Further Pure Mathematics Book 2 SolutionBank

Review exercise 2

1 a Wehave u, =4u, | +1, n>1. First, find the complementary function by solving u =4u__

.
Let u = ca". Then the equation becomes a" = 4a"", s0 a=4 and u =c-4". To find the general
solution, we need to determine the particular solution. Since the initial equation is of the form
u=au  + g(n) with g (n) being a constant, we try the particular solution = A4 .

Substituting back to the original equation we get:

A=421+1
3i=-1
A=-1

Thus the general solution is of the form u =c-4"—1

We know that » = 7. Substituting this into the general solution derived in part a we get
0
T=c-4" -1
. o 22(4")-1
Thus the particular solution is u, = —3

To find p, we need to add two edges of length 5 and connect them with an edge by adding extra 3
dots:

Thus p, = p, +5+5+3=35. Similarly, to find p_, we add two edges of length 6 and a connecting
edge of extra 4 dots. Thus p = p, +6+6+4=51.

b Using the same reasoning as in part a we see that each next pentagonal number is created by

adding two edges of length » and a connecting edge of length n — 2. So we can write:
p,=p,  t2n+tn-2

p,=p, +3n—2
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2 ¢ To solve this recurrence, write p, = p, + Zg(r) where g(r) =3r-2.
r=1

Then:
p,=D, +Z(3r—2)
=2
=p, +3Zn:r—2zn:l
=2 =2
+M—2(I’l—l)
2

+3n2+3n—6—4n+4
2

=p1

=1

B 3n’—n
2
=g(3n—l)

So p,= 3(3’1— 1)

d Using our answer to part ¢ we have p,,, = %(300 —1)=14950
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3 We want to solve u =2u_ +3n+1 with 4 =11. Begin by solving the homogeneous version

u =2u, . Write u =ca", then we have:
—1

ca"=2ca"

a=2

So u, =c-2". Now, for the particular solution, try u = An+ u. Substituting into the original
recurrence we get:

An+u= 2(1(n—1)+,u)+3n+1

An+pu=2An+2u+3n-241+1

An+u—24=-3n-1

Comparing the n terms and the constant terms gives:
A=-3

u—2A=-1

H+6=-1

u=-7

So the particular solution is # =—3n—7. Thus we can now write 4 =c-2"-3n-7.

Knowing that u, =11 gives

11=¢-2"-3.0-7
ll=c-7

c=18

So

u =18-2"-3n-7
u =9.2"_3,-7

4 a We have
u  —3u =10
with
u =7
So we have
u,—3-7=10
u, =31
And
u3—3-31= 10
u, =103
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4

b i

ii

To solve
u  =3u +10
first find the complementary function by solving

un+1 = 3un
Write
u — can+l

n+l1

Substituting into the homogeneous recurrence gives:

ca"' =3ca"
a=3

And

u = c-3"

To find the particular solution, try

u =A

Substituting into the original equation gives:
A=31+10

24=-10

A=-5

So the general solution is

u =c-3"-5

Using

u =7

we get

7=c-3-5

3c=12

c=4

Thus the particular solution in this case is
u =4.3"-5

We want to find the smallest value of n for which
1000000<4-3" -5
Rearranging this equation gives

1000005 <3

log, (1 003005) <n

n<11.32

Since # has to be a whole number, we see that the smallest such value is n = 12.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 4



Further Pure Mathematics Book 2 SolutionBank

5 a The drug is administered every 4 hours, so this is the time difference between
u, and u, _,.

Every hour, the amount of the drug in the patient’s body diminishes by 20% Assume the last dose
was the n—1% dose. Then, after 1 hour, the patient has 0.8u,-; of the drug in her system. After
another hour, this decreases by another 20% and becomes

2
0.8:(0.8u,,)=(0.8) u,,
So after 4 hours, the amount left in the patient’s body is

(0.8) ', ,
This is also when the patient receives another 100 mg dose of the drug. Thus

u,=(08) u, , +100

b Initially, the drug in not present in the patient’s body, so u = 0. To solve the recurrence, begin by
finding the complementary function of u = (0.8)4 u . Write u =c-a". Then
c-a"= (0.8)4 c-a"!
a=(0.8)’
u = 0(0.8)4n
Now, to find the particular solution try u = A . Substitute into u = (0.8)4 u  +100:
A=(0.8) 2+100
/1(1— (0.8)4) ~100

A=~169.38
So

u,=c(0.8)" +169.38

To find ¢, note that u, =0
0=c+169.38

c=-169.38
Thus the solution to our recurrence is

u = 169.38(1—(0.8)4").
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5 ¢ We need to find the largest n for which
169.38(1-(08)"") <160

Rearranging we obtain:

1_(0.8)471 < 160
169.38
(0.8)4n 21_ 160
169.38
160
4n>lo 1-
Sos ( 169.38j
4n <12.97 log, ¢ is a decreasing function, so remember to switch the inequality!
n<3.24

Since # has to be a while number, we see that maximum number of doses which can be
administered this way is 3.

6 a At the beginning, Heather owes £3000, so ap = 3000. At the end of the first month, the company
adds on the interest of 1.8%, so Heather now owes 1.018xay. But she then repays £300, so after
the first repayment, Heather owes a; =1.018 xay —300. This pattern repeats every month, so
a, =1.018-a, , —300.

b To find the value of Heather’s last repayment, we need to find the largest » for which a, > 0 and
then find the value of ¢ . First, however, we need to solve the recurrence. Begin by finding the
complementary function for a, =1.018-a, . Write a = c-#". Then
c-r"=1.018c-r""
r=1.018
a,=c-(1018)

To find the particular solution, try a = A:
A=1.0184-300

0.0184 =300

A =16666.67
So we now have

a =cx(1.018)" +16 666.67
Finally, to find ¢, use a,=3000:
3000 =c+16 666.67 = c=—-13666.67
Thus a, =-13666.67(1.018)" +16 666.67
Now we need to find the largest » for which a, > 0:
0< -13666.67(1.018)" +16 666.67
—1.2195> (1.018)"
log1.2195 -
log1.018
=11.12>n
Since n is a whole number, the largest n for which a, > 0 is 11. For that n we have
a,, =-13666.67(1.018)" +16 666.67 = £36.82
So the last repayment will be £36.82
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7 a Wehave u =k—4n and un_l=k—4(n—1)=k+4—4n.Thus:
u —4=k+4—4n-4

u —4=k-4n=u
So the given sequence does indeed satisfy this recurrence relationship.

b Now we want to show that v, = c(1.2”’1) satisfies v =1.2v . Wehave v, = 0(1.2"_2), S

12y, =12¢(12"2) = (1.2} = v, as required.

c
¢ We know that u, = v . Also, by the definition of the two sequences, we have u =k and vV, =

1.2

Thus it must be

f=-5
12

12k=c¢

8 a Wehave u,—0.7u, =k, u =4. For the relation to be homogeneous, we need the constant to be
0,s0 k=0.

b Tosolve u, —0.7u, , =0

SO
u,=0.7u,

=0.7x0.7u,_, =0.7°u,_,
=0.7"x0.7u, , =0.7'u,_,
=... =0.7""u,
=4(0.7"")

9 a The first tower is formed of just 2 blocks, so to build three copies of Tower 1 we need 6 blocks.

