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Integration techniques 6C
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4 dx dx 16
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Surface area = I 2| —x || — |dx N dy
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= —Snj xdx
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_B5 {x—} =451
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b Rotating about the y-axis: Although it is quicker to use

2 d 2
From the work ina 14| 35| —1416_23 jf2nx"1+(yj dx,
dy 9 9 dx

As integration is w.r.t. y, the integrand must be in terms of y o)
The limits for y are 3 (when x = 4 ) and 6 (when x=8), here [[* 2mx 1+[dyj dy
. (6 4 5 is used to give an example of its
so area of surface is L 275(5 yj(gj dy, use.
6
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9 2 |
_40x27 = 60
9x2

2 y=x’so0 d—y=3x2
dx

) x, dy ?
Usin 2y, |1+ — | dx,
g j y ( de
the area of the surface isj; 2N 1+9x* dx

:2—nj136x3\/1+9x4dx
36 0
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X

2
Using " omx 1+(2j dx,
dx
2
the area of the surface is Io 21+ x2dx

=nI;2x 1+x*dx
3T
=n[§(1+x2)2:l
0

=2—;[5J§—1]

4 In order to calculate the area of the generated surface we want to use the equation

2 2
S=2m["x (ﬁj +(d—yj dr
w A\ dr dr

We find ;ﬂ =2sintcost and ((11_y =-2costsint and substitute into the surface area equation to find
t t

S = 2n.|.05 sin? t\/(2 sinzcos z‘)2 +(—2costsin z‘)2 de
= 2n.|.05 sin’ tﬁ(2 sinzcost)ds

T

5
=22 njoz costsin’ ¢dt

_2§n sin*z |2
4 0

=2n
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5 y=coshx,so stinhx
dx

2
1+(Qj =1+sinh® x = cosh? x
dx

2
. Xy dy
a Usin 2y, 1+ = | dx,
g J’x1 Y (d)CJ
1
the area of the surface is .[o 2ncosh? x dx

1
= njo (cosh2x+1) dx

[sinh 2x T
=T +Xx
2 0

=n[sinhxcoshx+ x]g

=n[sinhlcosh1+1]
—_8.84 (3 5.f)

X

2
b Using 2 1+(%) dx,

1
the area of the surface is .[o 2mxcosh x dx

. 1 L,
=2m {[x sinh x| — .[o sinh x dx}
Using integration by parts

=2n {sinhl —[cosh x]i)}
=27 {sinhl —cosh1+ 1}

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 3



Further Pure Mathematics Book 2 SolutionBank

2
6 b Using 1:22ny1/1+(%j dx,

3
the area of the surface is © J.f (% +%] (xz +i2j dx
X

13 6 2%
3
S
3036 4x7
2 1
=$n= 23—n=72.6 3s.f)
2 2 1 1 L :
22 1 _L 3 3
7T x3+y3=45s0 zx3+zy3d—y:0::>d—y:—x—l:—y—1
3 3 dx dx A 1
y 3 %3
5 2 22
y) oy x3+y3 4
SOI+(—j = +_Z_ 2 __Z
x3 x3 x3

- 3854“ =241 (3s.£)
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8 In order to calculate the area of the generated surface we want to use the equation

B drY
S=27rj rcosﬁ‘fr2+(£J do

We find % =—sin @ and substitute into the surface area equation to find

S = 2n.|-: cos’ @+/cos? @ +sin* 0d 6

= 2n.|-n cos” 0do
0
= nJ-O (cos20+1)de
1. :
= n{—sm26’+6’}
2 0
= 1‘[2
9 x=at2,y=2at,sog=2at,d—y=2a =2
dt dt Vi f-'
2 2
So (ﬂj + (d—yj =4d’t* +4a’> = 4a’ (1+7°)
dt dt
x = 4a when ¢ =+2 (See diagram.) .
A rotation of © radians gives a surface which 0 da
would be found by rotating the section y >0, i.e.
t=0 to ¢t =2 through 2z radians.

2 2
Using J.:z 2ny\/(%) +(%j dt,

the area of the surface is 2n J.OZ 4a*t1+1> de
1 3
= 8na’ [—(1 +z‘2)2 }
3

3
=§na2 [52 —1}
3

8
=§na (5\/5—1)

2

0
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10 x =secht, y = tanht, so % = —secht tanht,% = sech’t

dr) Lar

2 2
. 15} dx dy
U 2 — | +|—=| dt,
Sihe '[tl ny\/( dr J ( dt J

In2
the area of the surface is 27tj0 tanh ¢ sechz d¢

2 2
(dxj + (Qj =sech?¢ tanh? # + sech*r = sech’t (tanh2 t+ sechzt) =sech?t

=27 [—sechz‘];112

dx dy 2
=3f%,y=2,80 — = 6f,—= =6t
11a X y dr dr
2 2
(ﬂj +(9j =36t2(t2+1)
dt dt

2 2
e ! 2ne [ ] 4]

