E. after impact = %mu2
1 1
—(1+3e*)=—
8( ) 6
6+18¢> =8
18¢> =2
ol
9
e—l (e>0)
3
u
d v, =—(1-3¢
4 4( )
u 1
=—(1-3x—-
4( 3)
=0
.. A 1s at rest.
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11 Initially: m = 8 x10° kg, v =4 ms—!, kinetic energy = Ej;

Before

> -1
8 x 10°kg 4 ms 12 x 10°%kg

After

(8 + 12) x 10°kg v
| —

1

E, =—m’
E, =%><8><103><42 =64x10’
Finally: m = (8 x10°*+ 12 x10°) =20 x10°kg, v=1.5ms~!

E, = 1%20x10°x1.5* =22.5%10°
2

Change in kinetic energy:

AE, =E,—E,
AE, =64x10° -22.5x10°
AE, =41.5x10°

The loss in kinetic energy is 41.5 kJ.
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12 Initially: m = 0.05 kg, v = 2 ms~!, kinetic energy = Ex;

Before
0.25 kg 0.05 kg
21ns1
After
0.30 kg
@ =
Ek=%mv2
1.1 2
E, =lxLx2?=01
T i

Once string is taut, speed of the particles, v, is found using conservation of momentum:

0.05x2=(0.05+0.25)v

0.1=03v
_1
V=3

and the total kinetic energy Ejris
g 1,3 1°_1

271073 60

Change in kinetic energy:

AE, =E,~E,
-1 _1
710 60
- L
AR =15

1
The loss in kinetic energy is B J
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13a ——u 2y ——
AO03m  BO 2m
—y,

3mx2u—2mx2u=3mv,+2mx2u

2u=3v,+4u
2
vy, :—Eu

eCu+2u)=2u-v,

deu =2u—v,

dey = 2u+%u

4eu=§u

3

2

e=—

3
b —»2u — 0
B()am c () sm
—»y —w

2mx2u =2mvxSmw
4qu=2v+5w  (3)

% x2u=w—v “4)
Eliminate w from (3) and (4)
4y = 2v+5(6?u+vj

4y =2v+6u+5v

Tv=-2u
2
V=——u
7
Froma
2
VA = — g u
After the collision between B and C:
«— «— —
2 2 y
3 7

140 B() cO)

As speed 4 > speed B there will be no
further collisions.
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A

A

Direction of motion of B is
reversed but speed is unchanged.

<4— Conservation of momentum.

Newton’s Law of Restitution.

A

Conservation of momentum.

Newton’s Law of Restitution.

B will not hit C again. You
must investigate the possibility
of it hitting 4 again.

1"
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14 a —> u —» 0
POm 0O
— v, —,

Conservation of momentum.

<
<

2mu =2mv, +mv,
2u=2v,+v, €))

%u=vg—vP 2)

Newton’s Law of Restitution.

A

8u
(1)+2><(2)? =V, +2v,

3vQ=8?u
€ 9
Using (2)
B 1
vP—vQ—Eu
, 1
9 3
9
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14b —> 8u
9
0O
Vv — wall
8ue < Newton’s Law of Restitution.
v=—o
9
Su Bue
—_ - 4_
9 9
P O 2m 0 O m Here, € = — again.
—»0 — W
Su 8ue P .
2mxX——mx 5 =mw < Conservation of momentum.
10u —8ue =9w 3) < Newton’s Law of Restitution.
1fsu Bue)
309 9

Su+8ue=27w  (4)

Eliminating w between (3) and (4):

3(10u — 8ue) = Su + 8ue
30u — 24ue = 5u + 8ue

32ue =25u
25
e=—
32

¢ (@ is now moving towards the wall once more.

After Q hits the wall, it will return to collide
with P once more.
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A

2mx5u =2mv, +3mv,
10u =2v, +3v, (1)
exSu=v,-v, (2)

(D+2x(2):

10u +10eu =3v, +2v,

Conservation of momentum.

Newton’s Law of Restitution.

A

10u +10eu = 5VQ

Vo =2u+2eu=2(1+eu

Find direction of motion for P, as
if P is moving towards the wall
there must be a second collision
Vp =V, —Seu between P and Q.

=2(1+e)u—5Seu

b From (2)

< e=041inb.

vy, =2x1.4u—5x0.4u

=0.8u
v, >0.. P moves towards the wall and will
collide with Q after O rebounds from the
wall.

¢ e=038
e=0.8

vy =2x1.8u—5x0.8u

=-0.4u
O hits the wall:

—>

2x1.8u
0 O
y — wall
v=3.6uf <

Newton’s Law of Restitution.

04y «—— 3.6uf«——

P 00O

For a second collision

3.6uf > 0.4u
04 1
froo=
36 9
Range for f'is
l < f<l1 < All coefficients of restitution
9 are less than or equal to 1.
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16a —2u —>u
4 () 2m B () 3m
—>v —> vy

B

2mx2u+3mxu=2mv, +3mv,
Tu=2v,+3v, (1)

eQCu—-u)=v,-v,

A

Conservation of momentum.

