Further Pure Mathematics Book 2

SolutionBank

Integration techniques 6A

: d >
1 a Integrating by parts u = x" and av =e?
SO du ="y = 2e?
dx

So I, =2x"e? —.|.2nx”_le5 dx

—2x"e2 — 2nI x"e? dx
=2x"e2-2nl_, *

X

b [,=2x%2 -6,

and 1 respectively in *

x x Substituting n =3,2
3 .5 2
=2x"e? —6[2)&? e? —4[1]

X

= 2x%e? —12x%? +24[2xez —210],Where h=[e?dxr=2e2+C

= 2x%2 —12x%¢? +48xe? — 481,

-So j x’e2 dr = 2xe2 —12x%e? +48xe? —96e2 +C

2

n—1
2 a Letu=(Inx)" and ﬂ=x, ) d_u:n%’v:x_
dx dx X 2
Integration by parts:
2 n¢ 2 n-1
J.ex(lnx)” | (Inx) _J-e nx” (In x) dr
1 2 . 1 2x

62 nre n—1
=[7—0 —Ej.lx(lnx) dx
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2 b Ilex(lnx)4 dr =1,

Substituting n=4,3,2 and 1 respectively in the reduction formula

2 2 271° 2
1 e 1
:e——e2+3i—3 e———lo ,whereIO:_[ xde=| 2| =52
2 2 1 2 2

2 2 . 2
2 2 2 2
N 1
1 2 2 2 202 2
_i_g_ez—3
4 4

3 j;[(x+l)(x+2)\/m}dx:j;[(x2+3x+2)x/m}dx
:j;[xzﬂ} dx+j;[3x\/§} dx+j;[2ﬂ} dx

=1,+31,+21,
1
3
1 2 > 2) 2
Now/,=[ VI-x dr=|-Z(1-x)2| =0-| -Z|==
0=}, [3( )l [3j3
[1=g[0=(gj(gj=i <+—— Using the given formula with n =1
5 5) 3 15
[zzillz i i :i <4—— Using the given formula with n =2
7 7 )\ 15 105
1 16 4 2
So x+1)(x+2)Vl—x |[dx=——+3| — [+ 2| =
s 2I=Jes =gl el
_16+12(7)+4(35)
105
_240_16
105 7

—X

4 a Using integration by parts with u = x" and % =e

du n—1

so —=nx"" and v=—¢"

Ix”e‘x dx=—x"e™" - I —nx""'e™ dx,s0 I, =—x"e " +nl,
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4 b Repeatedly using the reduction formula to find /5
I, =-x’¢ " +3I,

=—x'e " + 3(x2e_x + 2[1)
=—x’e ™ —3x’e " +6l,

=—x’e " —3x%e " + 6(—xe_" +IO)

But 7, :Ie_x dx=—¢"+C
So
I,=—x¢"-3x’¢ " —6xe " —6e " +K

= (X +3x> +6x+6)+K

¢ I,=-x"e " +4I

=—x'e ™ +4(—x’e ™ —3x%e * —6xe " -6 +C) | Using the result from b

So I 1x4e_" dx = [—x4e_" —4x%e™ —12x%e " —24xe ™ — 24" T
0 0
= [—65e‘1] —[-24]

=24-65¢"! 2e-0

€

5al =J.tanh” xdx =.|.tanh”_2 xtanh? x dx

= J.tanh”‘2 x(l —sech? x) dx Using 1 — tanh? x = sech” x

= J. tanh” 2 x dx — J. tanh” 2 sech? xdx
Sol,=1,, —Ltanh"_1 x, n#l
n—1
b jtanhsxdx=15=l3 —%tanh“x