Thus b, = 6. To create (n + 1) st tower, we add 72* 1 blocks. Thus to build three copies of Tower

n+1, we need additional 3n° blocks. Hence we can write: b=b_+ 3(n - 1)2 , b=6.

b To solve the recurrence relation write
b =b, +3(n-1)
=b,,+3(n—1) +3(n-2)

=...=b1+32r2

=6+3-1n(n—1)(2n-1)

= 6+%(2n3 —3n’ +n)

= %(2713 —-3n" + n+12)
Which is the required form.
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10 We wish to solve u =4u_ +2n+1 with » = 7. Begin by finding the complementary function to

u =4u . Write y =c-a":
n n—1 n

-1
c-a"=4c-a"
a=4
u =c-4"

n

For particular solution try u = A+ un:
A+ pn=42+4p(n-1)+2n+1
3A+3un=4u—-1-2n

By comparing the n-terms and the constant terms we get:
3un=-2n

So we can write 4 =c-4"-2p—L1.To find ¢, use u, =7:

—4_2_1
T=cd4-5-75

11a For a number that is one digit long, we can use any of the digits 1-9 but we cannot use 0 (since
that would mean an odd dumber of zeros). Thus g, =9. Now, we want to count the number of
valid strings of length n. For any of the ¢ valid string of length n — 1, we can add numbers 1-9
at the end and still maintain a valid string. This gives us 9  possibilities. Any invalid string of
length n — 1 can be made valid by adding a 0 at the end. The number of invalid strings of length n
— 1 can be calculated by subtracting the valid strings from all possible strings. There are
10" possible strings of length n — 1, so the number of invalid strings can be expressed as
10" —a . Thus:

1
a =9a +10""'-qa
n n—1 n—1
a =8a  +10""
n n—1

As required.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 8



Further Pure Mathematics Book 2 SolutionBank

11b To solve this recurrence begin by finding the complementary functionto a =8a .
Write a =c-r", then:

cr'=8c-r"!

r=_38

a =c-8"

To find the particular solution, try a = A1-10"":

410" =82-10"7+10""

22-10"*=10""

24=10

A=5

So we can write a =c-8"+5-10"". To find ¢, use @, =9:
9=c-8+5

8c=4

1
2

Thus a,=%-8"+5-10"" =4(8"+10")

C =

12 We are given a sequence which satisfies U, = (n + 3) U U= 1. We want to show that the closed
(n+3)!

form of this sequence is u = "

41 o . (k+3)
n=1: u = Q =1 as given in the question. Now, assume that for all n=k we have u, = Yl
We want to show that u+; also follows this formula:
! !
u, = (k+4) (k+3)! _(k+4)!
24 24

. Begin by checking the induction basis:

Thus, if the formula is valid for n = £, then it’s also valid for » = k + 1. Hence, by induction, the
formula is valid for all positive integers 7.
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13a Assume U = F(n) and U = G (n) are both particular solutions to = au . We want to show

that u = bF(n) +cG (n) is also a particular solution. Let # = bF(n) +cG (n) Then
u = bF(n—1)+cG(n—1) and
au,_ = abF(n - 1) + acG (n - 1)

= b(aF(n—1))+c(aG(n-1))
Now, since both F() and G(n) are particular solutions, they satisfy F(#1)=aF(n~1) and
G (n)=aG(n-1). So the above can be rewritten as:
u = bF(n)+ cG(n) =u.

This proves that if # = F(n) and U = G (n) are both particular solutions to = au_, then

—1°

u = bF(n) +cG (n) is also a particular solution.

b Wehave ¢ =3a_ —4n+3-2", a,=8. To solve this, begin by finding the complementary

function to a = 3aln_l. Write a =c-r":
c-r"=3cr"!

r=3

a =c-3"

Next, for the particular solution try a = 1-2"+ pn+gq:
A2+ pn+q=34-2"+3p(n—1)+3q-4n+3.2"
A2+ 2pn-3p+2q=4n-6-2""

Now by comparing appropriate terms we get:
A=—-6

2p=4

p=2

—3p+2g=0

2g=6

q=3

So we can write ¢ =c-3"—6-2"+2n+3. To find ¢, use a, =8:
8=c-3-6-2+2+3

3c=15

c=5
So g =5-3"-6-2"+2n+3 as required.
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13 ¢ Begin by checking the base: g =5-3—-6-2+2+3=8 as required. Now, assume that for n=k,
a,=5-3"-6-2" +2k+3. We want to check if it also works for n = k + 1:
a,, =3a, —4(k+1)+3-2"
=3(5-3" —6-2" + 2k +3) -4k —4+3.2""
=5-3""-9.2"" 4 6k +9 -4k —4+3-2*"
=5.3""—6.2"" 42k +5
=5-3"1-6-2""+2(k+1)+3

Which is of the required form. Thus if the formula works for » = & then it also works for » = & +1
. Hence, by induction, @ =5-3"—6-2"+2n+3 for all positive integers n.

14a We have the size of a population of bacteria modelled by 2p =7p —5p ., p =400, p, =448.

This is a second order recurrence relation, since the difference between the highest and the lowest
subscript is 2.

b To solve this recurrence relation, write p =c-a":
2¢-a" =7ca"" —5ca"”

2a* =Ta-5

a=1 a,=3

So p =c +c, (%)n To find ¢, and ¢, use p, =400 and p =448:

400=c +c, = ¢, =400-c,

448 =c +3c,
=400+2c,

3c, =48

c,=32 = ¢ =368

Hence p, =368+32-(%)’

¢ After 12 hours the population is p,, = 368+32-(%)12 ~1907717.

d This model assumes that the population grows exponentially to infinity, which is not realistic.
Taking into account food and space constraints (for example) would limit the colony’s growth.

15a Tosolve u . =4u +5u write u =c-a”:
n+2 n+l n n

c-a"™ =4ca"™ +5ca”

a-4a-5=0
(a+1)(a-5)=0
a=-1, a,=5

So the general solution is u = A(—l)n +B-5"
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15b We are given u, =8, u, =-20. So:
8=A+B = A=8-B

-20=-4+5B
—20=B-8+5B=6B-8
6B=-12

B=-2 = A=10
Thus the particular solution is u =10 -(—1)n -2.5"

+10u,,, —8u, = 20.

n+2

16 a We want to find a constant & such that u = & is a particular solution to 3u

Substituting & into this equation gives:
3k+10k—8k =20

S5k=20
k=4

b Now, to solve the homogeneous version of this recurrence, write u =c-a"
3c-a™? +10c-a""' —8c-a" =0
3a* +10a-8=0
a=-4, a,=42

So, combining this with part a, we can write u = A(—4)n + B(%)n +4. To find 4 and B use u, =0

and u, =1:

0=4+B+4 = A=-4-B
l=-44+2B+4
1=16+4B+2B+4
-19=48

B=-1 = A=+

14 14\ 3

Thus u, =(-4) —2(2)" +4

17a To get arow of length n + 2 we can either add a vertical domino to a row of length n — 1 (and
there are x  of them), or add a horizontal domino to a row of length n (there are x of those).