A

Newton’s Law of Restitution.

eu=v,—v, 2)
M+2x(2)
Tu+2eu=3v, +2v,

vy = lu(7 +2e)
5
b Using (2)
vV, =V, —eu

= %u(7+2e)—eu

1
=—u(7-3e
s ( )
1 11u
—u(7-3e)=——
¢ FuU=39=1
14u —6eu=11u
6eu =3u e=l
2
d For B:

Distance to barrier = d

Use € = — now.
2

1 Su
Speed =—u(7+1)=—
p 5 (7+1) s

.. Timetobarrier =d + 8—” = Z—d
u

Distance moved by 4 in this time:

Il 5d_11d
5x2 8u 16
11d 5d

SAisd —Y = — from the barrier.
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16 e After B hits the barrier:

SpeedofB:ng—u =&
16 5 10
1u 1u
—_— - 4_
10 10

10 N @)

Equal speeds, opposite directions.
.. 4 and B will collide at mid-point of the distance from 4 to the barrier at the instant B

hits the barrier, i.e. they collide at distance % from the barrier.
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17 a For the initial fall, down positive:
u=0ms—1,a=g,s=2m,v=‘?
Vv =u’ +2as
Vi =0+(2x2g)=4g

Speed after the first bounce, v;, is given by Newton’s law of restitution:

v, = ev
2 2.2
vo=¢ev
2 2
v," = 4ge

For the return, up positive: v=0ms~1, u = vi, a = —g, and it reaches a height s = s;
v =u’+2as
0= 4ge’ —2gs
s, =2¢°
When it hits the ground for a second time, it has travelled a distance (2 +2 s;) m =2(1 +2¢*) m

and is again travelling at v; ms~!
Speed after the bounce, v», is given by Newton’s law of restitution:

v = ey

2

v?i= ey}

2
2 2 2.2 4.2

vo=eev =ev
2 4

v = 4ge

For the second return, up positive: v=0ms~1, u =v2, a = —g, and it reaches a height s = s>
Vi =u’ +2as
0= 4ge’ -2gs,
s, =2¢e"
When it hits the ground for a third time, it has travelled a distance 2(1 + 2¢*+ 2e*) m
In general, when it hits the ground for the (n + 1)th time, it will have travelled a distance s where
k=n
s=2+ 42 e
k=1
The second of these terms includes the sum of a geometric series where a = r = ¢
Since e < 1, the bounce height approaches zero asymptotically and there are, theoretically, an
infinite number of bounces. Using the formula for the sum of an infinite geometric series:
a

s, =2
1-—

82
The total distance travelled by the ball before it comes to rest is —m

b The model is unrealistic because the ball is not a particle, so there will not be an infinite number of
bounces; it will stop once the bounce height is less than its radius. There will also be factors such
as additional energy losses following each ‘bounce’.
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18 After 4 hits B, A moves with speed v4, and B moves with speed vz
Start

( : F——— 4 ms? @ @
A B C
After 1st Collision [A with B]

C
After 2nd Collision
( : ) >V, (::) > Vg (::) > Ve
A B C

Using conservation of momentum:
dm=mv, +2mvy,

4=v,+2v, @
Using Newton’s law of restitution:
v=eu

v,—v,=07x4=28 (2)
(1) + (2) to find v, then substituting back into (2) for v4:
2v,+v, =4+2.8

, 08 _68 34
3 30 15
28
Vg VA:E
, 08 28
430 10
_68-84 16

'v —_ —_ —
30 30

Since 4 is travelling in the opposite direction to B (and the opposite to that shown in the diagram), it

will not collide with B again. However, B is moving in the right direction to collide with C. After B

hits C, B moves with speed v,, and C moves with speed v, and their relative speed is v — v,

Using conservation of momentum:

34 x2m= 2mvB' +3mv,
% =2v, +3v, A3)
Using Newton’s law of restitution:
' 34 68
Vo=V, =04x—=— 4
< f 5775 @
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18 continued
(3) +2 x (4) to find v, then substituting back into (4) for vy:

3vC+2vC=%+2%
476
5VC=F
, 2476
< 375
. 68
VC—VB Z%
Lo 476 _68
375 75

L 476-340 136
i 375 375

B and C move off in the same direction and neither can subsequently collide with A as it is moving in
the opposite direction. Since v, <v., Bcannot reach C to collide with it again and so there are no

further collisions.
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Wall

Let the components of the velocity perpendicular and parallel to the wall immediately
after the collision be vxand v, respectively.

Parallel to the wall The impulse is perpendicular to the
wall and so the component of the
v, =ucosa < velocity parallel to the wall is unchanged.

Perpendicular to the wall ) o
Perpendicular to the wall, Newton’s law of restitution

Newton’s law of restitution gives that, for the velocity, the component after collision
= e X the component before collision

v, =eusina

A

The component of the velocity perpendicular to
the wall before collision is % Sin c.

The kinetic energy of S after the collision is given by

A

If v is the velocity after collision, the

1
—m(v} + vi)
2 kinetic energy of S after the collision

1 22 2 2 2 1
=5m(eu sin“ @ +u” cos” ) is —mv*and v2=vf+v§

1 .
=3 mu’ (e’ sin”® a +cos” a)
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20a

30°

u 60°

TITITI7ITTI I
z

Let the speed of the ball before impact be  m s~ and the speed of the ball after

impact be vm s™!

Parallel to the wall
ucos 60" =vcos30°

A

3 u

—U=—V>DV=—F

2 2 B

The kinetic energy lost is

1 , 1 , 1 , 1 (uY
—mu——myv-=—mu- ——m| ——=
2 2 2 2\

As the impulse of the wall on the ball is
perpendicular to the wall, parallel to the
wall the component of the velocity of the
ball is unchanged.

A

o u
Substituting v =

N

lossin kinetic energy

1 1
=—mu’ ——mu’ =—mu’
2 6 3
The fraction of the kinetic energy lost is
Y’ _ 2 <
Lou® 3

b Perpendicular to the wall

Newton’s law of restitution

You find the

originsal kinetic energy

A

vsin30° = eu cos 60°

Perpendicular to the wall, Newton’s law
of restitution gives that, for the velocity,
component after collision = e X
component before collision.
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21a

S

v (90 — 6)
Using conservation of momentum in the direction parallel to the wall:

Pmveos6 =my cos(90-0)
\/g cosd =sind
tan @ = \/§

The sphere is initially travelling at 60° to the wall.

b Considering the components of motion perpendicular to the wall and using Newton’s law of
restitution:

vsin(90—-6) = e3vsin
cosd = e\/§ sin @
1 1

e: =
\/gtanﬁ J§><J§

. o1 .
So the coefficient of restitution is 5 , as required.
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22 tané?:L:sinH:% and cos0:73

B
For the fall, down positive: u=0ms=!, a=g,s=20m, v="?

vi=u’+2as
Vi = 2gx20=40g

j’V 1
V3

Momentum is conserved parallel to the plane so:

m440g cos(90—60) =mx15cos ¢
«/40g sin@ =15cos ¢
\/40g X+ ,/40g

cos¢ = =
¢ 15 30

¢ =48.702...
sing =0.75129...

