Further Mechanics 2 SolutionBank

Kinematics Mixed exercise 4

1 a v=g=4e°'5’
dt
x=j4e°'5’dt=860'5’+A
When t=0,x=0

0=8+4=>4=-8
x=8e""-8=8(e"" 1)

dv
b a=—=2e""
dr
When¢t=In9

a=260.51n9 =2e]n3 =2X3=6

The acceleration of P when £ =1n 9 is 6ms ™

2 a av=ﬂ —20te ™"
dt

v=[20te"dr=-10e" + 4

Whent=0,v=8
8=—10+ A= A=18
v=18-10¢™"

b Ast—o,e” —>0andv—>18
The limiting velocity of P is 18 ms™'

_dv_ 18

3 a=—= -=18(2t+3)"
dt  (2¢+3)
-3 18 -2 9
v=[182r+3) dt=——(2+3) " + A= A-———
2x2 2(2¢+3)
Whent=0,v=0
0=4- ’ :>A:l
2% 3 2
1 9
yV==——
2 2(2t+3)
When v =048

HE N A — Y
2 2020437 202e+3)

=225=2t+3=%15=>t=6o0rt=-9

So (2t+3)° = 0
2x0.02

As t > 0, the solutionis ¢t =6

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 1



Further Mechanics 2

SolutionBank

dv 100
a=—=
dr (2t+5)°

=100(2¢+5)~

V= _|A100(2t+5)’2dt=&(2t+5)’1 +A=A- >0
2x -1 2t+5
Whent=0,v=0

0=A—%:>A=10

vy=10- >0
2t+5
b v=g=10— >0
ds 2t+5

x=j[10— 30 )dtlet—251n(2t+5)+B
2t+5

Whent=0,x=0
0=-25In5+B=> B=25In5

x =10t -25In(2¢+5)+25In5
When =10

x=100-25In25+25In5= 100—251n§ =100-25In5=59.8m (3 s.f)

The distance moved by the car in the first 10 seconds of its motion is (100 — 25In5) m.

dv
a=—=
de

1 1
cos’t=—+—cos2t
2 2

v=I[l+10032tjdt=lt+lsin2t+A
2 2 2 4
Whent=0,v=0

0=0+0+4=>4=0

1 1.
y=—t+—sin2¢
2 4

n 1. b4 T
When t=m, v=—+—sin2n=—+0=—ms "

1 1. 1 1
b x:IvdtzI—t+—sm2tdt=—t2——cos2t+B
2 4 4 8
Whent=0,x=0

0=0—l+B:>B=l
8 8

1
v=—t——cos2t+—
8
2 2
Whentzﬁ,x=n——lcosﬁ+l=n—+l=L(n2+8)m as required.
4 64 8 2 8 64 8 64
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6 a When t=2.5,v=%t2

d_

a=—=t
dt

So when ¢ =2.5,a = 2.5, i.e. the acceleration of P is 2.5ms ™ in the direction of x-increasing

dt
So when t =5,a=-8¢ "', i.e. the acceleration of P is 8¢ ' ms™ in the direction of x-decreasing
The distance of P from O when ¢ = 6 is given by

4
o[ Lran jjga—rdt{ﬂ o]

0
—6—64—8e’2+8:§—8e’2

The distance of P from O whent = ¢ is [? - 8e2j m=17.6m (3 s.f.)

dv  2¢t+3 1
7 a a=—-= =2+
de  t+1 t+1

v={adt=2t+In(r+1)+ 4
Whent=0,v=0

0=0+4=A4=0
So v=2¢t+In(¢+1)

b x=[vdr=[2¢+In(t+1)ds
Integrate In(z + 1) using integration by parts

[in(r+1)de = Illn(t+1)dt:tln(t+1)—ItTt1dt

:tln(t+l)—_|.(l—tTll)dt:tln(t+l)—t+ln(t+l)+C

=(t+DIn(t+1)—-t+C

Sox=£+(+DIn(t+1)—t+C
When t=0, x=0

0=0+0-0+C=>C=0

So x=t+(t+D)In(t+1)—¢
When =2

x=4+3In3-2=(2+3In3)m
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2

8 a Solving 18—% =0 gives

2
18=%:>t2=90:>t=i\/%=13«/ﬁ

AsT>0,T=3/10s

b For 0 <¢<5,thecurve y= 3 —14t+8 isa parabola with a positive #* coefficient
When =5, y=75-70+ 8 =13, so the curve connects (0, 8) and (5, 13)

3> —14t+8 = (3t —2)(t —4), so the curve cuts the x-axis at (% , 0) and (4,0)

£ : : :
For 5<¢ < T, the curve y=18—— is a parabola with a negative #* coefficient
5
From part a, it connects (5, 13) and (3\/5 ,0)
velocity &

134---mmmmmmmmmemeee

[ U |5 3\";ﬁ time
3

¢ The graph has a minimum point where %(?’t2 —14t+8)=0

6t—14=0:>t=%

. . dv .
The acceleration is positive for i >0, so the solution is % <t<5
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8 d The total distance travelled is given by

2

3 3t* =14t +8) dr+
I( )

0

3

4

£ -7 +8t]

[ -77 +8(],

+

3 ;2 3410
[t ~ 77 +8t] {181‘—3}

5

[ M[ O‘?B

_68 500 162 o s o o5 245

27 27 27
1290 — 1475
=59.2

9 a v=(r-4)(3r-8)
v=3> =20t +32
dv

a=—=06t-20
dt

b Distance travelled

j3t —20t+32 dt
0

3
j3t —20t+32 dt

3

= [ﬁ ~10£ +32t]§

+[£-107 +32]

