Further Pure Mathematics Book 2 SolutionBank

Recurrence relations Mixed exercise

1 u =2u -1
The associated homogeneous recurrence relation is u, =2u,_,, so the complementary function is
u,=c(2").

Particular solution: u, = A
A=21A-1=1=1
So a particular solution to the recurrence relation is u, =1
The general solution is u, = ¢(2") +1
Since u,=4,4=c+1soc=3
The solution is u, =3(2")+1

2 a The recurrence relation is of the form u, =u, , + g(n) where g(n) = n so use the general form of
the solution:

u, =u, —Zg(r) SO u, =2000—Zr =2000—%n(n+1)
r=1

r=1

b Solving 2000—%11(11 +1)<0:

n(n+1)>4000= n* +n—4000> 0
Positive solution is n > 62.74... so first integer value is 63
ug, =-16

3 a The associated homogeneous recurrence relation is u#, =3u, ,, so the complementary function is

n-1°

u, =c(3").
Particular solution: u, = A4
A=3A+5=> 1= 2
2
. . . 5
So a particular solution to the recurrence relation is u, = 5
The general solution is u, = ¢(3") _%
Since u,=0,0=c— e soc= e
2 2
The solution is u, = 2(3”) A 2(3" -1)
2 2 2

b Whenn=10, u, = %(310 ~1)=147620

¢ %(3" —1)>10000000 = 3" >4 000 001
log4 000 001
log3
Hence n=14. u,, = %(314 ~1)=11957 420

nlog3>1log4 000001 =n > =>n>13.83..
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4 a T,=12000 represents the number of trees planted at the start of the first year.
Removing 20% of the trees compared to year n — 1 leaves 80% of the trees, i.e. 0.87 |, then
planting 1000 trees gives T, =0.87 _, +1000.

b The associated homogeneous recurrence relation is 7, = 0.87, _,, so the complementary function is
T, =c(0.8").
Particular solution: 7, = A

A=0.84+1000= 4 =5000
So a particular solution to the recurrence relation is 7, = 5000

The general solution is 7, = ¢(0.8")+5000
Since 7, =12000, 12000 = ¢ + 5000 = ¢ = 7000
The solution is 7, = 7000(0.8)" + 5000

¢ Asn —> o, T, —5000

5 a §,=2000 represents the number of salmon at the beginning of the first month.

An increase of 25% means that their number is multiplied by % and as X salmon are removed,

you subtract X, i.e. S, = % S -X= SSn_14— 4X

b Basis step:
S, = [3)0 (2000-4.X)+4X =2000
Assumption step:
Assume S, = (%jk (2000-4X)+4X

Inductive step:

k
SkH:iSk—X:i 31 (2000-4Xx)+4x |- X
4 4\ 4

k
_3 éj (2000—4X)+>(4X)— X
4\ 4 4

5 k+1
:(Zj (2000—4X)+4X

So if the closed form is valid for » = k it is valid for n = k + 1. Since the closed form is true for
n = 0, by induction the closed form is true for all » > 0.

¢ If x <500 the population tends to infinity.
If x =500 the population is constant at 2000.
If x > 500 the population dies out.
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6 a b, =200000-25000=175000
Interest is added at 0.25% per month so multiplier of 1.0025 and pay off £1200 so
b, =1.0025b, ,—1200

b The associated homogeneous recurrence relation is b, =1.0025b, ,, so the complementary
function is b, = ¢(1.0025").
Particular solution: b, = A4

A =1.00254-1200= 4 =480000
So a particular solution to the recurrence relation is b, =480 000

The general solution is b, = ¢(1.0025") + 480 000
Since b, =175000, 175000 = ¢ + 480000 = ¢ =-305000
The solution is 5, =-305000(1.0025") + 480 000

Need n when b, =0:

305000(1.0025") =480 000 = 1.0025" = z—?

nlog(1.0025) = log (z—?j — n=181.616...

