Further Mechanics 2 SolutionBank

Review exercise 2

:ﬂ = 62t
dt
1
v= IeZ’dt =—e¢”+4
2

1 a

To find the acceleration, integrate the
velocity with respect to time. Remember
to include a constant of integration.

A

Whent=0,v=0

0=1+A:>A=—l
2 2

1 :
Hence v = 5 (e* —1), as required.

1
2 I 1
de 2 Using J-ektdtzzektA, then
1 - _1,

v=|—e ®dt=-3e ® +4 _1, _1, 1,

I2 \ I%e6dt=;le6+A=—%e6+A
Whent=0,v=10 ZX(_6) 3
10=-3+4=> A4=13 1

1, =3¢ % +4

Hencev=13-3¢ ¢

b When =3

1

v=13-3¢ 2 =11.180...
The speed of Pwhen =3 is 11.2 ms™! (3 s.f)

1
—t
¢ Ast—>w,e ® > 0andv—>13.« L

t
As t gets large, e ¢ gets very small. For example,
The limiting value of v is 13. 1

if1=120,then e 6 ~ 2.06x 10~°. In this
question, as ¢ gets larger, v gets closer and closer to

13 and so 13 is the limiting value of v.

dv .1
3 a a=—=2sin—t ) 1
t 2 Using the formula jsin atdt =——cosat+ A4,
1 1 / a
=|2sin—¢ dt =—4cos—t+ A4
v=] sin> 7 di =—4cos 71 J‘Zsin%tdt=—%cos%t+A=—4cos%t+A
Whent=0,v=4 :

4=-4+4= A4=8

Hence v =8 —4cos%t
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3 b The distance, s metres, travelled by P between the times t =0 and ¢ = s given by

g J‘ g ( 8_4 Cosl tj df < The change in the displacement of P between any two times,
0 - say t; and £, can be found by calculating the definite integral
of the velocity between the limits #; and #. If P has not turned
1 g around, this will also give the distance travelled by P.
= |:8t —8sin— t:| The particle in this question does turn around when
0 dv

— =a =0 but that does not happen until ¢ = 27, so P does

8 dt

. T

=4n-8sin—=4n——(
4 N2

=4n—-42 =4(n—+/2)

not turn round in the interval 0 <¢ <

NS

The distance travelled by P between the times ¢ = () and ¢ =g is 4(m— NG )m.

4 a a=—=-4e"
dr
v= —j‘4e*2’ dt=2e*+4
Atr=0,v=1

1=24+A4A=A4=-1

Hence v=2¢> -1

b P is instantaneously at rest when v = 0.
0=2e" -1 <«
o 1

el =—=e¥=2
2 Take natural logarithms of both sides of this equation

and use the property that, for any x, In(e*) = x

To find the speed when P is instantaneously at rest,
you will need to know the value of # when v=0.

2t=ln2:>t=%ln2

x= j vdt= j (2e —1)dt
=— ' ~t+B
Whent=0,x=0

0=-1-0+B=B=1 <

Hencex=1-¢* —¢

Using €°= 1. It is a common error to
obtain B = 0 by carelessly writing e’ = 0.

Whent=%ln2

2dmy 1

P | Using the law of logarithms, In ¢* = nlna with n=-1,
x=1-e 2 —Eln2=1—e ——In2

~In2=(-D)In2=m2" = ln%.Then as for any x,

1
EETSE NN S TERL M W
2 2 2 ex=x,e2=5.
=l—lln2=l(l—ln2)
2 2 2

: : 1
The distance from P from O when P comes to instantaneous rest is 5 (1-In2)m.
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N | —

v 3

Ta Jury

5 a =-3(t-4)

. dv
\ As the acceleration is towards O, e

1 which is always measured in the direction

v=—3j(t+4);dt _ —3(l‘+4)E A= A—6(t+4)% of x increasing, is negative.
1
2
Whent=0,v=18
18=A4-6x2=A=30
Hence

1

v=30-6(t +4)?

The velocity of P is [30 —6,/(t+4) } m s!, as required.

b 1 There are three steps needed to solve part b. First you
0=30-6(s+4) must find the value of ¢ for which P is instantaneously
1 at rest; that is when v = 0. You must also find x in
(t+4)2=5=1t+4=25=1t=21 «—— terms of t by integrating the expression you proved in
1 part a. Finally you substitute your value of ¢ into your
V= dx =30—-6(t+ 4)5 expression for x. It is a characteristic of harder

dr questions at this level that you often have to construct

for yourself the steps needed to solve a problem.

3
2
w-i_B
2

X :J.(30—6(t+4);Jdt:30t—

3

=30t—-4(t+4)*+B

Whent=0,x=0
3
0=0-4x42+B
3
B=4x4?=4x8=32
3

Hence x = 307 —4(¢ +4)? + 32
When ¢ =21

3

x=30%x21-4(25)2 +32=630-500+32 =162

The distance of P from O when P comes to instantaneous rest is 162 m.

6 a A In the interval 0 <t <5, the graph is part of a parabola
p(ms-Y4 which meets the -axis at the origin and where ¢ = 4.
In the interval 5 <t <10, the graph is a segment of a
15 - —mmmm e hyperbola joining (5, 15)to(10,7.5).
F) S . FN—
2 : L
0 ! 4 5 10 ¢(s)
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6 b The set of values of # for which the acceleration | The acceleration is positive when the velocity-time

is positive is 2 < ¢ < 5. <«—— graph has a positive gradient. By the symmetry of a
parabola, the graph has a minimum when ¢ = 2 and the
set of values of ¢ for which the gradient is positive can
be written down by inspecting the graph.

4 4
c J'O 3t(t—4)dt = IO (3> —12¢)dt

= I:t3 — 61> :|4 <«— | Taking the direction of v increasing as positive, for the
0 first 4 seconds the particle travels 32 m in the negative
=(64-96)-0=-32 direction. In the next second, it travels 7 m in the
5 s, positive direction. So in 5 seconds, it travels a total of
L 3t(t—4)dt = L (3> —12¢)dt (32 + 7)m ending at a point which is (32-7)m from O
s in the negative direction.
=[r -6 ]
4 7 m
= (125-150)— (64 —96) ‘—’:.,_
<
. ) ) (0]
The distance travelled by P in the interval - >
0<t<5 is (32+7)m=39m. 32m
d Fort>5
x=[vde=[75"dr
=75Int+ A4

At time ¢ =5, the particle is (32—-7)m =25m
from O in the negative direction.