Thus x , =x , +x . Thereis only one way to build a row of length 1 (one vertical domino) so
x, = 1. There are two ways of getting a row of length 2 (two vertical dominoes or one horizontal

domino), so x, =2.

b Based on part a we have x,=2+1=3,x,=3+2=5, x,=5+3=8, x, =8+5=13,
x, =13+8=21 and finally x, =21+13=34.
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17 ¢ i To solve this recurrence relation, write x =c-a"

n+.

c-a™=c-a+c-a"
2
a—-a-1=0

145 1445

al 2 4 a2= 2

So we can write x, = A(ij +B (1 i \/gj . To find 4 and B use the initial conditions:

2 2
(1-45) (1445 2-B(1++5
=A(5ToftE) =

:A6—j\/g+B6+j\/§

4= A(3—J§)+B(3+J§)
(3—«/5)(2—B—BJ§)+ B(3++5)(1-45)

2

4=

1-4/5 —5
6-25- B(3-V5+3V5-5)- B(2+25)
4:
1-+5
4=6—2J§—4J§B
1-+5
4-4l5=6-25-4\58
2\5B=1++5
B=1+\/g=5+\/§
25 10
2—5+\/g(1+\/§)
A= 10
1-+5
4 20-10-65
10— 105
5_-3/5 (5—3\/5)(5+5\E)
A= __
5-5vs 100
A__—50+10J§_5_J§
- 100 10
So the closed form is xn=5_\/§,(1_\/§j +5+\/§.(1+\/§j
10 2 10 2
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17 ¢

18a We know that » = 4-3"+ B-5" is the general solution to u =ru

19a

ii 2 feet is equal to 24 inches, so we’re looking for x,, :

_5-45 .(1‘*/5)24+5+*/§ .(“fjm 75025

* 10 2 10

. —su__,. Substituting we get:

A3 +B-5"=rA-3" +rB-5" —54-3"* —sB-5"". Comparing the appropriate terms we obtain:

94=3rd—sA
25B=5rB—sB
9=3r—-s = s=3r-9
25=5r—-s
25=5r-3r+9

16=2r

r=8 = s=15

We know that 4, =1 and B =34, we wish to find #, . Substituting » into u = 4-3"+ B-5" gives
1=A4A+B=44
A=4 B

Thus 4, =1-3+3.5=1

-9
2

Ny %)
IN>

1.
4

We have u = pu_, —4u_ and we know that the auxiliary equation has complex roots. Write

2
u =c-a":
c-a"=pc-a"’ —4ca"’

a’+4a-p=0

For this equation to have complex roots, we need A=16+4p<0,s0 p<—4.

Let P =3, ie. the equation becomes u, +4u, , +5u,_, =0. Using the auxiliary equation from part
a we have:

a’+4a+5=0

a=-2+i

So we can write u = A(—2— i)n + B(—2+ i)n

Given u, =1 and u, =2 we want to find the particular solution:
1=4A+B = A=1-B

2=-2A-Ai-2B+ Bi

2=-2+2B—-1+Bi—-2B+Bi

4+1=2Bi1

B:4+i:_4i—1 :1—4i
2i 2 2

B:1—41 N A=1+41

1+ 41 . 1-41

(-2-i) + 2 (-2+i)

So the particular solution is u, =
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20a Wehave u =10u__

c-a"=10c-a"" =25¢-a"*

—25u,_, with u; =1 and u = 3. To solve, write u =c-a":

a*—10a+25=0
(a-5) =0
a=>5

Since the auxiliary equation has a repeated root, we write the general solution as U, = (A + Bn) -5

Now, to find 4 and B we use the initial conditions:
1=4

3:5(A+3B)

3=5+15B

15B=-2

B=-2

So the closed form is 4, = (1—%}1) 5"

b Begin by checking the basis: 1, = (1 -2 -0) =1 which is the same as the initial condition. Now

assume that U = (1 - % n) -5" holds for all » = k. We want to show that then it also holds for
n=k+1. We have:
u,,, =10u, —25u, ,

=10-5" (1-2k)-25-5"" (1-2(k -1))

=2-5""(1-2k)-5""(1-2k+2)
=2-5""(1-2k)-5""(1-2k)-2-5""
=5 (1-3k)- 45"

=5 (1-3k-3)

=51 (1-2(k+1))

Which is of the required form. So, if this formula works for » = k —1 and n =K, then it also works

for n = k +1. Thus, by mathematical induction, u = (1 - % n) -5" for all positive integers 7.

21a i Wewishtosolve u =4u_ +5u _, +2n°. To find the complementary function, consider the
homogenous version u =4u_ +5u _, and write u =c-a":
c-a"=4c-a"" +5c-a"”
a’—4a-5=0
(a—5)(a+1) =0
a =5, a,=-1

So the complementary function is of the form u = 4-5" + B (—l)n
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21a ii For the particular solution, try u = An’ + un+ v:
An*+ un+v= 41(11—1)2 +4,u(n—l)+4v+5ﬂ,(n—2)2 +5,u(n—2)+5v+2n2
An*+ un+v= n2(9i+2)—n(281—9,u)+24ﬂ,—14,u+ ov
n* (84 +2)—n(284—8u)+244-14u+8v=0

Now comparing the appropriate terms to zero, we get:

81=-2
A=}
284 =8u
—7=8u
H==3

247~ 144 +8v =0
—6+2+8v=0

__2
gy=-=

V=—§

So the general solution is of the form u = 4-5" + B(—l)n —itn —In-2

1

4

b We know that u, =u = 0. Substituting into u_ = 4-5" +B(—l)n —L1p’ —In-2 we get:
0=4A+B-3 = A=%-B

32

0=54-B-1-1_2
0=12_53- B4
6B=2

—1 —Is_ 32 _ 4
B_3 = A_% 9% ~— 96

So the particular solution is u =&-5"+1 -(—l)n —in —In-&
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22 We want use induction to show that » =» +12r  with » =1 and » =11 has closed for
ro=2-4"— (—3)n . Begin by proving the base:
re=2- 4° —(—3)0 =2 —1=1 which agrees with the initial condition.
r=2- 4' — (—3)1 =8+3=11 which also agrees with the initial condition.
Now assume that for n = k r, =2- 4* —(—3)k and r,_ = 2.4 —(—3)k_1. We want to show that
r =24 —(—3)k+1 . By the definition of this sequence, we have that:
r,=r +12r
=24 —(-3)" +12-2-4" —12.(-3)""
=24 —(-3) +6-4" +4-(-3)"
=8-4" +3.(-3)"
=241 —(=3)""

Thus, if 7, =2-4* —(—3)k and 7,_, =247 —(—3)k_1, then r  =2-4"" —(—3)n+1. So, by mathematical

1

induction, 7 =2-4" - (—3)n for all positive integers 7.