Considering the components of movement perpendicular to the plane and using Newton’s law of
restitution:

15sin¢g = e\40g cos O
o 15%0.75129...

40g x@
e= 11.269... 0.65724...

1/?)Og

The coefficient of restitution is 0.657 (3 s.f.)
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23a

0.5kg

Impulse = change in momentum
1 1
=—Qi-j)—-=Gi+2j
5 Qi1 -2Gi+2)

=2 (--3i)

The impulse is of magnitude %\/ﬁ Ns and acts parallel to the unit vector L(—i -3 j)

J1o

1
b Kinetic energy £, = 5 mv* so kinetic energy lost:

1 1

AE, =Emu2 —Emv2
AE, :%m((.%2 +22)-(22+7))
Mk:%x%(13_s):§=2

The kinetic energy lost in the collision is 2 J.
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24 a Let the components of the velocity of the car before the collision, with all
components in m s!, be

As the van is at rest, after the collision it must travel
x Direction of X4 along the line of centres of the car and the van. In the
> > diagram in the question, X4 must be the line of
car van centres, so you consider the components of velocity
Y (600 kg) (800 kg) perpendicular and parallel to XA4.
at rest

Let the components of the velocity of the car and
van after the collision, with all components in m s™!, be

w . < After the collision, the van is moving
i along X4 and the car is moving
car van :
y (600 ke) (800 ke) perpendicular to XA.

Parallel to XA

Conservation of linear momentum
3
600x =800w = w= Zx *

Newton’s law of restitution

velocity of separation = e x velocity of approach

w=ex
Hence

—X=ex
4

AW
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24 b For the van

F=ma
~500 =800a = a = —0.625
vi=u’+2as
0% =w* —2x0.625%45
w =5625=>w=175

To find w (and hence x) and y,
you need to use both Newton’s
second law and the kinematic
equation for constant

For the car

F =ma
-300=600a = a=-0.5
v =u’+2as
0°=y*-2x0.5x21
Y =21=y=121

acceleration, v* =u’ +2as

Conservation of momentum in the direction X4 (—))

600x =800x7.5

800x7.5
X=—"=
600

10

So the speed of the car before the collision is given by

\/x2+y2=\/100+2 =J121=11 ms
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25a Using conservation of momentum for component of motion parallel to the wall

%cos45 =zcos<9

7 2 1 7
cosf=—X—X—==—+
2 5\2

0 =8.1301...

After the first impact the sphere moves at an angle of 8.13° (3 s.f.) to the first wall

sin@=1-cos* @

sin’ @ = 1—ﬁ

50
1

50 /50

sin@ =

b Using Newton’s law of restitution for components of movement perpendicular to the first wall

;sin9=exzsin45

\S]

1

7

@

e =

7X7

5 \2
102 10

1
T14450 14x5 7

) L. 1
The coefficient of restitution has a value of —
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25 ¢ From conservation of momentum, component of velocity parallel to second wall, v, is unchanged
by the second collision:

v =;cos(90—9)

v

M 7\50

Using Newton’s law of restitution for components of movement perpendicular to the first wall,
perpendicular component of velocity vx:

v, =eu,
vh:%x%cosﬁ
T
_\2
T35

Ek=%mv
2 2
1 2 V2
Ek_zxo.sx[(7@j *(35U
1.4.( 4 2
Ek‘zxsx(49xso+35x35)
_2.,2 (2 _ 1
Ek‘5x49x(50+25)

_ 4 2 _ 8 _ 8 _
B, =545%55 = €135 = g125 = 0-0013061...

After the second collision, the kinetic energy of the sphere is 1.31 mJ (3 s.f.).
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26u=2ms"!, m=03kg,e=0.6

First collision
Considering components of motion parallel to wall and using conservation of momentum:
2co0s30=v,cosé @

Considering components of motion perpendicular to wall and using Newton’s law of restitution:
0.6x2sin30 =v,sin @ ?2)

@@
0.6tan30=tan @
_3,1 _~N3
tan6'—5><\/§ 5
5
=cosl =—=—
J28

Second collision
Using conservation of momentum for components of motion parallel to wall:
v, cos(100—0) =v, cos ¢ 3)

Using Newton’s law of restitution for components of motion perpendicular to wall:
0.6xv;sin(100—0)=v,sing (4

(O R C))
tan ¢ = 0.6 x tan(100-19.106...)
tan g =3.7431...

¢=75.042...

cos ¢ =0.25810...

Substituting into (3)

4 50.15827...= v, x0.25810...
v, =1.1240...
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26 continued

Kinetic energy E, = %mv2 so kinetic energy lost:
AE, =%mu2 —%mvz2
_1.3(r2_ 2
AE, _Exm(z 1.1240..7)
AE, =0.41047...

The total kinetic energy lost is 0.41J (2s.f)

27a First collision: u=4ms !, v=3ms’!
Considering components of motion parallel to wall and using conservation of momentum:

4cos60=3cosél

cosc9=ﬂxl=%
3 2 3

NG

:>sin6’:—5 and tan@ = —
3 2

Considering components of motion perpendicular to wall
and using Newton’s law of restitution:

W

1

3sin @ = ex4sin 60

e= 33
4><2
o5 A5
23 6

The coefficient of restitution is %

b Second collision: # =3 ms~!, e=0.35
Considering components of motion parallel to wall and using conservation of momentum:

3sinf =vcos¢ 1)
Considering components of motion perpendicular to wall and using Newton’s law of restitution:
ex3cosf=vsing ?2)
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27 continued

2)+@)
tan ¢ = ¢ =E
tan @ ﬁ
2
7
tan¢—10x\/g
¢=17.382...

