Further Pure Mathematics Book 2 SolutionBank

Matrix algebra 5B

300 (2 0 0) (3-24 0 0
1a A-Al=|2 4 2|-|0 42 ol=| 2 4-2 2
20 1){o0 4) =2 o0 1-2
3-1 0 0
4-1 2 2 2 2 4-3
2 4-4 2 |=(G3-4) —0 +0
0 1-4| |=2 1-4] =2 0
2 0 1-2

=(B-A)(d-A)(1-2)
det(A—AD = 0= (3-A)(4-A)(1-1)=0=>1=3,4,1

The eigenvalues are 1, 3 and 4.

For 4 =1

3 0 0)(x X

2 4 2y|=1ly

-2 0 1){z z
3x X

2x+4y+2z|=|y
-2x+z z

Equating the top elements

3x=x=>x=0

Equating the middle elements and substituting x =0
0+4y+2z=y=3y=-2z

Let z=3, then y=-2

0
An eigenvector corresponding to the eigenvalue 1 is | -2 |.
3
For 41 =3
3 0 0)x X
2 4 2||y|=3|y
-2 0 1){z z
3x 3x
2x+4y+2z |=|3y
—2x+z 3z

Equating the lowest elements
2x+z=3z=>z=—Xx

Let x=1, then z=-1
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1 a (continued)
Equating the middle elements and substituting x =1 and z =-1
244y-2=3y=y=0
1

An eigenvector corresponding to the eigenvalue 3 is | 0
-1

3x 4x
2x+4y+2z |=| 4y

—2x+z 4z

Equating the top elements

3x=4x=>x=0

Equating the lowest elements and substituting x =0
0+z=4z=2z=0

As y can take any non-zero value, let y =1

0
An eigenvector corresponding to the eigenvalue 4 is | 1 |.

0
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4 2 -4\ (A 0 0) (4-2 -2 -4
1b A-AI=2 3 0[-|0 42 O|=| 2 3-2 0
2 5 —4) |0 0 2 2 5 —4-2
4-2 =2 4
2 3-1 0 =(4—/1)‘3_/I 0 ‘—(—2)‘2 0 ‘+(—4)‘2 3_/1‘
-5 —4-2 2 —4-2 2 -5

=@ =)@ -A)(4-1)+2(-8-21)—4—(-10-6+21)

=(1*-16)3-1)-16-41+64-81

=347 -7 —48+161—121+48

=432 +40=—A(A* —34-4) =—AL(A-4)(A+])
det(A - AN =0=-A(A -4)(A+1)=0=>1=0,4,~1

The eigenvalues are —1, 0 and 4.

For A =-1
4 2 4)\(x X
2 3 O0|ly|=—-1y
2 -5 4)lz z

4x-2y—4z -X
2x+3y

I
|
<

2x-5y—4z —z

Equating the middle elements

2x+3y=—y=>x=-2y

Let y=L then x=-2

Equating the top elements and substituting y =1 and x =-2
—8-2-4z=2=z=-3

-2
An eigenvector corresponding to the eigenvalue —1 is | 1
-3
For =0
4 -2 —4\(«x
2 3 0|y|=0|y
2 -5 4)\z z
4x-2y—4z 0
2x+3y  |=]|0
2x—-5y—4z 0
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1 b (continued)
Equating the middle elements
2x+3y=0=3y=-2x
Let x=3, then y=-2
Equating the top elements and substituting x =3 and y =-2
12+4-4z=0=2z=0

3
An eigenvector corresponding to the eigenvalue 0 is | =2 |.
4
For 1=4
4 -2 —4\(«x
2 3 0 {y|=4y
2 -5 4)\z z
4x-2y—4z 4x
2x+3y  |=|4y
2x-5y—-4z 4z

Equating the middle elements

2x+3y=4y=y=2x

Let x=1, then y =2

Equating the top elements and substituting x =1 and y =2
4—-4-4z=4=z=-1

1
An eigenvector corresponding to the eigenvalue 4 is | 2

-1
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7 0 -3
2 a M=|-9 -2 3
18 0 -8

To find the eigenvalues:

7-4 0 -3

9 2-2 3 |=0

18 0 -8-2
(7-2)[(-2-2)(-8-2)]-3[0-18(-2-1)]=0
(7-4)(2* +104+16) +54(-2- 1) =0

722 +70A+112- 27 ~104* =161 ~108 ~ 544 =0
2327 -4=0

Let f(1)=2>+31"-4

F(1)=0=(A-1) is a factor

So A’+347 —4=(A-1)(2* +kA +4)

Equating coefficients of 1* gives
—1+k=3,s0k=4

(A-1)(2* +44+4)=0
(A-1)(21+2) =0

Therefore —2 is a repeated eigenvalue and the other eigenvalue is 1.

