Further Pure Mathematics Book 2 SolutionBank

Complex numbers Mixed exercise

1 a i Write z=x+1y and square both sides:
|x+iy|2=‘x—4+iy‘2
x2+y2=(x—4)2+y2
¥’ =x"-8x+16

x=2

ii This equation describes points on the perpendicular bisector of the line segment connecting
(0,0) and (4,0)

b i Write z=x+1y and square both sides:
.2 .2
|x+1y| =4|x—4+1y|
)cz+y2:4(x—4)2+4y2
¥+ y? =4(x7 -8x+16)+4)’
x*+y* =4x> =32x+ 64+ 4y’
392 +3x° =32x+64=0

Complete the square:
(o
3) 77 7

) ) ) 16 )
ii The equation describes a circle centred at (?,Oj, radius r =§

2 a The equation |Z -2 +1'l = \/E describes a circle centred at (2,—1), radius r = \/g :

h
Im lz-2+i=+3
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2 b The half-line L y=mx—1, x>0, m >0 is tangent to the circle from part a. This means that it has

2 2
to lie on the circle and thus satisfy the equation (x - 2) + ( v+ 1) = 3. Substituting the expression
for y into this equation gives:

(x=2) +(mx) =3
X' —dx+4+m’x’-3=0
¥ (1+m* ) 4x+1=0
4 ]

=0

l+m’  1+m’
This equation must have exactly one solution, as the line and the circle only touch at one point.
Therefore, it needs to be of the form:

2 2
(x— 2 ZJ =0 whichmeansthat( 2 ZJ = ! 5
1+m 1+m 1+m
Solving this gives:
4 1
(1+m2)2 +m’
4=1+m’
m* =3
m=+~3

since we know that m > 0.
So L is given by y:x\/g—l.

¢ For x=0, y=-1 so the line goes through (0,—1). The gradient is equal to \/5 , S0 tanf = \/5 .

Therefore 0 = g . So the equation for L can be written as arg(z +i ) = g .

2

2
J =0 from part b and substituting m = \/5 we obtain (x —%J =0,s0 x= %

2

d Using (x—
I+m

Now substituting this value into y = x\/g -1 wesee y= % So a = % + (%} .
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3 a |z+2|=|2z-1]
=S|x+iy+2]=|2(x+1iy)—1|
=>|x+iy+2]=]2x+2iy—1|
S| (x+2)+iy| = | 2x=1)+i(2y)]|
=S|(x+2)+iy | = | 2x-D+i2y) [
= (x+2)* +y*=(2x-1)* +(2y)
= x* +4x+4+y* =4x* —dx+1+4)°
—0=3x"-8x+3)° +1-4
= 3x? —8x+3y*-3=0

= x° —§x+y2—1=0

2

= x—i —E+y2—1=0

3 9

2

—(x-2 +yz=E 1

3 9
o[- 2+ 2.5

3) 77 T
—(x-2 2+ 2—(§jz

3) 777G

4
This is a circle, centre (E’Oj’ radius %
The Cartesian equation of the locus of points representing |z+2| =|2z—1] is

e
3) 7Y Ty
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2
3 b |Z+2|:|22—1|:(x—iJ +y2:2 1)
3 9
arg z = — = arg(x +iy) =—
g 4 gx+1y 4
:>X=tanE
X 4
Yo
X
= y=x wherex>0,y>0 ¥))

Solving simultaneously:

( 4)2 , 25
X——| +x"=—
3 9

» 4 4 16 , 25
Sx o Xx——x+—+x"=—
3 3 9 9

= 2x? —§x:§—E

3 9 9

= 2x? —§x:2
3 9

= 2x° —%x =1 (x3)

= 6x> —8x =3

= 6x> —8x—-3=0

82 f64-46(3)
2(6)

8++/136

12

L8234

12

x_4i\/37
6

=X

= x=

4-/34

As x>0 then we reject x =

4+\/3_4

6
4434
as y=x,then y= p

So z={4+\/3_4J+{4+\/3_4Ji
6

and accept x =

6

The value of z satisfying |z+2| =|2z—1|and argz = %

Z:(4+g/3_4J+{4+6J3_4} OR z=1.64+1.64i (2d.p.)
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Im#4

argz=L

o= |

A

Re

lz+ 2| =12z -1

The region R (shaded) satisfies both |z+2| > |2z-1]| and g Largz <m
Note that |z +2| > |2z 1|

= (x+2)" +y* > 2x=1)* +(2y)
= 0>3x*—8x+3y* -3

2
=0 (x—gj —E+y2 -1

9
2
ENESRR (x—ij +y°
9 3
2
:(x—ij +y? gé
3 9

4
represents region inside and bounded by the circle, centre (— , 0), radius é
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z—4-21) =&
4 a arg| ——— |=—
z—61 2

= arg(z —4-2i)—arg(z —61) = g

- 9—¢=§, where arg(z —4—2i) = 0 and arg(z - 6i) = ¢.