Substituting into (1)
3x g =vx0.95433...
NG

V=——
0.95433...
After the second collision, the sphere travels at 2.34 ms—! at an angle of 17.4° to W> (both 3 s.f))

=2.3430...

28

v, = k(—4i - 3j)

Initial values:
u=+4*+3"=5

v, = +3 =410

First collision:
COM: 5cosa = \/ECOS,B

NLR: e(SSina) = \/Esinﬂ
=etana =tan S

Second collision:
COM: \/Esinﬂ =VCosy
NLR: ey/10 cos L=vsiny

= =tany

tan
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28 continued
Substituting for tanp:
e 1
tany = =
etana tana
i.e. & =90 — v so the final motion is antiparallel to the initial motion
(this is a general result for equal values of e and perpendicular walls)

v = k(—4i— 3j) where k< 1
Using i component of velocity in first collision to calculate e

M _1
e=M_1
juf 4

Using j component of velocity in second collision to calculate £

M 3k 1
e _2F_1

|u| 3 4
=1

4

Now calculate v,

2
S VEN =
4 16 4

The kinetic energy lost is therefore

AEkz%mu —%mvz2
2
L5235
ABy=5m| 3 (4))
AEk:%xg’lﬂzll.ﬂS%m

The kinetic energy lostis 11.7mJ (3 s.f.)
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29a First collision: u=1.5ms~', e=0.8

Momentum is conserved for components of motion parallel to Wi:

1.5c0s30=v,cos@ 1))

Considering components of motion perpendicular to W1 and using Newton’s law of restitution:
ex1.5sin30=v;sin@ (2)
@) +@

0.8tan30=tan &

4 53
tand = ——= = cosl =—">=
53 ( \/91j

0=tan"! (AJ =24.791...

53

Substituting into (1)

1.5x£=ﬂv
2 \/ﬁl
3.5
4 \/ﬁl
391 _

vl— 20 =1.4309...

After the first collision the sphere moves at 1.43 ms—! at an angle of 24.8° to W; (both 3 s.f.)
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29b After second collision, kinetic energy, Ex = 1.35J, m = 1.6 kg, speed = v», so:

Ek=%mv2

1.35=%x1.6v22
27 33

V, =, | —=——
1.6 4

Considering components of motion parallel to > and using conservation of momentum:
v, c0s(70—6) =v, cos ¢

3491
\2/0_ cos(70-24.791...)

COSQ =
/ 33
4
cosg = OIX070452..._ 2oy
5\3

and sin’ ¢ =1—cos’ ¢
sing =0.63067...
Considering components of motion perpendicular to #; and using Newton’s law of restitution:
exv,sin(70-60)=v,sing
_ v,sing

" v,sin(70-6)

3’j‘{§><0.63067...

e:
3491 .
20 sin(70-24.791...)

_ 543x0.63067...

J91x0.70967...
e=0.80678...

The coefficient of restitution between the sphere and W>is 0.807 (3s.f.)
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30

1.7 kg

w1 e=0.6

First collision
Considering components of motion parallel to wall and using conservation of momentum:
8cos25 =v, cosl 4))

Considering components of motion perpendicular to wall and using Newton’s law of restitution:
0.6x8sin25=v,sinf (2)

@+

0.6tan25=tan@
tand =0.27978...
6 =15.630...

Substituting into (1)

8c0s25=v,c0s15.630...

8cos25

v, =—————=7.5288...
c0s15.630...

Second collision
Using conservation of momentum for components of motion parallel to wall:

v, cos(80—6) =v, cos ¢ 3)

Using Newton’s law of restitution for components of motion perpendicular to wall:
0.7xv,sin(80—6) =v, sin¢ @)

4+ Q)
tan ¢ = 0.7 x tan(80 —15.630...)
tan ¢ =1.4589...

¢=55.573...
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30 continued

Substituting into (3)
_ v,cos(80-0)

2

cos ¢
7.5288...xcos(80—15.630...)
Vv, =
? 0.56532...
v, =5.7606...
Kinetic energy £, = %mv2 so kinetic energy lost:
AE, =%mu2 —%mvz2
AE, =1 x1.7(8? -5.7606..%)
k2

AE, =26.193...

The total kinetic energy lost is 26.2 J (3 s.f.)
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31a Components of the velocities before the collision

13 O (2m)

T Mesma P (m) At rest

13
—— U Ccos a
12

Let the components of the velocities after the collision be

13 .
P (m) 4 usina  Q(2m)
—u

The direction of the component of the velocity of P along the
line of centres, here called x, is not obvious. If you put it in
the opposite direction to that shown here, you would get a
negative value of x and your solution would still be valid.

5 5 2

tanag = —=sina =—,cosax = — « 13
13 13 3

12
This sketch illustrates that, as 5 +12*> =13, if

5 . 5 12
tana = —, then sina =— and cosa = —
1 13 13

Perpendicular to the line of centres CB

In this direction, the component of the velocity of P is unchanged and is

13 . 13 5 5 :
—usina —ux-—=—u, as required.
12 12 13 12

Perpendicular to the line of centres CB

Conservation of linear momentum

13 3
mx—ucosa =—-mx+2mx—u
12 5

6 13 12 6 1 .
X=—U——ux—=—u—u=—u,asrequired

5 12 13 5
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31 b Newton’s law of restitution

velocity of separation = e x velocity of approach

3 13
X+—Uu=e—ucosa
5 12 < —ucosaz—?’uxgzu
1 3 12 12 13
—u+—u=-eu
5 5
4
e=—
5

¢ Let the time after the collision for Q to reach C be ¢,

distance = speed x time

d, =§ut1:>t1 34
5 3u

Perpendicular to W, in time ¢,, P travels a distance s given by
distance = speed x time

