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Recurrence relations 4D

1 Basis step:

Whenn=1, u =5 -1=4

Assumption step:
Assume the closed form is true for n = k, so u, =5* -1

Inductive step:
U, =5u,+4=55"-1)+4=5"-1
So if the closed form is valid for n = k it is valid forn =k + 1.

Since the closed form is true for n = 1, by induction the closed form is true for all n e N.

2 Basis step:

Whenn=1, u =2"-5=3

Assumption step:
Assume the closed form is true for n =k, so u, =2 -5

Induction step:
u,, =2u, +5=22"*-5)+5=2""-5
So if the closed form is valid for n = k it is valid for n =k + 1.

Since the closed form is true for n = 1, by induction the closed form is true for all n e N.

3 Basis step:

Whenn=1, u =5"+2=3

Assumption step:
Assume the closed form is true for n =k, so u, =5 +2

Inductive step:
u,, =5u, —8=55"+2)-8=5"+2
So if the closed form is valid for n = k it is valid for n =k + 1.

Since the closed form is true for n = 1, by induction the closed form is true for all n e N.

4 Basis step:
1
-1
Whenn =1, u, =3T=1
Assumption step:
3 -1

Assume the closed form is true for n =k, so u, =
Inductive step:

+1
2 2

So if the closed form is valid for n = k it is valid for n =k + 1.
Since the closed form is true for n = 1, by induction the closed form is true for all n e N.

k _ k+l k+l
uk+l=3uk+1=3(3 1}1:3 33
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b Basis step:
1
Whenn =1, y, :4(—j -1=2

Assumption step:
3u, —1

Assume the closed form is true for n =k, so u, =
Inductive step:

. 3(4(1)2—1)—1 =4GJGT _%ZL{%TH y

So if the closed form is valid for » = k it is valid for n = k + 1. Since the closed form is true for
n =1, by induction the closed form is true for all n e Z".

6 Basis step:

Whenn=1, u =4 +3(1)+1=8

Assumption step:
Assume the closed form is true for n =k, so u, =4 +3k+1

Inductive step:
e, =4(4 +3k+1) =9k =4 +3k +4 =4+ 3(k+1)+1
So if the closed form is valid for n = k it is valid for n =k + 1.

Since the closed form is true for n» = 1, by induction the closed form is true for all n e Z".

7 Basis step:

When n =1, 2u, =2(1)=1+(=1)' =0

Assumption step:
Assume the closed form is true for n =k, so 2u, =2k —1+(-=1)"

Inductive step:
u, =4k —2u, =4k—Qk—1+(=1)")=2k+1-(=1)" =2(k+1)=1+(=1)*"
So if the closed form is valid for n = k it is valid for n =k + 1.

Since the closed form is true for n» = 1, by induction the closed form is true for all n e Z".
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8 Basis step:
1 -1
Whenn =1, u, :2_(_Ej =2-(-2)=4
Assumption step:
Assume the closed form is true for n =k, so u, =2—(~1)""

Inductive step:

k-2 k-2 (k+1)=2
e e IR
2 2 2 2 2 2

So if the closed form is valid for n = k it is valid for n =k + 1.
Since the closed form is true for n» = 1, by induction the closed form is true for all n e Z".

9 Basis step:

Whenn=1, u, =3(1)! =1

Assumption step:
Assume the closed form is true for n = k, so u, =3“"k!

Inductive step:
u,,, =3(k+Du, =3(k+1)3"k!'=33"")k+Dk!=3"""(k+1)!
So if the closed form is valid for n = k it is valid for n =k + 1.

Since the closed form is true for n» = 1, by induction the closed form is true for all n e Z".

10a With 2n people, any person can pair with any of the 2n — 1 other people. Having made this pairing,
the remaining 2n — 2 people can be paired in P, -1 ways, so multiplying gives P =(2n-1)P, ,.

b Basis step:

!
Whenn=1, F = 12' =1
2!
Assumption step:
. (2k)!
Assume the closed form is true forn =k, so B, = Skl

Inductive step:

| | |
P, = QUk+1)~1)P. = 2k +1) (2kk). _ (2k+2)k. _ (k2(1k+1)).
2%k! (Qk+2)2%k! 2" (k+1)!
So if the closed form is valid for » = k it is valid for n = k + 1. Since the closed form is true for
n =1, by induction the closed form is true for all n e Z".

