Further Pure Mathematics Book 2 SolutionBank

Matrix algebra 5C

5 4
1 a A=

To find the eigenvalues:

(5-2)(6-4)-12=0
A7 =111+18=0
(1-9)(1-2)=0
A=9o0r A=2

If1=9

W

Equating upper elements:

S5x+4y=9x
y=x

1
Choosing x =1 gives y =1, giving an eigenvector of (J
IfA=2

W

Equating upper elements:

Sx+4y=2x
4y =-3x

4
Choosing x =4 gives y =-3, giving an eigenvector of ( 3}

4 1 20
Therefore P=( 3 J and D=( j
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)
1b A=

To find the eigenvalues:

‘—3—/1 -2 ‘

-3 2)(x)  («x
5 4 )\y)
Equating upper elements:

—3x-2y=—x
y=-x

-1
Choosing x = —1 gives y =1, giving an eigenvector of ( . j
IfA=2
-3 2)\(x X
=2
5 4 )\y y
Equating upper elements:

—3x-2y=2x
-2y =5x

-2
Choosing x =-2 gives y =5, giving an eigenvector of ( s j

-2 -1 2 0
Therefore P = and D =
5 1 0 -1
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2 a Usingdet (A-AI)=0
1-4 3
=(1-2)*=-9=1-24+1*-9
3 1-4
=A?-24-8=(1-4)(1+2)=0
A=-2,4
For A=-2

20
o3

Equating the upper elements
x+3y=-2x=>y=-x

Let x=1, then y=1

An eigenvector corresponding to the eigenvalue —2 is ( J

1
The magnitude of ( J is (12 + (—1)2) =2

ti-

A normalised eigenvector corresponding to the eigenvalue —2 is

-

For 1=4

I 3)\(x X
=4
3 1)\y y
x+3y| (4x
3x+y - 4y
Equating the upper elements

x+3y=4x=>y=x
Let x=1, then y=1

An eigenvector corresponding to the eigenvalue 4 is (J

1
The magnitude of (J is (12 +12) =2.
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2 a (continued)

A normalised eigenvector corresponding to the eigenvalue 4 is

Sl- Sl-

5l 5

\S}

(11 2-2) (=2 0
-1+1 2+42) Lo 4
b Using det (A-AI)=0

-4 2

=(1-A)4-A)-4=4-51+17 -4
_2 4_J (1-A)4-2)

=12 —51=A(1-5)=0
A=0,5
For A=5

I 2\(x X
=5
-2 4 )\y b%
x=2y ) (5x
2x+4y) S5y
Equating the upper elements

x—2y=5x=>y=-2x
Let x =1, then y=-2

An eigenvector corresponding to the eigenvalue 5 is ( 2}

1
The magnitude of ( 2} is ,/(12 + (—2)2) =A/5.

A normalised eigenvector corresponding to the eigenvalue 5 is
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2 b (continued)

20
B

Equating the upper elements

x=2y=0=>x=2y
Let y =1, then x =2

An eigenvector corresponding to the eigenvalue 0 is (lj

2
The magnitude of (lj is ,/(22 +12) =5.

2
A normalised eigenvector corresponding to the eigenvalue 0 is \/lg
NG
1L 2 12
po| V5 V5 pr| V5 5
2z 1 2 1
NEINA 5 5
12 12
pTap_| V3 5(1 —2j 5 5
2 1L\ 4)_ 2 1
5 5 5 5
o2y L, 2 2 (L _2)_ 5,
RV IR (VTN I RN S I ENC RN | VA
2 gz 8 4 4012 Ly 1o,
5 5 550 55 W55
(1+4 0) (5 0
22 oj_ 0 oj
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4 2
32 Q:(—l 3}

To find the eigenvalues:

4-1 =2

=0
-~
(4—/1)(3—/1)—2=0
AP =T71+10=0
(A-5)(2-2)=0
A=5o0rA=2
If A=5

(—41 ﬂ@ 25@

Equating upper elements:

4x -2y =5x
x=-=2y

-2
Choosing y =1 gives x =—2, giving an eigenvector of ( : j

IfA1=2

(—41 _;J@ =2@

Equating upper elements:

