Further Pure Mathematics Book 2 SolutionBank

Matrix algebra 5A

2 4Y (4 0) (2-4 4
(1 sj (o /J ( 1 5—1}
2-4 4 =(2-A)(5-1)-4
1 5-4]

=10-TA+A*—4=22-TA1+6=(A-1)(1-6)
det(A- A =0=(A-1)(1-6)=0=1=1,6

The eigenvalues are 1 and 6.
For A =1

2 4)\(x _1 x
I S)\y - y
2x+4y) (x
x+5y - v
Equating the upper elements

2x+4y=x=>x=-4y
Let y=1, then x=-4

An eigenvector corresponding to the eigenvalue 1 is (_1 j
For 1=6

2 4)\(«x x

=6

I 5)\y y

2x+4y) (6x

x+5y e v
Equating the upper elements

2x+4y=6x=>y=x
Let x =1, then y=1

An eigenvector corresponding to the eigenvalue 6 is (J
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4 -1\ (42 0 4-2 -1
S Y
‘4—/1 -1

=(4-2)Y -1
-1 4—/1‘( )

=16-8A+A*—1=2*-81+15=(1-3)(1-5)
det(A-AD=0=(1-3)(1-5=0=1=3,5

The eigenvalues are 3 and 5.

For 1 =3
4 -1)\(x x
=3
-1 4 )\y y
4x—y ) (3x
-x+4y 3 v
Equating the upper elements

dx—y=3x=>y=x

Let x =1, then y=1
. . . (1
An eigenvector corresponding to the eigenvalue 3 is (J
For A =5
=5

-1 4 )\y b%

dx—y ) (5x

-x+4y 5 y
Equating the upper elements

dx+y=5x=>y=—x

Let x =1, then y=-1

An eigenvector corresponding to the eigenvalue 5 is ( J.
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3 2 A0 3-4 2
0 4 0 A 0 4-2
‘3—1 -2

0 4-1
det(A—AD)=0= (3-A)(4-1)=0= A =3 4

‘=(3—/1)(4—/1)

The eigenvalues are 3 and 4.
For 1 =3

3 2)\(«x _3 X
0 4 )\y - y
3x=2y) (3x
4y ) 3y
Equating the lower elements

4y =3y=y=0

As x can take any non-zero value, let x=1.
An eigenvector corresponding to the eigenvalue 3 is (Oj
For 41 =4
3 2)\(x X
=4
0 4 )\y y
3x=2y) (4x
4y ) 4y
Equating the upper elements

3x-2y=4x=>x=-2y
Let y =1, then x =-2

An eigenvector corresponding to the eigenvalue 4 is (_1 j
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-2 1
2 a M=
2 o)
-2 1 A0 2-4 1
SR
2-A
det(M—/lI):‘
-1 -1
=(—2—/1)(—/1)+1
:/12+2/1+1:(/1+1)2

det(M —21)=0=> A =-1
Hence A =-1 is a repeated eigenvalue

-2 1)\(x e
-1 0){y - b%
Equating lower elements: —x=—y, or x =y

1
So the required eigenvector is a multiple of (J

1
Therefore the simplest eigenvector is (J

4 0
b N=
o)
4 0 A0 4-14 0
N-Al = - =
P AP
4-4 0
det(N—/lI)z‘ ‘
4-)
=(4-2)

det(N-A1)=0=>A1=4
Hence 4 =4 is a repeated eigenvalue.

4 0)(x) (4x
0 4)\y |4 y
Equating upper elements: 4x = 4x
So you can choose two eigenvectors that are linearly independent

1 0
Therefore the simplest eigenvectors are (Oj and (J
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4

3 -1 (2 0) (3-4 -1
A-Al = - =

Y S A

3-2 -1
@WA—AU=‘3 A ‘

4 3-2
=(-3-1)" +4
det(A4-A)=0==(-3-1)" +4=0
A +64+13=0
(A+3)" +4=0

A+3==2i
A=-3+2i

Hence the eigenvalues are 4 =-3+2i

Taking 4 =-3+2i

-2 1)(x X
=(-3+2i)

2 4)\y y
Equating upper elements:
3x-y= (—3 + 2i)x
—3x—y=-3x+2ix
e YW

2i 2
Choosing y =1 gives x =é
i

So a required eigenvector is | 2
1

Taking 4 =-3-2i

-2 1)\(x N
= (—3 - 21)

2 4)\y y
Equating upper elements:
3x-y= (—3 —2i)x
—3x—y=-3x-2ix

y =2ix
_Y_Y
2i 2

Choosing y =1 gives x = —é

So a required eigenvectoris | 2
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2 -1
3 b B=
27
2 -1 A0 2-1 -1
B-Al= _ -
Y= S
2-4 -1
det(N—/lI)=‘ ‘
2 4-2
=(2-2)(4-2)+2=0

det(N—-A1)=0
2> —62+10=0
(2-3)"+1=0
A=3+i

Hence the eigenvalues are 1 =3+

Taking 4 =3+i

-2 1)\(x X
= J)enl)
2 4 )0\y y
Equating upper elements:
2x—y:(3+i)x
2x—y=3x+ix

—y =x(1+1i)

