Further Pure Mathematics Book 2 SolutionBank

Complex Numbers 3C

1 Wehave z =1+1, z,=2+1 and z, =2+ 2i. The transformed triangle can be found by directly
computing the transformed values w,, w,,w, of z,,z,,z,:

ai w=z-3+2i
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ii This transformation represents a translation by vector 5
bi w=2z

vy
4

4
3
2
1

0 1 2 3 4 51
ii This transformation represents enlargement by a factor of 2 with centre (0,0).

ci w=iz-2+1

A
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< 5]

[g=]

[y

5 43210 q1u
s . . . ) ) T ) -2
ii This transformation represents a rotation anticlockwise through 3 and a translation by :

di w=3z-21
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0
1 d ii This transformation represents enlargement by a factor of 3 and translation by ( 2} .

2

z

v

-2
Translation ( 3 j

v

z—2+3i

v

Enlargement scale factor
4 centre (0, 0)

v

4(z—2+30)

Hence 7 :w=4(z—-2+3i)
=4z-8+12i

The transformation 7 is w=4z—-8+12i

Note: a=4,b=-8+12i.

3 Rotation through g around the origin is achieved by multiplying all values in the z-plane by 1.

Enlargement by a scale factor of 4 is achieved by multiplying all values in the z-plane by 4.

Therefore this transformation can be written as w=4iz.
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4 zmovesonacircle |[z-2|=4
METHOD(1) w=2z-5+3i
=>w+5-3i=2z
w+5-31
AL e
2
w+5-31
:>—_
2
w+5-3i—4
- —
2
w+1-31
2
‘w+1—3i
:>—
2
|lw+1-31|
2]
=|w+1-3i|=2]|z-2|
=|w+1-3i| =2(4)
=|w+1-3i| =8
=|w—(-1+3i)|=8

2=z-2
=z-2
z=2

=|z-2]|

|z-2]

So the locus of w is a circle centre (—1, 3), radius 8 with equation (u +1)* +(v—3)* = 64.

METHOD(2) |z-2|=4

z lies on a circle, centre (2, 0), radius 4

l enlargement scale factor 2, centre 0.

2z lies on a circle, centre (4, 0), radius 8.

-5
l translation by a translation vector ( 3 j

w=2z-5+3i lies on a circle centre (-1, 3), radius 8.

So the locus of wis a circle, centre (=1, 3), radius 8 with equation (u+1)* +(v—3)* = 64.
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5 w=z-1+2i

a |z-1|=3 circle centre (1, 0) radius 3.

-1
METHOD 1) |z-1|=3 is translated by a translation vector ( 5 j to give a circle,

centre (0, 2), radius 3, in the w-plane.
METHOD(2) w=z-1+2i

=>w-2i=z-1

=>|w-2i|=|z-1]

=>|w-2i|=3
The locus of w is a circle, centre (0, 2), radius 3.

[N

|w - 2i| = 3

|

[4%]
é

e —

2y
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5 b arg(z-1+1)= % half-line from (1, —1) at % with the positive real axis.

-1
METHOD(1) arg(z—1+1) =% is translated by a translation vector ( 5 j to give a half-line

from (0, 1) at % with the positive real axis.

METHOD(Q2) w=z-1+2i
=>w+l-2i=z

Soarg(z—1+i)=%

becomes arg(w+1-21—1+1) :%

= arg(w—1) =%

Therefore, the locus of w is a half-line from (0, 1) at Z with the positive real axis.

(0, 1)¢
0 u
¢ y=2x
w=z-1+21

=>z=w+1-2i
=>x+iy=u+iv+1-2i
=>x+iy=u+l+i(v-2)
Soy=2x=>v-2=2(u+l)
=>v-2=2u+2
=>v=2u+4

The locus of w is a line with equation v = 2u + 4.