4x -2y =2x
xX=y

1
Choosing x =1 gives an eigenvector of (J

So A4 =2 has an associated normalised eigenvector of (

s sk
&'lm N——

|
ot
Ne——

and A =5 has an associated normalised eigenvector of

1 =2 20
Therefore P = and D =
1 1 0 5
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4 a A—/11=[3_/1 \/EJ

V2 42

det(A—AI) =

3-1 2
V2 =(B-A)4-1)-2=12-T4+1*-2
V2 o4-2

= A7 =72+10=(A1-2)(A-5)
det(A— A =0=(1—-2)(A1-5)=0

The eigenvalues of A are 2 and 5.

NP

el

Equating the upper elements

3x+\/g=2x:>x=—@

Let y =1, then x=—/2

An eigenvector corresponding to the eigenvalue 2 is (_

3

The magnitude of (_\I/EJ is ((—\/5)2 +12) =3.

- 5

A normalised eigenvector corresponding to the eigenvalue 2 is

S

For A=5

[ 3 ﬁ]m_sm
V24 ))
3x+\/g [ 5x

[\/ﬂ+4y] _(SJJ

Equating the upper elements

3x+\/5=5x:>\/5=2x:>y=\/5

Let x =1, then y:\/g
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4 b (continued)

1
An eigenvector corresponding to the eigenvalue 5 is [ \/EJ

The magnitude of [\/IEJ is (12 +(\/§)2) =3.

A normalised eigenvector corresponding to the eigenvalue 5 is

Sl -

21
NG (z Oj
c P= , =
Loy 03
343
7 4
S a A=
7 4\(2 18 2 23 . :
= =9 Therefore is an eigenvector of 4
4 1){1 9 1 1
7 4

-1 1 -1 -1
= =-1 Therefore is an eigenvector of 4
4 1) 2 -2 2 2

b Adam is incorrect, since the eigenvectors are not normalised.
AR
Normalising ( J gives [\/IEJ
1 =
gives [ J
_L
IJ
2
NG

5

-1
Normalising ( 5

N——

b

w

Therefore Q = [

Gk b
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2 4
6 a A=

To find the eigenvalues:

(2-2)(1-2)-12=0

AP=31-10=0
(A-5)(2+2)=0
A=50r A=-2
If A=5

HN W

Equating upper elements:

2x+4y=>5x
4y =3x

4
Choosing x =4 gives y =3, giving an eigenvector of (3}
IfA=-2

(-6

Equating upper elements:

2x+4y =-2x
y==x

-1
Choosing y =1 gives an eigenvector of ( . j

-1 4 -2 0
b Therefore P=( . 3} and D=( j
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6 c
(unﬂj — P—l ('xnﬂ J
vn+l yn+1
-1 'xn
=P A
Y
-1 -1 'xn
=P APP ( j
Vi

Y

u
= D( ”j as required
%

n

n
d Z’thrl = _2un SO un+1 = ul ><(_2)

_ _ n
Vo = Svn SO Vot =V x5

u, R X, u, -1 4\(u,
=P S0 =P =

vn yn y,, vn 1 3 Vn

x, =—u +4v, =—u x (—2)"_1 +4y, x5

v, =1, +3v, =1, x(=2)" 43y, x5

When n=1, 3=-u +4y,
I=u,+3y,

Solving simultaneously gives u, = —% and v, :g

5 it 16, 5 o 120
Therefore x, =;><(—2) 1+7><5" "and y, =—;><(—2) 1.,.7)(5" !
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3 -1
7 a M=

To find the eigenvalues:

3-4 -1
2 -4

(3-2)(-4)+2=0

AP=31+2=0
(/1—2)(/1—1)=0
A=lor A=2
IfA=1

3 -1)(x) («x
2 0 )N\y N y
Equating lower elements:

2x=y

1
Choosing x =1 gives y =2, giving an eigenvector of (J
IfA=2

NN

Equating lower elements:

2x =2y
y=x

1
Choosing x =1 gives an eigenvector of (J

1 1 1 0
Therefore P = (2 J and D =( j
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7 b D= (P“MP)IOO = P 'M'"P
Therefore M'” = PD'P!