2
the area of the surface is 2n .[o 3% x 61+ dt

- 36nj'02t3 1472 dt

b Let u =t2,%=t\/1+t2

So%=2t,v=%(l+t2)z

2
36nj02t2(t\/1+t2)dt=36n Etz(lﬂz);lo—jj%t(lﬂz)z dt
YR IETca |
=127t_t (1+t ) —§(1+t ) |

=12n_4(5\/§)—§(25\/§)+%_

—12n 10\/§+ﬂ

=247“[25\B+1}
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12 In order to calculate the area of the generated surface we want to use the equation

v |(deY dyjz
S=2 il L
“Ly\/(dtj (dt

dx

=2 J.lt+——t—dt
0 3 3
A
=21 —+———
{2 6 181
_lin
9

13 a In order to calculate the area of the generated surface we want to use the equation

v |(dxeY dyjz
S=2 — | +] = | dt
nLAyJ(dIJ (dt

We find ;ﬂ = —3asintcos’t and ((11_)/ =3acostsin’ ¢ and substitute into the surface area equation
t t

to find

S =27IJ.§ (a sin’ z‘)\/(—3asinz‘cos2 t)2 +(3a costsin’ t)zdt

6

=2n iz[ asin’t),/(3acostsint)’ (cos £ +sin’ £ )dt
i3 ( )
6

=27t§ asin’t)(3acostsint)dt
Je asin’s) )
6

= 6a27t.|.§ (cosz‘sin4 t) dt

6
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13b We find the value of a by using the equation for y. Since we have that the diameter of the small

hole is 3cm, that means 2y evaluated at ¢ = % is equal to 3.

That is 3:2asin3(§):% and so 4 = 12.

dy
14 =ex’_=ex
YT

2
Using sz 2my 1+(%j dx,

. In2 x 2x
the area of the surface is 27 Io e Vl+e™ dt

Make the substitution e* = sinhu, so e¢*dx = coshu du
Limits: when x = In 2,u = arsinhe™? = arsinh2
when x = 0,u = arsinhe” = arsinhl

. arsinh2
Then the area of the surface is 2x cosh?u du
inh1

arsin

arsinh2
= _[ (14 cosh 2u) du

arsinhl

arsinh2
smh 2u
=T

arsinh1 = W
arsinh2 cosnu = + Sin u
= n[u+sinhucoshul _
arsinh2

T [ars1nh2 +2:/5- (arsinhl + (l)\/i )}
(

= 7| arsinh2 — ars1nh1+2f f )

arsinhl
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15 In order to calculate the area of the generated surface we want to use the equation

B dr Y
S=2TCI rcosﬁ‘fr2+(£J do

We find ;1—; = ¢’ and substitute into the surface area equation to find

S = 21[_[05 e’ cosOe* +e*do

3 n
=22 njz e*? cos0dé.
0
We set [ = Iew cos@dO and try to solve by parts.
I= J-ew cos 0d 6
= e sinf— j 2¢* sin 0d6
=e*’sin@+2¢*’ cos O — J-4e29 cos6do

=’ sin@+2¢e°° cos@—4I
so now we have a solution for the integral

I = Iew cos@do

20

= %(sin& +2cos6).

Thus we have

S = 2n_[()5e9 cosOe* +e*°do

3 .m
=22n_[2e29 cos@d o
0

ERY >
= 22n[?(sin0+ 2cos 6’)}
0
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16 In order to calculate the area of the generated surface we want to use the equation

B drY
S:2nj rsinH‘/r2+(@J deo

We find % =—3sin @ and substitute into the surface area equation to find

S= 27t_|?(3+3cos€) sinﬁ\/(3+3c050)2 +(—3sin0)2d0

=6nI:(1+cos€)sin0\/18+18cosﬁd0

it from getting out of hand.

at this point let us introduce a substitution to stop

Let
u=1+cosé,
du =—sin6d 6.

Then

S=—6n Loux/18udu
3
= 6\/ﬁn_|‘:u2du

5 2

2
_ 6181 2

5
0
_ 12\/En (2ZJ_OJ
5
288
=—7
5

~181.0 cm’(1 d.p.)
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17 In order to calculate the area of the generated (not base) surface we want to use the equation

2
S:2n_[yﬂx 1+(;ﬂj dy
Ya y

We find
x=4+/5y,

de 5

& 2y

and substitute into the surface area equation to find

2
S=2m x 1{&} dy

2y

10 5
=27tL \/5 1+(Ejdy

=20y +25dy

T 3 10
=—1|(20 25)2
30| (207 )Zl

3 3
2 2

=3—’:) (200+25)2 (100 +25) j

3 3
=" 922521252
30

The circular base has area of A=mnx5" =25m.
Thus we have a total area of 285.619 cm’® and so have a total cost of £5.71.
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