A

%=2u+4

.
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1
6 w=—,z%0
z

a zliesonacircle, |z|=2

1

w=—

z
=>|w|=|—
z

w
|z |

1
:>|w|=5<— apply | z[=2

) . N ) 1
Therefore the locus of w is a circle, centre (0, 0), radius > with equation ur+v° = Z

b z lies on the half-line, argz =§

1
w=s—=owz=1l=Dz=—
z w

1
So argz=%, becomes arg(—j=

n
w 4

= arg(l)~arg(w) =,

= —-agw=— 4— argl=0

Al |3

= argw=-—

Therefore the locus of w is a half-line from (0, 0) at an angle of —g with the positive x-axis.

The locus of w has equation, v =—u,u > 0,v < 0.
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6 c zliesontheline y =2x+1

1 1
w=—=wz=l=>z=—,

z w
=S X+iy=—70
u+iv
. I (u-iv)
=S x+iy= - -
(u+1v) (u—1v)
) u—iv
Sxt+iy=—7
u +v
= x+i - +i( v J
X+iy =
ut +v: w02
-V
So x= and y =
u® +v° u® +v*
-V 2u
Hence y =2x+1 becomes — = >+1 x (u? +v?)

u v Uty
= —v=2u+u’+v

=0=u’+2u+v +v

1Y 1
=+’ -1+ v+=| ——=0
2 4

1
Therefore, the locus of w is a circle, centre (—1,—5

2

1 5
+1) +|v+=| ==
(u+1) (V 2} 1

2

) 5 ) )
j,radlus 7, with equation

7T w=z

a z moves once round a circle, centre (0, 0), radius 3.

The equation of the circle, |z |=3 is also »=3.

The equation of the circle can be written as z = 3¢’
or z=3(cosf +isinf)
= w=z? =(3(cos @ +isin 9))*

=3%(cos 20 +isin 20)
=9(cos 26 +isin 26)

de Moivre’s Theorem.

So, w=9(cos 26 +isin 20) can be written as | w |=9

Hence, as | w|=9 and argw =26 then w moves twice round a circle, centre (0, 0), radius 9.
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7 b z lies on the real-axis = y =0

So z=x+iy becomes z=x(as y=0)

2 2
> w=zZ =X

= u+iv=x"+i(0)

=u=x"andv=0
As v=0 and u =x* >0 then w lies on the positive real-axis including the origin, 0.

¢ z lies on the imaginary axis = x =0
So z=x+iy becomes z=iy(as x=0)

=w=z" =) =)’
= u+iv=—y" +i(0)
:>u=—y2andv=0

As v=0 and u =—y* <0 then w lies on the negative real-axis including the origin, 0.
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2 .
8 We have transformation 7 given by w = - Py z#%
i—-2z
a i Rearrange the transformation to get an expression for z:
2
W= -
1—-2z
w(i-2z)=2
1-2z= 2
w
2z=1— 2
w
i1 w=-2
Z=———=
2w 2w
w—2

Therefore we can write |z| = 5
w

Since |z| =1 we have that:
iw—2
2w
|iw - 2| = |2w|

i+ 21 = 2|

=1

|w + 2i| = 2|w|

Write w=u+ 1v, substitute into the equation and square both sides:
|u +iv+2i| = 2|u +iv|

|u +iv+ 2i|2 = 4|u +iv|2

u +(v+2)2 =4u’ + 47

3ut +3v —4v—4=0

u’ +v° ——v—ﬂ =0
3 3
Complete the square for v

2
u’+ [v—gj = 5 which is the equation of a circle

27 1 2
ii Since u’ +[v—§j = 36 , the circle is centred at [O’EJ and has radius r =%
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: : 2) . : 4
8 b We showed that the region |z| =1 is mapped to a circle centred at [O,EJ with radius » = 3

Thus |z| <1 will be either a circle and its interior, or a circle and its exterior.

The easiest way to check that is to pick a point inside the circle |z| <1 and see where it maps to.