2 -1

I 1)(1 0 \-1 1
Therefore M'* = 00
2 1)\0 2 2 -1
I 1) -1 1
= 7 1]l gyt

2101 _1 1 _ 2100
= (2101 _2 2_2100}

-1 1
Using a calculator gives P™' = ( j

1 4 -1
8 a A=|-1 6 -1
2 =2 4

To find the eigenvalues:

1-2 4 -1
-1 6-4 -1[=0
2 -2 4-1

(1-2)[(6-2)(4—2)—2]-4[-1(4-2)+2]-1[2-2(6-2) |=0
(1-2)(A4* =102 +22)—4(-2+2)—(-10+22) =0

A2 =101 +22-2*+104* —221+8—-44+10-21=0

~2* 41127 ~384+40=0

AP =114 +384-40=0

Let f(4)=4"—114>+381-40

f(2)=2-11x2* +38x2-40=0= (4 -2) is a factor

So f(2)=(A-2)(4* +ki+20)

Equating coefficients of A* gives
2+k=-11,s0 k=-9

(A-2)(24*-94+20)=0
(1-2)(2-4)(1-5)=0

Therefore the required eigenvalues are 2, 4 and 5.

Taking A =2:
1 4 -1)\x X
-1 6 -1|y|=2
2 =2 4 Nz z
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8 a (continued)

Equating upper elements:
x+4y—z=2x
x=4y+z=0 1

Equating lower elements:
2x=-2y+4z=2z
2x-2y+2z=0

x—y+z=0 2)

(1)—-(2) gives -3y =0, so y=0 and x=—z

1
Therefore choosing x =1 gives an eigenvector of | 0
-1
Taking A =4:
I 4 -1)\(«x X
-1 6 -1|y|=4|y
2 -2 4 )z z

Equating upper elements:
x+4y—z=4x
3x-4y+z=0 1

Equating lower elements:
2x-2y+4z=4z

2x-2y=0

x=y 2

Substituting into (1) gives x =z
1
Therefore choosing z =1 gives an eigenvector of | 1

1

Taking A =5:

1 4 -1\(x

-1 6 -—1|ly|=5y
2 =2 4 )\z z

Equating upper elements:
x+4y—z=>5x
4x -4y +z=0 1)

Equating lower elements:
2x-2y+4z=5z

2x-2y—-z=0 2)
(1)+(2) gives 6x—6y =0 ,s0 x=y
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8 a (continued)

Therefore choosing x =1 gives y =1 and z =0, so an eigenvector is | 1

0
1 11 2 00
Therefore P=| 0 1 1l|and D=0 4 0
-1 10 0 0 5
1 2 1
b A={6 -1 0
-1 -2 -1

To find the eigenvalues:
1-4 2 1
6 -1-4 0 |=0
-1 -2 -1-1

(1-2)[(-1-2)(-1-2)-0]-2[6(-1-2)=0]+1[-12+(-1-2)]=0
(1-2)(2* +24+1)=12(-1-2) +(-13-2) =0

D H2A+1-A =22 - 21+12+124-13-21=0
A+ +124=0

P+A7-124=0

4(4%4—12):0

A(A+4)(A-3)=0

Therefore the required eigenvalues are —4,0 and 3.

Taking A =—4:
1 2 1)\x X
6 -1 0|ly|l=—4y
-1 -2 -1)\z z

Equating middle elements:

6x—y=-4y
6x=-3y
y=-2x

Equating upper elements:
X+2y+z=-4x
S5x+2y—-z=0
-1
Therefore choosing x = —1 gives y =2 and z =1, so an eigenvector is | 2
1
8 b (continued)
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Taking 4=0:
I 2 1)(x X
6 -1 0| y|=0]y
-1 -2 -1)\z z