So when t =5,x =-25 : :
Using the law of logarithms

-25=75In5+ A= A=-75In5-25 «—— (a)

Ina—Inb=In| < |,
Hence b

; 75In¢—=75In5=75(In¢ —1In 5) = 75111(1).
x=751nt—751n5—25=751n(g)—25 >
Atx =0 You solve this equation for ¢ by taking exponentials
t t 1 "

0=75In (gj —25=1n (gj = E < of both sides of the equation and using e [5] =%

1 1

é=e3 — 1 =5¢3 = 6.98(3 s.f)

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 4



Further Mechanics 2 SolutionBank

7 a v= =(p+qt)”

p+qt
dv i) .. . .

a=—=(-g(p+qt) The deceleration is the negative of the acceleration.
dr / If d = k", for any constant &, then d is proportional

q 2 to v".
==
(p+q1)

So the deceleration is proportional to the

square of the speed. « The square of the speed and the square

of the velocity are identical because,
for example, (—20)* = 20°.

b When t=0,a=-0.75and v =20

2

a=-qv
—0.75=—gx20°
3 1 3 . _
g="X—5= < The exact decimal answers p = 0.05
4 20 1600 and g = 0.001875 are also acceptable.
1
Y=
ptqt
When ¢=0,v=20
20= 1 =>p= L
p 20
_1 .3
P=20"7 " 1600
dx 1
C = — =
dt p + gt
_j dt——ln(p+qt)+A
ptqt
=— 1600 In i+—3 t|+ A4
3 20 1600
When £ = 0.x =0 This expression can be simplified using
the law of logarithms Ina —1In b = <.
0:1600111 1)"'14 A__16001 (1) ' ' b
3 20 3 20 However, as the question specifies no
particular form for the answer, an
Hence x = @1 ! 4 i tj _@ In (L) unsimplified answer or an answer with
3 20 1600 3 20 decimals would be accepted.
1,3,
_1600, | 20 1600
3 1
20
a0y 1, 3
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d(1 , When the acceleration is a function of the displacement, x
8 a=—/|—-Vv |=4x < a(1
dx\2 metres, you write a = E(E Vv ) and integrate both sides
1
Evz = I4x dx=2x"+4 of the equation with respect to x.

v’ =4x” + B,where B=24
Atx=2,v=4 Even when, as here, the constant of integration is 0, it is

16=164+B= B=0 4_/’ essential for you to show how this follows from the

information given in the question to gain full marks.

Hence

2 2
v =4x

d(1 4 _

9 a=—| =V :l——2=1—4x2

dx\ 2 X 1 4

Multiplying the equation Evz =2x+—+4
X

1, )
Ev - I (I=4x)dx throughout by 2.

4y 4 Twice one arbitrary constant is another
=x- +A=x+—+A4 arbitrary constant.
-1 X
2 8
v:=2x+—+ B,where B=24

X
Atx=1,v= 3ﬁ You use the information that at x = 1,
v =342 to evaluate the constant of

18=2+8+B=B=8 3
8 integration B. You then substitute x = 5
2 — J—
Hence v* =2x+—+8 into the resulting equation and show that
49
3 2=
Atx=— T3

2

x
v =2x§+8xz+8=ll+ﬁ=£,as required.
2 3 3 3

d(1 )
10 a=—| —v* |=5+3sin3x
dx\ 2
You use the information that at x =0, v=4

lvz = J. (5+3sin3x)dx =5x—cos3x+ A4 to evaluate the constant of integration B.
You then substitute x = 6 into the resulting

2 =10x—=2cos3x+ B,where B=24 equation and use your calculator to find v.
Atx=0,v=4
16=0-2+B=B=18

Hence v* =10x—2cos3x+18

Atx=6 When calculus has been used, it is assumed
V2 =60-2cosl8+18=76.679... < that all angles are measured in radians aqd
you must make sure that your calculator is
v=4/76.679... =8.756... in the correct mode.

The speed of P at x=6is 8.76 ms™' (3 s.f)
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11a

12a

2
a:i(lv2)= i S =4k (x+1)7
(x+1)

dx\ 2
2 -1
lv2=_[4k2(x+1)’2dx:m+
2 -1
2
vi=B- 8k ,where B=2A4

x+1

Atx=1v=0

2
0=B—%:>B=4k2

2
Hence v* = 4k* — 8k =4k* 1—i
x+1 x+1

v=2k (I—LJ <
x+1

As P is moving on the positive x-axis in the
direction of x increasing, you need not consider
the possibility of a negative square root.

. . 1
As x is positive, | -———<1 =
x+1

Hence v <2k and v cannot exceed 2k.

At the maximum value of v, % =0.

As x is positive, T is positive and one minus
+x

a positive number must be less than one.

: 1
As a= ﬂ, the maximum speed of P occurs when a = 6(30 -x)=0= x=30.

d(1,)_ 1
a——(—v}—12(30 X)

dx (2
1, ol 5 x
= [—B0-x)dr=[[2-X |dx
2" I12( *) I(z 12}

2

:S—X—X—+A

2 24

2

1, 5x x
Multiplying the equation —v" = ——-—+ 4
2 2 24

v :5x—f—2+B,whereB=2A <
Atx=30,v=10
100:5x30—@+3

12

900

B=100+——-150=25
12
x2
Hence v* = 5x——+25

12

throughout by 2. Twice one arbitrary constant
is another arbitrary constant.

An alternative form of this answer, completing
. 1 .
the square, is V= 100—5(30 —x)2. This

confirms that the speed has a maximum at x = 30.
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13a u=0,a=20,v=6,5s="? The model in part a is that of constant
acceleration, which you studied in module M1.
The specification for M3 includes ‘a knowledge

vi=u? +2as «—

36=0+2x20xs of the specifications for M1 and M2 and their
36 prerequisites and associated formulae ... is
s=—=0.9 assumed and may be tested’.
40

For the first model, the distance moved by P while accelerating from rest to 6 m s is 0.9 m.

b a=p—gx
The initial acceleration is 20 m s72. This applies to all
Atx=0,a=20<— parts of the question. Additionally in part b, you are
20=p-0=p=20 given that @ = 12 when x = 2. The two conditions
enable you to find the two unknowns p and q.

Hence a =20—¢gx
Atx=2,a=12

~20-12
2
p =20,q =4,as required.