1 1 5d, 1
S=—uxt,=—ux—=—d,
5 5 3u 3 :
\ Perpendicular to ¥, the component of the
. . 1
The distance of P from ¥, is velocity of P after the collision is g u
1 4 .
d+s=d + §d1 =3 d,, asrequired To find the distance of P from ¥, you need
consider only this component.

o 3
d Before hitting W, O, has speed gu

After hitting W, O has speed egu :lxzu :iu
5 25 10

In the direction CB, the velocity of Q relative to P is
1 1
3 U——u=—u

10 5 10

The time, t2, for Q to travel from C to the point of
the second collision is given by
. 3d, _ 404,

2

< In the direction CB, the time is given by
wu  3u 4
the distance of Q relative to P[g dlj

The time between the two collision is
B 5_dl+ 40d, 45d, 15d,
u 3u 3u

divided by the velocity of Q relative to

1, +t, , asrequired p[%uj
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31 e Before hitting the perpendicular wall, P has a

.5 :
component velocity Eu perpendicular to CB.

After hitting the wall, this component becomes
5 1 5 5

e—U=—X—Uu=—1u
12 2 12 24

If ¢, is the time for P to move from B to the wall

and ¢, is the time for P to move from the wall
back to CB, then

S

As Q moves along CB the second collision
must occur on CB. So you need to find the
time it takes for P to move to the wall and

return to CB.

0 is moving along CB. So, for the

ﬁ_ 12d,
PoSu o Su
and
d, 24d,
t4 = =< =
su Su
15d,
L+t =
u
12d, N 24d, _ 15d,
Su Su u
36d, =75d,
5o A _36_12
d, 75 25

i.e. the ratio d,:d, =12:25
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32

Let the speed of B before the collision be u m s™!

Components of velocity before collision

3ms™ (¢ cos @) ms™

1 ms™ ‘ 4 B

Let the components of velocity after collision be

(¢ sin @) ms™

2 ms™ zms™!

e L.
- Ca

«—

Parallel to j, the components of the velocity
are unchanged and you can just write down.

1 ms! (u sin @) ms™

Parallel to i
Conservation of linear momentum
2x3-3xucosa =2x(-2)+3z

6—3ucosa=-4+3z
Sucosa+3z=10

0y

Newton’s law of restitution
velocity of separation = e x velocity of approach

1
2+z=5(3+ucosa)

ucosa—2z=1 (2)

(1H)x2

6ucosa+6z=20 k)]
2)x3

3ucosa—6z=3 “)
3+@

ucosa =23

Equations (1) and (2) are a pair of
simultaneous equations in #cosa

and z. The question asks you to find the
velocity of B before the collision. You do
not need to know z, so eliminate it.

23 ‘/
ucosq =—
tan g = 4SO _ 5

ucosa

usina =2ucosa :2><§:ﬁ
9 9
The velocity of B before the collision is
. C e 23, 46, 4

(—ucosai—usinaj)ms = —;1—;] ms

The question gives you that
tan =2 and, as you have found
u cos o, you can use this result to

find usina.
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Let the mass of each of the spheres be m and the radius of each of the spheres be 7.
Let the angle the direction of motion of O makes with the line of centres before the

impact be 4
sino=" =L 930
2r 2

Hence, the angle the direction of motion of O
makes with the line of centres, after the

impact, is 60~

Let the speed of Q immediately after the
impact be v and the speed of R immediately
after the impact be x.

Components of velocity before the collision

usin 30° 0 Atrest Q is turned through 30° so, after the
collision, it makes an angle of
30" +30" = 60" with the line of centres.

ucos 30°

Components of velocity after the collision

Initially, R is at rest and the impulse

of O on R acts along the line of centres.

vsin 60° @) So, after the impact, R moves along the
R line of centres.

v cos 60°

Perpendicular to the line of centres

For QO
usin30° = vsin 60° . As the impulse is along the line of .
< centres, the component of the velocity
1 \/g of O perpendicular to the line of centres is
Eu = 7" =u= v\/§ e)) unchanged.
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33 continued
Parallel to the line of centres
Conservation of linear momentum

mucos30” =mvcos60° + mx

N
X=—u——v 2
5 5 ()
Newton’s law of restitution

velocity of separation = e x velocity of approach

x—vcos60° =eucos30°

. V=
From equation (1), \/g

Substituting into equation (2) gives

u\/§ u

X=——-—
2 283
1 cos 60 .
Now x ——————=eucos30
NE)
So u\/g— “ ucos 60 =eucos30’

2 23 B
u\/g_ u u _eu\/g
2 23 23 2
3u—u—u=3eu

u =3ue

So e=l
3
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34 Let the mass of each of the spheres be m.
Let the speed of Q immediately before the collision be u :
and its speed immediately after the collision be v. You need to introduce a number of

Let the speed of P immediately after the collision be x. variables to solve this question and
you need to make clear to an examiner

what the variables stand for. You
can do this with a clearly labelled

diagram.
Line of centres
»
Components of velocity before the collision
Ucos a
. P
usin a 0 At rest
Components of velocity after the collision
vcosf
> —
P
vsin ff 0
Perpendicular to the line of centres
For O As the impulse is along the line of centres, the
. R < component of the velocity of Q perpendicular
usina =vsin 1 ) .
o B M to the line of centres is unchanged.