Equating middle elements:
6x—y=0
y =06x

Equating upper elements:
xX+2y+z=0

-1
Therefore choosing x = —1 gives y =—6 and z =13, so an eigenvector is | —6

13
Taking A =3:
1 2 1)Y\(«x X
6 -1 0| y|=3ly
-1 -2 -1){z z
Equating middle elements:
6x—y =3y
6x=4y
3x=2y
Equating upper elements:
X+2y+z=3x
-2x+2y+z=0
-2
Therefore choosing x = -2 gives y = -3 and z = 2, so an eigenvector is | —3
2
-1 -1 -2 -4 0 0
Therefore P=| 2 -6 -3|and D=|{ 0 0 0
1 13 2 0 0 3
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1 2 3
9 M=|0 1 2
0 3 0

a M is not a symmetric matrix, therefore it is not orthogonally diagonalisable.

b To find the eigenvalues:

-4 2 3
0 1-4 2(=0
0 3 -1

(1-2)[(1-2)(-2) ~6]=0
(1-2)(-6-2+47)=0

—6-A+A*+61+17-1"=0
—64+54+24°-1*=0

A =22*-51+6=0

Let f(4)=4"-24"-51+6
f(1)=0=(A-1) is a factor
So f(A)=(A—1)(4*+kA—6)

Equating coefficients of A* gives
—1+k=-2,s0 k=-1

(A-1)(4-2-6)=0
(A-1)(A+2)(A-3)=0

Therefore the required eigenvalues are —2, 1 and 3.
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9 ¢ Taking A=1:
1 2 3\(«x X
0 1 2|ly|=|y
0 3 O)\z z
Equating middle elements:

y+2z=y
z=0
Equating lower elements:
3y=z
y=0
1
Therefore one possible eigenvector is | 0
0
Taking A =-2:
I 2 3)\(x X
01 2|y|=-2|y
0 3 0)\z z
Equating middle elements:
y+2z==-2y
3y+2z=0

Equating upper elements:
X+2y+3z=-2x
3x+2y+3z=0

Choosing z=1 gives y = —§ and x = _g

-5
Multiplying each value by 9 gives an eigenvector of | —6
9
Taking A =3:
1 2 3)\(x X
01 2(y|=3ly
0 3 0)\z z
Equating middle elements:
y+2z=3y
y=z
Equating upper elements:
X+2y+3z=3x
2y+3z=2x
Choosing z=1 gives y=1 and x :g
5
Multiplying each value by 2 gives an eigenvector of | 5
2
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1 -5 5
9 d Forming a matrix of eigenvectors gives P={0 -6 5
0 9 2
ALttt 2
o B3 V2 || Ve e e
r |1 1 1 1 11
e I RN VRN R
2 1 1L L
NCINE) V2o 2
1 1111 121
6 3263263 /100
vt b2 by oler
63263263 |
2 1 2.1 4.1
6 3 6 3 6 3
Hence P is an orthogonal matrix.
11233 3 IR S
o B |2 2 B 2
. 1 11 303 1 1 1
0o FAPS"F "B B2 2 Y B v
R S | S
V22 NCIERNE
1 1 2 3 32 3 03 1 3 3
6 6 Jo| | 206 26 Y6 23 2B B 22 22
ottty 3 003 02003 3 L3 3
V3B B 2J6 246 o 243 23 3 242 22
L S 1 .1.2 r_t. 1t 1 1
V2 2 6 J ' B BB V2 2
1 1 2) 2 1 3 2 2 8 11 2 303
Vo Vo o|v6 B 2 666 18 18 V18 12 12
R 1|2 1 30| 2 2 4 111 303
B B Bl BRI v A 333 &4
1oLl A L 22 11 3.3
V22 NIING) 12 12 J6 6 2 2
2 0 0
= -1 OJ a diagonal matrix.
0 0 3
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2.2 0 2 ,
det(A-AD=| 0 2-1 0 =(2—,1)‘0 ,

2 0 2-2

0 0 0 0 2-4
-0 +2
-1 2 2-4 2 0

=(2-4) -42-1)=2-)(2-A) —4) =(2-A)(=A)AE-2)