4

12=20-2g=¢

c a=i(lv2)=20—4x
dx\ 2

%vz = [(20—4x)dx = 20x—2x" + 4

v’ =40x —4x* + B, where B=24

Atx=0,v=0
Divide this equation throughout by 4
0=0-0+B=B=0 and factorise.
Hence v’ = 40x —4x”
Whenv==6

36 =40x —4x”> = 4x* —40x+36=0
¥ =10x+9=(x-1)(x-9)=0
x=19

The distance moved by P in first attaining a speed Comparing this with result in part a,
the revised model predicts that P

of6ms!'is1m. \
‘  moves a little further before
1

reaching the speed of 6 m s .
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14 a

b

d

a =—(lv2) =7—22 =722x+1)7
dx\ 2 (2x+1)

SolutionBank

To integrate (2x+1)", you can
use the formula

-1
1, =j72(2x+1)*2dx=m+f1 <

2 2x(-1)
4 36
2x+1
vi=B- ,where B=2A4
2x+1
Atx=Lv=-6
36=B—7?2:>B=60
Hence v* = 60— 2
2x+1

At a minimum value of x, dx =0

andso v=0. <

Substituting v=0 into the result of part a

0=60- 2 =60 = 2
2x+1 2x+1
72

=1.2—1 _01
2

The minimum distance of P from O is 0.1 m.

2x+1l=—=12=x
60

In this question, it is not practical to find x in
terms of £. However, to find the minimum value
of x, this is not necessary. The minimum is a

. . dx
stationary value and at a stationary value e

which is v, is zero
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15a a—i 1. :Lz Lz—ﬁ 2 Lz
dx\ 2 2x° 4c¢” 2 4c
1
lvzz Ex’z_i_iz dx=£><x—+ﬁ2+A
2 2 4¢ 2 -1 4c
=—£+ﬁ2+A
2x 4c
v2:—5+ﬁ2+3,where3=2A
x 2c
Atx=2c,v=— (E)
c
E=—£+2—kf+B
c 2¢ 2c
gk Kk _k_k
c 2¢ ¢ 2
Hence v =——+ﬁ2+£
x 2c¢ 2c
Atx=c
) k ke k k k k
Vies—t—F+—=-—+—+—=0
c 2¢ 2 c 2c¢ 2
The particle comes to instantaneous rest where x = c.
dx\ 2 2x° 4t 2 4c’
1
[N PSSR
2 2 4¢ 2 -1 4c
:—i—ﬁz+C
2x 4c
vzz—k—ﬁz+D,whereD=2C
x 2c
Atx=c,v=0
0=—E—£+D D=%
c 2c 2c
Hence
vz——k—ﬁ %_—chz—kx2+3kcx
x 2¢* 2c¢ 2¢*x
k ) ) k
=——5 (" —2cx+2c")=——5—(x—¢c)(x—-2c¢)
2c°x 2¢°x

Whenv=0,(x—c)(x—2c)=0

To show that the particle comes to rest at 4, you
use integration to obtain 1* in terms of x, and
then substitute x = ¢ into your expression and
show that v = 0.

Although the acceleration changes at B
you can assume that the velocity is
continuous and that the final velocity, 0,
in part a is the initial velocity in part b.

There are a number of different ways of
completing this question. The solution shown
here puts all of the terms on the right of the
equation over a common denominator and
factorises the resulting expression.

x = ¢ corresponds to the point B and
x = 2c corresponds to the point 4.

x=c,2c *—

After leaving B, the particle next comes to rest at A4,
where x = 2c.
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17 a

1n12—1n6:£
10

ln2:£
10

X =04=10In2

[v—kln(k+v)]0U =-X
(0-kInk)—(U—-kln(k+U))=-X
X =U-kIn(k+U)+klnk

X=OA=U+kln[ k jrn
k+U

SolutionBank
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17b - =—(k+v)

Separating the variables and integrating:

0 d T
J.k-ltjvz_-([dt

U

[In(k+v)] =-T
Ink—In(k+U)=-T
T=In(k+U)-Ink

T=ln(k+Ujs
k
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_ 2
182 ﬂ=169 Y
dr 100

Separating the variables and integrating:

dv dt
j169—v2 =I100
dv dr

I(13+v)(13—v) =500

Using partial fractions,

1 L 1
— 26 + 26

(13+v)(13-v)  13+v 13—v

[T el
26 (13+v 13— vjd J‘100

21—6(1n(13+v)—1n(13—v)) = ﬁ+c

When v=0,¢ =0, therefore ¢ =0

1 t
2—6(ln(13+v)—ln(13—v)) = 00
1 (13+vj t
—In =—
26 13—v 100
1n[13+vj =@

13—v) 100

134y 2

— e
13—v

JETE

13+v=13e* —ve*
13 13

v+ve =13e° —13

13 13
v(1+e5°j=13(e5° —lj
131
13(e5° —lj
_ -1
V=g ms
(e” +1j
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13¢
18b Since ——< <1 fort>0 ,

13¢
(e” +1j

v<13
Therefore the speed of the van cannot exceed 13 ms™!

dv=6_3=30—v

19a —
dr 5 5

Separating the variables and integrating:

dv dt
J30—v= 5

—1n(30—v)=§+c

When ¢t =0,v =0, therefore ¢ =—1In30

1n30—1n(30—v)=§

( 30 j t
In =—
30-v 5

30 é
=e
30-v
t t
30=30e> —ve’
t r
ve’ =30e° —30
t
?aO(e5 —lj
V=
eE
_t
b v=30-30e >

Ast—>o , v—>30 ms’!
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20a Q:-(a%vz)

Separating the variables and integrating:

12 T
d
[ =—]a
@ +v )
1 12
[— arctan [lﬂ =-T7
a a)l,,
larctan (Ej — larctan (Ej =-T
a a a a
T = larctan (Ej - larctan (Ej
a a a a

b vjx—v=—(a2+v2)

Separating the variables and integrating:

12 X

[ dv=—]dx

2 2
04 +v 0

%[ln(a2 +v° )]Z =-X

%m(cﬂ + 144)—%1n(a2 +400) = -X

X = %m(cﬂ + 400)—%1n(a2 + 144)

2
X = L[ €+ 400
2 \a®+144
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21 F=ma You need to remember that
e =0.2a a:i(lvzj'
x+1 drl2
5 25

a = =
02(x+1) x+1 You integrate both sides of this equation

with respect to x. It is important to include
i (l vz) — i a constant of integration. Most questions

include information which enables you to

dx\ 2 x+1
1 25 find the constant.
—v? = [ == dr=25In(x+1)+ 4
2 x+1
v? =50In(x+1)+ B, where B =24
You use the information that v = 5 when
Atx=0,v=>5 + x = 0 to evaluate the constant.