2
Pick z =0 (for example). Then w, = g =—2i. This lies outside of the circle centred at [O’EJ with
i

: 4 : )
radius 7 = 3’ so we see that the region |z| <1 will be mapped to:

A

———
=
JER (%

il
0 o

=y

N A
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1
9 We want to show that the transformation 7" given by w= >

, z # 2 transforms the circle centred at

O, radius 2,
w(2-z)=1

z| = 2 to a line. First, rearrange 7 to obtain an expression for z:

As |z| =2, we can write:

2w
2=
[
2|w=|2w-1
1
==
2

This equation represents points on the perpendicular bisector of the line segment joining (0,0)and

1
[E’Oj . Therefore the line / has equation u =% :

UA !

o=
=

s =
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10 We know that the transformation 7' is given by w= j—: , Zz#—1
a We want to show that the circle |z — i| =1 in z-plane is mapped to a circle in w-plane.
Begin by rearranging the transformation to obtain an expression for z:
M{Z+d)zz—i
wz+iw=z—1
Z(L—wj:ibv+l)

w+1

z =
1-w

We know that |z - i| =1, so subtract i from both sides:

. Iw+1
z—1= -
1-w
. 21w
z—1=
1-w

Use |z — i| =1:

_|ﬁw|

[

[1=w]=2[w]
Write w=u+1v and square both sides of the equation:
p—u—WF:4W+WF
(1—u)2+v2:4u2+4v2
1-2u+u” =4u” + 3
3u” +2u+31v"—-1=0

u2+gu+v2—l:0
3 3

Complete the square

u2+gu+v2—l:0
3 3

(o33
ut+—| +vi ==
3 9

: : 1 : 2.
W%whmmewmsammkcaﬂmd[—gig,mdmsr=§1nmewmhn&

wro
\——/::
+
=
e —
L]
+
=
[}
1l
=1
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=>w2-2z)=3
=2w-—wz=3
=2w=3+wz
=2w-3=wz

2w-3
w
2w-3
=z=
w
Z=2(u+1\./)—3
u+iv
Z_(2u—3)+2iv
u+1iv
L [(2u— 3).+ 21v] y [u —%v]
u-+1v [u—1v]
__ Qu=3)u—iv(2u—3)+2iuv+ 2v?
u? +v?
2u? = 3u— 261 +3iv+ 2ubi + 27
z= 2 2
u - +v
:>Z_2u2—3u+2v2+i[ 3v }
u? +1? u? +1?
Sox+iy—2u2_3u+2v2+i[ 3v }
’ u? +v° u? +v°

2u’ —3u+2v?
u? +1?
3y

2 2
u-+v

=x=

and y =
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11 (continued)
3v 2u* —3u+2v
As,2y=x=2 =
4 (uz +v2J u? +1?
6y _ 2u® —3u+2v’
u® +v° u® +v°

= 6v=2u>-3u+2v*
= 0=2u?-3u+2v*—6v

= 2u’ —3u+20* —6v=0 (+2)

=ut—Zu+v>-3v=0
3V 9 3V 9
Slu——| ——+|v—=| ——=
4) 16 2) 4
3\ 3% 9 9
Slu—=| +|{v-=| =—+=
4 2) 16 4
3\ 3V 45
=>lu—— +Hv——] =—
4 2) 16
2
3\ 3V (345
4 2 4

: o : 5 :
The image under 7 of 2y = x is a circle centre (Z’Ej’ radius 4 as required.
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—iz+1

127 :w= ,z#—1

z+1
a Circle with equation x*+ y* =1=|z|=1

—iz+1
W:

z+1
=>w(iz+)=—-iz+1
S wz+w=—iz+1
S wzHiz=1i—-w

=z(w+i)=i—w

1—w
—Sz=—r

w+1

1—-w
=lz]= :

w+1

li—w|
=lz]= :

| w+1]

) 1—-w
Applymg|z|=l:>1=—| ‘|

| w+1|

=|w+i|=li—w|

=[w+il=[(=D(w-1)|

=[w+i[=[=D|[(w-1)|

=|w+i|=|w—i]
The image under 7 of x* + y* =1 is the perpendicular bisector of the line segment joining
(0, —1) to (0, 1). Therefore the line / has equation v =0. (i.e. the u-axis.)