1 ) 1 4

=| [, ——tanh” x |——tanh™ x
2 4

1 ) 1 4
=.[tanhxdx—§tanh x—ztanh X

= lncoshx—%tanh2 x—%tanh4 x+C
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5 ¢ As _[ tanh” x dx = _[ tanh”" % xdx = . tanh" " x, it follows that

n—1
In2 n In2 n-2 1 n—1 2
_[ tanh xdx=_[ tanh” “ xdx—| ——tanh" x *
0 0 n—1 0
m2 _ -2 5_ 1 .
Now tanh (In 2) = el > © — = 2 =g Reminder: e ™ =e ™ =4
e"2ye ™ 241

5
3
So J.;nz tanh? xdx = J.;nz tanh? x dx —l X (%J / Using * with n =4 and tanh (In 2) =

[V NS

3 125
=ln2_§_i \ 5
> 125 Using *“ with n =2 and tanh (In 2) =
84 5
=In2-—
125

6 a Itan4xdx=%tan3x—jtan2xdx
=%tan3 x—(tanx—jtan0 xdx)
=%tan3x—tanx+jldx

1
=§tan3x—tanx+x+C

b Ptan”xdx= Ltan”_lx 4—Ptan”_zxdx=L—Ptan”_2xdx
0 n-1 , 0 n—1 90

T
- 1
Let 7, = Io4 tan” xdx, then 7, = —I—In_2
n_

11 1 1 x
Is=l—l3=l— l—I1 =———+|4tanxdx =———+[Insecx];
4 4 (2 4 2 7% 4 2

=—%+(ln\/§—lnl)

So J.Oztans xdx=1n\/7—%
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6 ¢ Defining J, =L)§ tan” x dx,

J = [L tan""! xT —J = J,
n—1 0

W <633J2 DRGNEIN

So Jg=-—"—-J,=
6 5 4
G 1de =™ 5 tan® rde

As J, —J.031dx— 3,.[03 tan” xdx =

7a ] = jl"(lnx)"dx=jl“1(1nx)"dx

n—1
Let u =(Inx)" and %=l, ) d_uzn(lnx) V=X

X
Integration by parts:

a n(In x)"™"!

jl” (Inx)" dv=| x(In x)"r -f

= [a(ln a)' — 0:| - nj.la (In x)"_l dx

So I, =a(lna)" —nl,_,

xdx

b Putting a=2,1, = [ (Inx)" dr=2(In2)" ~nl, ,
2 3 3
I = L (Inx)* dx =2(In2)* 31,
=2(In2)* —3{2(In2)* - 21,}
=2(In2)’ -6(In2)* +6{2(In2) - I,}
=2(In2)’ —6(In2)* +12(In2) - 61,
As I, =j121dx=[x]f 1,

[*(nx)’ dr=2(1n2)* ~6(1n2)° +12(1n2) -6
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7 ¢ Putting a=e,], =J.1e (Inx)"dx=e(lne)" —nl, , =e—nl,_,
Iy = (inx)° dx =e 61
=e—06(e—51,)
=e—6e+30(e—41;)
=e—6e+30e—120(e—-31,)
=e—6e+30e—120e +360(e —21,)
=e—6e+30e—120e+360e—720(e 1)

As I, =fldx=[x]§ —e—1,

J.le (Inx)® dx = e — 6e +30e —120e + 360e — 720e + 720(e — 1)

=265¢—720
= 5(53e —144)

6 4 2 16
7= l=—
7 5 3 35

o o o
S ain2 4 S i .2 \2 S (i . 4 :
b .[02 sin” xcos xdx=.|.02 sin” x(1—sin” x) dx=.|.02 (sin® x —2sin” x +sin® x)dx

1l n = 3 31 5 Sn

272724 P4 e et 3
So Esinzxcos“xdx=£—3—7t+5—n=l
0 4 8 32 32

¢ Using x=siné, J.; XN1-x? dx = J.OE sin” @ cos O(cos & dO)
= J.OE sin® x(1-sin® x)dx = Is—1,

I =ixgxl=% and /, =E from a

| 8§ 16 56-48 8
So [ FVl-x?dv=—-= =—
Jox V1= 15 35 105 105
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s 2n+2