So n =182. In years, this is 15 years and 2 months, so they will pay off their mortgage in 2033
7 a F,=6

b Since the nth line intersects each of the n — 1 lines once, the recurrence relationis P, =P,_, +n—1.

The recurrence relation is of the form P, = P, | +g(n) where g(n) =n — 1, so use the general form
of the solution:

P=P+> g(r)so P, =0+Z(r—1)=Zr—(n—1)=%n(n+1)—1—n+1=%n(n—1)
r=2 r=2 r=1

¢ Whenn =100, P, =%(100)(99) = 4950

8 a t,=25,1,=36 and £, =49

b The sequence of square numbers is formed by taking the (» — 1)th square number and adding
2n—1sot, =t _, +2n—1.

¢ The recurrence relation is of the form ¢, =¢_, +g(n) where g(n) =2n — 1, so use the general form
of the solution:

t=t+>.g(r) sot,=1+> 2r-D)=1+> 2r-)-1=2> r—-n=n(n+)-n=n’
r=2 r=2 r=l1 r=1

When n = 100, ¢,,, =100 =10 000

I p\)1 4 1 4+3p
9 a =
0 g)\0 3 0 3¢q
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9 b a=3a  +4
ZZ ::3ZZ—1

¢ For a,:
The associated homogeneous recurrence relation is a, =3a, |, so the complementary function
s a,=c(3").
Particular solution: a, = 4

A=31+4=>A=-2
So a particular solution to the recurrence relation is a, = -2

The general solution is a, = ¢(3") -2

Since @, =4,4=3c-2 = c¢=2

The solution is a, =2(3")-2=2(3"-1)

For b,:

The recurrence relation is of the form b, =ab, | with a = 3 so use the general form of the

solution;

b, =ba"" sob,=3(3)" =3"

. L4 (1 23 -1)
ence 0 3 = 0 3n

10a S,=55, S,=91 and S, =140

b The square pyramidal numbers are formed by adding on the next square number so S, =S, , +n".

¢ The recurrence relation is of the form S, =S, +g(n) where g(n) = n* so use the general form of

the solution:

S, =8+ g(r)so S, =1+ 1 =1+%n(n+1)(2n+1)—1=én(n+l)(2n+l)

r=2 r=2
11 Basis step:
1
u, = 5(1!)(2!) =1
Assumption step:
Assume u, = %k!(k +1)!
Inductive step:
U, =((k+ 1)+ (k + 1))%]( W(k+1)!
=(k+2)(k +1)%k!(k +1)!

=%(k+1)!(k+2)!

So if the closed form is valid for n = k it is valid for n = k + 1. Since the closed form is true forn =1,
by induction the closed form is true for all » e N.
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12 Basis step:
3!
u, =—=1
6
Assumption step:
!
Assume u, = (k+T2)

Inductive step:

U, =k+1+2)

(k+2)!  (k+3)!
6 6

So if the closed form is valid for n = k it is valid for n = k + 1. Since the closed form is true forn =1,
by induction the closed form is true for all » e N

13a An increase of 20% per hour represents a multiplier of 1.2 so u, =1.2u, , —k(2")
u, =100

b The associated homogeneous recurrence relation is u, =1.2u,_,, so the complementary function is
u, =c(1.2").
Particular solution: u, = 1k2"
u,=12u, —k(2")
Ak(2")=1.22k2"" —k(2")
22k(2"")=1.22k(2"" )~ k(2")
0.82k(2"") =—k(2")

08k =-"2k= A= —%

So a particular solution to the recurrence relation is u, = —%k(Z")

The general solution is u, = c(1.2") —%k(Z”)

Since u, =100, 100=c—§k soc=100+ %k

El
2

[ B EEE

b There are f, , paths of length n ending in a small flagstone and f, , paths of length n ending in a
long flagstone. This gives a total of f,_, + f,_, paths of length n.