7 0 =3)\(x X
b |-9 -2 3|y|=-2|y
18 0 -8)\z z
Equating upper elements:
Tx—3z=-2x
9x-3z=0
z=3x
1
So choosing x =1 gives an eigenvector of | 0
3
0
So choosing x =0,y =1 gives an eigenvector of | 1
0
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3 -1 2
3 A= 3 -1 6
-2 2 =2
To find the eigenvalues:
3-4 -1 2

3 -1-2 6 [=0
-2 2 —2-1

(3-A)[(-1-4)(-2-2)-12]+1[3(-2-4) +12]+2[6+2(-1-2)]=0
(3-2)(A*+34-10)+6-34+2(4-24)=0
374943024’ =34> +101+6-31+8-41=0

A =122+16=0

Let f(A)=4"-122+16

f(2)=0=(4-2) is a factor

So f(2)=(2-2)(2* +kA-8)

Equating coefficients of 1* gives
—2+k=0,s0 k=2

(A-2)(2*+24-8)=0
(A-2)(A-2)(A+4)=0
(A-2) (A+4)=0

Therefore 2 is a repeated eigenvalue and the other eigenvalue is —4.

e
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3 Taking 1 =2:

3 -1 2)\(x X
3 -1 6| y|=2|y
-2 2 20z z

Equating upper elements:
3x—y+2z=2x
x—y+2z=0

1
So choosing x =1 and y =1 gives an eigenvector of | 1

0

-2
Choosing x=-2, y=0 gives an eigenvector of | 0
1

Taking 1 =-4:

3 -1 2)\(«x X
3 -1 6 |y|=-4y
-2 2 2)z

z

Equating upper elements:

3x—-y+2z=-4x
Tx—y+2z=0
-1
So choosing x = -1 and y =-3 gives an eigenvector of | -3
2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 7



Further Pure Mathematics Book 2 SolutionBank

2 2 2Y (4 0 0) (2-4 2 =2
4a A-AI=-3 2 0|-[0 2 0f=| -3 2-2 0
1 4 -3) 0 0 2 1 4 3-1
2-4 2 =2
2-4 0 30 -3 2-1
3 24 0 |=(2-2) -2 +(=2)
4 3-4] 7|1 -3-4 1 4

1 4  3-1
=Q2-2)=3-2)-209+32)-2(-12-2+ 1)
= (A% =41 +4)(-3-1)—-18-61+28-21
=27+ A7 +81-12-81+10
=+ -2=—(1-21*+2)

A= 42=2+27 247 2442142

=A2(A+D)=2A4(A+D)+2(A+1) = (A+1)(A? =24 +2)
=(z+1)((z—1)2+1)

As (A—-1)* +1>1 for all real A,(1—1)>+1=0 has no real solutions.
Hence det(A—AI)=0=> —(/1+1)((/1—1)2 +1) —0=>A=-1

The only real eigenvalue of A is —1.

b For A=-1
2 2 2)\«x X
-3 2 0 |y|=-1y
1 4 3)\¢z z
2x+2y-2z -X
=3x+2y |=|-y
x+4y-3z -z

Equating the middle elements
Bx+2y=-y=>y=x
Let x=1, then y =1

Equating the top elements and substituting x =1 and y =1
5
2+2—22=—1:>22=5:>Z=5

2
An eigenvector corresponding to the eigenvalue —1 is | 2 |.
5
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4 ¢ The characteristic equation is (4 +1) (/12 -2+ 2) =0