Yy —y+i

1+i 2

xX=-

-1+

Choosing y =1 gives x =

-1+
So a required eigenvector is 2
1

Taking 1 =3-i

-2 1

= J)el)
2 40y y
Equating upper elements:
2x—y:(3—i)x
2x—y=3x—ix
—y:x(l—i)

Y _oy7t
1-i 2

X=-

—1-i

Choosing y =1 gives x =

—1—-i
So a required eigenvector is 2
1
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3 4) (4 0) (3-12 4
4 a A-Al= = =
290 42) |2 9-2

4
K 9_/1‘=(3—/1)(9—/1)+8

=27 124+ A% +8=A7-124+35=(A-5)(1-17)
det(A-A)=0=(A-5)(A-7)=0=>1=57

The eigenvalues of A are 5 and 7.

b For 1=5
3 4)\(«x X
=5
-2 9)\y y
3x+4y ) (5x
—-2x+9y N Sy
Equating the upper elements
1
3x+4y:5x:4y:2x:y:5x
For A =7
3 4)\(«x X
=7
-2 9y y
3x+4y | (7x
—2x+9y N Ty
Equating the upper elements

Ix+4y=Tx=4y=4x=>y=x

: : : . : 1
Cartesian equations of the invariant lines are y = Ex and y =x.

‘1—/1 1‘

=0
0 1-2
(1-4)" =0
A=1

Therefore A =1 is a repeated eigenvalue.

I fx) (x
0 1)\y N y
Equating upper elements:
xX+y=x=>y=0

1
Choosing x =1, the corresponding eigenvector will therefore be (Oj
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(3-2)(~1-4)-k =0
A*=22-(3+k)=0

Repeated eigenvalue implies b° —4ac =0
4+4(3+k)=0

4k +16=0
ke =—4

7 M:(l _lj
k -3
-2 -1
‘k -3-1
(1-2)(=3-2)+k =0
/12+2/1+(k—3):0
Complex eigenvalue implies b —4ac <0
4-4(k-3)<0
4-4k+12<0

16 <4k
k>4

5 )
8 4=

-b a
a—A b

-b a-1

(a=2)"+
(a- /1)

a—A=zxbi
A= i bi as required

-

=0

9 Let T be the transformation matrix.

r(3)(5)- (3
(5 5)

: (S : L :
and an eigenvector is (J and its corresponding eigenvalue is —3

Then
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b To find the eigenvectors:

Taking 1 =2+i

2 Jo)el)

Equating upper elements:

2x—y=(2+i)x
y=-ix
Choosing y =1 gives x=;=i

l

i
So a required eigenvector is (J

Taking 1 =2-i

o 2 ))-el)

Equating upper elements:
2x—y = (2 —i ) X
y=ix

. ) 1
Choosing y=1 gives x =—=—i
i

—i
So a required eigenvector is ( . j

Neither eigenvector corresponds to a straight line in R*, so the transformation has no invariant lines.
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det<M_m=o:(_é_ﬂj(i_ﬂj_£=o
5 5 25
22-1=0

A7 =1

A==+1

Hence the eigenvalues are 4 =+1

To find the eigenvectors:

D)
VAV RN
Equating upper elements:
Ay

5 5
y=2x
Choosing x =1 gives y =2

1
So a required eigenvector is (J

Taking 4 =-1

:0)-)
A y
Equating upper elements:
x4y
5 5
x=2y
Choosing x =2 gives y=1

-2
So a required eigenvector is ( : j
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o ()7)--

Therefore the eigenvectors are perpendicular

1
¢ y=2x corresponds to the eigenvector ,and 1=1
2

so every point on the line y =2x is invariant

_3 4\(_3 4 1 0
d M’ = ( >0 j( >0 J =( j, the identity matrix.
4 3 a2 3 0 1
5 5 5 5
Therefore M must be a reflection in the line y =2x.

12 Suppose A is an eigenvalue of matrix 4 and x is its associated eigenvector.
Then Ax = Ax

Therefore A°x = A(Ax) = A(lx) = l(Ax) = l(lx) = A%x

Therefore A* is an eigenvalue of 4

a b X
13LetM=( jandletx=( j
c d y

You are given Mx =0
a b\(x
c d)\y

Equating upper elements: ax+by =0= y = &

b
: cx
Equating lower elements: cx+dy =0=y = 7
Therefore = =<
b d
ad = bc
ad —bc=0

Therefore det M =0
Therefore M is singular
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Challenge

-2 1-2
(-1-2)(1-2)=0

Therefore the eigenvalues are 4 =1 and A =-1

‘—1—/1 0 ‘
=0

Taking 4 =1

-1 0)(x) (x

2 1)y W
Equating upper elements:
—x=x=>x=0

0
Choosing y =1, the corresponding eigenvector will therefore be [lj

Therefore all points on the y-axis are invariant.

Taking 4 =-1

=)0

Equating lower elements:
2x+y=-y=>x=y

1
Choosing y =1, the corresponding eigenvector will therefore be (J

Therefore all lines parallel to y = x will stay parallel to y =x under T
Since every line will cross the y —axis at one point, and this point is invariant under 7,
every line of the form y = x+£ is an invariant line of 7, and there are infinitely many of these.
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