Along line of centres

Conservation of linear momentum

)ﬁu cosa = ﬁvsinﬂ+)ﬁx

X=ucosa—vcos 3 2)

Newton’s law of restitution

velocity of separation = e x velocity of approach Use these two equations to eliminate
x, the speed of P.

xX—vcosf =eucosa

x=eucosa+vcosff  (3)

Eliminating x between (2) and (3)

ucosa—vcos f=eucosa+vcos
(1-e)ucosa =2vcos “)
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34 continued
Dividing (1) by (4)
usina _ vsinf

(1-e)ucosa - 2vcos
tano  tan
l—e 2
(1-e)tan f =2 tan o, asrequired

35a Components of the velocity before the collision.
All velocity are in m s™!

1.3cos 3
< This sketch illustrates that,
. 4
L3si as 3 +4° =5, if tana = —,
2.5sina A B 3sinf 3
. 4 3
Y then sina = 3 and cosa = 3

2.5sina

The component of the velocity of 4 perpendicular to the line of centres
immediately before the collision is S/ s

2.5sinams™ :2.5><%ms‘1:2ms‘1 <

The component of the velocity of 4 parallel to the line of
centres immediately before the collision is

2.500s05ms_1=2.5x§ms‘1=1.5ms_1

The component of the velocity of B perpendicular to the

line of centres immediately before the collision is
12

1.3sinﬂms‘1=1.3><2ms‘l=1.2ms_1 <
13 5
The component of the velocity of B parallel to

. . . C This sketch illustrates that, as
the line of centres immediately before the collision is

_ 5 _ _ 2 2 _ 122 : =E
1.3cos fms 1=1.3><Ems '=0.5ms” < 127 =13, ifftan f ==, then

. 12 5
sinf=—andcos f=—
P 13 P 13
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35b Let the components of the velocity after the collision be,
with all velocities inm s,

Y

A

The components perpendicular
to the line of centres are
unchanged.

2 4@2kg) 1.2 B(lkg)

>
>

X

Parallel to the line of centres

Conservation of linear momentum
2x+y=2x1.5-1x0.5

2x+y=2.5 4))

Newton’s law of restitution horizontally:
velocity of separation = e x velocity of approach

1
y—X —5(1.5—(—0.5))
y—x=1 ()

Solving equations (1) and (2) simultaneously:
2x+(1+x)=25

1 3
Sox==—and y==
) VTS

Therefore the speed of A is given by
1 2
(—] +2°=21ms"!
2

and the speed of B is given by

2
@j 1.2° =19 ms™

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 45



Further Mechanics 1 SolutionBank

36 a The components of velocity before the collision
perpendicular and parallel to the line of centres are
Line of centres

\/’1

@)

|

Usin a 4 !

S

At rest
Ucosa

Let the components of velocities after the collision be

X Y

Ucosa

Let the mass of each sphere be m

Perpendicular to the line of centres

The component of velocity is unchanged, so the component of the velocity of T
after the impact perpendicular to the line of centres is U cos ¢, as required.

Parallel to the line of centres
Conservation of linear momentum

mU sin @ = mx +my

X+y=usina (€))

Newton’s law of restitution
velocity of separation = e x velocity of approach

y—x=eUsina ?2)
1H-@

2x=Usina—eUsina=U(l-e)sinx

xX= % U(1-e)sina,asrequired
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36b Let the components of the velocity of T after the impact, parallel and perpendicular
to the wall be X and Y respectively

R()X =Ucos asina —xcosa

:Ucosasina—%U(l—e)sinacosa
. 1 1 . I 1
=Ucosasina|l—-—+—e |=Ucosasina| —+—e
2 2 2 2

=%U(l+e)cosasina, asrequired

R(—)Y =Ucosacosa+xsina

1 . .

=Ucos2a+EU(l—e)s1nas1na
=U(1—sin2a)+%U(l—e)sin2a

=1U(2—2sin2a+sin2a—esin2a)

2
=%U(2—sin2a—esin2a)

= %U [2—(1+e)sin® ], asrequired
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— < You can just write these down but, if
5 you can’t remember these relations,
you can find the sine and cosine by
sketching a 3, 4, 5 triangle.

3 . 3
36¢c tana =Z:sma=§,cosa =

. 2 .
With e= 3 the components in part b become

X=1U(1+zjx§xi=gU
2 3/ 5 5

Y:lU 2- 1+z ><i =1U 2—g =lU
2 3) 25| 2 5) 10

From part a), the speed of S following the collision is given by
y=eUsina+x

U(l-e)sina

y=eUsina+

o 2 . 3. : . .
Substituting e = 3 and sina = 3 into this equation gives

_2Usina +Usina

3 6
2U0 U U
y = — -|- _ =
5 10 2
I /AA
[ Q
[ ’
I /
o
7>
30 .
O
~ :k -
~ ~ | B
Y
The horizontal component of the velocity of S is given by Usma %(%j = 31%
The vertical component of the velocity of S is given by v C;)S 2- %(%) = ZTU

Considering horizontal motion, the time taken for S to travel from
distance d  10d

O—>4is

speed 3% 3U

3U

2U(10d _20d _4d
15 3

So considering the vertical motion of S, 4AX =speed x time = e

From part b, the horizontal component of the velocity of 7" is given by %

Also from part b, the vertical component of the velocity of T is given by %

Considering horizontal motion, the time taken for 7' to travel from
. distance d 10d
O—>Bis =—=—
speed & U
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36 ¢ continued
_20d ﬂ

So considering the vertical motion of 7', BX =speed x time = 2—U[@j =35 =7

5\7TU

Therefore AB=AX+ XB = % + 4d = 28d2+112d = 4;)161

37a Let the velocity of B before the collision be (xi— yj)ms™ and the velocity of 4

before the collision be (wi+zj)ms™
Before the collision

The components of the velocities
are inm s

After the collision

As the impulse is in the direction of j, the
Parallel to i components of the velocities of both 4 and
x=2.w=3 B in the direction of 1 are unchanged.