Tm 4

arg{ = z— : 6121] 3 Using geometry,

6 N = APB=—¢+0
= APB=0-¢
A T
= APB=—
2
(4, 2)
0 >

The locus of z is the arc of a circle (in this case, a semi-circle) cut off at (4, 2) and (0, 6) as
shown below.

Im 4

a:rg{z z— : 6121] 2
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4 b |z—2-4i| is the distance from the point (2, 4) to the locus of points P.

4+0 2+6
Note, as the locus is a semi-circle, its centre is (T,Tj =(2,4).

Therefore | z—2—41]| is the distance from the centre of the semi-circle to points on the locus
of points P.

Hence | z —2 —4i | = radius of semi-circle
= (02 +(6-4)’
=+4+4
NG
=22

The exact value of | z—2—4i|is 2\2

S We have 2|z+3| =|z—3|
a To show that this describes a circle, write z = x + 1y and square both sides:
2|x+3+iy| :|x—3+iy|
4|)c+3+iy|2 :|)c—3+iy|2
4()c+3)2 +4y° = ()c—3)2 +y°
4x* +24x+36+3y" =x" —6x+9
3x* +30x+27+3y° =0

¥+ +10x+9=0
as required.

2lz+3|=|z-3

e
=]
jm]
2=}
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5 ¢ Lisgivenby b'z+bz" =0 where b,z € C.
We know that L is tangent to the circle and thatargh = 6.
We want to find possible values of tang.
Write z=x+1y, b=u+1v.
Then the equation for L becomes:
b(x—iy)+b" (x+iy)=0

(u +iv)(x—iy)+(u—iv)(x+iy):0
ux+vy =0
y:—ﬂ, v#0

v

If v=0 then ux =0, so either =0 i.e. »=0, which means that the line does not exist, or x =0
but this is not tangent to the circle.
So we can assume v # 0.

. . 1%
Now, since b=u+iv, tanf=—.
u
) X
So L can be written as y =—
tan &

We want to find tan @ such that the line is tangent to the circle.

Therefore, it has to satisfy the equation for the circle x* +y* +10x+9=0:
2

X+ ———+10x+9=0
tan” @

x’tan’ @+ x> +10xtan’ @+9tan’> 6 =0

xz(tan20+l)+10xtan2 6+9tan’ 0 =0

Let g =tan’@. Then xz(a+1)+10xa+9a:0.

Since the line is tangent to the circle, this equation can only have one solution.
Therefore we need A =0.
Therefore

1004> —36a(a +1) =0
100a” —36a* —36a =0

a(64a—36)=0
a=0 or a=ﬁ=i
64 16
2
Recall that @ = tan” 8 = v_2
u

Since v#0 , we have a#0

So a= % and we can solve for tan@:

tan* 6 _2
16
tan @ =J_rE
4

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 8



Further Pure Mathematics Book 2 SolutionBank

6 a Let arg(z—5—2i)=a and arg(z—l—6i):ﬂ.
z=5-21

Then we have arg -
z—1-61

j=arg(z—5—2i)—arg(z—1—6i)=a—ﬂ=

Im |

o6

As o, vary, P i.e. the intersection of L, and L, creates an arc.
. AT . . . .
Since APB = > this arc will be a semicircle and the line segment 4B is its diameter.

The centre of the circle lies in the middle of the line segment AB. A =(5,2) and B=(1,6) so the
midpoint is C =(3,4).