23a For n =3 we have the following possibilities:

T

So a,=3. For n=4 we have the following possibilities:

PRl

So a,=35.

b Assume we know ¢ and a . To determine the number of arrangements for n, we can lay the

first tile horizontally and then think about the floor as if it were a 2 X (n - 1) area, so this gives us

a,_, arrangements. Alternatively, we could lay the first two tiles vertically to cover a 2x 2 area and

then think about the floor as a 2 X (n - 2) area, which gives us another ¢, possibilities. Thus

a. . =a +a . Fromparta, weknow that g =1 and a, =2, which gives us the initial conditions.
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23 ¢ To solve this recurrence, write a =k", then we have:
kn — kn—l +kn—2
K -k-1=0

1445

2

k=

AY

So we can write a, = A(l_—j +B(

1+\/§

2

2

(1B 105 2720
L2 2 15

j . To find 4 and B use the initial conditions:

:A6—j\/§+B6+i\/§

2

(3-v5)(2-B-B5) B(3+5)(1-45)

. 5 1%
6-2v5-B(3-\5+3J5-5)- B(2+245)
4=
1-+/5
4:6—2\/5—463
1-+/5
4-4J5=6-2J5-45B
2J5B=1+4/5
B=1+\/§=5+\/§
25 10
5+\E
PR (1+5)
1-+/5
Azzo—lo—éﬁ
10-105
A:5_3ﬁ:_(5—3ﬁ)(5+5£)
5-55 100
L _=S0+10V5 _5-5
100 10

So the closed formis a, =
10 2 10 2

5—\/3{1—\/§j"+5+ﬁ{1+\/§j"
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23d We want to use mathematical induction to prove that the closed form found in part ¢ is correct.
Begin by checking the basis:

_5—\/3{1—\/5]+5+\/§{1+\/§]

a, =
10 2 10 2

_10-6J5 10+6v5

20 20

=1
Which agrees with the initial condition.

B 5-5 _{1—\/§J2+5+\/§ _(1+\/§J2

2710 2 10 2
C5-5 6245 5+45 6+245
"0 a4 10 a4

_40-16v5  40+16+/5

"2 0

=2

Which also agrees with the initial condition. Now, assume that the statement is true for » = ¥ and

S—Jg{l—x/g]k+5+\/§{l+\/§]k and
10

inductively assume thata, =

2 10 2
k— k—
4 _5—\/5. 1-+/5 1+5+\/§. 1++/5 1
10 2 10 2
k+1 k+1
We want to show that then a,,, = 18/_ ( _2\/5) +5};/§ -(1;\/5] . Using the recurrence

relation we can write:
A =q,ta._,

:5—6{1%} L5445 (nﬁj" 5- f{l IJ“ 5445 {HIJ“

10 2 2 10 2
55 (1=45) 5+I 1445 ) V5 (1445)
10 2 2 +?' 2
(1=45) (5-45 2J_ 1445 ) 5+J_ 2f
|2 10 2

535 L5+ (1445 ’

10 2 10 2

5 f 5+\f 1+/5 -
10 2 2
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23d (continued)

Which is the required form. So if a, =

S_ﬁ'{l_ﬁjk+5+\/§'{l+\/gjk and

10 2 10 2
k- k-
5— \/§ 1- JE 1 5+ JE 1+ JE 1
a,_, = . + . then
10 2 10 2
k+1 k+1
a,., = 5-45 . 1-V5 + 5+45 (ks V5 . So, by mathematical induction,
10 2 10 2
a = 5 _1(;/5 -{1 _Q\EJ + > i(;/g -{1 +2\/§J for all positive integers .

4-4 -5
M—AI=( J:

4 -5
24a M= (6 9}. To find the eigenvalues, we look for the roots of the determinant of

6 —9-1
<h(M+ﬂﬂ=r_ﬂ -3 ‘
6 -9-4

=(4-2)(-9-2)+30
=A*+51-36+30
=12 +51-6
=(1+6)(4-1)

So the eigenvalues of M are 1 and —6.

b To determine the lines which are invariant under the transformation 7 represented by M, we need
to find the eigenvectors (there are two eigenvalues, so we’ll have two such lines. The question
only asks for one, so you can determine whichever):

4 -5)(x) (x
6 -9)\y) \y
4x-5y=x = x=3y
5
So if we let y=3, we see that the eigenvector associated with the eigenvalue 1 is (3} and so the

line which is invariant under this transformation lies in the direction of this vector. Its equation is
y=32x
For the other eigenvalue we have:

4 -5)\(x X
=-6
(6 —9j(yJ (yJ
4x-5y=-6x = x=1y
1
So if we let y=2, we see that the eigenvector associated with the eigenvalue —6 is (2J and so the

line which is invariant under this transformation lies in the direction of this vector. Its equation is

y=2x.
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o )
25a Wehave A = ( 6 J and we want to find the image of y = 2x + 1 under the transformation 7'

X

represented by this matrix. This line lies in the direction of v =( J for x €. To determine

2x+1
the image, we calculate Av:

-4 2 X
Av =
i

[Ax+4x+2
| 6x—2x-1

B 2
| 4x-1

Thus we see that for any x, 7T transforms it to the value 2, while y will take all possible real values.
So the image of y = 2x+1 under T'is the line x = 2.

b Now let A =( 6 j To find the eigenvalues of A, we need to find the roots of the determinant

2-A 2
of A-Al = :
6 -9-2

2-1 2
6 —1—/1‘
=(-2-2)(-1-4)-12
=A"+31-10
=(2+5)(1-2)
So the eigenvalues of A are —5 and 2.

det(A—,u)z‘

¢ To find the Cartesian equations of the lines which are invariant under 7, we need to find the
eigenvector associated with each of the eigenvalues:

-2 2\(x [ 5x
6 —1)\y -5 y
2x+2y=-5x = x=-%y
2
So if we let y=3, we get the eigenvector (3 j . So the line lying in the direction of this vector is
invariant under 7. Its equation is y = —2x. For the other eigenvalue we write:
-2 2)(x) (2x
6 —-1){y 2 y
-2x+2y=2x = x=31y
1
So if we let y=2, we get the eigenvector (2j . We know that the line lying in the direction of this

vector is invariant under 7. Its equation is ¥ =2x.
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4 -2
26a We want to find the eigenvalues of M = (1 : j To that end, we need to find the roots of the

) 4-2 =2
determinant of M — Al = :
1 1-2

detM /11 ‘ ‘

J(1-2)+2
= 5/1+6

()()

We know that 4 < A,, so the eigenvalues are 4 =2 and 4, =3.

1 2
b We have detM =4+2=6, s0 M“=%( { 4).

¢ To find the eigenvalues of M, we need to find the roots of the determinant of

12 1
1 _| 6 3 .
—,11_[ . l—/lj'
6 3

det(M“—}LI)_%_l/1 2% ‘

s 374
=(-2)3-2)+%

YLy

So the eigenvalues of M ™" are 1=1"and 1=2 " as required.

d To find the Cartesian equations of the lines which are invariant under 7, we need to find the
eigenvector associated with each of the eigenvalues of M:

4 -2)(x) (2x
1 1 )\y) \2y
4x-2y=2x = x=y
1
So letting ), =1 we get the eigenvector (J Thus we know that the line lying in the direction of
this vector 1s invariant under 7. Its equation is y = x. For the other eigenvalue we have:
4 -2)(x) (3x
I 1)y 13 y
4x-2y=3x = x=2y
2
So letting ), =1 we get the eigenvector (1 j Thus we know that the line lying in the direction of

this vector is invariant under 7. Its equation is y =3 x.