A

Parallel to j
Conservation of linear momentum

—my+2mz=mx1-2mx1
—y+2z=-1 ()]
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37a continued
Newton’s law of restitution
velocity of separation = e x velocity of approach

1= =2 (r+2)
y+z=4 2)
M+@)

3z=3=z=1
Substituting z = 1 into (2)

y+l=4=y=3
The velocity of 4 is (3i+j)ms™!
The velocity of Bis (2i — 3j) ms!

b Consider the change in momentum of 4
in the direction of j.

1=2mv—-2mu <
=2mx1-2mx(—1)=4m

The mass of 4 is 2m.

The magnitude of the impulse is 4m N s.

A is deflected from the direction of
(3i + j) to the direction of (3i—j).

Original direction

Final direction

The angle of deflection is given by

20=2 arctan% =37" (nearestdegree)
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38a Components before collision ~ Components after the collision

usin45®
> |
| 0 The components perpendicular to L are
1 cos 459 A (m) } . Am) unchanged by the collision.
} In this case, all of the components
|
| . > perpendicular to L are usin45 = L
I } usin 45° 2
|
‘ A
|
|
ucos 45° B (2m) oy B (2m)
|
|
- | -
1sin 45° usin 45°

Parallel to L

Conservation of linear momentum (T)
2mu cos45” —mucos45” =mx+2my
u
x+2y=—7 (1)
2
Newton’s law of restitution

velocity of separation = e x velocity of approach

1
x—y=5(ucos45° +ucos45”)

—y=— 2
xyﬁ 2

M -@) —
As y =0, after the collision B is

3y=0=>y=0 travelling perpendicular to L.

You will need this to solve part b.

u
Hence x=—

V2

The impulse on A4 is given by
final momentum of 4 — initial momentum of 4

(1) 1= MY m(-ucos4s)

\/5
mu 2mu
“EETE

The magnitude of the impulse which acts on 4 in the collision is \/Emu
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38 b The direction of motion of 4 is given by

u
anf=—>r =L _159=45
usin45 N
A This diagram shows the paths of 4 and B
from the point of collision to the points where
they hit the wall. The triangle is isosceles and
Wall the required distance is d.

B

The distance between the points at which the spheres first strike the wall is d.
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39a Let the speed of 4 immediately before the collision be u.

Line of centres

Components of the velocities before the collision

usin 60° A (m) B (km)
Atrest

ucos 60°

Let the components of the velocities after collision be

usin 60° A (m) B (k) As the impulse in along the line of .
< centres, the component of the velocity
of A perpendicular to the line of centres
> > is unchanged.
X Y

Parallel to the line of centres
Conservation of linear momentum

mu €os 60" = mx + kmy As B moves along the line of centres, the

1 component, y, of the velocity of B along
X+ky = 5” 0)) < the line of centres is the velocity of B. So
to solve part a, you must find y from this
pair of simultaneous equations.

Newton’s law of restitution
velocity of separation = e x veloctiy of approach

1 1
—x=—ucos60’ =—u 2
y > 2 2
3u
+ e
ky+y 2

3u .
y =——,as required
+1)
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39b From (2)
x:y—zz 3u _u_ 3u—u(k+1)
4 4Ak+1) 4 4k +1)
_@-hu
Ak +1)
The direction of motion of 4 is given by
usin60” %

tand = =
(2-k)
X pryea)
202-k) /
[ ]
k+1=2-k x
dDk=1=k= l ,asrequired < The question gives you that the direction of
2 motion of 4 makes an angle arctan (2\/§ )
1 with the line of centres, so tand = 2\/5 This
¢ Ifk= 5 gives an equation that you can solve for k.
y= 3u 1 y
4(1+1) 2
(2-3)u _1
xX= =—u
4(1+1) 4

The kinetic energy of the system after the collision is

1 m ()c2 +(usin60)* ) + 1 kmy* After the collision the velocity of 4 has
2 2 components x and #sin60°. So the kinetic
1 w 3u’ 1 1, energy of 4 after the collision is
=—m| —+— [+—mx—u ]
2 {16 4 ) 4 4 Em(x2+(usin60°)2)
1 (1 3 1 15
=—mu | —+—+—|=—mu
2 16 4 8 32

Before the collision only 4 is moving

The loss in kinetic energy is and it has speed u, so the initial kinetic
.1

1 Y15, 1 , energy of the system is — mu’

—mu ———mu =-—mu 2

2 32 32
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Challenge
1
W, W

- P
<

After

X ,
e T E— |
@ﬂP E Before

Let the balls collide a distance x from W at time 7;, and the speeds of the balls after collision be v,
and v,

Using v =+ for each ball:

_x _I-x
"“6u  Su
S5x=6]—-6x
11x =6/
x=21
Lt
6u 1lu

Using conservation of momentum:
6mu —Smu =mv, —mv,
U=vg=vy @)
Using Newton’s law of restitution:
relative speed after collision = e x relative speed prior to collision

vB—(—vA):e(6u—(—5u))

vy +v, =lleu 2)
@-@
vB+vA—(vB—vA)=lleu—u

2v, :(lle—l)u

Therefore time, T,, taken for 4 to return to W, is:
o
vA

&1
4(11e—1)

12/
= =
P 1u(lle-1)

2
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Challenge
1 continued
Total time, T= T + Tx:
! 12/
=t
11u llu(lle—l)
_I(1le-1)+121
© 1u(lle-1)
_I(lle-1+12)
 1u(lle-1)
_ 1li(e+1)
C1lu(11e-1)
l(e+1)

= m as required.

Challenge
2 For all journeys, s = 10 m and @ = 0 ms 2 so s = v¢ = 10 throughout.