The radius is the distance CA. CA = \/(5—3)2 +(4—2)2 —22. 50 r=2\2.
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6 b The maximum value will lie on the line connecting the centre of this circle with the origin. This is
represented by point D on the diagram below:

Thus D satisfies both the equation of the semicircle described in part a, (x - 3)2 + ( V- 4)2 =8, and

the equation of the line going through the origin and the centre of that semicircle, y = ﬂ

Substituting this into the equation for the circle we obtain:
(x=3) + (4—3"—4j =8

x2—6x+9+16x 32x

+16-8=0

6f 8\f

We’re looking for the larger value, so x = 3+— =4+ —— and so:

I :4/(5+2\/5)2 —5+2V2.
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7 a First note that both 2 = |z -2- 3i| and 3= |z -2- 3i‘ represent circles centred at (2,3) with radius
r =2 and r =3 respectively.
Thus 2< |z -2 —3i| < 3 represents the region between these two circles, including the circles
since the inequalities are not strict.

' P

Im

0| Re

b The area of this region can be found by subtracting the area of the smaller circle from the area of
the larger circle P, . = F, P ,=9n—4n=5m.

region arge 4 small

¢ We want to determine whether z =4 +1 lies within the region.
We have [4+i-2-3{=|2-2{=21-{=242.
Since 2 < 22 < 3, the point lies in the region.
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=>z=—
w

1

u+iv

_ l. ><(u—%v)
u+1v) (u—1iv)

= Zz=

u—1iv

=z=
u? +1?

—z=—1" +i( i J
v\t +0?

So, x+i U +i( i j
0, X+1y =
w +vi \ur+0?

=>x= and y
u® +v° u® +v°
1 1
Asx=—,then—= 2u 5
2 2 ut+v

= u? +v* =2u

=u’ —2u+v> =0

=w-1)*-1+v*=0

=w-1)*+v* =1

Therefore the transformation 7" maps the line x = % in the z-plane to a circle C,

with centre (1, 0), radius 1. The equation of C is (u—1)* +v* =1.
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8 b x}l
2
u 1
2 22_
u-+v 2

= 2u>u’+v?
=0>u’+v*—2u
=0>wu-1)>+v" -1
=1>w-1)" +v

= u-1)?+* <1

UA
w-1F+12=1

9 a |z+4i|=2 isrepresented by a circle centre (0, —4), radius 2.

Im 4
-2 2

: 0 i Re

| |

| _2 |

| |

| |

| I

| |

(0,-4)% |z + 4i| = 2

s

b |z | represents the distance from (0, 0) to points on the locus of P.
Hence | z|,, occurs when z=—6i

Therefore |z |, = |—6i| =6.
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9 ¢ci T:w=2z
METHOD (1) z lies on circle with equation |z +4i| =2

=>w=2z
w

=—=z
2

:%+4i=z+4i

w+ 81

=z+4
‘W+81 |z +4
w8 L4
|2]
| w+8i| _
2
=>|w+8i|=4

So the locus of the image of P under 71 is a circle centre (0, —8), radius 4, with equation
2 2
u” +(v+8)” =16.

METHOD (2) z lies on circle centre (0, —4), radius 2

l enlargement scale factor 2, centre 0.

w =2z lies on circle centre (0,—8), radius 4.
So the locus of the image of P under 71 is a circle centre (0, —8), radius 4, with equation

u® +(v+8)* =16.
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9 ¢ ii

iii

T,:w=iz
z lies on a circle with equation |z + 4i| =2

w=1iz

wi
-~
Y

=>-wi=z

=z=-wi

Hence|z+4i|=2=|-wi+4i| =2
=[()w-4)|=2
=[()[|w-4[=2
=>|w-4|=2

So the locus of the image of P under 7> is a circle centre (4, 0), radius 2, with equation

(u—4)" +v> =4.

Iw=-iz

z lies on a circle with equation |z + 4i| =2

w=—iz

= iw=i(-iz)

=iw=z

=z=iw

Hence|z+4i|=2= |iw+4i|=2
=>|i(w+4)|=2
=|i||w+4|=2
=|w+4|=2 «— li[=1

So the locus of the image of P under 73 is a circle centre (-4, 0), radius 2, with equation

(u+4)" +v* =4,
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9 ¢ iv I:w=z*
z lies on a circle with equation |z + 4i| =2

w=z¥=u+iv=x—-1y < Z=x+iy

Sou=x,v=-y and x=wuand y=-v = z¥=x-1ly

|z+4i|=2=|x+iy+4i|=2

=|lx+i(y+4)|=2

=lu+i(-v+4)|=2

=|lu+i(4-v)|=2

=|u+i(4—v)|* =22

= u’+(@4-v)Y =4

=u’+(v-4)’ =4
So the locus of the image of P under 74 is a circle centre (0, 4), radius 2, with equation
u’ +(v—4)* =4.
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a the imaginary axis in z-plane = x =0

_z+2
zZ+1
> w(z+1)=z+2

w

=S wz+iw=z+2
=S wz—z=2—-1w
=>zw-1)=2-1w

2—iw
—>Zz=
w—1
2o )
e 1(.u+1v)
u+iv-—1
2—iu+v

I=——""""
(u-1+iv

S 2+v)—iu y (u-1)—iv
N (u—-1)+iv (u-1)—iv

@@= —uv—iv2+v)—iu(-1)

(u—1)* +v?

