Further Mechanics 2 SolutionBank

Further centres of mass 3C
3 b Taking the moments about the point O,
1 If the hemisphere has twice the density of the LMh -8 x2px1x8=(M+8 x2p)Y,
cone then the ratio of the masses becomes
cone 1, hemisphere 2, composite body 3 so
the moments equation becomes

IXE+2><_—15=3)_C
4 8

where ¥ is the centre of mass of the
composite body. From this equation we
find ¥ =8 ~3.39cm (3 s.f.) below O.

_ =5
SX=—

12
The centre of mass lies on the axis of

symmetry at a point 1—52 cm from O towards

the rim of the hemisphere.

2 The mass of the cylinder is
M, =p,7x36x10 and mass of the cone is

M., = P 3736x5. We are also given
that p
mass 1s at a distance x above the base of the

cylinder. Taking moments about the base of
the cylinder gives

Mcone (%X5+10)+Mcyl XS = (Mcone +Mcyl)x
_5OM,,,.+4M ;) 5(9xix5+4x3x10)

=3p,,... Suppose that the centre of

cyl

A, +M_,) 4(1x5+3x10)
_205 533 em (3 sA).
76

3 a Bysymmetry, ¥ = 0. If the side of the
square base is a, then the area of a cross

) (h=y)’

h2
(using similar triangles), where /4 is the
height of the pyramid. If we slice the
pyramid into horizontal slices of thickness
5 y, mass of the pyramid is then

i a ch
M=p| Adv=p > | (=)' dy

section as a function of y is A=a

"
centre of mass

— h a2 h
My=p| ydy + [ -y &

2 37
=p2 [hzy—hy2+y?} :épazh, and the

0

& hzyz 2hy3 y4h 1,
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Further Mechanics 2

4 a Tetrahedron is a symmetric solid, and its

centre of mass will lie at the intersection
of its space heights. Let the side of the
tetrahedron be a. Let us first find the
height of the base of the tetrahedron.

al2

Using Pythagoras’ theorem, the height of
the base (or any face of the tetrahedron) is

2 2
H =\la —-ta :%a.

Because the base is an equilateral triangle
the heights intersect at the centre of the
triangle which divide them inratio 2 : 1.
The height of the tetrahedron 4 can be
found by considering a vertical slice
through the top vertex and the centre of
the base, shown in a diagram below.

\

Using the Pythagoras theorem,

h=,|a —(%%a)z :\Ea.

Next consider the intersection of two such
spatial heights, going from a vertex to the
centre of the opposite face, at point P.

a

SolutionBank

Label the shortest distance from P to a
face 3, and this will be the height of the

centre of mass above the base of the
tetrahedron. Consider the bold grey
triangle in the sketch above. We can find
3 using Pythagoras’ theorem again

)_/2 +(% H)2 :(h_)_/)z. In terms of A,
H =2—j§h, and solving gives us

7=%h=2_35

Taking the moments about the point O,
My-My =M +M)Y  where M,

and M | are the masses of the

tetrahedrons, and Y is the centre of mass

of the resulting solid. The masses are

3
613 a

M, =3p—= and M, = p——, thus
1 p6\/§ 2,06\/5

a (M1_M2): a (3p6\/5_p6\/§j
26 (M, +M,) /6 (310 e iy e j
o2 62

from O in the

Y =

0 () _a
“2J6 (3+1) 46’

heavier tetrahedron. Given that the side

9 36

lengthis 9 cm, y=—2_ -2Y° cm below O.
w6 8

From question 3, a square pyramid has its

centre of mass —lh on the line of

4

symmetry above its base, where /4 is its
height. Using similar triangles we can
find the height of the original pyramid
10 5

=——= h=10. The volume of the
h h-=5
pyramid is V = %azh , where a is the side

of the square base. Taking the moments
about the centre of the base of the

pyramid, %XIO3 x 1 —%x53 x(% +5)

=1x(10°-5")y = y = £ ~1.96cm.
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5 b The volume of the truncated pyramid

v=%(l(f —53)=%. Taking the
moments about the point O,
pv(5-3)-2px5 %3 :(v,o+53 ><2p))_’

=Y =2 Hence the centre of mass is

Y ~ 0.481 cm (3 s.f) below O, towards
the larger body.