Sin X
0 a 1, =[M xy,
COSX
- 2n s 2n+2
Sin- X —Sin X
So1,~1,, = dx
COS X
- 2n - 2
sin“” x(1-sin” x
_ I ( ) dx
COS X
= Isinzn xcosxdx as 1—sin” x = cos’ x
Sin2n+1
SO In - In+1 =~
2n+1
- 2n+l .
[ =7 Sim X . [+C not necessary at this stage]
orl, =14,—
2n+1

.4
b J-sm x dx =1,
CoS X

. 3
Substituting n =1 in * gives [, =1, — SH; d

sinx) sin®x . -
=1, - - using n = 0in
1

I, =I ! dx=Isecxdx=1n|(secx+tanx)|+C

COS X
sin® x sin’® x
So J. dx =1In|(secx+tanx)|—sinx— +C
CoS X
Applying the given limits gives
o
o - 4 3 4
~sin” x . sin” x
I“ dx =| In|secx+tan x]|—sinx—
0 cosx 0

&YV
ey 1D
=ln(l+\/§)—£—%
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10a Let u=(1—x3)” and %=x, so%=n(1—x3)n_l(—3x2),v=%

Integration by parts gives
5 1
1 3\" _ x_ 3\" B 1_ 2(1_ n— lx_
on(l—x ) dx—[ 5 (l—x ) l .[0 3nx (1 X ) dx
3n 1 4 3 n-1 .-
=[0-0]+—| x (l—x ) dx providing n> 0
2 Jo
Writing x* =x’ = x{l-(1-x")}and [, = [ x(1-x")" dx

we have In =3—nI1x{l_(l_x3)}(l_x3)n—ldx

_n x(l By e x(l ) dx
=3”1 —3—”1
2 2

nl, ,s0l, =3—n1

= 0Bn+2)[,=3
3n+2

n>1

n-1»

b r,-2p-12,0, 1296, 129,63, -12,9,8 Ej vdx
40T T8 14108 5 T8 5

129631243

14 11 8 5 2 1540

11a Integrating by parts with u = (¢> —x*)" and % =1

So j:(az —x* )n dx =[x(a2 —x* )n I —j:x{—2nx(a2 —xz)n_l}dx
=[0— 0]+2nj x2(a® = x> dx=2nj:x2(a2 —x?)" ' dx (if n > 0)
Writing x? as {a —(a2 —x )} and defining /, =I:(a2 —x* )n dx,
we have
I, =znj;{az(a2 ) (@ _xz)"}dx
=2na’l, | =2nl,
So 2n+1)I, =2na’l,

_2nazln_1
" @2n+1)
. I " 2
b i Witha=17,=[ (1-x*) dvand /, =—"—1,,
0 2n+1

8.6 4, 86 42  128|
775977 53 315
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. 3 n 1
11b ii With a:3,1n=I (9_x2) dxand [, = 8n
0 2n+1
So 13=%12:5_4Xﬁ,1 54 36 18 54 36 18

1

n—1

34992
X—xX—[)j=—X—X—x3=——
7 5 7 5 3 7 5 3 35

2 n
iii With a=2,/, = [ (4-x") dxand, __ 8,
0 2n+1

2
2
S011=i101=2j dr =2 arcsin(fJ =2arcsin1=2><£=n
» 2 O J4—x? 2 2

2 0

¢ Using the substitution x = 2sin @,
1 o
2 — -
jo (4—x2)2 dx = joz (2cos0)(2cos 0d0)
= 2[05(1+cos 20)d6
=[20+sin26]2 =n

12 a Integrating by parts with # = x" and dv

=V4-x
dx
3
d—u=nx"_1, v=—z(4—x)2
dx 3
So [*x'Va—xdr=| -2 x"(4 e 42 ds
ojox —xdx= —Ex( - X) +§njox (4-x)
0
2 4 n—1 2
=[0—0]+§njox (4-x)2 dx (n>0) ;
2 You need to write (4 — x)?2
=§nIO xn_l{(4—x)\/4—x}dx as (4— x)\Jd—x