Z_(2+v)(u—1)—uv_i v(2+v)+u(u-1)
=1+ (u—1)% +17

. _CHv)u-D-uv [v2+v)+u@u-1)
S ) { (1) +v* j
_QC+v)(u-D-uv =—v(2+v)—u(u—l)
ST andy (u—1)% +17
As x =0, then
(2+v)(u—1)—uv_0

2,.2

u-1)"+v

=>2+v) (u-1)-uv=0
=2u-2+vwu—-v-—uv=0
=2u-2-v=0
=>v=2u-2

The transformation 7 maps the imaginary axis in the z-plane to the line / with equation
v =2u —2 in the w-plane.
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10b As y=ux,then

—v2+v)—u(u-1) 2+v)u-1)—-uv
w-1>+v -1+

=>-v2+v)—u-)=2+v)u-1)—uv

2

= -2y -l tu=2u-2+vu—-v—uv
= -2v—v —ul+u=2u-2-v

=0=u’+vV +u+v-2

2 2
= u+l —l+ v+l —1—2:0
2) 4 2) 4 5 5
2 2 2 2
1 1 5
=>lu+—| +|v+-| == _ﬁﬁ
2 2) 2 / 22
) 2 2 \/_
10 1
= le'i‘l + V-i-l = @ =T=E\/ﬁ
2 2 2
The transformation 7 maps the line y = x in the z-plane to the circle C with centre
I 1
——,—— |, radius @ in the w-plane.
22 2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 18



Further Pure Mathematics Book 2 SolutionBank

117: w=4_,
z+1

circle with equation | z | =1 in the z-plane.

z#—1

44—z
zZ+1
>w(z+1)=4-z

w

> wz+iw=4—z
=>wz+z=4—1w

=z(w+l)=4-iw

4—1iw
= Zz=
w+1
|4—iw
=>|z|=
w4+l
|4—1w]|
>|lz|=——
|w+1]
. . 4-1
Applying | z | =1 gives I:M
|w+1|

=|w+l| = |4—iw]
=>|w+l|=|-1(w+4i)]
=|w+l|=|-1|| w+4i]
=|w+l|=|w+4i|

Slu+iv+l| =|u+iv+ 4|
S|(u+D)+iv|=|u+i(v+4)]
=S|+ +ivf=u+iv+4)
=+ +v =u? +(v+4)?

=t +2u+1+v* =u’ +v* +8v+16
=2u+1=8v+16
=2u—-8v-15=0

The circle |z | =1 is mapped by 7 onto the line /: 2u —8v—-15=0
(i.e.a=2,b=-8,c=-15).
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12 7: w:3lz+6; z#1

—Zz

circle with equation |z | =2

3iz+6
W:

-z
=>w(l-z)=3iz+6
=>w-wz=3iz+6
=>w—-6=3iz+wz
=>w-—6=z3i+w)

w—6

=>|w-6|=2|w+3i]
Slu+iv-6|=2u+iv+3i|

= (u—-06)+iv|=2|u+i(v+3)|

S| (w—-6)+iv =2 lu+i(v+3) ]

= (u—6) +v? =4’ +(v+3)*]

= u? —12u+36+v* =4u’ +v* + 6v+9]
= u? —12u+36+v* = 4u’ +4?* +24v+36
= 0=3u’+12u+3v" +24v
=0=u’+4u+v*+8v
=0=(u+2)>-4+(v+4)*-16