Let v, be the speed after the nth collision, #, the time taken to travel between the walls at this speed
and 77 the total time to reach the opposite wall after the nth collision.

a i v=10ms=!' - f)=1s by inspection.
Using Newton’s law of restitution for the first collision:

10 ms™
Aol 1OT

<

Y

”, 10m w,
v, = ey,
v, =0.8x10=8
10

== —=125
8

=71, =1+125=225
The sphere first returns to A4 after 2.25 s.
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Challenge
2 a ii Using the same method:

v, = ey,

v, =0.8x(0.8x10)=6.4

=t = £:1.5625
6.4
v, = ev,
v, =0.8x(0.8x0.8x10)=5.12

=t = £:1.9531...
5.12

=1t,+t,=15625+1.9531...=3.5156...
The sphere returns to 4 again after a further 3.52 s (3s.f.)
In general:
v, =e"v,
=v,=10x0.8"

s s 1

t = —= ——n
v, v,e

n

10 1
=>t,=—X

" 10 0.8"
s n
r=243y,
v() n=1

=7, =1+ 125"

n=1

=1.25"

The second term in the expression for 7, is the sum of geometric series with first term, a = 1.25,
and ratio » = 1.25. Since for a finite geometrical series:

_ a(l-r")

1-7

S

125(1-1.25")
1-1.25
T, =(5x125")-4

=T =1+ =1-5(1-1.25")
b The sphere returns to A4 for the mth time after 2m — 1 collisions, i.e. at time 7n where n =2m — 1

So the sphere returns to A for the 20th time after 40 — 1 = 39 collisions.

Using the identities above:
vy, =10x0.8” =1.6615...x10°°

T, =(5x1.25" )—4=30088.65..

The ball returns to 4 for the 20th time after 30 100 s at which time it is travelling at
1.66 x 10 ms—! (both to 3s.f)
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Challenge

2 ¢ Inpractice, for real pairs of objects/surfaces the coefficient of restitution would vary with speed

and tends to be smaller at smaller speeds. This means that the ball is likely to have stopped moving
before it makes this number of collisions.

3 sinf=3=cos@=2 and tanf =2

5 5 4

a For the initial fall, down positive: u=0ms~!, a=g, s=5m,v="?
Vv =u’+2as

v =0+(2x10%x2) =100

Momentum is conserved in the direction parallel to the plane so:
10m cos(90—6) = mv, cosa

10sin@ =v, cosx 1)

Considering the components of movement perpendicular to the plane and using Newton’s law of
restitution:

v, sin =10esin (90 - 9)
v,sina = 10ecos® 2)

@~@

tana =

tan @

05 2
tanog = ——=—
075 3

. 2 3
=sing =—%= and cosa = —=—
Ji3 J13

Since tana < tand, a < @ and initial motion of ball after the bounce is below the horizontal.
Substituting into (1)

3x10=—-2=v
R
V1=2\/E
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Challenge
3 a continued

The vertical component of this velocity is v, sin (0 - a) and the horizontal component is

v, cos(0-a)

tan(&—a)= tand —tana
1+tan@tan o
3_2
_N_ 4 3
tan (6 a)—1+3X2
4x3
tan(@—a)=%

18 - 1
=cos(f—-a)= andsin(0-a)=—=
(6-a) 5Vi3 (6-a) 5V13
In time ¢, the ball travels 4k horizontally, 3k vertically and 5k along the slope where £ is a constant.
Considering the horizontal motion and using s = vt

4k =v, cos(6—a)t

fo_ M

v, cos(6—a)

Vertically, taking down as positive and using s = uf + % at2
s=ut+Lat’
2
3k_4kv1 sin(@—a)+10 4k
~ weos(6-a) 2| vcos(-a)
2
3k =4k tan (6 —a)+— 5><216k
v, cos’ (0—a)
2
3 = ﬁ+ 5x16k 2
18  4x13x43%5
2
3 - %4_ 125k
9 81
243k =18k +125k> since k is not zero:
243-18 =125k
_9
k= 5

Therefore, the distance travelled along the slope = 5k = % x5=9m
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Challenge
3 b Kinetic energy E, = %mv2 so fraction of kinetic energy lost is given by:

ému2 —;mv2 Ly

% mu’ u’
For the first bounce, u =10 ms ' and v= v, = 2413 ms' so proportion of kinetic energy lost
100—(4x13)
=———>=048
100

1.e. 48%, as required.

The ball hits the slope for a second time at a velocity v and at angle f to the slope.
Since there is no horizontal acceleration, the horizontal component of this velocity is:

vlcos(ﬁ—a)=2\/ﬁx _36

18
513 5

and the vertical component can be found using v* =u’ +2aswith u=v;sin(0-a), s = 3k = % x3

2
v2¢2 =(2\/ﬁj +(2><10><2—7)

513 5
4
v, = 25108

The value of v> is therefore given by:

2 2
vt =(32) +(3¢) ~160

Vv, =410

From the diagram, it can be seen that tan(9+ ﬁ)zg—é
tan(6+ f)—tand
tan((9+,3)—¢9)= an( ﬂ) an
1+(0+ B)tan @
52_3 25
__36 4 _36
R S PE AT
30x4 13
=1
tan,B—3
__3 a1
=cosff= and sinf =

J10 J1o
On the second bounce:

Momentum is conserved in the direction parallel to the plane so:
v, cos B=v,cosy A3
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Challenge

3 b continued
Considering the components of movement perpendicular to the plane and using Newton’s law of
restitution:

ev, sin f =v;siny 4

(OIS
%tan f=tany

tan]/=%

:>sin}/=L and cosy

NEY

6

7

Substituting into (3)

WO 5=

-237
For the second bounce, = v, =4+/10 ms ™' and v =y, = 237 ms!,
160—(4x37)
160

so the proportion of kinetic energy lost = =0.075

1.e. 7.5%, as required.

On the second bounce, the angle at which the ball strikes the plane is shallow.
This means the component parallel to the plane is larger than that perpendicular to the plane.
Since the former is unaffected by the collision, most of the kinetic energy is retained.

On the first bounce, when the angle is higher, the larger component is the one affected by the
collision and there is therefore a greater change in the amount of kinetic energy.
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