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Matrix algebra 5D
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To find the characteristic equation:

3-12 4
‘—1 2-2
(3-2)(2-4)+4=0
AP =51+10=0

34 (3 4 10
-5 +10
-1 2 -1 2 0 1
5 20 -15 =20 10 0
= + +
-5 0 5 -10 0 10
(0 Oj ,
= as required.
0
-2 1
b

To find the characteristic equation:

‘=0

-2-1 1
o
(2= 4)(=1)-3=0
AP4+21-3=0

s
o A A P

0 0 ,
= as required.
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To find the characteristic equation:

T-2 -4

‘0 3—/1‘=
(7-2)(3-2)=0
A’ =101+21=0

7 —4Y 7 —4 1 0
~10 +21
0 3 0 3 0 1
49 —40) (=70 40) (21 0O
= + +
0 9 0 -30) (0 21

0 0 ,
= as required.

6 2
2 A=
5

6-14 2
-1 3-2
(6-2)(3-2)+2=0
A7=91+20=0

a

‘=0

b By Cayley-Hamilton:
A>-9A +201=0
A*=9A -201
A’ =9A% -20A
A’ =9(9A-20I)-20A
A’ =81A —180I -20A
A’ =61A -1801

4 -2
3 a M=

To find the characteristic equation:

0 -2
(4-2)(6-2)=0
A2 —101+24=0

‘3—,1 —2‘
=0
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3 b By Cayley-Hamilton:
M’ —-10M+241=0
241 =10M - M”*
24M ' =10I-M

M =%(IOI—M)

N 10 0) (4 =2
24|10 10) (0 6
M71L62
2410 4
1 1
4 12
0 %J
6 3
4 A=
0 4

To find the characteristic equation:

M=

6-4 3

‘0 4—,1‘=
(6-4)(4-2)=0
A7 —=101+24=0

By Cayley-Hamilton:

A —104+241=0

104 = A*+241
A=L 2y
10 10

1 12

Therefore p =— and g=—

P=70 M 1775
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To find the characteristic equation:

-4 0 1
2-1 2

0 -1 3-2

(1-2)[(2-2)(3-2)+2]+1[-2]=0

(1-2)(2*-54+8)-2=0

AP =52+8-21"+51>-81-2=0

6—134+64°-2"=0

A =647 +134-6=0

=0

3

1 0 1 1 0 1Y 1 0 1 1 00

2 2 2|-6/2 2 2| +13|2 2 2|-6/0 1 0

0 -1 3 0 -1 3 0 -1 3 00 1

-1 -6 -I1 1 -1 4 1 0 1 100
=l 10 -8 -46|-6] 6 2 12|+13/2 2 2|-6/0 1 0
~12 17 9 2 -5 7 0 -1 3 00 1
-1 -6 -11)\ (-6 6 —24) (13 0 13) (=6 0 0
=| 10 -8 -46|+|-36 -12 -72|+|26 13 26|+| 0 -6 0
~12 17 9 12 30 -42) (0 -13 39/ (0 0 -6
00 0

=0 0 0] asrequired.

00 0
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7 2 -1
Sb |0 -1 3
1 0 2

To find the characteristic equation:

T—A 2 -1

0 -1-4 3 (=0

1 0 2-1
(- D[(-1-2)(2-)]-2[3-1[-1(-1-2)]=0
(7-4)(2* -4-2)+6-1-1=0
TAP=TA=14-1 + A2 +21+5-1=0
9-61+81°-1"=0
-8 +61+9=0

7 2 - (7 2 1Y (7 2
0138013+6013+901J

1 0 2 1 0 2 1 0 00 1
333 84 -18 48 12 -3 7 2 -1 1 0 0
=124 5 6 |-83 1 3[+6/0 -1 3[+9/0 1 0
66 16 3 9 2 3 1 0 2 00 1
333 84 —18) (384 -96 24 (42 12 —6) (9 0 0
=24 5 6 |+| 24 -8 -24(+| 0 -6 18|+|0 9 0
66 16 3 72 -16 -24) {6 0 12) l0 0 9
00 0
=0 0 0] asrequired.

00

1 4 1

6 a M=(2 0 -1
32 0

To find the characteristic equation:

-4 4 1
2 -1 -1/=0
3 2 -4

(1-2)[ A +2]-4[-22+3]+1[4+32] =0
A +2-1-21A+81-12+4+31=0
~6+91+A° -1 =0

A=A -94+6=0

A’ =2>+91 -6 as required
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6 b By Cayley-Hamilton:
M’ =M? +9M - 61
M! =M’ +9M* - 6M
m* =(M2 +9M—6I)+9M2 —6M
M* =10M’ +3M -6l as required

-1 1 1
7a A=|-2 0 4
4 -1 3

To find the characteristic equation:

-1-2 1 1
2 -4 4 |=0

4 -1 3-2

(1-2)[(-4)(3=2) +4]-1[2(3-2)-16]+1[2+42] =0
(1-2)[ A7 =34 +4]-1[24-22]+2+44=0

A2 +3A-4- +307 42 -22+22+2+44
20-2+247 -2 =0

A =227 -21-20=0

b By Cayley-Hamilton:
A’ —2A—A-20I=0
A’ —2A% -~ A =201
A’ —2A—-1=20A" as required.

c A’-2A-1
-1 1 1} (=1 1 1) (1 00
=2 0 4| -2/—2 0 4|-|0 1 0
4 -1 3 4 -1 3/ 10 0 1

3 -2 6 2 =2 2 -1 0 O
=18 -6 10|+ 4 O -8+ 0 -1 O

10 1 9 -8 2 -6 0 0 -1
4 -4 4
=122 -7 2|=20A"
2 3 2
4 -4 4
Therefore A‘I:L 22 -7 2
2 3 2
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-3 2 -1
8§ M=1 2 3
I 0 O

To find the characteristic equation:

-3-4 2 -1

1 2-4 3|=0

1 0 -2
(-3-4)(-2+27)+24+6+2-2=0
64 =347 +24" =1’ +21+6+2-2
8+7A-A" =4 =0

A +27=72-8=0

By Cayley-Hamilton:

M +M?—-7M-8I=0

TM =M’ +M? —8I

M=ime e -8y
7 7 7

Therefore a =b =% and ¢ = _8

7
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Challenge

A=
c d
The characteristic equation is given by

a—A b
c d-4

(a—/i)(d—/t)—bc=0

/12—(a+d)/1+ad—bc=0

‘=0

b
Now replacing 4 with (a dj:
c

[Z SJZ—(md)[Z 2J+(ad—bc)[(l) (1)}

(@ +be ab+de_(a+d)[a z}(ad_bc){(l) oj

ac+cd bc+d? c 1
~ a’+bc—(a+d)a+ad —bc ab+bd —(a+d)b
B ac+cd—(a+d)c bc+d* —(a+d)d+ad—be

(00
1o o

Therefore the Cayley—Hamilton theorem holds for 2 x2 matrices.
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