The solution is u = [100+ k}(l.2")—§k(2")

There is only one path of length 1 m and there are two paths of length 2 mso f, =1 and f, = 2.
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14¢ Auxiliary equation: 7° —r—1=0

145

2
General solution: f =4 (1 s \/gj +B (ﬂ]

2 2

Substituting initial conditions:

IZA(H\B}FB(I—\EJ
2 2

2o 4 15 2+B 1-V5 2—A 3435 ), p[3-5
- 2 2 ) 2

2

I | 1++5 I [1-+5
Solving simultaneously gives 4 = ﬁ( IJ and B = ——(_IJ

2 NG

Hence closed form of the recurrence relation is:

A S

5002 L 2 ] Jslo2 )L 2

_L 1+\/§ n+l 1_\/3 n+l
L 2 2

201 201
1|(1++/5 1-/5
h :2 = — ) —
So when n =200, f,, 7 ( 5 J ( 5 J

Solving gives r =

15a ¢,=28

b Ifthe final digit of the string is not 0, then there are ¢, , possibilities for the rest of the string for
each of final digits 1 and 2. If the final digit is zero, then the penultimate digit must not be zero,
1.e. can be either 1 or 2, and there are ¢,_, possibilities for the rest of the string for each of these
two cases.

Thus ¢, =2t +2t ,

¢ t,=2x22+2x8=60
t. =2x60+2x22=164

5

t, =2x164+2x60=448
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15d i Auxiliary equation: 7° —2r—2=0
Solving gives r=1 + NE)
General solution is 7 = A(1++/3)" + B(1—~/3)"
Substituting initial conditions:
8= A(1++/3)> + B(1-3)
22 = A(1+~/3) + BA-3)’
++/3 2-3
N 23

Hence closed form of the recurrence relation is

1 n n
L =2—ﬁ[(2+ﬁ>(l+ﬁ> +(\B-2)01-+3) |

o : 2
Solving simultaneously gives 4 =

1 15 15
ii t15=2—\/§[(2+\/§)(1+\/§) +(3-2)1-43) ]:3799168

16a Auxiliary equation: #* —r—2=0
Solving gives r =2 or r =—1
Complementary function is u, = A(2")+ B(-1)"

b Substituting initial conditions:
1=24-B
2=44+B

Solving simultaneously gives 4 = ;— and B=0

Hence closed form of the recurrence relation is u, = %(2”) =2""

17a Auxiliary equation: * —7r+10=0
Solving gives r=2orr=35
Complementary function is x, = 4(2")+ B(5")
Try particular solution A:

/1=7/1—10/1+3:>/1=%

Hence general solution is x, = 4(2")+ B(5") +%

b Substituting initial conditions:

1=M+w+%

2=4A+%B+%-

Solving simultaneously gives 4 =0 and B = 2i0

Hence closed form of the recurrence relation is x, = 21—0(5”) + % = %(é (5")+ 3} = %(5”‘1 +3)
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18 Auxiliary equation: 7° —2r—15=0
Solving gives r=-3 orr=1>5
Complementary function is a, = A(5)" + B(-3)"

Try particular solution A(2"):
A(2") =222 +152(2" %) +2"

bl=4A+15A+4= 4= -2

15
Hence general solution is a, = A(5)" + B(-3)" —%(2”)
Substituting initial conditions:
2=54-3B- 8
15

4= 25A+9B—E
15

Solving simultaneously gives 4 = % and B = — o

60
Hence closed form of the recurrence relation is:

19 oy 19 a4 onv_ L doreny 10 2y _ onet
an—%(5) 60(3) 15(2) 60(19(5) 19(=3)" =2""7)

19 Basis step:
When n =0, uo——(S (-3)’)=1; whenn = ——(5 (-3)")=2
Assumption step:
Assume the closed formis true forn=kandn=k+1,s0 u, = %(5 —(-3)") and