=§nI:x”_14Jde+§nI:x”_l{—x\/E}dx

:§nj4x"_1\/4—xdx—gnj4x"\/4—x dx
3 70 3 70
So I, =§nln_1 —gnln

= 2n+3)],=8nl, | =1,=

—In_l,l’l>l
2n+3
4 24 24 16. 24 16 8 1024
b | ¥Véd—xdx=L,=""1,=""x—I =""x—x"[ =—0
IO 9 2 9 71 97 775°% 105 °°

37 3
As IO:J.:\/4—xdx=[—§(4—x)2:l =[0—{—§(4)2H=?
0

4 1024 16
jox J4—xdx= 105 <3 520088
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13a [, = Icos" xdx = J.cos”_1 xcos x dx
. : d
Integrating by parts with u =cos"™' x and av =Ccosx

du _ . .
— =(n—1)cos" ? x(-sinx), v=sinx

dx
Sol, = Icos" xdx = cos™”! xsinx—j—(n —1)cos" % xsin® xdx

=cos" ! xsinx+(n— 1)_[ cos" 2 x(1—cos? x)dx
=cos" ! xsinx+(n— 1)_[ cos” % xdx —(n— 1)_[ cos” xdx
Giving I, = cos" ' xsinx+(n-1)I1, ,—(n-1)I,

n—1

So nl, =cos" xsinx+(n-1)I,_,

20 n n—1 . 20 20 n-2
b It follows that n_[o cos” xdx = [cos xsin x]o +(n —1)_[0 cos” “ xdx

20
So nJ,=(n-1)J,_,, as [cos”_1 xsinx}0 =0

20 1 20
c i J4=IO cos4xdx=%J2=%x§JO=§I0 1dx=§><27t=377t

20 . .
ii J8=I cosgxdx=zJ6=z><§J4=£J4=£><3—7I:3ﬂ Using ¢ i
0 8 8 6 48 48 4 64

d Ifnis odd, J, always reduces to a multiple if Ji,
but J, = joza cos xdx =[sin x]za =0.

(You could also consider the graphical representation.)
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14a Integrating by parts with & = x"' and % = xv1—x? Using the hint.

du D) 1 2i
o=, v=—=(1-x%)?2
1 (n=Dx"7, v 3( x7)

37 n 3
Sol, zj;x"_l{xxll—xz}dleZ—%x"_l(l—xzﬂl +Qj(fx"_2(l—x2)2dx

0

(n-1) > 3 1 7
_ APy en201 22 _tn-lg_ 2y\2 _
3 .[0 x"7(1-x7) dxa{ 3x (I-x7) ]O 0

:ng{xn_z(l—xz) 1-x° dx}

:ng{x”_zx/l—xz —x"\/l—xz}dx

So7 ==V, _n=2),
3 3

= {3+(n-D}1,=(n-DI,_,
=@n+2)I,=(n-DI,_,

1
b Using * [ =§I =§><i1 =§xixgl =£ xV1-x* dx
79T 9 51 315%

737977 31
gl 1,2
M )2
315 307 }
L 0
_48[1]_16
31503 315

15a Integrating by parts with u = x" and % =coshx

du -1 .
—=nx""", v=sinhx

dx

So I x" cosh xdx = x" sinh x — I nx"" sinh xdx
Integrating by parts again with = x"' and % =sinh x
du_
dx
Sol, =x"sinhx—n {x”_l cosh x — I (n—1)x"" cosh xdx}

(n—Dx"?, v=coshx

= x"sinhx—nx"" coshx+n(n-1)I,_,, n>2
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15b I, = x*sinhx—4x’ coshx+121,, <

Substituting n =4 in *

= x*sinh x — 4x> cosh x +12{x2 sinh x —2xcosh x +2IO}
= x*sinh x —4x> cosh x + 12{x2 sinh x —2x cosh x} + 24_[ cosh xdx
= x*sinh x —4x> cosh x + 12{x2 sinh x —2x cosh x} +24sinhx+C