11 Basis step:
Whenn=1, u =3'-2'=1; whenn=2, u, =3"-2°=5
Assumption step:
Assume the closed form is true for n=kand n =k + 1, so u, =3" -2* and u,,, =3""'-2""
Inductive step:
u,,, =53"" -2 -6(3" -2*)=15(3")-10(2") - 6(3") +6(2") =9(3") - 4(2") = 3*** -2+
So if the closed form is valid for n =k and n = k+ 1 it is valid for n = k + 2. Since the closed form is
true for n =1 and n = 2, by induction the closed form is true for all n e N.
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12 Basis step:
Whenn =1, u, =(-1)3" =—1; whenn =2, u, =(0)3' =0
Assumption step:
Assume the closed form is true for n=kand n=k+ 1, so u, =(k—-2)3"" and u,,, = (k—-1)3*
Inductive step:
U, =6(k—1)3" =9(k—2)3"" =2(k-1)3"" — (k—2)3**' = k3"
So if the closed form is valid for n =k and n =k + 1 it is valid for n = k + 2. Since the closed form is
true for n =1 and n = 2, by induction the closed form is true for all ne N.

13 Basis step:
Whenn=1, u, =2(5")-2"=1; whenn =2, u, =2(5')-2' =8
Assumption step:
Assume the closed form is true for n=kand n=k+ 1, so u, =2(5")-2"" and u,,, =2(5*)-2"
Inductive step:
Uy, =7(2(55)-25)-102(5 ) -2
=14(5)-7(25)-4(5") +5(2") =10(5") - 2(2") = 2(5"*") - 2"
So if the closed form is valid for n =k and n =k + 1 it is valid for n = k + 2. Since the closed form is
true for n = 1 and n = 2, by induction the closed form is true for all ne N.

14 Basis step:
Whenn=1, u, =1x3'=3; whenn =2, u, =4x3* =36
Assumption step:
Assume the closed form is true forn=kandn=k+ 1, so u, =3k - 2)3* and
u,,, =Bk+1)—2)3"" =Bk +1)3""
Inductive step:
U, =6k +1)3" —9(3k —2)3" =2(3k +1)3*** = (3k —2)3""* = Bk +4)3*"* = 3(k +2)—-2)3""
So if the closed form is valid for n =k and n =k + 1 it is valid for n = k + 2. Since the closed form is
true for n =1 and n = 2, by induction the closed form is true for all n e N.

15a wu, =7
u, =5x7-3(2")=29
u, =5%x29-3(2%)=133
u, =5x133-3(2°) =641

b Basis step:
Whenn=1,u =5 +2"=7
Assumption step:
Assume the closed form is true for n =k, so u, =5" +2*
Inductive step:
u,,, =55 +25-32") =5(5"+2(2") =5" + 2"
So if the closed form is valid for n = k it is valid for n = k + 1. Since the closed form is true for
n =1, by induction the closed form is true for all n e Z".
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16 Basis step:

2 2
Whenn =1, L, =1+2\/§+1_\/§ =1;whenn=2, L, =(1+\/§] _{1—\/5] _3

2 2

Assumption step:

1445 (1-+5)
Assume the closed form is true forn=kandn=~k+ 1, so Lk=( i ] +( - ] and

L =(1+\/§]k+1+(ﬂ]k+l

2 2

Inductive step:

L =(1+\/§]k+1+(ﬂ]k+l+(l+\/§]k+(1_\/§]k

2 2 2 2
(135 (15 (145 (145
2 2 2 2
(3435 (1645 (3-45)(1=45Y
2 2 2 2

(143 (1445) (1-45) (1=45)
2 2 |2 2

B 1+\/§ k+2+ 1_\/5 k+2

12 2

So if the closed form is valid for n =kand n =k + 1 it is valid for n = k + 2. Since the closed form is
true for n =1 and n = 2, by induction the closed form is true for all ne N.
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