(k+1)

(5— (3
Inductive step.
0 =206+ 53 430+ Dk DS 5= (3))
22 s a4 2 sy
(k+2)

— (-3

So if the closed formis valid forn=kand n =k + 1 it is valid for n = k + 2. Since the closed form
is true for n = 0 and n = 1, by induction the closed form is true for all » > 0.
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20a There are S, ., messages of length n + 2 ending in a type A4 signal packet and S, messages of

length n + 2 ending in a type B signal packet. This gives a total of S ., =S

n+l

+.§, messages of

length n + 2.
There is only one possible message of length 1 and there are two possible messages of length 2 so
S, =1 and §, =2.

b Auxiliary equation: 7° —r—1=0

145

Solving gives r =

General solution: S, = A[1+2\/§J +B [#J
Substituting initial conditions:
1= 4 1445 +B 1-+/5
2 2
2 2
2=A[1+2\/§J +B[1—2\/§J =A[3+2\/§)+B[3—2\/§J

1 (1445 1 (1-+/5
Solving simultaneously gives 4 = — and B= —| ——
‘ ’e ﬁ( 2 J ﬁ( 2 J

Hence closed form of the recurrence relation is:

o L [1e5 )15 ) 1 (1245 ) (1245 )
"5 2 2 B2 2

1+\/§ n+l 1_\/3 n+l
2 o2

ol
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Challenge
1 a Bydrawing it out, C, =31

b Consider one of the points already on the circumference of the circle (4), and one of the existing
points of intersection of two diagonals (B). The line through these two points will meet the circle
at two points, 4 and C. Since there are finitely many pairs {4, B}, there will be finitely many
points C on the circumference of the circle such that the line AC goes through an existing
intersection point. However, since there are infinitely many points on the circumference of the
circle, it is possible to choose one, D, which doesn’t coincide with any of the points C, and thus
the chords AD do not go through any of the existing intersection points.

r=n-1

Each new line from the point n to point » divides existing points into two sets.
A= {1,...r—1} and B= {r+1,...n—1}
r-1 n—r—1
The new line crosses a line between each pair of points, where one is from 4 and one is from B forming a new
region each time. This accounts for (» — 1)(n — r — 1) new regions.
The new line also crosses one more (the first) region.

So line r creates (r — 1)(n —r— 1) + 1 new regions.
The total number of new regions is

n—1
Z(l+(r—l)(n—l—r))
r=I1

Which simplifies to

ln3—nz+£n—2
6

C =C, +ln3 -n’ +£n—2
6 6
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Challenge

1 d The recurrence relation is of the form C, =C,_, +g(n) where g(n) = én3 -n’+ %n —2 so use the

general form of the solution:

C,=C+Y g(r) so

r=2
"1 17 1(1 1 17(1
C =1+ P+ —=r=2=1+=| =0’ n+12j——n n+1D)(2n+1 +—[—n n+1j—2n
Z[ 6J6[4<)6<)<)62<)
L 1, 15 23,
which simplifiesto C, = —n'——n’+=n’—=n+1
24 4 24 4

1 1 23 3
Cloo == (100*) = —(100*) + =(100°) = =(100) +1= 3926176
oo = 57 (1007) =7 (1007) +—2-(1007) = =-(100)

2 a Walks of length 1 start at 4 and end at any of the other points; the spider cannot return to 4.

b ABCA, ABDA, ACBA, ACDA, ADBA and ADCA so six walks of length 3

¢ u,=2u,  +3u, , with u, =0 and u, =3

Auxiliary equation: 7° —2r—3=0
Solving gives r =3 or r =—1
General solution is u, = 4(3")+ B(-1)"

Substituting initial conditions:
0=34-B
3=94+8B

Solving simultaneously gives 4 = 411— and B = %

Hence closed form of the recurrence relation is u, = %(3" ) +%(—1)" = i(3" +3(-D")
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