Further Mechanics 2 SolutionBank

A Level Exam-style Practice Paper

1 a i The period is given by the time lapse between high ] H -high tide
tide and low tide which is 12.5 hours.
ii The amplitude is given by half the total displacement 10m | 37 gd--sﬁzagsg?iigﬁtight
and so is 5 m.
4m
b The ‘safe mooring height’ marker is 4 m above low y L - low tide
tide, 1 m below mean sea level, the centre of the motion 12m
(see diagram). 8 m
a=5m,x=—1m, T=12.5 hours,
2 2n 4=
=~—~="—=—"radhour! ) A .
T 125 25 B - sea bed

V=o' (a2 —xz)
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625
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v=—-—n=24624..
25

The water level is rising at a speed of 2.46 m hour™! (3 s.f.) when it passes the marker.

¢ Taking the displacement to be zero at mean sea level we want the interval between the two times
after low tide when x = —1 m. Taking low tide as ¢ = 0, using x = —acos @t allows us to work
without a phase constant (see diagram) and the equation of motion becomes:

—1=-5cos (4—ntj
25 A
This is first true #; hours after low tide, where: H95m
4n 1
cos| —t, |=— . ‘
25 5 : |
ﬂz‘1 =1.3694...
25
t = 2 x1.3694...=2.7244...
4n
Using symmetry (see diagram), the water falls to an unsafe depth # hours after low tide where:
t,=T-t,

t,=12.5-2.7244...=9.7755...
t,—t,=9.7755..-2.7244...=7.0511...

So the total length of time for which boats can moor safely between two consecutive low tides is
7.05 hours (3 s.f.).
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2 a AD=EC=CB=a
Since 4B =2a
AC=DE=a
Split the lamina along EC.

Both sections have equal mass (since the triangle has been folded over), call this m.

The total mass of the lamina is therefore 2m.
The centre of mass of ACED, G1is £ from both AC and AD.

2 D
For the triangle. taking C as the origin, the coordinates of A
the vertices are:
C:(0,0) 4
B:(a,0)
E:(0,a) Y
So, with C as origin, the coordinates of the centre of mass A=

of CBE, G, are (

O0+a+0 0+0+a

3

-

a a
373

)

The lamina can be replaced by two particles:

ACED of mass m (%,%J from A

CBE of mass m (%,%J from A4

Using Xm,r, = rZm,, the centre of mass of the composite lamina has coordinates relative to 4 as the
x
m ( J +m ( =2m [_}
y
x
y
(— (x
)y

G, ”{1112 centre of mass of the lamina lies: \\\\ A\\\\\\

i — fromA4D.
12

origin of:

ST YN
wla wl"s

—_
—
IS}

_
kK 5 ok o

ii S_a from 4B.
12

b When suspended from A4, the lamina hangs as shown,
with G directly below 4 and AC (and therefore DE) making

an angle of & with the vertical where:
Sa

tan @ = 12
1la
12 1
5 1
tanfd = — X
11 B '
0 =24.443...

The edge DE makes an angle of 24° with the vertical (to the nearest whole degree).
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Separating variables and integrating:

jkzivz dv=—[2dx

%ln(k2 +v2)=—2x+B

Att=0s,v=2Ums"'
Use these initial conditions to find the constant of integration, B:

lh1(k2+4U2):—0+B
2

B= l1n(k2 +4U7)
2
So displacement, x, is given by:

%m(k2 +v2) = —2x+%ln(k2 +4U2)

2x=%ln(k2 +4U2)—%1n(k2 +v2)

2 2
X = l In k;_—4li
4 k™+v
When the particle reaches 4, x = O4 and v = Ums™!
Substituting these values gives:
2 2
OA = 1 In [ﬂ

4

PENIE Jm, as required.

b Using the relationship a = %
dv

—==2(k*+V’
Separating variables and integrating:
2U t
1
dv=-|2dt
;[ k* +v° -([

1 2U
[— arctan K} = —[2t];
ey’