1
2
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3 1 4 2
27a We have P = 6 2) and Q =( 6 3). To find their eigenvalues, we need to look for the roots
of their characteristic equations:
3-4 1
det(P— AI) =
6 2-1
=(3-2)(2-1)-6
=1*-52
=1(2-5)

So the eigenvalues of P are 0 and 5. Solving Pu = L« for the two eigenvalues we obtain the

1 1
respective eigenvectors ( 3) and ( 2).

-6 -3-/
=(4-2)(-3-2)+12
=1-2
=A(2-1)
So the eigenvalues of Q are 0 and 1. Solving Qu = i« for the two eigenvalues we obtain the

det(Q—/il):‘4_/1 2 ‘

1 2
respective eigenvectors ( 2) and ( 3)

b The eigenvalue which was common to both P and Q was 0. So we know that R also has an
eigenvalue 0. We now want to show that R is singular, i.e. detR = 0. R has an eigenvalue 0,

which means that det(R -0- I) =0 but simplifying the bracket gives det(R) =0 which means that
R is singular as required.

2 3
28C= (k 2) has complex eigenvalues. We want to find &. Begin by finding the characteristic

polynomial of C:
2-4 3

k —2—/1‘
=(2-4)(-2-4)-3k
=17 -4-3k

For C to have complex eigenvalues we need
—4-3k>0

3k <-4
k<—§

det(C—/lI):‘
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-3
We know that M has repeated eigenvalues and thus we want to find p. Begin by finding the
characteristic equation of M:

p—A4 3
-3 1—1‘
=(p-2)(1-2)+9
:/12—/1(p+1)+p+9

3
29a M=(p J, pel’

det(M—ﬂ,I):‘

For M to have repeated eigenvalues, we need 1° — /1( p+ 1) +p+9= (/1 - a)2 for some a. Thus:

— l( p+ 1) +p+9=4"-2al+a’. Comparing the appropriate coefficients gives:

p+l=2a = a=pT+1
p+9=a’
(p+1\2
+9=| ——
P
4(p+9)=p*+2p+1
p —2p-35=0

Since peZ”, p=17.

b To find the line which is invariant under 7, we need to first find the eigenvectors of M. The
eigenvalues of M can be found using part a, where we defined them using the constant a:

a:p—H:4
2

So we can write:

7 3\(x X
=4
(—3 lj(yj (yj
Tx+3y=4x = x=-y

So letting ,» =1 gives the eigenvector ( J. Thus the line lying in the direction of this vector is

invariant under 7. Its equation is y = —x.
30a A has areal eigenvalue A4 with the corresponding eigenvector v. We want to show that A’ has an
eigenvalue 1° with the corresponding eigenvector v. We have Av = Av. So:
Alv= A(Av) =A-Av= /I(AV) = A’V and
Ay = A(AZV) = A(/izv) =1 (Av) =y

Which shows that 1’ is an eigenvalue of A’ with the corresponding eigenvector v.
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30b We can repeat the above reasoning for any of the eigenvalues of A. Which means that all of the
eigenvalues of A* are of the form ', where A is an eigenvalue of A. Since 1' is assumed to be

. 4 2\2
real, we can write A =(l ) >0.

1 1 1
31 We know that (3) 1s mapped onto ( 9) =-3 (3) So —3 is an eigenvalue of M and (3) is the
L 6). 3 6 _
corresponding eigenvector. We also know that 4 is mapped onto 5= T e so 1 is the other

6
eigenvalue of M with the corresponding eigenvector (4)

32a We want to show that 5 1s an eigenvalue of A and find the corresponding eigenvector. Considering

(6 —1\(x)

Y MEEWES
6x—y=>5x
x=y

1
Letting ,, =1 gives the eigenvector (J So 5 is indeed an eigenvalue with corresponding

1
eigenvector (J .

b We know that the other eigenvalue of A is 4. Find the associated eigenvector:

6 —1)\(x X

=4
2 3 )\y y
6x—y=4x = 2x=y

1
Letting ¥y =2 gives the eigenvector (J To find P we need to normalise the eigenvectors, so:
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33a i To find the two lines which are invariant under 7, we first need to find the eigenvalues and
eigenvectors of M. Begin by finding the roots of the characteristic equation:

4-1 6
6 -1-4
=(4-2)(-1-4)-36
=A*-31-40
=(4-8)(4+5)
So the eigenvalues of M are 8 and —5. Now find the associated eigenvectors:
4 6\(x X
=-5
(6 —J(yJ (yj
4x+6y=-5x

— 2
X=-3y

det(M—/u) =‘

Letting ¥ =3, we get the eigenvector ( 3 j For the other eigenvalue we have:

R

x=3y
3
Letting ¥ =2, we get the eigenvector (J Now, we know that the invariant lines lie in the

directions of the eigenvectors respectively. So to show that they are normal to each other, it is
enough to show that the eigenvectors are normal to each other. Check the dot product:

3V (2
( j( 3 j =-6+6=0. So the lines are normal to each other as required.

ii M is symmetric.

b Since we already found the eigenvectors and the corresponding eigenvalues in part a, we can
readily find D:

[,

To find P, we need to normalise the eigenvectors:

-2

_ 13
‘( 32j‘ = /13, so the normalised eigenvector is \/37
Ji3

3

13

‘Gj‘ = /13, so the normalised eigenvector is \/27

Thus P =

;)
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2
34a A= ( - j, we want to find the characteristic equation of A:

det(A—/u):F_’1 ? ‘

-1 4-1
=(3-2)(4-1)+2
=A*-TA+14=0
b We know that matrices satisfy their own characteristic equations, hence we know that
A*—TA+141=0
A'=TA-141 = A’=T7A°-14A

In the last equation, we substitute the expression for A*:
A*=T7(7TA-141)-14A

=49A -981-14A
=35A-981
As required.
2 -3 1
35 We want to find the eigenvalues and eigenvectorsof | 3 1 3 |. Begin by finding the
-5 2 -4
characteristic equation:
2-4 -3 1
det| 3 1-2 3 |=(2-2)(1-2)(—4-2)+45+6—(-5(1-2)-9(—4-2)+6(2-2))
-5 2 —4-1

=—(27-32+2)(4+2)+51+5-51-36-94-12+64
=-2" =2’ +101-8-81+38
=1 -A"+24
=—A(2*+2-2)
=—A(A+2)(A-1)
So the eigenvalues are 0, —2 and 1. The associated eigenvectors:

2 -3 1 )(x

31 3 ||y|=0

-5 2 -4)(z
2x-3y+z=0 = z=3y-2x
3x+y+3z=0
—S5x+2y-4z=0

Substitute the value for z:
3x+y+3(3y-2x)=0
—Sx+2y—4(3y-2x)=0
—3x+10y=0
3x-10y=0
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35 (continued)
These two equations are equivalent, so we just have x =2 y. Letting ), = 3 gives eigenvector

10
3

-11
2 =3 1 )(x X
31 3 ||y|=-2y

-5 2 -4)\z z

2x-3y+z=-2x = z=3y-4x
3x+y+3z=-2y
Sx+2y—4z=-2z

Substitute the value for z:
3x+y+3(3y—4x)=—2y
—Sx+2y—4(3y—4x)=-2(3y - 4x)
—O9x+12y=0

3x-4y=0

Again, these two equations are equivalent, so we have x =% ). Letting , = 3 gives | 3

=7

Finally:

2 =3 1 )(x x

3 1 3 |yl=|y

-5 2 —-4)\z z

2x-3y+z=x = z=3y—-x

3x+y+3z=y

Sx+2y—-4z=z

Substitute the value for z:
3x+y+3(3y—x)=y
—5x+2y—4(3y—x)=3y—x
9y=0
-13y=0
1
So y=0 and z=-x, so letting x=1 we get | 0
-1
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430
36 a We want to show that the only real eigenvalue of X=| 0 1 4 | is 7. Begin by factorising the
215

characteristic polynomial:
4-1 3 0
det(X-4)=| 0 1-1 4
2 1 5-1

=(4-4)(1-2)(5-2)+24-4(4-2)

=—A+104° -251+28

=—(4-7)(4"-32+4)
Now, consider the quadratic above. We have A=9—-16=—7<0, so there are no more real roots.
Thus we’ve shown the X has only one real eigenvalue: 7.

4 3 0)\(x X
b Consider |0 1 4 || y |=7| y |. Equating the corresponding coefficients we get:
21 5)\z z
4x+3y=Tx = x=y
y+dz=Ty = y=7z
2x+y+5z=7z = y=3iz
The second and third equations are equivalent, so let z = 3.
2

Then y = x =2 and the eigenvector is | 2
3

¢ We know that complex eigenvalues come in conjugate pairs. A 3x3 matrix has 3 eigenvalues. So
if two of them are complex conjugates, the third one has to be real.

0 324
37a i Weknowthat | 2 | isaneigenvectorof A=|2 0 2 |. To find the corresponding
-1 4 2 k
32 4)\0 0
eigenvalue, consider | 2 0 2 || 2 |=A4| 2 |. Equating the appropriate y-coefficients we get
4 2 k)\ -1 -1

—2=2J, so the corresponding eigenvalue is 1 = —1.
ii Comparing the z-coefficients in the above equation, we get

4—k=-A=1
k=3
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37b i

ii

To find the remaining eigenvalue, consider the characteristic equation:
3-142 4

det(A-Al)= 2 -4 2
4 2 3-1
=—A(3-2) +32—(-164+8(3- 1))
== A +64° +151+38
=—(A-8)(A+1) =0
So the repeated eigenvalue is —1.

3 2 4)\(x X

Consider | 2 0 2| y |=-1]| y |. Equating the corresponding coefficients we get:
4 2 3)\z z

3x+2y+4z=-x

2x+2z=-y = y=-"2x-2z

4x+2y+3z=~z
Substituting the expression for y into any of the remaining equations gives the identity 0 = 0.

0
We’re looking for an eigenvector, which is linearly independent of | 2 |, so let (for example)
-1
-1
y=0andx=-1, then we get | 0
1

3 X
For eigenvalue A=8, consider | 2
4

N O N

4\(x
2 || y |=8| v |. Equating the appropriate coefficients
3z z

we get:
3x+2y+4z=8x

2x+2z=8y = y=ix+iz
4x+2y+3z=8z

Substituting the value for y into the top equation, we get:
3x+ix+lz+4z=8x

9x=9z
xX=z
2 0
Letting x =2 we have the eigenvector | 1 |, which is linearly independent of | 2 |.
2 -1
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38a We want to find the eigenvalues of M =| 0 2 0 |. Consider the characteristic equation:
4 3 1
-2 0 1
det(M-AI)=| 0 2-1 0
4 3 1-4
=(1-4) (2-2)-4(2-4)
=-1 +41*-1-6

=—(2+1)(2-2)(2-3)
So the eigenvalues are —1, 2 and 3. To find the corresponding eigenvectors, consider:

1 0 1)\(x X
0 2 0| y|=—|y | Comparing the appropriate coefficients we get:
4 3 1)\z z

X+z=—-x = z=-2x

2y=—y = y=0

4x+3y+z=—z
1

Letting x =1 we find the eigenvector | 0 |. For A =2 consider:
-2

2| y |. Comparing the appropriate coefficients we get:

~ O =

w o ©

- =

N e =
Il

z

2y=2y

dx+3y+z=2z

Substituting the value for z into the last equation we have:

dx+3y+x=2x

3x=-3y = x=-y
1

So letting x =1 we find the eigenvector | —1 |. For A4 = 3 consider:
1

2y =3y = y=0
4x+3y+z=3z
1
Letting x =1 we find the eigenvector | 0 |.
2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 31



Further Pure Mathematics Book 2 SolutionBank

1
38b We want to find the image of X y =—z under T. This line lies along| 2 |, so we begin by
2 -1
finding the image of this vector under 7
1 0 1) 2 1
0 2 0 1 |=| 2| whichgivestheline x=1y=+z
4 3 1){-1 10

39a We want to find a symmetric matrix S whose eigenvalues are 4, =1, 4, =-1 and A, =8 and the

1 1 4
corresponding eigenvectors are v, =| 2|, v, =| -2 | and v, =| 1 | respectively. From here, we
3 1 -2
1 00
have D=|0 -1 0 |. Now we need to normalise the eigenvectors to get the P matrix:
0 0 8
1
ﬁ
\v1\=\/1+4+9=\/1_4, 50 ¥, = 2 | v,/ =V1+4+ -6, so v, =
J14
3
N

vi| =16+ 144 =121, 50 ¢, =

. Thus P =

Lastly,

S-Sl 5 -
S0 8- - T

S-Sl 5

|
[\) N = N~
SlL -5
S‘wS‘NS‘»—
i i i
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39b Using P'SP=D and P" =P we have S=PDP". Thus:

1 1 4 1 2 3
S N T P N TR PN
s=| 2 =2 Loy oL =% L
Via oo N2t o oflV6 o N6 6
3 1 -2 4 1 -2
Via J6 a1 221 V21 V2l
-1 32 1 2 3
Jia Ve 21|14 V14 V14
s-|_2 2 841 =2 1
N NN Yl BN AN N
3 -1 -16 4 1 -2
Via Jo V221 V21 el
E-ieB deied goieg
S=|Z+1+3 Aotk gfed-l
R e
(Remember that S is symmetric, so you don’t have to calculate all the elements)
6 2 -3
S= 2 0 0
-3 0 2
1 -1 2
40a We know that a non-symmetric matrix A can be written as P"AP =D, where P"'=| 1 0 1
-2 1 =2
300
and D={0 0 0 |. From here we see that the eigenvalues are 3, 0 and —4. Next, using your
0 0-4
-1 0 -1 -1 0 -1
calculator find P=| 0 2 1 |, so the respective eigenvectorsare | 0 |, | 2 | and | 1
1 1 1 1 1 1
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40b We know that A = PDP™", so:
-1 0 -1V}3 0 O 1 -1 2

A=l 0 2 100 0 1 01
1 1 1)lo 0-4){—2 1 -2
3 0 4) 1 -1 2

=l 0 0-4|| 1 01
30 -4)(—2 1 -2
-11 7 -14

=| 8 -4 38
11 -7 14

41 a Cayley—Hamilton theorem states that every square matrix satisfies its own characteristic equation.