So the complex eigenvalues are found from solving

AP=24+2=0
+
ﬂ=2_ﬁ=lii
2
Taking A =1+
2 2 2)\(«x
-3 2 0|y :(1+i) y
1 4 3)\z z

Equating middle elements:
—3x+2y=(1+i)y
3x+2y=y+iy
y—iy=3x

y(l—i) =3x

_ 3x

C1-i

=3_x[ﬁj
R
3(1+i)x

2
Equating upper elements:

2x+2y—2z:(l+i)x
2x+2y—(l+i)x:2z

y

y:

3 _(l+i)x
z=Xx+y e
Z:x+3(l+z)x_(l+z)x

2 2
z=x+(l+i)x
z=(2+i)x
1
So choosing x =1, you obtain the eigenvector @
2+1i

Note: Any scalar multiple of this is also an eigenvector, so the following would also be valid:

1
-2
3(1+i
(4-2i) (2 D1_] 943
2+i 10
442
Taking the conjugate of these elements we obtain the eigenvector for A =1-i =| 9-3i
10
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2 -1 3 (2 0 0) (2-2 -1 3
5a A-AI=|0 2 4|-|0 42 0|=| 0 2-1 4
0 2 0)lo 0 A 0 2 -2
24 13 21 4 0 4 0 2-1
0 2-1 4|=2-2) —(-1) +3
2 - 0 -4 o 2
0 2 -

=2 -A)(2A+ A =8)+0+0
=Q2-A)A*-24-8)=2-A)(A-4)(1+2)
det(A-AD=0= (2 - -4)(A+2)=0=>1=2,4,-2

The eigenvalues of A are 4, as required, 2 and —2.

b For 1=4
2 -1 3)\(x
0 2 4| y|=4|y
0 2 0)\z z
2x—-y+3z 4x
2y+4y |=|4y
2y 4z

Equating the lowest elements
2y=4z=>y=2z
Let z=1, then y =2

Equating the top elements and substituting y =2 and z =1
1
2x—2+3:4x:>2x=1:>x=5

1
An eigenvector corresponding to the eigenvalue 4 is | 4 |.

2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 10



Further Pure Mathematics Book 2 SolutionBank

11 3) (42 0 0) (1-2 1 3
6 a A-Al=|2 4 —1|-|0 4 0|=] 2 4-41 -1
4 4 3)10 0 2 4 4 3-3
-1 1 3
4-4 -1 2 -1 2 4-2
2 4-4 -1 |=(1-2) -1 +3
4 3-4| |4 3-1] |4 4
4 4 3-2

=1-A)((G-DB-21)+4)-(6-22+4)+3(8-16+41)
=(1-AA*=7A1+16)+141-34
=17 +817 —231+16+141-34
=—1°+81%-91-18
Let 1> —812 +91+18=(1-3)(A* +kA—6)
Equating the coefficients of A’
=-3+k=k=-5
Hence A° =842 +94+18 =(1-3)(A* +51-6)=(1=3)(A—6)(A +])
det(A- A =0=—-(1 -3 A-6)(A+1)=0=>1=3,6,-1

The other eigenvalues of A are —1 and 6.

b For 1=-1
I 1 3)\(x X
2 4 -1||ly|=-1y
4 4 3 )\z z
X+y+3z —X
2x+4y—z |=| -y
4x+4y+3z -z

Equating the top elements
X+y+3z=—x

2x+y+3z=0 1)

Equating the middle elements
2x+4y—z=-y

2x+5y—z=0 2)

@-m

4y-4z=0=>y=z

Let z=1, then y =1

Substituting =1 and z =1 into (1)

2x+14+3=0=>x=-2
-2
An eigenvector corresponding to the eigenvalue —1 is | 1
1

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 11



Further Pure Mathematics Book 2 SolutionBank

6 b (continued)