= (x* +12x7 +24)sinh x — (4% + 24x) coshx+C

1 1 1
c .[0 x° cosh xdx = [x3 sinh x —3x? cosh xl) + 6.[0 x cosh xdx Using a

1
={sinh1-3coshl1}+6 {[x sinh x]g - .[0 Isinh XdX} Integrating by parts

= {sinh1-3cosh1} + 6{sinh1—-[cosh1—1]}
=7sinh1-9cosh1+6

1 -1 1, -1
_qleze |_g e +e 46
2 2

6e—c> —8
e

=6-e—8¢ ' or

16a I, = J' Sln(I.’t -2)x dx
sin x

sin nx —sin(n —2)x
Sol,~1,,=| Sin(n=2)x .
sin x
2¢os {M}xsin{"_("_z)}x :
_ J- 2 2 dx Using Edexcel formula booklet
sin x
2cos(n—1)xsinx
_ J‘ ( . ) dr
sin x
= [2c0s(n—1)x dx
2sin(n—1)x
 oa-1 nz2 It is not necessary to have +C.
sin4x
bi [——dv=1,
sin x
. . 2sin3x €«— sin 2x 2sin x COS X
Usinga withn=4:1,=1, + L= de=]—
sSin x sSin x
2sin3x

=I2cosxdx+

=2sinx+§sin3x+C
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16b ii Usingawithn=5:715=1, j2smdy

{ 2sin 2x} 2sin4x
I+ + 2

sin4x

=J.l dx +sin2x +

. sin4x
=x+sin2x+
It follows thatj.ng 51.r15x dx = x +sin2x+ Sln4x}3
5 sinx i %
I R E N I SN EE]
_3 2 4 6 2 4
_n_N3
6 2
_n—3\/§
6

17a [, = Isinh” xdx = J‘sinh”‘1 xsinh xdx

) ) . d :
Integrating by parts with » = sinh”™ x and av =sinh x

% = (n—1)sinh" xcosh x, v = cosh x

Sol, = Isinh" xdx =sinh" " xcosh x — _[ (n—1)sinh"? x cosh? xdx
= sinh"~ xcosh x—(n~1) [ sinh" x(1 +sinh” x) dx
=sinh" "' xcosh x—(n—1)[ sinh" ? xdx— (n—1) [ sinh” xdx
Giving I, =sinh"™" xcoshx—(n—1)I,_, —(n—1)I,
So nl, =sinh" ' xcoshx—(n—1I,_,, n>2 *
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Using * with n =5

17b i Is=%sinh4xcoshx—§l3
=lsinh4xcoshx—i{lsinh2xcoshx—gll}
5 513 3
= lsinh4 xcosh x —isinh2 xcoshx +§J‘sinh xdx
5 15 15

=lsinh4 xcoshx—isinh2 xcoshx+§coshx+C
5 15 15

ln3_ —In3 3_i 4 In3 —In3 3+1 5
When x=1n3,sinhx=e © = 3:—,coshx=e +e = 3 _=2
2 2 3 2 3

When x=0,sinh x =0,coshx =1
Applying the limits 0 and In 3 to the result in b

4 2
o T oot
0 5U5)\3) 15\3)\3) 15\3 15
—2:0.619(3S.f.)

1215

ii ISinh4de=I4=%Sinh3xcoshx—%[2 <— Using * with n =4
=lsinh3xcoshx—é lsinhxcoshx—llo}
4 42 3
=lsinh3 xcoshx—ésinhxcoshx+§_|‘ldx
4 8 8

=%sinh3 xcoshx—%sinhxcoshx+§x+c

When x =arsinh1 sinhx =1,cosh x =+/1+sinh? x = NG
When x=0 sinhx=0 coshx=1
Applying the limits 0 and arsinh 1 gives

J-;rsinhl sinh? xdx = % 1)° (\/5 )— % (1)(\/5 )+ % arsinh1

:g—%+gln(l+\/lz+l)