112
For A={0 2 1|, wehave:
1 02
-2 1 2
det(A-AT)=[ 0 2-21 1
1 0 2-4

=(2-2) (1-2)+1-2(2-2)

=- A+ +41° 421 -41+4+1-4+22

=-1 4517 -64+1
Thus we know that 2° —51*+61—1=0 and hence, by the Cayley—Hamilton theorem, we have
A’ —5A*+6A -1=0 as required.

b Rearranging the above equation we get
A’ -5A7+6A=1

A(A2—5A+6I):I
A(A—31)(A—21)=1
As required. Multiplying both sides by A™' from the left, we get A~ = (A-3I)(A-21).
Hence:
-2 1 2\-11 2
A'=l 0 -1 1] 001
1 0 -1 1 00

4 -2 -3
=1 0 -1
2 1 2
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42a We know that the characteristic polynomial of M is A° —141—19 =0 and that

18 -2 -3
M’>=| 1 4 4 |. ByCayley-Hamilton Theorem, we know that M satisfies its own
-2 1 6
characteristic equation, i.e. M’ —14M—191 =0. Rearranging this gives:
M’ - 14M =191
M’ -141=19M""
M =M -141)
4 -2 -3
Thus M =4| 1 -10 4
-2 1 -8
(2.00) (200
b We know that MIQM={0 5 OJ and so Q=M{0 5 OJMI-We already found M,
0 0-1 0 0-1
4 -1 -2
hence we can use a calculatorto find M=| 0 -2 -1
-1 0 -2
Thus:
(4 -1 -2)(2 0 0)(4 -2 -3)
Q=75 0 -2 —1“0 5 0“1—10 4J
-1 0 -2){0 0-DJ)\-2 1 -8
(8 -5 24 -2 -3)
S T 1“1—10 4J
19
-2 0 2)\-2 1 -8
(23 36 —60)
=i{—12 101 —48J
o2 6 —10
4 -1 -2)\(2 0 04 -2 -3
Q=%0—2 -1{0 5 0} 1-10 4
-1 0 -2){0 0 3){-2 1 -8
8 -5 —-6)4 -2 -3
=—| 0 -10 -3 1 -10 4
19
-2 0 -6)\-2 1 -8
39 28 4
_ L4 97 16
19
4 —2 54
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43a Let 1, = [sec” xdv, n >0, we want to show that (n—1), =sec" > xtanx+(n—2)1, ,,n>0.
dv du
Let u=sec"?x and — =sec’x. Then — =(n—2)sec”” xtanx and v = tanx, so:
- —=(n-2)
I = Isec”xdx
Isec 2 xtan® xdx
J‘sec”’zx(seczx—l)dx

sec” xdx + (n — 2)J‘sec”’2 xdx

Rearranging gives:
I +(n—2)1n = tanxsec”’zx+(n—2)lnf2

n—1)1 =tanxsec"x+(n-2)I
(n=1)1, (n=2)1,.,

As required.
b We want to find 7, = J. sec’ xdx. We have:

J.sec“ xdx = %(tanxsec2 X+ 2_|.sec2 xdx)

=ltanxsec’ x +2tanx +c

44a Let [ = J‘%xn cosxdx. We want to show that for 22, 1 = f(%)n-l (24 n)=n(n-1)1, ,.

0

du du
Let u=x" and — =cosx. Then — = nx"" and v =sinx, so:
dx dx

dv du
Now, let u=x"" and — =sinx. Then — =(n—1)x"* and v = —cosx, so:
- - =(n=1)

_[04 x"'sinxdx = —[x”’l cos xl‘; + (n - 1)_[04 x"?cosxdx

— 1

n—1
==%(3) (-1,
Substituting this into the expression for / we get:

1, = (%)" =n[ 5" sin xdx
=5 () (- 1)1,
=5 (5)" (5+n)=n(n-1)1,

As required.
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44b We want to find the value of /7, = _[f x*cosxdx. Use part a:

I,=1(2) (z+4)-121,

n— [r\4
= (8] (14 12{ 5 (5)(2+2)
~0.0471
45a Let [ =J‘ax"(a—x)%dx, n>0, a>0. We want to show that 7 = San I,,n>1.Let u=x" and
n " Jo 3n+4
% = (a —x)%. Then % =nx""and v= —%(a—x)%. So:
I = Ioax"(a—x)édx

_dan, 3,
4 " 4 "
Rearranging gives:
Ly
n 4 n 4 n
3n+4 3an
l =
4 n 4 n—1
_ 3an
" 3n+4 !
As required.

b We know that 7, =2 4* and we want to find the value of a. Using part a we have that:

2T 49
6a 3a 3a
[ =—] =22
10t 5 7°
9a° pa !
=¥ O(a—x) dx
27a2[ J
=— a—x
140 ( ) 0
=2 g a%=12—70a%
So we need
a’ =21a’
494° =140
a’ =1

Since a >0, it must be a=l\/£

7
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46a We want to find the length of an arc defined by y = (ax3 )E between x=0 and x=4.

1

We have Y =iax2(ax3)}é —M. So:

2x

Il
—_—
N
—_—
[—
+
o
g
~—
&

(36a+4) 4

27a 27a

%((954“)3 - 1)

a

b We know that s =16 and we want to find the value of a:

%((9“1)3—1):16

a
3
2

(9a+1) —1=54a

(9a+1) =(54a+1)

729a” +243a” +27a+1=29164" +108a +1
729a” - 2673a”> —8la=0

94> -33a—-1=0
11-5v5 11+5V5
T T TG
11455
But we know that ¢ >0, so a= p ~ 3.6967

47a We have y* =2x+16. Arc L is a section of this curve between y = 0 and y = 3. We want to show

2 2
dx
that L:J‘;\/Hyz dy. We know that L:I: 1+{%} dy. x=y7—8, N @zy.