25=50ln1+B=B=25

Hence v’ = 50In(x +1)+25
Whenv=15 Take exponentials of both sides of

15% = 50In(x +1)+25 this equation and use e = x +1.
In(x+1)= M =4
50
x+1=¢
x=e'-1=53.6(3s.f)
22a F =ma
2" =2.5a

2 Using a = d(l vzj

a=—e """ =0.8¢"" al2 )
2.5

<37 oz
dx\ 2

1 j 0.8¢ " dx =
2

0.8¢ %

+ 4

-0.1
Twice one arbitrary constant is

_ —0.1x
=-8e +4 / another arbitrary constant.
v’ =B—16e"",where B=24

Whenx:O,vZZ Atx=0,e01F 2 1.
4=B-16=>B=20

Hence v’ =20—16¢e "

b Whenv =4
16=20-16e""
core 2016 1< Take .logarlthms of b(igllXSId_es of this
16 4 equation and useIn(e™ ) = —-0.1x.
-0.1x = ln(lJ =—In4
4
x=10In4
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22¢ Forallx, e*™ >0
So ¥ =20-16e™*" <20

and hence v <+/20
The speed of P does not exceed

J20ms™.

e

=Y

This sketch, of v against x, shows that as x increases,
the velocity of P gets closer to /20 m s™' but never

reaches it. \/20 m s™' is the terminal or limiting

Integrate both sides of this equation with
respect to x. Remember to include a
constant of integration.

The car comes to instantaneous rest when
x=6.Sov=0atx =6.

Both signs are possible as the car could

speed of P.
1
—x(4-3x)=0.2a
10 ( )
1 2
a=—x(4—3)c)=—x(4—3x)=2x—3i
0.2x10 2 2
d(1 , 3x° /
Bl (NN P B S
dx\ 2 2
2 3
lv2=j 2x—3i dr=x’-2 14
2 2 2
v =2x>—x’ +B,where B=24
Atx=6,v=0 ¢
0=2x36-216+B=B=144
Hence v’ = 2x” —x’ +144
b When x=0

pass through O in either direction when
t = 0. However, in either case, the speed

V=l44=y=+12 <

The initial speed of the car is 12 ms™".

of the car, which is the magnitude of the
velocity, is 12 m s7.
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When the acceleration is a function of
. dv
time, you use a = e When the
t
acceleration is a function of distance,

)

d(1 ,
you canuse a =—| —v
dx\ 2

3¢ =0.6a
_ 3e—0.5t _ 56_05,
0.6 /
ﬂ — 56—0.5t
dr
—0.5¢
v = ISe_O'S’ dr = >¢ +A=A4-10e""

Whent=0,v=2

2=4A-10= 4=12

Hence v=12-10e™*

No particular form of the answer is
asked for in the question and an
approximate answer, such as ¢t =1.83,
would be accepted.

When v =28

8=12-10e™™" = ¢ _12-3 _2

10 5
_o.5t=1n[2J
5
t=_2m(2J=21n[§J «
5 2
b v:9=12—10e*°'5’
de

x=[(12-10¢7*) dr =12¢+20¢** + B
When¢t=0,x=0

020420+ B=>B=20 «———— |

x=12t+20e" =20
Whent=2
x=24+20e"' —20=4+20e""

The distance of P from O when ¢ =2is (4+20e™")m.
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When the acceleration is a
48000 function of #, the velocity can be
- =800a y
(t+2) found by writing a = d_‘t} and
dv 60 _
a=—= > =60(t +2) : integrating with respect to ¢.
dt (t+2)
§ 60(t +2)
v=j60(t+2)2dt=(—)+A vA
-1 30} oo
60
t+2
Whent=0,v=0 0 >
60 60
0=4 —7 = A=30 As the value of ¢ increases, the value of ﬁ decreases
+
Hence v=30 —6—02 and so 30 ——:_02 gets closer to 30. The graph of v
t+
A 60 0and 30 against ¢ approaches v = 30 as an asymptote.
St—>ow,—— —>land v —
2

t+

As t increases, the car approaches a limiting speed of 30 ms!.

b The distance moved in the first 6 s is given by

6 60 P
X = _[0 30— > dr < The car is always travelling in the same
I+ direction. It does not turn round and so the
_ [301‘ —601In(z + 2)]6 distance moved in the interval 0 <7< 6 can be
0 6
_ found by evaluating the definite int 1] dr.
=(180—-601n8)—(0—601n2) ound by evaluating the definite integra . v

=180-60In2’ +60In2
=180-180In2+60In2
=180-1201In2

The distance moved by the car in the first 6 s of its motion is (180 — 120 In 2) m.
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v
k1, @+ly >
(x+1)° 3 5 < }', >
_ 3k The particle is moving along the positive x-axis
- (x+ 1)2 and the force is directed toward O. So the force
is in the direction of x decreasing and force has
i (l VZJ = —3k(x + 1)72 a negative sign in this equation.
dx\ 2
1 —3k(x+1)" 3k
L Skt |, +4
-1 x+1
6k
V' =———+ B,where B=24
x+1
Atx=1v=4
6k
16=7+B:>3k+B:16 1)
e \ The information in the question gives
Atx=8,v= \/E you the values of v at two values of x and
6k 2 you use the information to obtain two
2= 9 +B= 3 k+B=2 (2) «—— simultancous equations, which you solve.
1)-@2)

h-2k=Tk=-14
3703

b Substituting £ =6 into (1)

To find the value of x for which P

18+B=16=B=-2 / comes to rest, substitute v = 0 into
36 this equation and solve for x.
Hence v’ =——-2 1

x+1
Whenv=0
0=£—2:>2(x+1)=36
x+1

2x+2:36:>x:&2_2:17

The distance of P from O when P first comes to instantaneous rest is 17 m.
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27a Applying F=ma:

dv
0.7¢-2.1v=0.7—
E74V=0
dv
3y =—
§7V

Separating the variables and integrating:

dv
=|dzt
—%ln(g—3v):t+c

When ¢ =0,v =0, therefore ¢ = —%lng

%lng—%ln(g—%) =t

1ln g =t
3 (g-3v

m( g J:3t
g-3v

g _ o
g-3v
g=¢"(g-3v)
g=ge' —3ve’

