Further Mechanics 2 SolutionBank

Kinematics 4A

1 Let the velocity of P at time 7 be vms™!
v=[adt=[3e"dr=-12e"*" + C

Whent=0,v=4
4=-12+C=C=16
v=16-12¢"*

The velocity of the particle at time ¢ seconds is (16 —12¢**)ms™

2 Let the displacement of P from O at time ¢ be x m.
x=[vdt = [tsintdt
Using integration by parts
X =—tcost+ Icostdt= —tcost+sint+C
When t=0,x=0
0=0+0+C=C=0

X =—tcost+sint

Whent=E
2

nTm .
x=-—cos—+sin—=1
22

Hence P is 1 metre from O, as required.

3 Let the displacement of P from point 4 at time ¢ be sm.

4
s=jvdt=jﬁdt=21n(3+zt)+c

Whent=0,5s=0
0=2In3+C=C=-2In3
S=21n(3+2t)—21n3:21n(3—;2t]

When t=3

(3+6)

S=2II’ILTJ =21In3

So AB=2In3m
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4 Let the velocity of P at time # be vms™!
v={adt=[4e"dr =8¢ +C

When t=0,v=0
0=8+C=C=-8
v=8¢" -8

The distance moved in the interval 0 < ¢ < 2 is given by

5= jozvdt = 10286%1 —8dt

. 2
=[16e3’—8tJ —(16¢'=16)—16
0
=16e-32=11.5(3s.f)
The distance moved is 11.5m (3 s.f.).

5 a Let the acceleration of P at time ¢ be ams™
v=4cos3t

Soa= @ =-12sin3¢
dt
When ¢ = I
12
a= —IZSinE =—12x L = —6\/5

T

T .
The magnitude of the acceleration when ¢ = T is 6x/2 ms™

4
b x=|vdi=|4cos3tdt=—sin3t+C
[vae=] 5
When t=0,x=0

Ozgx0+C:>C=0
4
So x=§sin3t

¢ WhenPisat O, x=0

ngsin3t:0:>sin3t: 0

T
The smallest positive value of ¢ is given by 3t=n=1¢= 3

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 2



Further Mechanics 2 SolutionBank

6t2 _dr
2+17)

6 v=|adr=]

Using integration by substitution, let u =2+, so o =2t

v=| o sdr=| S o
(2+17) 2+1)

3 _
=J.7du=j‘3u *du
_ wtsc=c-2
u
3

2+¢
When t=0,v=0

=C

7 a For v=4, the graph is a straight line from (0, 4) to (3, 4).

3
For v=5- 7 the graph is part of a reciprocal curve joining (3, 4) to (6, 0.5)

v(msTt)A

4-5"““‘"""7
4

Q
[

b The distance moved in the first three seconds is represented by the area labelled (1).
Let this area be A4.Then 4 =3x4=12

The distance travelled in the next three seconds is represented by the area labelled (2).
Let this area be Ao>.

4, =Lﬁ[5—%] dr=[5-3In] = (30~3In6)~ (15-3In3)

=15-3(n6—-1In3)=15-3In2
So the displacement of P from O whent=61s (12+15-3In2)m =(27-3In2)m.
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1 1
8 a v=jadt=_[s1n—tdt=—200s—t+C
2 2
Whent=0,v=0
0=2+C=>C=2
v=2—2coslt
When ¢t =27
v=2-2cost=2-(2x-1)=4
The speed of P when ¢ =27 is 4 ms™!

b x=jvdt=j(2—20051t dt=2t—4sinlt+B
2 2
Whent=0,x=0
0=0-0+B=B=0

1
x=2t—4sin—t
2

When ¢ =

o

T T 1
=2><——4sin—=n—4><—=rc—2\/5
S T 2

The displacement of P from O when ¢ = g is (m— 2\/5)m.

9 a v=jadt= I—4e°’2’dt:—20e°'2’+C
When t=0,v=20
20=-20+C=C=40
v=40-20e"

b x= jvdt = I(40—2Oe°'2’)dt =40t —-100e"* + B
Whent=0,x=0

0=0-100+ B= B=100
x =40t —100e"* +100

dx
The maximum value of x occurs when — = v =40—-20e"* =0

=e"=2

= 0.2t =In2

=t=5In2

So the maximum value of x
=40x5In2-100 x "™ +100 = 200In2 —100e"* + 100
=200In2-200+100=200In2-100

The maximum displacement of P from O in the direction of x-increasing is (200In2 —100) m.
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102 ve 3200
c+dt
When t=0,v=40
40 — 3200 80
c
2
So v= 3200 =3200(80+ kt)'
80 + kt
2
Hence a = dv = —3200k(80+ k) = —L()kz
dt (80 + kt)