512 640 256 896
27 9 3 27
_89% 5
27 27
_01
27

j(sﬁ —14t+8) dt

5 i 3410 pe
+I(3t —14t+8) dt+_! (IS—gJ de

gl
(23 ) ‘( 16—2—3) (-10—(-16))
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9 ¢ x=jvdt=j(3t2—20t+32)dt
x=£ =10 +32t+c
Att=0,x=0,s0¢=0
x=t —-10¢* +32¢t
x=t(t2—10t+32)

If £ —10¢+32 =0 has a solution, then '»* —4ac'>0.
However,

b —4ac=100—4x1x32=-28<0

So #* —10¢ + 32 = Ohas no solutions.
Therefore P never returns to O.

dv =k’
dr
Separating the variables and integrating:

10a

_3 1.
W U U
1
2kU
Ma a=3-4

v=I(3t—4)dt=3—t2—4t+c
2
1 5
When t=0, v=2, soc=2 Eln(§j=—k){
2
y=3L 4142
2

2

Solving %—4t+2=0

3t —8t+4=0
(3t-2)(t-2)=0

2
t=—ort=2
3
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11 b Distance travelled

3/ A2
= EY P
2

2 2
I(£—4t+2J dr
s\ 2

£ ?
[— —2t* + 2t}
2 )

4/ A2
+_[ 3L—4t+2 dr
2

2

3

=[t——2t2+2t} +
0

|

3

Il
TN N
) (SRR )
W
I
S}
/N
w | N
~
38}
+
S}
/N
[SSRRN)
~
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%x16=A—2:>A=10
l\12:10—E
2 x
12
vi=20-—
X

y= (ZO—QJ
X

lv2=J. —3—lx dx=—3x—lx2+A
2 4 8

At x=0,v=8
32=-0-0+4A= A=32
lv2 =32—3x—1x2
2 8
When v=0
0=32—3x—lx2
8
X2 +24x-256=0
(x+32)(x-8)=0
As x>0

x=8
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I, 75 15 15 1
SlpYE  Q
2 4 4x 4

1, _ x’
Ev —J.(3—x)dx—3x—7+A

V' =B+6x—x", where B=24
At x=0,v=4
16=B+0-0=B=16

Vvi=16+6x—x>

b vV =16+6x—x>=25-9+6x—x
=25—(x-3)
As (x—-3)> >0,V <25

The greatest value of v is 5.
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3 4
v =5%—%+B, where B=2A4

At x=10,v=0

0= 5000—10000+B:>B= 2500
3 4 3

o5 xt 2500
343

b When =0, x=0

r =2500:>v=(i)§=(i)50\6
NG 3
The speed of P when ¢ =0 is 50;/5 ms .

17 a a:i(lszz 20
dx\ 2 S5x+2
1, 20
2=
2 Sx+2
V' =8In(5x+2)+ B, where B=24
At x=0,v=3

9=8In2+B=B=9-8In2

dx=4In(5x+2)+ 4

v =81n(5x+2)—81n2+9:81n(5x2+2J+9

At x=12
v =8In31+9=36.471...
v=4/36.471...=6.039...

The speed of Pat x = 121is 6.04 ms™! (3 s.f).

b Whenv=5

25=81n(5x2+2J+9

m(5x+2)= 25-9 _,

2 8
5x+2
=e
2

2
p=2C 5 2 _ 956 (3sf)
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v :8x+x?+B, where B=24

At x=0,v=3
9=0+0+B=B=9
2
V =8x+°—+9
2
At x=4
V' =324849=49=v=7

The speed of Pat x =4 is 7ms.

b a=i(lv2J=—4—lx
dx\2 2

2
X

lv2 =C—-4x——
2 4

2

v? =D—8x—%, where D =2C

At x=4,v="7
49=D-32—-8= D =89
2
V=89 8x—
2

Whenv=0
X +16x=178 = x* +16x + 64 =242

(x+8)>=242=> x=11y2-8, asx >0
x=7.56 (3 sf.)

19a a:i lv2 =4x+6
dx\ 2
%v2:2x2+6x+A
v? =4x*+12x+ B, where B=24
At x=0,v=3
9=0+0+B=B=9
Vi =4x> +12x+9 = (2x+3)’

As v is increasing as x increases

v=2x+3
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19b v=E_2r43
dr

Separating the variable and integrating

1
sz+3dx=jldt

%ln(2x+3)=t+C

In(2x+3)=2t+2C

2x+3=¢e""? = De*, where D =¢’

When =0, x=0
3=De’ = D=3
2x+3=23e"

3
=—(e" -1
x 2( )

20 v%=—k(U2+v2)

Separating the variables and integrating:

vdv

v +U? :—kj-dx

X
0

7
E

;ln v 24U } =—k[x]

lln(SU J—lln(2U2)=—kX
4 2

dv  6000—v*
2lyv—=————
dx 8000v

Separating the variables and integrating:

8 2 X
‘[8000\/ d3v _ J.dx
0
{—@1 \6000—vﬂ =[x]

4

—@1 5488 — (—@1 5936)

Yo 8000 1n(5936j

3 5488
=209 m
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Challenge
Initial velocity = 32500kmh™! = 323? kms ! = 9.0278kms !
dv c
a=y—= ——2
dx x

Separating the variables and integrating
Ivdv = —ch‘z dx

lv2 =cx '+ A4
2

When x = 6370, v =9.028

1>< 81.5008 = 4 x10° + A4
2 6370

A=40.7504 —62.7943 = —22.0439
Whenv=0

ox'=-4

c 4
A4 22.0439
So distance above the Earth’s surface = 18145.6 —6370=11776km (5 s.f.)

x10°=1.81456 x10* =18145.6
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