3ve' =ge’' —g
3ve’ = g(e3’ - 1)
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28 Applying F =ma:

dv mv
my—=-mg——
dx k
vﬂ—— v_—gk—v
dx k k

Separating the variables and integrating:

R T dx
J.gk+vdv=_-[7

U

Jq(l— gk jdv=—]£%
1 gk+v o K
[v—gkln(gk+v)]0U = —%

O—gklnk—(U—gkln(gk+U)):—%

29 a

The gravitational force is directed

/ towards the centre of the Earth and so is
x in the direction of x decreasing.
-
F

A

-
-

. ) 1
As F' is proportional to —,F= —iz
X X

Atx=R,F =-mg

You introduce a constant of proportionality
k k and use the fact, that the force due to
-mg =—— = k = ng2 gravity at the surface of the Earth is known
R to have magnitude mg, to find £.

R2
Hence ' =— mg2
X
2
The magnitude of the force is mgf ,as required.
X
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29b F=ma
R2
_mg2 =ma <
X
gr’
a=-— =
d 1 2 2_ -2
—| =V |=—gRx
dx(z J ¢
1, 2.2 ng)f1
—V =—|gRx" dx=- +A4
v = le 7

2 _ 2gR*

v + B,where B=2A4
X
, 3 /
Atx=R,v =5gR

In this equation, the force due to gravity
has a negative sign as it acts in a direction
which decreases the distance, x, of the
particle from the centre of the Earth.

The question gives the velocity of the
particle as it is fired from the surface of the
Earth. That is the velocity when x = R, the
radius of the Earth.

2
Sor=28R g p_3or_2gr-—Llgp
2 R
2
Hence 1 = 28R —lgR
x 2
Whenx =3R <
2gR* 1 R R
V=25 ——gR:g—:>v: (g—J
3R 2 6 6

The speed of the particle when it is 2R above the surface of the Earth is (gRj.

When the particle is at a height of 2R above
the surface of the Earth, itis 2R + R = 3R
from the centre of the Earth.

6

In the equation of motion, the force due to
gravity has a negative sign as it acts in a
direction which decreases the distance, x,
of the particle from the centre of the Earth.

30a F=ma
cm B
—?=ma <
a—i lv2 :—%:—cx’2
dx\ 2 X
lv2:—_|.cx’2dx=£+A <
2 X
, 2¢
vi=—+ B,where B=24
X
Whenx=R,v=U
2c 2c

Ul=—+B=>B=U"-—
R R

Hence v* =§+U2—£

X

1 1 :
=U’+2c (— _EJ’ as required

X

Using

~1

¥ dv="pk=—Lik
-1 X
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o .1
30b At x=R,v=U and the kinetic energy of P is EmUz.

At x =2R, using the result of part a

v =U? +2C(L—lj=U2 +2c(—ij
2R R 2R

c

2 2
v =U

1 1
and the kinetic energy of P is Emv2 =5m (U g —ﬁj

R

(kinetic energy at x =2R) = %(kinetic energy at x = R)

Lofor—< =110
2 R) 2\2

.. . . 1
Divide this equation throughout by 3 m and

then make c the subject of the formula.

The force is negative in equation (1) as the
force on P due to gravity is directed

U2_£:l 2
R 2
1U2=£
2 R
1,
c=—RU
2
31a F=ma
——=ma (1) &«
X
g k
mx”
Atx=R,a=-g
ok \
g_mR2
k =mgR’

Substituting k& =mgR> into (1)

towards the centre of the Earth and that is
the direction of x decreasing.

You know that the acceleration due to
gravity at the surface of the Earth is g and
that the direction of the acceleration is
towards the centre of the Earth.
Substituting ¢ = —g into (1) gives you k in
terms of m, g and R.

RZ
- ng =ma
X /
R’ :
a= vQ = —g—z,as required.
dx X

dv . . .
a= va is one of the alternative forms of the acceleration.

1 d .
vzj = vav and you must pick out

a=—= = —
dt drr dx\2

the form of @ which you need in any particular question.

o g 4
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31 b Separating the variables in the printed answer to part a and integrating

R2
Ivdv = —I ng dx = —I gR*xdx
2 -1
2 -1
2
V= 22R + B,where B=2A4

X The projectile is fired from a point on

Atx=Rv=U < the Earth’s surface with speed U.
2 This gives you that atx = R,v = U.
U = 2gR

+B=>B=U"-2gR

2
Hence v = 288, 2 —2gR
X

Whenv=0,x=X

2
0=2g—R+U2—2gR <
X

Multiply this equation throughout
by X and then make X the subject of

5 5 the formula.
0=2gR"+U"X -2gRX
X(2gR-U?)=2gR*
2 gR’
2gR-U?
32 0.375'm The motion is simple harmonic with
| .< | =I _ < amplitude, @ m, given by a = 0.25.
[ | | i
P 0O 4 7
<>
025 m

4

AtP, x=0.25-0375=-0.125 < When AP = 0.375 m, P is 0.125 m from

The Period is 2 s. tl.le centre of oscillatiop 0. It. is the other
side of O from A4 and, if OA is taken as

21 the direction of x increasing, the
Hence T = ; =2=o0=m displacement of P is 0.125 m.

X =acoswt
—0.125=0.25cos it \ If the time, ¢ seconds, is measured from the time when

the velocity is zero, that is when the distance of P from
COSTlf = —— O is the amplitude, then x = acos wt is the appropriate
2 formula connecting the displacement with the time.

The smallest positive value of ¢ is given by

( lj 21
Tt = arccos| —— | = —
2 3

2
t ==
3
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33a If P completes 5 oscillations in one second,

1 I
then P takes gs to complete one oscillation.

T=2—n=l:>a)=10n
w

The acceleration ¥m s~ is given by

SolutionBank

¥=—0'x <
The amplitude of the oscillation is
0.2

In many other topics in Mechanics, it is usual to use
the symbol a for the acceleration. With simple
harmonic motion, a is often used for the amplitude and
it is sensible to use another symbol. Here the calculus
symbol ¥, for the acceleration is used.