1 2U0 1
—arctan — ——arctan — = —2¢
k k

1 U 2U
t =—| arctan — —arctan —
2k( k k J
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4
4 r=306m, tana:%:sinazg and cosa =—

a Let the mass of the car be m and the normal reaction force be R
Resolving vertically:
mg = Rcosa

mg
cosa

Resolving horizontally:

2
my

=R=

=Rsina
r

2 .
mv.  mgsina

r cosox
2

Y - tan
306 °

v :306x9.8x%

v=47.424..
The car travels at a speed of 47.4 ms~! (to 3 s.f).

b The frictional force, F = uR, p=0.5

If the car is about to slide up the slope, F acts down the slope.
Resolving vertically:

mg+ pRsina = Rcosa
Rcosa— puRsina =mg
R=——"8
cosa — usina
mg
R=——">—
—(3)
Resolving horizontally:

2
my

=2mg

= Rsina + yRcosa
r

2
my

=2mg (sina + pcos )

r

v 3 (1 4

—=2g| —+| —x—

306 5 \2 5
vV =306x2%9.8x1
v=77.444...
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4 b continued

If the car is about to slide down the slope, F acts up the slope.
Resolving vertically:
mg = Rcosa + uRsina
Ro__ M8 _ 10mg
F4+(4x %) 11
Resolving horizontally:

2
my

=Rsina— yuRcosa
r

2
1 .
mv_ _ ()ln;g (sinar— pcosar)

r

v _log(3 (1 4
306 11\5 \2 5
vz=306><&><9.8><l

11 5

v =23.350...

If the car is not to skid up or down the slope, the speed must remain between 23.4 ms~' and
77.4ms~! (to 3s.f).

5 a y=+cos2x
V=njy2dx

. y =Vcos2x
V= n_[(f cos2xdx

V= g[sinzx]i

V=§(1—0)

T
4

The volume of the solid is gm3 , as required.
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5 b Centre of mass:
- Iyzxdx
x= ;

R

I xcos2xdx

=k

=3

=l
Jj cos2xdx

Using integration by parts to find Ixcos 2xdx
[(f()g())dr = £ ()] g(x)dx— (% 16| g(x)dedx
Ixcos 2xdx = x_[cos Zx&—j(%xjcos 2xdedx

=xsm2x_j 1sm2x dr
2 2

=£sin2x—ljsin2xdx
2 2

X . 1({—cos2x
=—sin2x——

2 2 2
= (2xsinx +cos 2x)

Therefore, centre of mass is at:
+[2xsin 2x +cos 2x]!

1[sin 2x]§

. oo 1
The x coordinate of the centre of mass is Z —5

¢ When the solid is about to topple, the weight acts through the
base (see diagram).
The radius of the base is the value of y when x =0

Yo =4/c0s(2x0)

Yo =J1=1
tan@ = ! 1
172
4
tan@ = =3.5038...
n_
0=74.071...

The solid is on the point of toppling when the plane is inclined at an angle of 74° (to the nearest

whole degree) to the horizontal.
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1
6 The starting position is a distance acos60° = Ea beneath O (see diagram).

Taking this as the zero level for potential energy, the total energy of the particle is the kinetic energy
in this position.

K.E. :lmv2
2
1
KE.=—mx3ga
2
3mga

So total energy =

If the tension in the string is 7 and the angle with the upward vertical is &, resolving towards the
centre of the circle gives:
2 2
mv-  my
T+mgcosd = =
r a

When string first becomes slack, 7' = 0 so this becomes:
2

mgcosfd =
a

=agcosf=v (1)
This happens a distance acos@above O (see diagram), so the potential energy at this point is:
P.E.=mgh=mg(acos@+acos60")
Since total energy remains constant:

KE="& _pp
Ly = 3mea —mg acosf+1a acos®
2 2 2
v:=3ga-2gacos@—-ga T TTTTTomtoo  MQottooooooasepooos

acos60°

=2ga—2gacosb

Substituting from (1) for v* gives: o CNeeaaeaoo- T, R

gacos@ =2ga—2gacosl
cos@d =2—-2cosd

3cosfd=2
c056?=z
0=48.189...

The string first becomes slack when OP makes an angle of 48° with the upward vertical (to nearest
whole degree) and P therefore does not reach the top of the circle.
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