Whent=0, a=-0.5

2
052 3200k, 05x80°
80 3200

Solution: ¢=80, k=1

b x=[v dt_j@dt_szoom(somm

Whent=0,x=0
0=3200In80+ A= A4=-32001n80

x=32001n(80 + ) — 32001n80 = 32001n (80“}

11a a=ﬂ=2ez’—lle’+15
dr
Whena=0

2¢* —11e' +15=0
(2¢' =5)e' -3)=0
e'=2.5,3

t =In2.5,n3

2

+C

2 , e . 15t
b x=[vdr=[(e"~1le e

Whent=0,x=0

0=1—11+0+C:>C=2
2 2

e’ . 1527 21
x=—-1le + +—
2 2

When ¢ =1n3

2In3 2
x=e——lleln3+M =
2 2
9 15(In3)° L2 15(In3)’

=—-33+ —18~-8.95
2 2

(. 15(n3)*)
As displacement is a positive quantity, the required distance is Ll 8— 13(n3)" m
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2+L=2.2:>t+2=L=5:>t=3
t+2 0.2

Note that if ¢ =—2.2, which also has a magnitude of 2.2 ms2, then this gives

2+L=—2.2:>t+2=—iz>tz—2.24
t+2 42

So this is not a valid result as # > 0.

b x=[vdr=[ @+n(+2)d
Using integration by parts to work out the second term of the integral, with u =In(¢+2) and v=t¢
[In(e+2)de = [1xIn(e+2)de
2 )

=tln(t+2)—J.H%dt=tln(t+2)—_|.(1—t+—2 dt

=tln(t+2)—t+2In(t+2)=(t+2)In(t+2)—¢
4
Hence x=| ¢’ +(t+2)1n(t+2)—t]1
=(16+6In6—-4)—(1+3In3-1)
=12+6In6-3In3=12+3In6>—3In3

=1243In| — |=12+
12 +31 (336) 12+3In12

So the distance moved by P in the interval 1 << 4 is (12 + 3Inl2) m.

13a v=3~-5t+2
When v=0
3t°—-5t+2=0
Bt-2)(t-1)=0
tzé,tzl
2

_dv _

dt
When 1=5, a=6x5-5=25ms"

b a 6r—5
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13 ¢ The velocity-time graph for the motion of the particle is:

VA
) \ /
0 2/3\/1 t

The particle changes direction twice in the interval 0 <¢ <5

Total distance travelled = [ (3¢ = 5t +2)dr - [, (3 = 5t + 2)dt + [ (3¢ ~ 5+ 2)ds

% 1 5
= t3—§t2+2t - t3—§t2+2t + t3—§t2+2t
2 . 2 : 2 |

10 4) (1 8 10 4\ 125
L_‘_ 3)7 27277973 L”S‘_ “’“J

=E+i+144=28+1+3888=3917=72.5m(3 o)
27 54 2 54 4

d Let the displacement of P from O at time ¢ be x m.
x=Ivdt=I(3t2—5t+2)dt=t3—§t2+2t+C
Whent=0,x=0=C=0

5
Therefore x =1’ —ét2 +2t= t[t2 ——t+2}
2 2
If P returns to O, then x = 0 for some value of ¢ (¢ > 0).

5
Looking for solutions of #* — Et +2=0

2 27
The discriminant (b* —4ac) of this expression is {SJ -8= ?5 - 3: =2

As the discriminant is negative, this expression has no real roots. Therefore P never returns to O
for any ¢ > 0.
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14a For v =2¢(t-5), the graph is a quadratic, with a positive x* coefficient, from (0, 0) to (6, 12). It
cuts the x-axis at (0, 0) and (5, 0) and has a minimum at (2.5, —12.5)

72
For v = P the graph is part of a reciprocal curve joining (6, 12) to (12, 6)

velocity (ms™1) 4

Ema (s)
b For0<¢<6, a =% =4t-10 This is positive when 47 <10, i.e. 2.5<t< 6
For6<t <12, a= % = —3—22 This is negative for all values of ¢

So the acceleration is positive for 2.5<7 < 6

¢ The definite integral will be negative for the area below the x-axis in the graph in part a
Total distance travelled = —Jj (2t —10¢)dt + Jj(th ~101)dz + I:zltzdt

2 2 ‘
12
=—| 2P -5 +| 2P -5 +[721nt]
3 0 3 5 ¢

=1275_36+1275+721n12—721n6

:@_%Jrn(hﬂz_m@:[%+721n2] m
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Challenge
a=ﬂ=6—2 fort > 2
dr  kt
60 60
SOVZJ‘Edl‘Z—E-FC
Whent=2, v=0
0=—@+C:>C=£
2k k
Whent=5,v=9
9=—@+C:>C=9+2
Sk k
12 30 18

So 9+—=—=29=—=k=2
kk k
AndC:3k—0:>C=15

Sov=15—3—t0 fort > 2

AsO<£<15fort>2,|v|<15
t

So for ¢ > 2 the car never reaches a speed of 15 ms™!

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 9