=—£+gln(l+\/§)
8 8

=%{3m(1+ﬁ)—ﬁ}
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18a [ = J‘;nﬁtanh” xdx
= Iomﬁ tanh” > x tanh” xdx
= Iomﬁ tanh” > x(I1 —sech’x)dx
= Iomﬁ tanh" > xdx — Iohﬁ tanh”" > xsech’xdx

n+/3
=1 ,- IO tanh"~? xsech’xdx

Now if we use the substitution
u = tanh x,

du _ sech? x,
dx
we get

I3
J. tanh”"~ xsech®xdx

0.5 n-2
:J.O u" “du

n—1 0.5
_|u
|:n_1:|o

0.5
n—-1"

1 1 n—1
SO’ In :In—2 __(_j
n—12
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1 1 2r
18 b By letting n=2r+1 in the previous result, we may write /,,,, =1,, _Z_[EJ
r

1 1 2r
This can be expressed as ;[Ej =0 ,—1,..

So in order to find

m 1 2r m
z;(gj 22(12#1_[2”1)

r=1 r=1

:(11 _13)"'([3 _IS)+”'+(I2m—1 _I2m+1)
we notice that all middle terms cancel out and so we are left with

m 1 1 2r
—|=| =1-1, ..
;27’[2) 1 2m+1

) m 1 1 2r .
As m — o, we have hm(Z;(Ej J=Il ~lim(Zn)-

m—»o0 r=l1 m—»0

. V3 n . . n3 2m+1
We have assumed that Jim jo tanh” xdx |=0 and so |{m (Lo, ) = hm(jo tanh xdx) =0.

n—>0 m-—> m-—>

o 1 1 2r
Thus we have ZZ[E) =1,-0.

r=1

Where
ln\/g

I, = _[ tanh xdx
0

= [ln (cosh x)]zlﬁ

i)

{3

3
19a First set % =x’,v= (lnx)n which gives u = x? and dv_ E(ln x)"_l.
X
Now apply integration by parts to get
) =j€x2 (Inx)" dx
= x—s(lnx)n e - eﬁ(ln)c)w1 dx
o 0 3x

3
=%—§ 2 (Inx)"™" dx
_e.n

3 3 n-1
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19b This volume of revolution is calculated by

v=[’ (3xlnx )dx

= 97‘5_[1 (x2 (lnx) )dx

Fortunately, the same relation holds in this case even though we have different limits. This can be

seen by
J, J. lnx
3 e
= x—(lnx)m - M(ln)c)"Hd)c
3 L 3x
=e___ lnx
3
_ é_ﬂ
3 3
In this case we have V' =91/, and so we calculate
e 4
Jy=—-=J
4 3 3 3
eS

e 4l 3(e 2(e 1
= ——= == ——= J,
3 313 313 3(3 3

this certainly looks horrible, but it’ll be ok. Using the above equation for J, , we calculate

J, = Lexzdx

4

e31

3 3
Thus we have

V =91/,

- -3 52535554

=g(11e3—8)
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Challenge

a Using integration by parts, we find that
I,=[x"(Inx)"dx

a+l a+l

- (lnx)"—_[ o (lnx)nildx

(a+1)x

x noon n-1
= 1 2 [x(1
1(nx) ¥ (Inx)

Thus (a+1)7, =x""'(Inx)" —nl .

dx

b I3=J‘\/;(lnx)3dx and a=%

So by using the above result we calculate
(a+1)1,=x""(Inx)" —nl,_,

(0.5+1)1, =x""(Inx)" —nl,_,

I, = %(xl‘5 (ln x)n - nIH)

n

4 =§(x1‘5 (Inx)’ =31,

and so =§ X (Inx)’ —3@(9&5 (Inx)’ ~27, )B

x(In x)3

o)

1.5

2x

and /, can be easily calculated as /, = I xdx =

Combining the above results we get

x'? (lnx)3

2oty {fmer-{4oe-(2))

_ 2 15 3 2
= (9(1nx)' ~18(Inx)" + 241n x 16}
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