For 1=3
I 1 3)\(x 3x
2 4 —1||y|=|3y
4 4 3 )z 3z
x+y+3z 3x
2x+4y—-z |=|3y

4x+4y+3z 3z

Equating the lowest elements

4x+4y+3z=3z=>y=—x

Let x=1, then y = -1

Equating the top elements and substituting x =1 and y =-1
I-1+3z=3=2z=1

1
An eigenvector corresponding to the eigenvalue 3 is | —1 |.
1
For 1=6
I 1T 3)\(x x
2 4 —-1|y|=6]y
4 4 3 )\z z
x+y+3z 6x
2x+4y—-z |=| 6y
4x+4y+3z 6z
Equating the top elements
xX+y+3z=06x
—Sx+y+3z=0 1)
Equating the lowest elements
4x+4y+3z=6z
4x+4y—-3z=0 ?2)
(1D +(Q2)
—x+5y=0=>x=35y
Let y=1, then x=5
Substituting x=5 and y =1 into (1)
—25+143z=0=2=8
5
An eigenvector corresponding to the eigenvalue 6 is | 1 |.
8
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2 21 A 0 O 2—-4 2
7 a A-AI=|-2 4 -0 A 0= =2 4-2 0
4 2 5 0 0 2 4 2 5-1
When A =2
0 2 1
A-2I=|-2 2 O
4 2 3
0
20 -2 0 -2 2
det(A-2I)=|-2 2 0|=0 -2 +1
4 2 3 4 3 4 2

=0-2x(—6)+1(-4-8)=12-12=0

Hence 2 is an eigenvalue of A.

2-4 2 1

b |2 4-4 0 |=2-2)

4 2

4-4 0 2—2 0
2 5-4 4 5-4

‘ ‘—2 4—1‘

+1
=2=-A)4-2)5-2)+20—41+(-4—16+41)
=2-D)A-1)(5-1)

det(A-AD=Q2-A)Y4-1)(5-1)=0=>1=2,4,5

The other eigenvalues of A are 4 and 5.
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7 ¢ For A=2
2 2 1)\«x X
-2 4 0f|y|=2|y
4 2 5)\z z

2x+2y+z 2x
—2x+4y |=|2y
4x+2y+5z 2z

Equating the middle elements

2x+4y=2y=>y=x

Let x=1, then y =1

Equating the top elements and substituting x =1 and y =1

2424z=2=>z=-2

1
An eigenvector corresponding to the eigenvalue 2 is | 1
-2
1
The magnitude of | 1 | is \/(12 +P+(-2)°) =6
-2
1
. J6
1 1
A normalised eigenvector corresponding to the eigenvalue 2 is —=| 1 [=| —=
g P g g NG S NG
_Z
J6
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2
0
3
4-2 2 1
By 2 5 2 -2
2 -1 5 |=(4-2) -2 +1
3 4-a| 7|3 4-2| |0 3
0 3 4-4

=@ —-A) 44+ 1* —15)-2(-8+21)—6
=2 +81% - 1-60+16-41-6
=—A>+81%-51-50
AP =87 +54+50= 17 +24% —104% =201+ 251+ 50
=A2(A+2)=10A(A+2)+25(A+2) = (A +2)(A* =104+ 25)
=(A+2)(1-5)
det(A-AI)=0= —(1+2)A—-5)* =0= A =-2,5 repeated

-2 is one eigenvalue of A and the only other distinct eigenvalue is 5, which is repeated.
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8 b For 1=-2
4 2 1)\(«x X
-2 0 S{|y|=-2|y
0 3 4)\z z
4x+2y+z —2x
—2x+5z |=|-2y
3y+4z -2z

Equating the lowest elements

4y+4z=-2z=y=-2z

Let z=1, then y=-2
Equating the top elements and substituting y = -2 and z=1

4x—4+1:—2x:>6x=3:>x=%

1
An eigenvector corresponding to the eigenvalue —2 is | —4 |.
2
For 1=5
4 2 1)\(x
-2 0 5| y|=5»
0 3 4)\z z
4x+2y+z Sx
—2x+5z |=|5y
3y+4z S5z

Equating the lowest elements

3y+4z=5z=z=3y

Let y=1, then z =3

Equating the top elements and substituting y =1 and z =3

dx+2+3=5x=>x=5

5
An eigenvector corresponding to the eigenvalue 5Sis | 1 |.

3
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= (1=2)(=A+ A =2) +1(=1+ 2= +0

=(1=-D)(A-2)(A+D) +1(A-2)