=20=(u+2)>+(v+4)° J20 = a5 =25
= w+2)> +(v+4)* =(2J5)°

Therefore the circle with equation | z | = 2 is mapped onto a circle C, centre (-2, —4),
radius 24/5. So k =2.
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. . az+b .. .
13a We know that the transformation 7" given by w=—— maps the origin onto itself, so,
z+c

o : b
substituting w=2z=0 into 7 we get 0 =—.
c
We have to assume ¢ # 0 or else it is not possible to map the origin onto itself.
Therefore 6=0.
We also know that this mapping reflects z, =1+ 21 in the real axis, i.e. w, =1-2i. Substituting

these values into 7 we obtain:
a+2ai

1+2i+c
(1—2i)(1+2i+c):a+2ai
1+2i+c—-2i+4-2ci=a+2ai

1-2i=

1+4+c—-2ci=a+2ai
S5+c—2ci=a+2ai

We now equate the real and complex parts:
S+c=a

—Cc=da

Solving simultaneously gives:

2c=-5
5
c=——
2
5
a=—
2

So azé, b=0 and c:—z.
2 2

b We know that another complex number, @ , is mapped onto itself. i.e. we have:

o =50

o —50=0

o(w-5)=0

w=00orw=>5

w = 0 is the origin, so the other number mapped onto itselfis @ = 5.
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142 w:az+b

a, b, celR.
zZ+c

w=1when z=0 §))
w=3-2iwhenz=2+3i 2)

(1):>1=%:>1=2:>c=b A3)

+c C

(3):>W:az+b

z+b
a(2+31)+b
C243i4b
i (2a+b)+3ai

(2+Db)+31
B-2)[(2+b)+31]=2a+b+3al
6+3b+91—41—-2bi+6=2a+b+3ai
(12+3b)+(5-2b)i =(2a+b) +3ai

Q)=3-2i=

Equate real parts: 12+3b=2a+b
= 12=2a-2b 4
Equate imaginary parts: 5—2b =3a
= 5=3a+2b (5
4)+(5):17=5a

17
=—=a

As b =c then c:—?

The values are a :1?7, b= _Q, c= 13

5 5
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17,_13
14b w=-2 2
17z-13
w=
5z-13
. ) . 17z-13
mvariant points = z =
5z-13

z(5z-13)=17z-13
5z2-13z=17z-13
522 -30z+13=0
30+./900—4(5)(13)
10
L 30+£+/900—260
10
30++/640
10
L 30+/64+/10
10
L 30i12(3)\/ﬁ =3i4JSE

The exact values of the two points which remain invariant are

410 410
z=3+ 5

and z=3-——
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15T7: w , z#0.

a the line y=x in the z-plane other than (0, 0)

z+1
w=——
z
=S wz=z+1
=>wz—z=1
=z(w-1)=i
i
=z=

w—1
i 3 i
(u+iv)—1 (u-D+iv

L i (u—-1)—iv
| @-D+iv || @-1)-iv

= z=

_i(u-N)+v
S w=1)2+1?
=z= v2 S +i (u_zl) .
u-1)"+v (u-1)"+v
SO X+iy = ———— +i (”‘21) .
u-1)"+v (u-1)"+v
> xX=—""F— andy=%
u-1)"+v (u-1)"+v
Applying y = x, gives u_21 > = V2 5
u-H)"+v- w-1)"+v
>u-l=v
>v=u-1

Therefore the line / has equation v=u—1.
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15b the line with equation x+ y+1=0 in the z-plane

v N u-—1
-1+ w-1)7>+v

Sv+u-D+w—-1)>+v*=0

X+y+1=0= S +1=0 [x(u—1)" +v*]

Svt+u—l+u’—2u+1+v>=0

Sut+vV —u+v=0

1Y 1 1Y 1
=Slu——| ——+|v+=| ——=0
2) 4

1 1 2
The image of x+ y+1=0 under 7'is a circle C, centre (5,—5j,radius X with equation

u® +v? —u+v =0, as required.

=Y
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Challenge
We want to find a transformation of the form f (z) =az" + b, which reflects the z-plane in the line
x+y=1.
First note that points lying on the line will be mapped onto themselves.
This means that for any z = x + iy such that x+y =1 we have f(z) =z.
Choose z =1, z, =i.
Both these points satisfy x+y =1, so f(zl) =z, and f(zz) =z
Therefore we have:
f (l) =a+b=1
and f(i)=—ai+b=i.

Solving simultaneously:

2°

—(1—b)i+b:i

—i+bi+b=1

b(1+i):2i

b 21.: 21.(1—1:21(1—1):“1_0
I+1 1+1\1-1 2

b=1+i

So a=1-b=—i and f(z):—iz*+1+i
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