=—A2-1)(4-1)

det(A-A)=0=-A(1-2)(1-4)=0=>1=0,2,4
For =0
2 0 2)\«x X

0 2 0fly|=0]y
2 0 2z z
2x+2z 0

2y =0
2x+2z 0

Equating the top elements
2x4+2z=0=>z=—x

Let x =1, then z=-1
Equating the middle elements

2y=0=y=0
1
An eigenvector corresponding to the eigenvalue 0 is | 0
-1
1
The magnitude of | 0 | is \/(12 +0? +(—1)2) =2
-1
1
V2
A normalised eigenvector corresponding to the eigenvalue 2 is | 0
1
2
For A =2
2 0 2)\«x
0 2 0fly|=2y
2 0 2z z
2x+2z 2x
2y =| 2y
2x+2z 2z

Equating the top elements
2x4+2z=2x=z=0
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11 (continued)

Equating the lowest elements
2x+2z=2z=>x=0

y can any value

Let y=1

0
An eigenvector corresponding to the eigenvalue 2 is | 1
0

The magnitude of this vector is 1, so it is already normalised.
For =4

2 0 2

2x+2z 4z

Equating the top elements
2x+2z=4x=>z=x

Let x=1, then z=1
Equating the middle elements
2y=4y=2y=0=y=0

1
An eigenvector corresponding to the eigenvalue 4 is | 0
1
1
The magnitude of | 0 | is (12 +0? +12) =2
1

A normalised eigenvector corresponding to the eigenvalue 4 is

Sl =5l
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11 (continued)
1o, L
NN
LetP=| 0 1 0
1, L
RN
1, L 1o, L
2 V2 (2 0 2) 2 2
ThenP'AP=| 0 1 0 ||0 2 0 0 1 O
1, o2 o1
L 2
Lo 22 g 2,2 (L oLy o L
V2 V2 |[V2 V2 2 2| |2 V2 2
=0 1 0 0 2 0 =0 1 0 (|02 0
1oy LA 2 o 2 2Ly Lty o A
V2 V2 )2 V2 2 2) (V2 2 V2
0 0 2-2) (0 0 0O
=0 2 0 |=[0 2 0
0 0 2+2) (0 0 4
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Sx+3y+2z
3x+y+z |=

3x+y+z 0

Equating the top elements
5x+3y+3z=0 1)
Equating the middle elements
3x+y+z=0 2)
3x(2)—(1)

x=0

Substituting x =0 into (2)
y+z=0=>z=-y

Let y =1, then z=-1

0
An eigenvector corresponding to the eigenvalue 0 is | 1
-1
0
The magnitude of | 1 | is \/(02 +1% + (—1)2) =2
-1

A normalised eigenvector corresponding to the eigenvalue 0O is

~ 5= e

S
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-1
12b The magnitude of | 1 | is \/((—1)2 +1? +12) =3
1

»—ASH
(O8]

A normalised eigenvector corresponding to the eigenvalue —1 is

- &)

2
The magnitude of | 1 | is (22 +1° +12) =6
1

A normalised eigenvector corresponding to the eigenvalue 8 is

5= &= 5l

»—ASH
(O8]

- Sl
Sl- &

Sl- &= &l
[e)
[e)
0]

S
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7-2 0 =2

det((A—AD)=| 0 5-1 =2

2 2 6-1

)

6—/1‘_0‘ 2 6- ,1‘ - )‘
=(7-2)((5-A)(6-2)—4)-2(10-22)
=(7-)(26-111+1*)-20+44
=182-1034+184% = 1% —20+44 =—(1° —184% +991 -162)

Let A’ —1842+991-162=(1—-9)(A* + kA +18)

Equating coefficients of 4°

-18=9+k=k=-9

Hence

AP 1842 +994-162 = (1 —9)(A* =94 +18) = (1 —9)(A—6)(1—3)

det(A-AI)=0= —(1-3)(A—-6)(1-9)=0=1=3,6,9

The other two eigenvalues of A are 3 and 6.