b |z <l=13> 12"

| w+1]
=|w+i| = |[i-w]
=|w+i]|

Ua
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12¢ Circle with equation x> + y* =4=|z|=2

-1z +1
from part a w=
z+1
1—w
= z=—
w+1
[i-w]
=>|z|= :
|lw+i
Applying |z|=2=2= |1_W_|

=2|w+i|=|(-D)(w-1)|
=2|w+il=[(=D[[(w-1)]
=2|w+i|=|w—1i|
=2lu+iv+i|=lu+iv—i]|
=2lu+i(v+1)|=lu+i(v-1)]

=22 lu+iv+D) P =|u+iv-1)F

= 4+ v+ = u? +(v-1)
=4’ +v +2v+1]=u’ +v* = 2v+1
= du? + 4 +8v+d=u’ +v —2v+1

=32 +3v? +10v+3=0
= u’ +1° +?v+1=0

2

=u’+ v+§ —§+1=0
9
2

SNHE N A I
3 9
) 5 16
Sut | v | =—
9

) 5 2 (4}2
Sut | v+ | ==
3 3

. : 5 .4
The image under T of x* + y* =4 is a circle C with centre (0,—5} radius 3

2
Therefore, the equation of C is u” + (v +§J = %
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_4z—3i
z—1

137:w

,z#1

Circle with equation |z | =3

_4z-3i
z—1
=>w(z-1)=4z-31

w

b

> wz—w=4z-31
> wz—4z=w-31

= z(w—4)=w-31

w=3i
= z=
w—4
‘w—3i
=>lz| =
w—4
Applying|z|:3:>3:M
|w—4]

=3|w-4|=|w-31|
=3|u+iv—4|=|u+iv-3i|

=3 (u-4)+iv|=|u+i(v-3)|

=3 |u—-4)+iv| = |u+i(v-3)

= (u—-4)* +v*]=u’ +(v=3)°

= u? —8u+16+v]=u’+v* —6v+9
= 9 —T2u+144+ 9 =u? +v* —6v+9
= 8u? —72u+8v* +6v+144—9=0

= 8u? —72u+8* +6v+135=0 (+8)

= u? —9u+1? +§v+13—5:0
4 8

9\ 81 3V 9 135
>|lu——| —+|v+=| —+—=0
2) 4 8) 64 8

9)? 3V 81 9 135
Slu—=| +|v+=| =—+———

2 8 4 64 8

9)? 3\ 225
=>lUu——| +|v+—| =——

2 8 64

9)? 3V (15Y
=>lu——| +|v+=| =| —

2 8 8

Therefore, the circle with equation | z | =1 is mapped onto a circle C with

[9 3) .15
centre | —,—— |, radius —.
2" 8 8
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14 TZW=L‘,Z¢—i
zZ+1

a Real axis in the z-plane = y =0

WwW=—"
zZ+1

=>w(z+1)=1
= wz+iw=1

=>wz=1—-1w

1—-iw
=z=
w
1—i(u +1iv
u+1v
1—iu+v
=>z=—
u-+1iv

L ((l+v)—iu)>< (u—iv)
O (utiv)  (u—iv)

(1+v)u—iv(l+v)—iu? —uv
Z= 2, 2
u +v
— 1 —" — 2
Z=(l+v)u uv+1( v(l+v)—u®)

2 2 2 2
u +v u +v

u+uv—uv  i(—v—v> —u?)
= zZ=

u® +v° u® +v*
u i(—v—1v* —u?)
—Z=— 57 2, 2
u-+v u-+v
. u i(—v—v? —u?)
Sox+iy=———5+ >
u-+v u-+v
N J —v—v* —u?
xX= and y =————5—
u® +v? u® +v*
—v—v —u?
Asy=0,—————=0
u +v