—m=0.1lm =
2

The greatest magnitude of the acceleration
is given by

|%|=w'a =(10m)’ x0.1 =107

The maximum magnitude of the force
is given by

|F |=| ma|=me’a
=0.2x10n* =2n* =19.739...

The magnitude of the greatest force exerted
on Pis 19.7 N (3 s.f)

b w=10n,a=2x0.1=0.2

The amplitude is half of the distance between
the extreme points of the oscillation.

The greatest magnitude of the acceleration,
and hence the force of greatest magnitude,
occurs when the displacement is the
amplitude.

The blow is struck when P is 0.1 m from the

V2 — a)Z(aZ _x2) <
=1007°(0.2> - 0.1°) = 3n°
v=+/3n =5.441...

centre of oscillation. Sox =0.1.

The speed of P immediately after it has been struck is 5.44 ms™!' (3 s.1).
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[

When x=05v=24
V2 =a)2(a2 _xz)
24> =2%(a’-0.5%)

2
a*—025= 24 _ 1.44

22

a=169=a=13

The amplitude of the motion is 1.3 m.

As Vv = w? (¢’ —x?) and x? is positive for all
P x, the greatest value of v?is at x = 0. So the
b The maximum speed is given by ~ greatest value of v? is @? @ and the greatest

value of the speed is wa.
v=wma=2x13=206

The maximum speed of P during its motion is 2.6 m s,

¢ The maximum magnitude of the acceleration is given by The acceleration is given by

| X|=| w'a |=4x1.3=5.2 < ¥ = w’x and this has the greatest
size when x is the amplitude.

The maximum magnitude of the acceleration is 5.2 m s™2.

d x=acoswt
Differentiating with respect to ¢
X =—awsin wt
| X |=|awsin wt |
2.4=13x2sin2¢t =2.6sin2¢

sin2¢, = %

. (12 xA
2t, = arcsin (Ej =1.176... 2.4

f, =0.588...

The required time is given by
I'=n-4t =n—4x0.588...

=0.789... This diagram illustrates that if #; is the smallest
positive solution of 2.6sin2f# =2.4,the time for

The time for which the speed is greater

h which the speed is greater than 2.4 isw—4¢, .
than 2.4 mis 0.79 s (2 d.p.).
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35a The period of motionis 6 s. «

The time taken to move from A to B is half of a

7= 2_7t complete oscillation. So the period is2 x3s = 6s.
@
2n T
6="=>w="
o 3

Measuring the time, ¢ seconds, from an instant when C is at Q and the displacement from
the centre of the oscillation, O say

X=acoswol 4 The formula for the displacement in terms of time
- when time is measured from the instant when a

The amplitude is 2L and o = — particle is at the amplitude is x = a cos wt. If time
3 is measured from the instant when a particle is at

the centre of oscillation, then the formula is x = a
sin wt. In part a, it is more efficient to use the

. . formula with the cosine but in part ¢, the formula
x=2Lcos (5 X 0.75) =2L COSZ with the sine gives you a quicker solution.

After 0.75 s, Cis at P.

1
=2l x—=~/2L
2

b=a-x=2L-~2L
=2-\2 )L, as required.

From part a, when C'is at P, its displacement from
the centre of oscillation is V2L sox=~/2L.

b The speed of C at P is given by

V=0’ (a’ —x7)

- @ (L -(V2L)*)

n) 2 2y 222
_(EJ (4L 2L)—2(3JL

2L
3

v

¢ Ifthe window is centred the displacement of O from the centre of oscillation is given by
x= é - & L
2 2

Measuring time, ¢ seconds, from the centre of oscillation, at O
X = asin ot

2_\/§L = 2Lsin(§t}

2

(= 2—-~2
sm(—t} = V2 =0.146446...
3 4 / In all SHM questions, it is assumed that angles are
T measured in radians. It is important that you make
Et =0.146975... = ¢=0.14035... sure your calculator is in the correct mode.

The time from P to Q is given by
T'=2¢t=0.2807...
The time taken for C to pass from P to Q is 0.28 (2 d.p.).
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36a 2 _ 202 .2
AtCV =o' (@ -x7) You show that the information is the question is

0°’=0’(a"-12°)=>a=12 consistent with SHM by taking the information you
\ have been given about two of the points and using it

AtA Vv =’ (a2 - xz) to find the values of @ and @. You then confirm
3 2 these values are correct using the information about
= \/5 = (1. 22 _ 0.62) the third point. As the information about C gives you
10 a directly, it is sensible to start with that point.
27
~—— =w*x1.08
100
, 27 1 1
QA =—=— —_—
108 4 2

Checking a =1.2 and @ =%at B

V=’ (a2 _xz) Usinga =1.2and @ = %, you find the speed of P at B.
— l (1. 22 _ 0.82) =0.2= l This calculation confirms the speed of P given in the
4 / question and you deduce that the information is
i ith P performing simple harmonic motion.
1 5 1 consistent wi p
oL 5 NG

N

This is consistent with the information in the question. The information is consistent with P
performing SHM with centre O.

b AtO, x=0.Using v} = @’ (a’ —x%)
=i(1.22 -0°)=0.36
v=+0.36 =0.6
The speed of P at Ois 0.6 ms™', as required.
¢ Atdi=-o’x =—i><0.6 =-0.15

The magnitude of the acceleration at 4 is 0.15 m s,

d At4 x=asinot < In this question, as you need to find the difference

between the times at which P is at A and B, it does not
1 ) matter which of the formulae x = asinwt or x =acoswt

06=12 SmE L= Slna = 5 you use. If you use the formula with cosine, you obtain

1 P P gs and 1.459455... s as the times. The difference

Th=E—=>4L=7 . . .
2 6 3 between these times is again 0.412 (3 s.f).

AtB x=asinwt
0.8=12sin-1, = sin 1, ==
2 2773

1
1 =0729727.. =5 1, =1.459455...

t,—t =1.459455... —g =0.412257...
The time taken to move directly from 4 to B is 0.412 s (3 s.f).
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3a a3
2

The period of motion is 12 hours. <

7=2" 1o p-T
w 6
At 1600 hours, t=5
X =acoswt
Y5 \/5 3\/5
=3cos— =3X| — |=———
6 2 2

9l EsIRoIE)
(8

At 1600, the water level is falling at a rate of %m hl.

b depth (m)A
10

s o ol

1
1
1
1
1
1

12 time after

1100 (h)

NN

5.5 mis 1.5 m below the centre of oscillation

The 6 hours, from 1100 to 1700, are half
of a complete oscillation.