5- 0 5-2
=(7-2)
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13b For 1=3
7 0 2\x X

0 S5 2| y|=3|y
-2 -2 6 )z z

Tx—-2z 3x
Sy—2z =| 3y
—2x—-2y+6z 3z

Equating the top elements
Tx—=2z=3x=>z=2x
Let x=1, then z=2

Equating the middle elements and substituting z =2
S5y-4=3y=>y=2

1
An eigenvector corresponding to the eigenvalue 3 is | 2
2
For A =6
7 0 2)\x X
0 5 2|yl=6]y
-2 2 6 )\z z
Tx—2z 6x
Sy—-2z =| 6y
—2x—-2y+6z 6z
Equating the top elements
Ix—-2z=6x=>x=2z
Let z=1, then x=2
Equating the middle elements and substituting z =1
S5y-2=6y=>y=-2
2
An eigenvector corresponding to the eigenvalue 6 is | —2
1
For A =9
7 0 2)\x X
0 5 2|y|=9y
-2 2 6 )\z z
Tx—2z 9x
Sy-2z =9y
—2x—-2y+6z 9z
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13b (continued)

Equating the top elements

Tx-2z=9x=>z=—x

Let x=2, then z=-2

Equating the middle elements and substituting z = -2
S5y+4=9y=y=1

2
An eigenvector corresponding to the eigenvalue 9 is | 1
-2
1 2 2
¢ The eigenvectorsare | 2 |, | -2 | and | 1
2 1 -2
1 2
2| -2]|=2-4+2=0
2 1
1 2
1 |=2+2-4=0
-2
2 2
-2 1 |=4-2-2=0
1 -2
Therefore the eigenvectors are mutually orthogonal.
1)(2 2
d The magnitudes of the vector | 2 |,| =2 | and | 1 | are all ,/(12 +2? +22) = \/§ =3
201 -2
1z 2
3 3 3 3.0 0
=2 2 1o 6o
201 2 0 0 9
3 3 3
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-4 2 0
14a det(A-AD=| 2 1-4 5
0 5 1-2
Substituting A =4,
-4 2 0| -3 2 o0
2 1-4 5|=|2 -3 J_=(—3)_3 V5
0 5 1-4 [0 5 -3 o3
= (-3)(9-5)-2(-6-0)=—12+12=0

Hence, by the factor theorem, 4 is an eigenvalue of A.

-4 2 0 5 s
1-4 5

2 1-2 5|=(1-1) 235
5o1-4 [0 1-2

0 5 1-2
=(1_/1)((1—/1)2—5)—4+4/1

2 3

0 5

2 5

0 -3

-2 +0

2 1-4

0 5

-2 +0

=(1-A)(A*=20-4)—4+41=-1>+31> +61-8
=P HAA P44 22 -8=-2P(A-4) - AL -4)+2(1-4)
=—(A-4)(A*+1-2)=—(A-4)(A+2)(A-1)

det(A-AD)=—(1-4)(1+2)(A-1)=0=>1=4,-2,1
The other two eigenvalue of A are -2 and 1.
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14b For 1=4
12 0y
2 1 5| y|=4y
0 5 1 )z z
x+2y 4x
2x+y+J§ =|4y
\/5_,_2 4z

Equating the top elements

x+2y=4x=2y=3x

Let x=2, then y =3

Equating the lowest elements and substituting y =3

3J5+z=4z=z=4/5

An eigenvector corresponding to the eigenvalue 4 is | 3

2
The magnitude of | 3 | is \/(22 +37 +(\/§)2) =18

NG

A normalised eigenvector corresponding to the eigenvalue 4 is

G R
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2 03 22 —2+6 4 -2

l4c [2 1 5| 3 |=|4+3-5|=| -6 |=(-2)| 3
0 5 1 )\5) \35-v5) (25 5

-2

An eigenvector corresponding to the eigenvalue -2 is | 3
W
-2
The magnitude of | 3 | is \/((—2)2 +3%+ (—\/5)2) =18
W

wS‘N
o0

A normalised eigenvector corresponding to the eigenvalue —2 is

_—

=

NG
An eigenvector corresponding to the eigenvalue 1 is | 0
-2
V5 2
The magnitude of | 0 | is \/((\/g) +0° +22j ~J9=3