=y —u’=

=u?+1?+v=0

=u’+ v+l —l:O
2) 4
5 11
SutH| vi— | =—
2) 4

5 1N (1Y
Sut+|v+—| =| =
2 2
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14a (continued)
Therefore, the image under 7 of the real axis in the z-plane is a circle C, with centre

.1 . . ?
0,—l ,radius —. The equation of C,is u® + v+l =l.
2 2 2 4

b Asx=4,—5 =4
u +v

= u =4’ +v%)
= u=4u’ + 4
=0=4u’ —u+47* (+4)

= 0=y’ —lu+v2
4

. . . . ) .1
Therefore, the image under 7T of the line x =4 is a circle C, with centre (%,Oj, radius 3

2
The equation of C, is (u —lj +v° =L.
8 64
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15 T:w:z+i,z¢0
z

Circle with equation | z| =2 = x>+ y? =4

4
w=z+—
z
22 +4
=Sw=
z

. \2
e (x+1y). +4
X+iy

2 . 2
+2xy1—y° +4
W= N-y

xX+1iy
22 -
-y +4)+1(2
L Ly ) i)
X+1y
2 2 : .
— 2 —
PR (€ )2 €2510) SO €l )
(x+1y) (x~1y)
e x3—xy2+4x+2xy2;-i(2;czy—x2y+y3—4y)
X +y
3 2 3,2
:W:(x +2xy 4;4)6]4_{)} +2x y24y]
X +y X +y
2, .2 L2 2
x(x*+y +4) " +y -4
o Rt ) R )
X" +y X" +y
1y(4-4
Applyx2+yz+4:>w=)C(4-i_4)+ly(44 )
:>w=8—x+—1yio)

=>w=2x+0i
=u+iv=2x+0i
=u=2x,v=0

As|z|=2=-2<x<2

So —-4<2x<4

and -4<u<4

Therefore the transformation 7 maps the points on a circle | z| =2 in the z-plane to points in the
interval [—4, 4] on the real axis in the w-plane. Hence k& = 4.
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16 T:w=

,Z#—3
z+3

Line with equation 2x—2y+7 =0 in the z-plane
1

z+3
=>w(z+3)=1

w=

= wz+3w=1
= wz=1-3w

1-3w
=S>z=——
w
u+iv
1-3u—3iv
>z=——"
u+1iv
o [(1—3u)7(3v)1] y (u —%v)
(u+1v) (u—1v)
__(1=3upu —3v? —iv(1-3u) —i(3uv)
u® +v*
:>Z_u—3u2—3v2 1(=v+3uv—3uv)
u® +v* u® +v?
:>Z_u—3u2—3v2+ i(-v)
u® +v* u® +v*
. u=3ut -3 i(-v)
So,x+1y =
T u® +v*
:x_u—3u2—3v2
u® +v*
—v
and y =
I

As 2x—2y+7=0, then

u—3u* —3v* ( -V )
2] ———— |2 +7=0
( u’ +v*? ] u? +v7°
2u —6u” — 6v* N 2v
u® +v* u® +v
= 2u—6u’ —6v* +2v+ 7w’ +v*) =0

= u—6u’ -6V +2v+7u + 7V =0

>+7=0 (x(u* +v?))

=S u’ +2u+v +2v=0
= w+1)’ -1+ +1)*-1=0

= wu+D*+(v+1)?* =2

= U+ + v +1)> =(\/§)2
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16 (continued)

Therefore the transformation 7" maps the line 2x—2y+7 =0 in the z-plane to a circle C with

centre (-1, —1), radius V2 inthe w-plane.

Challenge

We know that the transformation 7' given by w= az +b maps points z, =0, z, =1 and z, =1+i to
w, =21, w, =31 and w, = —1+ 31 respectively.

Substitute z,w, into T'to get 21=b.

Next, substitute z,,w, and b into T:

Ji=a+2i

a=1i
Using z,,w, we can check the result (although it is not necessary):

az,+b=i(1+i)+2i=i—1+2i=-1+3i=w,
Thus T can be written as w=1iz + 21
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