The formulae for simple harmonic motion
can be used with any consistent set of
units. Here metres and hours are used.

You find the times, here labelled
t1 and t;, where the water is at a
depth of 5.5 m. The diagram
shows that the total time for
which the depth of the water is
less that 5.5 m is the difference
between these times.

The centre of the oscillation is at a

X =acoswt

—1.5=3cos Ez‘ = CO0S Et =_l
6 6 2
T 2t 4n

Zr=2 =438
6 3

10_4m=7m.

depth of

The time for which the depth of water in the harbour is less than 5.5 m is

(8 — 4) hours = 4 hours.
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A

Let the piston be modelled by the particle P.
Let O be the point where A0 = 0.6 m
When P is at a general point in its motion,

SolutionBank

Displacements in simple harmonic
questions are usually measured from
the centre of the motion. At the centre,
the acceleration of the particle is zero
and the forces on the particle are in
equilibrium. In this question, the point
of equilibrium, O, is where the spring
is at its natural length. No horizontal

let OP = x metres and the forces of the spring
on P be T newtons.

Hooke’s Law

T= Ax = 48x =80x
[ 06
R(—=)F =ma
-T7=0.2%
—80x =0.2x

¥=-400x = -20*x <«

forces will then be acting on the
particle.

When x is positive, the tension in the string is
acting in the direction of x decreasing, so 7
has a negative sign in this equation.

To show that P is moving with simple
harmonic motion, you have to show that, at a
general point of its motion, the equation of

Comparing with the standard
formula for simple harmonic

motion, ¥ =—-w’x, this is
simple harmonic motion with
@ =20. The period, T seconds,

is given by

T= 2n - s, as required.
20 10

a=0.3, =20

The maximum speed is given by
v=aw=03x20=6

The maximum speed is 6 ms™'.

When the length of the spring is 0.75 m
x=0.75-0.6=0.15

X =acoswt
0.15=0.3c0s20¢, = cos 20, =%

-
60

The total time for which the length of the spring
is less than 0.75 m is given by

20t == =1
3

T'=T-2t == —2x==Lg
10 ~760 15

motion of P has the form X =—kx, where k is

a positive constant. In this case k = * =100.

XA
0.3

0.15

When the length of the spring is less than 0.75 m,
the extension of the spring, x m, is less than 0.15
m. This sketch shows you that if the first time
where the extension is 0.15 mis # s, the length
of time for which the extension is less than 0.15

mis (E—Ztljs.
10

The length of time for which the length of the spring is less than 0.75 m is %s.
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39a 0.85m -
TN
T € —T—>
0 E P B
® nrm Ve b As you will use Newton’s second law in this question, it is
0.6 m xm

safer to use base SI units. So convert the distances in cm to m.

Let E be the point where OF = 0.6 m.

When P is at a general point in its motion, let £P = x metres and the force of the
spring on P be T newtons.

Hooke’s Law

Ax  12x
T=—=—=20x
[
R(—) F=ma When x is positive, the tension is the string is
_T-08% < acting in the direction of x decreasing, so T
o has a negative sign in this equation.
—20x =0.8x
¥=-25x=-5x

Comparing with the standard formula for simple harmonic motion, ¥ =—@’x, this

is simple harmonic motion with @ =5. The period, 7 seconds, is given by

2n 2 :
T=2C-2T gas required.
@

b The amplitude of the motion is 0.25 m.

The maximum magnitude of the acceleration
is given by

, The acceleration is given by ¥ =—@’x
|x| = ‘a) a‘ =25x0.25=6.25 <« and this has the greatest size when x is
the amplitude.

The maximum magnitude of the acceleration
is 6.25 ms™.

¢ X=acoswt

You can drive an equation connecting

X =—aosmaot velocity with time by differentiating

Atr=2 x =acoswt with respect to £. You obtain
x=-0.25x5sin(5x2) =—-1.25sin10 == =-an sinwt. This equation is
=+0.680 026...

particularly useful when you are asked
about the direction of motion of a particle.

The speed of P as it passes through _ L,
Cis0.68ms" (2 s.f). As the vissquared in v =@ (a” —x7),
values of v found using this formula have

an ambiguous * sign.

d As the sign of X in part ¢ is positive, P is
travelling in the direction of x increasing
as it passes through C.

As it passes through C, P is moving away from O towards B.
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40 a B 3.5m N
TN P
0 A X B
- <>
2m X m

When P is at the point X, where AX = xm, let the tension in the spring be

Hooke’s law

p_Ax _216xx

=10.8x
[
R(—)F =ma When x is positive, the tension in the
T =03% P spring is acting in the direction of x
= U - decreasing, so 7 has a negative sign in
—-10.8x=0.3% the equation of motion.
¥=-36x=-6"x

Comparing with the standard formula for simple harmonic motion, ¥ =—w’x, P is
performing simple harmonic motion about 4 with @ = 6.

. . o 2n 2n 0w .
The period of motion 7s is given by 7 =— = 3 = 3 s as required.
(9
b At4,x=0
V=’ (a>—x7)=36(1.5"-0)=81
v=+81=9
The speed of Pat Ais9 ms ™.
1.5
c At C, x=7=0.75
X = 4.cOS Wt The time when P first reaches C is the
B smallest positive value of # for which
0.75=1.5cos 6¢ < this equation is true. In principle, in
1 - - simple harmonic motion, P will reach
cosbt =—= 6t = g =>i= ﬁ this point infinitely many times.

P reaches C for the first time after %S.
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40d Before impact, the linear momentum of P is
mu=03x9INs=27Ns

SolutionBank

Let the velocity of the combined particle R immediately after impact be Um s

After impact, the linear momentum of R is
m,U =0.5UN's

Conservation of linear momentum <

05U =27T=U=54

For R
R(—) —-T=0.5x <

Conservation of linear momentum is an M1
topic and is assumed, and can be tested, in
any of the subsequent Mechanics modules.

When R is at X, Hooke’s law gives
T =10.8x, exactly as in part a. There

—10.8x =0.5%
X=-21.6x

Comparing with the standard formula for simple
harmonic motion, ¥ =—@’x, after the impact

R is performing simple harmonic motion about
A with @ =21.6.

is no need to repeat the working in
part d.

v=U=aw
54=a21.6 )
a=—2 _1161...