-2

A normalised eigenvector corresponding to the eigenvalue 1 is

2
3
2 N5
vis 3 4 0 0
pP- 3 o | p=lo 2 o0

o sl 2
S 5
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15a A-Al=| 2 2-4 3

det(A-AD=| 2 2-1 3

3 3 3-2

3 2 3 2 2-2
3—1‘_ ‘—3 3-2 -3 3‘
=2-D)(2-2)(B3-21)-9)-2(6-24+9)-3(6+6-31)
=(2-A)(A*-51-3)-30+41-36+91

= A +TA=TA-6-66+131 == +T2* +64 -T2
= A+ 647 +-A7—61+124-T2

=22 (A=6)+ AA—6)+12(A—6) =—(A—6)(A* —1—12)
=—(A—6)(A—4)(A+3)
det(A-A)=0=—(A—6)(A—4)(A+3)=0=1=6,4,-3
As 4, > A, > A;, 4, =6 asrequired, 4, =4 and 4, = -3.

PPN
=2-4)

+ (—3)‘

2 2 -3
2 3 |2 3 2 2
b det(A)=|2 2 3|=2 -2 +(=3)
s 3 3| B33 -3 3

=2(6-9)-2(6+9)-3(6+6)=-6-30-36
=-72=6x4x(-3)= 44,45, asrequired.
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15¢ For A=6
2 2 3)\x X
2 2 3 ||y|=6ly
-3 3 3 )\z z

2x+2y-3z 6x
2x+2y+3z |=| 6y

—-3x+3y+3z 6z

Equating the top elements
2x+2y—-3z=6x=>—-4x+2y-3z=0 1)
Equating the middle elements
2x+2y+3z=6y =>2x—-4y+3z=0 )
(D+(Q2)

2x-2y=0=>y=—x

Let x=1, then y=-1

Substitute x =1 and y =-1 into (1)
4-2-3z=0=>z=-2

An eigenvector corresponding to the eigenvalue 6 is | —1

d The magnitude of | —1 | is \/(12 +(—1)2 +(—2)2) =6

The magnitude of | 1 | is (12 +17 + 02) =2

The magnitude of | —1 | is \/(12 +(—1)2 +12) =3

I T
NN RN
Hence P = ST
Vo 2 3
2, L
J g
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Challenge
03 -0.2
a A=
-0.1 04
To find the eigenvalues:

03-4 -02
-0.1 04-4

(0.3-2)(0.4-2)-0.02=0
A*=0.74+0.10=0
(21-02)(2-0.5)=0

So the eigenvalues are 0.2 and 0.5

Taking 4 =0.2

03 -02)\(x X
=0.2
-0.1 04 )y y
Equating upper elements:
03x-0.2y=0.2x

0.1x-02y =0
x=2y

2
Choosing y =1 gives an eigenvector of (lj
Taking 4 =0.5
03 -02)\«x X
=0.5
-0.1 04 )y y

Equating upper elements:
0.3x-0.2y =0.5x

-02x-0.2y=0
X=-y

-1
Choosing y =1 gives an eigenvector of ( . j
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Challenge
-1 2 05 O
b Therefore P = - and D = 0

: u') (05 0 (u) (0.5u
v) Lo 02)(v) 02y
Equating the top elements gives u' = 0.5u

a2
du_rde
u 2

du u

Inu =§+lnc1

Inu—Inc, =§

In (ij _L
¢ ) 2

u L
_:ez
G
u=ce:

Equating the lower elements gives v' =0.2v

dv v
dr 5
dv  de
v s

Inv =§+lnc2

Inv—-Inc, =§

c, 5

Vo
CZ

— o of
v=c,e
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Challenge

W] |
W=

W= wo

N—

e From a calculator, P :( 1

When t=0, x=5 and y =20

Sou———+2—yandv:£+l

3 3 3
SOWhent=0,u=—§+ﬂ:3_5andvzé_i_gzé
3 3 3 3 3 3

Therefore u = 35e and v = 2536

x u -1 2 35365
Now =P =
y % I 1)} 25
Therefore the solutions are:
35e5 50eé
— +
3 3
35eé 256§
= +
3 3
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