The mass per unit length is given as
m(x)= 10(1—%x) , and the length of the

postis / = 1.2 . The total mass will be
12
0

M= mx)de=]"(10-2x)dx

5x2 1.2
:|:10x—Ej| :114 kg

0

The centre of mass can be found using the
formula

Mfz.[jxm(x)dxz.f 'zx(IO—%x)dx

1
0

3 1.2
=|:5x2 —Si} 108 67

!
The mass would be M = IO w’ p(x) dx,
where p(X)= 100(1—1—12 X) . Thus if

r = 0.1 m, the answer would change.
The centre of mass would be

I;nrzxp(x) dx _ ij(l — 15 x)dx

! ! 2
[wip(de [ (1-4x)de
which does not depend on the extra

factors, and thus would be the same as in
the case b.

X =
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7 a The volume of the cylinder is

V=m(4rY2r=32w". The volume of the

hemisphere V=%Tl73. By symmetry, the
centre of mass will lie in the vertical plane
between O and P. Taking moments about
0, Vr—v%r = (V—v)kr =

3v-8F 381
k = =
8(v=V) 376
For part b we will also need the centre of

mass of the resulting solid from the axis
OX. Taking the moments about OX

Vx0—vr=(V-v)k,r=

v 1
ky, = =—— The negative sign
LTV 4 e
indicates that the centre of mass is away
from the cavity.

b i Taking the moments about O,

pV =v)kr+ 2pv§r

=(pV —pv+2pv)kr =
3v—4kv+4kV _ 387
4(v+7) 392

Thus the vertical distance from O will

be ﬁr
392

k=

ii Taking the moments horizontally about
the axis OX,

V=Vl r+2pr

=(pV —pv+2pv)k,r=
i - 2v—kyv+k,V 1
. v+ 49
Thus the horizontal distance from OX

will be L r in the water.
49
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8 a Using the formula

b

[ xm(x) dx ) [ 2+ dr
[ mx)dx B ["@+1 dx

X =

x* 22X x ’
- 7+7
2 3 4 486 ﬁ
114
x+x
rn(3sf)
1 10
_ onm(x)dx IO x(lO—%x)dx
X ==3 ST
jom(x)dx jo (104 x)dx
3 10
[sz_x} 1250
12 |, 3 100
- 270175 21
[IOx—x} B
8 0
~ 4. 76 m (3 Sf)
_ I;xm(x)dx Iozx(1+x2)_1dx
X ="7 ) o
jom(x)dx jo (1+x) " dx
2
LA+ [t
[arctan x](z) arctan 2
~0.727m (3 s.f).
lem(x)dx steo'sxdx
¥ =73 = 0.5
Iom(x)dx Ioe' dx
[Zex/zx_4ex/2 ]Z 4+6es/2
- [2ex/2]2 2426
0
~3.45m (3 s.f).
The mass density of the mast is given as

m(h) =50e """ . The total mass of the mast
is M = j“‘ m(h)dh = jlgsoe-‘“’”' dh

[ 5000e-°°1h] _5000[1—L)

9/50
€

~824kg (3 s.f0).
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9 b Using the formula
j hm(h) dh j he " dh
[Cmmydn  [Tet dn
[-100e°" 4] " +100] e dh
0 0
[~100e " "
0

X =

200(50 Ezoj
- ¢/ ~873m(3s.f).
100
IOO—W

10a The mass density is given by
m(x) =5- px. The mass of the rod is

7= m@x)ydv= 5~ pr)dv

2 2
px 3
=|5x—| =10-2p=>p=—
{ > } pP=70p >

b 7f=J.2xm(x)dx=J.02x(5—px)dx

2
L .
2 3 3

=X :g~0857m(3sf)
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Challenge
Given m(x) = a(1—bx), the centre of mass

el
can be found as M x = Io x m(x) dx, where

M =10 kg is the mass of the post and / =2m
is the length. Integrating gives

2 2
10x =j2xa(l—bx)dx = ﬂ—labx3
0 2 3

0

Giventhat x=1.5m, 15 = 2a —%

But we also have that

M=10= mx)dv= a(l-t)dv
0 0
= [ax_%abxﬂ =2a(1-b). Solving this

equation givesh =1— >
a

Substituting this into the first equation gives

15:2a—8—a(1—§):>5+2a:0 g2
3 a 2

and b =3
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