=(A=2)((1=-A)(A+A)+1)=(A-2)(2- 1)
det(A— A =0=(2-2)2-22)=0= 1=2,+2

The other eigenvalues of A are +2.
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9 b For 1=+2
I -1 0)(«x X
-1 0 1|y =2 y
1 2 1)z z
ey Y [V
—x+z |= \/Ey

X+2y+z J2z
Equating the top elements
x—y=\/5:>y=(l—\/§)x
Let x=1, then y =1-+/2
Equating the middle elements and substituting x =1 and y =1- V2
—1+Z=\/§(1—\/§)=\/§—2:>Z:\/§—1
1
An eigenvector corresponding to the eigenvalue V2 is | 1-42 .

V2-1
For 1=—/2
I -1 0)(«x X
-1 0 1(v» SENG) y
1 2 1){z z
ey ) [~
—x+z |= —\/Ey

X+2y+z 2z
Equating the top elements
x—y=—\/5:>y:(\/§+l)x
Equating the middle elements and substituting x =1 and y =1+ V2
—1+z =—\/§(1+\/§) =2-2=z=-1-2
1
An eigenvector corresponding to the eigenvalue 2| 1442 |

-1-2
For 1=2
I -1 0)(x x
-1 0 1|y|=2|y
I 2 1)\z z
x-y 2x
—x+z |=|2y

xX+2y+z 2z

Equating the top elements
X—y=2x=>y=—Xx
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9 b (continued)
Let x=1, then y =1
Equating the middle elements and substituting x =1 and y =-1
—1+z="2=z=-1
1
An eigenvector corresponding to the eigenvalue 2 is | —1 |.

-1

4 1 232 2
10a | 1 4 0 2|=2]2
-1 1 b){ -1 -1
8+2-2 24
24+42a |=| 24
-2+4+2-b —-14
Equating the top elements
8=2A=>1=4

The eigenvalue is 4.

b Equating the middle elements and substituting A =4
24+2a=8=a=3
Equating the lowest elements and substituting 4 =4
-b=-A=-4=b=4

a=3and b=4
4 1 2 A 0 O 4-1 1 2
¢c A-AI=1 3 0|-|0 A O0|=] 1 3-4 0
-1 1 4 0O 0 A -1 1 4-1
4-1 1 2
3-1 0 1 0 1 3-4
1 3-1 0 |=(4-2) -1 +2
4-2] -1 4= T]-1 1
-1 1 4-1

=(4-2)’GB-A1)-1(4-1)+2(1+3-1)
=(4-2)’G-D)+1(4-2)=(4- ) ((4-)(3- 1) +1)
=(4—A)(A* =71 +13)

det(A-AD=0= (4—A)(A*-TA+13)=0=>A =4 or A*-71+13=0

The discriminant of A —74+13=0 is given by

b* —4ac=49-52=-3<0

There are no real solutions of 1> —71+13=0
4 is the only real eigenvalue of A.
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10d The characteristic equation is (A4 — 4)(/12 —TA+ 13) =0

So the complex eigenvalues are found from solving

A=72+13=0
L TEN49-52 723 73
- 2 ) 2
Taking A = 7+i3
2
4 1 2\(x X
7+i3
1 3 0fy]= 5 v
-1 1 4)\z z

Equating middle elements:

2x+6y=(7+i\/§)y

=(1+ix/§)y
4 1+i\@

(2 \(1=13),
SNy FEN
_[1=i3])
Y72

Equating upper elements:

4x+y+2z=(7+2i\/§}c
—zf NE)
2 X
7+l\/§ —4
> X
22—( 1+l\/§ X
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10d (continued)

1

1-i\3
2
-1+ i\ﬁ
2
Note: Any scalar multiple of this is also an eigenvector, so the following would also be valid:

So choosing x =1, you obtain the eigenvector

1

_ ~1-i\/3
(-1-i43) i3,

2
—1+i3 2
2
Taking ﬂ,=7_l 3
2
4 1 2\(x
I 30 y—[7_2l3Jy
-1 1 4)\z z

Equating middle elements:

2x+6y=(7-i3)y
2x=(1-13)y

(2
R CEEN
2 1+i/3
y= x
1-iB ) 1+i3
1+i\@

2

X

X
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10d (continued)
Equating upper elements:

4x+y+2z ( _iIJ

()
SnPAREe

1

1+ i\ﬁ
2
~1-i3
2
Note: Any scalar multiple of this is also an eigenvector, so the following would also be valid:

So choosing x =1, you obtain the eigenvector

1

—1+i\ﬁ

(~1+iV3) 1+;\6 - -2
2

—1-i3

2
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To find the eigenvalues:

3-24 0 0

1 1-2 1 |=0

4 -1 3-2
(3-2)[(1-2)(3-2)+1]=0
(3-2)(24*-44+4)=0

3 -12A+12-2 +4° -44=0
A =T +164-12=0
Let /(1)=4"-74*+164-12
f(2)=8-28+32-12=0=(4-2) is a factor
So f(2)=(2-2)(A* +kA+6)

Equating coefficients of 1* gives
2+k=-7,80 k=-5

(A-2)(2*-54+6)=0
(2-2)(A-2)(A-3)=0
(2-2)"(2-3)=0

Therefore 2 is a repeated eigenvalue and the other eigenvalue is 3

Taking 1 =2:
3 0 0)(«x X
I 1 1||y|=2y
4 -1 3)\z z

Equating upper elements:
3x=2x=>x=0

Equating middle elements:

X+y+z=2y
x—y+z=0
y=z
0
So choosing y =1 gives an eigenvector of | 1
1
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11a (continued)

Taking A =3:
3 0 0)(x X
1 1 1)y|=3|y
4 -1 3)\z z

Equating middle elements:
X+y+z=3y=>x-2y+z=0

Equating lower elements:
4x—-y+3z=3z=y=4x

1
So choosing x =1 leadsto y =4 and z=7, giving an eigenvector of | 4
7
0 1
b Since the eigenvectors are | 1 | and | 4 |, and each invariant line goes through the origin,
| 7
0 0 0 1
the required lines are: L, :r=|0|+¢|1|and L,:r=|0 [+¢| 4
0 1 0 7

12 Every linear transformation from R’ — R’ must have one real eigenvalue, hence at least one real
eigenvector. Therefore every such transformation must have at least one invariant line.
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Challenge
18 _4
9 9 9
m=| & 1 4
9 9 9
447
9 9 9

To find the eigenvalues:

1, 8 _4
9 9 9
8 1., 41,
9 9 9
A4 7
9 9 9

S R NOEE TS
3 ]
-2 S8
eSS S 2)

281, 88 4 6 6 16 160
9 81 &1 9 9 81 81 81 81
—1+A+12-2=0

A= -21+1=0

Let f(A)=2" 22— A+1
f(1)=1-1-1+1=0= (A1) is a factor
So f(4)=(A-1)(2* +kA-1)

Equating coefficients of A* gives
—1+k=-1,0k=0

Therefore 1 is a repeated eigenvalue and the other eigenvalue is —1.
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Challenge (continued)

Taking 4 =1:

I 8 4

9 9 9/, X
8 1 4 ~
9 9 9|77
4 4 7 |\F)\F
9 9 9
Equating upper elements:
x 8y 4z
—————=X

9 9 9
x+8y—4z=9x
8x—-8y+4z=0
2x-2y+z=0

1

So choosing x =1 and y =1 gives an eigenvector of | 1

0
-1
Choosing x =—1 and y =0 gives an eigenvector of | 0
2
Taking 4 =-1:
1 8 _4
9 9 9/, X
8 1 4 __
9 9 9 4 4
R
9 9 9
Equating upper elements:
x 8y 4z
—_— = ==
9 9 9
x+8y—4z=-9x
10x+8y—4z=0
Sx+4y-2z=0
2
So choosing x =2 and z =1 gives an eigenvector of | -2
1

Eigenvectors relating to the eigenvalue A =1 are invariant under the transformation and so both
eigenvectors corresponding to this eigenvalue lie in the plane IT. It can be verified by the dot
2

(scalar) product that the both of these vectors are perpendicular to the vector | -2 |.
1

Hence it follows that this vector is perpendicular to the plane IT. Hence the Cartesian equation of
the plane is given by 2x -2y +z =0.
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