V21.6

The amplitude of the motion is
1.16 m (3 s.f)) <

As R is performing simple harmonic motion
about 4, the speed of R immediately after
the impact is the maximum speed of R
during its motion. The maximum speed
during simple harmonic motion is given by
V=ao.

No accuracy is specified in the question

1
and the accurate answer, %m, or any

mg

At the equilibrium level
R(T) T=mg )
Hooke’s law
Combining (1) and (2)

T

%=mg:>/1=4mg

The coefficient of elasticity is 4mg.

reasonable approximation would be
accepted.

The information you have been given at
the equilibrium level enables you to
obtain two equations for the tension 7,
one using Hooke’s law and a second by
resolving vertically. Eliminating 7'
between the two equations gives you an
equation for the modulus of elasticity A.
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41b _A_
5
4 /
AT
o =
X
P I
mg
Hooke’s law
T zk _ 4mg (il+x) ) When AP =§l+x, the extension
! ! b (5
mel + dmex Amox 1S Zl+x —I=Zl+x.
/ /
Newton’s second law
R(‘L) F=ma You take the forces in the direction of x
d’x increasing. The weight tends to increase
mg—T = m? 4) < the value of x, so mg is positive. The
tension tends to decrease the value of x
Substituting (3) into (4) so, in this equation, 7 has a negative sign.
4mgx d’x
mg —| mg+ =m—
l dt
Amgx d’x
l dt
d*x 4ox )
— = —i, as required.
dt l
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41 ¢ Comparing the result of part b with the standard formula ¥ = -@’x, while the
string is taut, P moves with SHM about O,

. »_4g
with @ = 7 Alternately, you can use conservation of
energy between the point of release and B to
When P is released from the point where find the velocity at B.

Loss in elastic energy = gain in kinetic
energy + gain in potential energy
4mg(ll)2 1 3
7 5, 1 amg(Gl) L 2y a2l
a=AP-A0==1-=1=—| a2 Ty
4 4 2

AP = %l , the amplitude, a, is given by

This, of course, leads to the same answer.

At B, x:—ll
4
V= a)z(a2 —xz)
2 2
_4g (l,) _(_l,)
/ 2 4

2
=4_g(ll2 _il2)=4_gxi_3_gl
[ \4 16

I 16 4
1
v=5,/(3gl)

The speed of P at B is %«/(3g1).

d First P moves freely under gravity until it returns to B.

Then it moves with simple harmonic motion about O.

A
42 a B

A particle attached to one end of an elastic
string will oscillate about the equilibrium
position. When solving problems about
vertical oscillations, you often have to
AT begin by finding the point of equilibrium.
In this case, the oscillations later in the
question have centre O.

N
Q
+
Q
A

mg

At the equilibrium level, let 40 =4a+ e, where e is the extension of the string.
Hooke’s law
Ae 8mge 2mge

T=—
/ da a
R(T)T=mg
Hence
mgzzmge:>e:2
a 2
a 9Ya
AO=4a+e=4a+—=—
2 2
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mg To show that P is moving with
simple harmonic motion, you have
to show that, at a general point in

When P is at a general point, its motion, the equation of motion

X say, of its motion, let OX =x.

A

of P has the form X = —@’x, where
At this point, the extension of the @ is a positive constant.

.1
string 1S —a+x
2
Hooke’s law

- Axextension 8mg(§a+x)

- natural length - 4a

_ 4mga + 8mgx —mg+ 2mgx )

4a a Hooke’s law and Newton’s second law

Newton’s second law give you two equations from which
you eliminate the tension, 7.
RH) F=ma

mg—-T=mx (2)

Substituting (1) into (2)

( 2mgx) ..
mg—| mg + =mx
a

2
_2mgx
a
2
)'c':——gx
a

Comparing this equation with the standard formula for simple harmonic motion,
¥ =—@’x, P moves with simple harmonic motion about O and

()

The period of motion 7 is given by

T=2—n=2n\/(iJ =n\/(2—a} as required.
0] 2g g
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42 ¢ The maximum speed is given by v=aw

As the particle is pulled down a
l ( ga) =d (2_‘1 < distance d from the equilibrium
2 position and released from rest, d
1 2g is the amplitude of the motion.

—ga=d*x=2
4 & a
d? = 1 a’ Squaring both sides of the

8 previous line.

1
d=——a
22

1 : : . : .
d As a> Ea, the string will become slack during its motion. The subsequent motion

of P will be partly under gravity, partly simple harmonic motion.

Challenge

ﬂ _ _,2kv
dt
Separating the variables and integrating:

0 T
IeiZkvdv = —I dr
0

u

1 0
{——e‘m} =-T
2k v

—— =-T
2k 2k
_ L _ L —2ku
2k 2k
T _ 1 e72ku
2k
1 —2ku
T=—(1-e™)
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Challenge

1b vd—V:—eW
dx

Separating the variables and integrating:

0 X
IveiZkvdv = —I dx
u 0
— 0 0

v —Le’”‘” —I—Le’Zkvdv=—X

2k . 2k

_ : 0

_Le—Zkv __2e2kv:| - X

2k 4k v

0—%)—(—16_21‘" _%e—zkuj - X
4k 2k 4k

(U, 1
ak> \ 2k 4k*
1 2 —2ku —2ku
x=1 - kue2 L :
4k 4k 4k
—2ku —2ku
¥ 12 B 2kue 2-I-e
4k 4k
1 1+ 2ku
X=|———"""m
(41{2 4ic*e™™ j
2 a= SxQ
dr
vd—v =8xv
dx
ﬂ =8x
dx
V= ISxdx
v=4x"+c¢
When t=0,x=0and v=—k, so c=—k
v=4x" -k
de_ 4x* —k
dr
The displacement x is maximum when % =0
ie. 4x*—k=0
=k
4
Jk
xX=—
2

Jk
-

Therefore the distance of the particle from the origin never exceeds
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Challenge

3 Applying F=ma: mvjx—v = —mg — mgkv’

dv )
& ok
V] g —rgv

Separating the variables and integrating:

NI~

v g
£g+kgv2 dv= _([dx
. ¢
ppleen)] =x

2
Lln g+ng —Lln(g+ng2)=—X
2gk 4 2gk

2
X=Lln(g+ng2)—Lln g+kg_U
2gk 2gk 4

2
¥ 1 In g+kgl/2'
2gk g—}-ﬂ

4

2
vo L 4+4kU2
2gk \ 4+kU
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