Thus L= J‘:«/l+y2 dy as required.
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47b We now need to calculate L:
3
L= IO\/1+y2 dy

d
Let y=tanu. Then d—yzseczu and \/1+y2 :\/1+tan2u =secu . So we can write
u

tanusec” > u . n—2

arctan(3
L= I . Y sec udu. Using the reduction formula, I sec” udu = I sec” udu

n—1 n—1
(see question 43).

arctan(3
L=I t ()sec3udu
0

arctan(S)
tanusecu | [aretan(3)
= — + J. S€cC udu
2 2Jo
0
arctan(S)

= @ +%[ln(tanu +secu)]0

=@+gln(3+«/ﬁ)—§lnl

=@+%ln(3+\/ﬁ)

48 We have a curve given parametrically x =¢>—1and y= §t3 —2. We want to calculate the length of

2 2
an arc for 0 < r < 2. We have S:J‘:\/(jﬂ +(%\ dr . Here, %z% and %ztz. Thus:

o= ["uf(26) +¢* i
Jol(20)
= _[02(4t2+t4)% dr

= I:t(tz +4)% dt

d
Let u=¢+4. Then d—L;=2t, SO

S:ﬂfu%du
38
=4+
8 -8
3
As required.
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49 a A spiral is given by the polar equation r =@ for 0 < 9 < 4x. We want to use substitution of the

arctan| 47r

form =1 ( ) to show that the length of this spiral is given by W = I 8603 xdx. We know

P dr
that for polar equations the length of the arc is given by W = I : { dr} d@. We have a0 =1

so W = IO4EV1+ 6> dé. Let = tanx and c}—df =sec’ x.

Then:
arctan4
W = IO sec’xv/1+tan® xdx
arctan4 3
= IO sec’xdx
as required.

b We want to calculate the value of . Using the reduction formula
tanusec”’

u n-—2 _ . .
Isec" udu = + . _[sec" *udu (see exercise 43) we obtain:

n—1 n-—

arctan4 7z 3
W= _[0 sec xdx

arctan4 7
tanu secu 1 parctandr
=l — +— I secudu
2 0 270

_ Az\14+1672

2

arctan4 7z

—[ln(tanu +secu)] ~ 80.82

50 We are given a parametric curve x = 2+/t,y =1-1, t > 0. We want to calculate the area of the surface

of revolution of the arc 1 < ¢ < 4 around the y-axis. We know that § = 2n_|.t3 X
tA

§=2m[ 2 () +(-1)de
:4nJ.14\/Edt
:41:%[(”1)%}
#(s'-2)

8 (55 -2v2)
- 3

4

1
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51a Wehave y=+va —x ,—1<x<1. The area created by rotating this arc around x-axis is 24m.

’ 2
We want to find a. We know that S = 2n.[x3 yll+ (%j dx.

Here,d—y= X , SO:
a—x’
2
1
s=2nf Ja—x* [1+——dx
-1 a—x

=27 J:ll \/de
=2na [x]i |
= 4n\/;
Now we need 24w = 47t\/; :

6=a

a=36

b Begin by sketching the curve y=va —x?,-1<x<I. Then imagine it rotating around the x-axis:
Y

6
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52 We are given a polar equation 7 =+/cos28. Anarc 0 < 0 < % is rotated around the initial line.

We want to find the area of the surface created in this way. Recall that when rotation around the

2
B . dr
initial line @ = 0 and we use the formula S = 27II rsin@, |r? +(@j dé. Here we have

E B sin26

=———=7 so:
dfd  +cos260

e 3 2
S=2nj4\/c05205in0 cos26 + 22 26)d6?
0 cos 260

k. : .2 2
=2nj4\/cos205in0\/81n 20+ cos 20d6’
0 cos26

—2n jfsin 0do
=—2m[cos 6’]3
= 2n(1—%)

53 We want to find the surface area when the arc f (x)=e", 0<x <1 is rotated around the x-axis.
Recall that when rotating this kind of function around the x-axis we use

%5 2 df
S=27rj f(x) 1+(%J dx. Here, a:e)‘, so:

S = 27tJ.01 e*rJ1+e>*dx. Let ¢ =u and e'dx =du. Then:
S = ZnJ.le J1+u2du . Now, let u = tans and du=sec’ sds. Thus:

arctane . .
S = ZnI sec’ sds. We can now use the reduction formula (see exercise 43)
arctan 1
-2
tanxsec” "x n-2 .
jsec”xdx: + jsec” *xdx:
n—1 n—1

tanssecs aretane 4
arctane
S=2n|| —— + % J. sec sds
2 arctan

arctanl

, 2
=2n [M +4[In(tans +sec s)]mane]
2

=n(em—\/§+ln(e+m)—ln(l+\/§))

~22.943
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Challenge

3 -2
1 a We want use induction to show that A" [al j - [a"*lj where A = (1 Oj describes correctly the
aO an

recurrence relation @ =3a —2a , a,=0, a, =1. Begin by checking the basis. According to the
recurrence formula, we have a, =3q, —24a, = 3. Using the matrix form for n=1 gives:

(3 -2)(1) (3) (a)

Ll OJ L OJ = LIJ = LGIJ as required. Now assume that the matrix formula works for » = .

We want to show that then it also works for » = k£ +1:

o)Al ()
(o))

(3., —2a, J

ak+1

_ L) J
ak+1

This shows that if the formula works for 7=k, then it also works for n = k +1.

Thus, by mathematical induction, A" [al j = [a"“j for all n.
a

a,

n
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Challenge

1 b To find P and D we begin by finding the eigenvalues and eigenvectors of A. The characteristic
equation is:

3-1 -2

1 -2
=-A(3-4)+2
=1*-31+2

=(1-2)(2-1)

So the eigenvalues of A are 2 and 1. To find the eigenvector corresponding to 4 = 1, consider:

(3

det(A—ﬂI):‘

1
Letting x =1 gives the eigenvector (J For A =1 consider:

3 -2\ x X

=2
I O)\y y
3x-2y=2x
x=2y

2 1 0 1 2
Letting ,, =1 gives the eigenvector (1 j . Thus we have D = (0 2j and P =( j
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Challenge

1 ¢ Wehave P'AP=D,so A=PDP "' and A" =PD"P"'. We want to find A'™. Begin by finding

L

o

s )

(=)

i
Il
I
2
N\
&l
%|~ &Im

Thus
AIOO PDIOOP—I
(+ # [1 j—f 2V2
% ﬁ 2100 \/’ \/’
(% F|~2 22
e (N
_1+2101 2_2101
- _1+2100 2_2100}

Now, to find q,,,, consider:

1 :
A (Oj _ [61101 j . We only need to find the bottom coefficient, so a,, =2'" -1.
10

d Tosolve a  =3a —2a ,a,=0,a,=1,leta, =k".

n—1°

Then:
kn+1 — 3kn _ 2kn—1
k> -3k+2=0

(k-1)(k-2)=0

So write a, = A+ B-2". Use initial conditions to find 4 and B:

0=A4A+B = A=-B

1=4+2B

B=1,4=-1

Thus g =—1+2" and a,,, = —1+2'", which is the same as the answer to part c.

2 a To find the volume we use V' =J.XB n(f(x))2 dx. Here f(x) :l, SO
Xy X

V= dx

1 x?
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Challenge

dy
2 b The surface of revolution can be calculated as S = 27rj v 1+(de dx. Here gxy = —Lz, s0:

X
1 2
S= 2nj — 1+[ xzjdx
_2nj 1+—dx

As requlred.

a] 1 a]
¢ We want to show that 2n.[1 — 1+ —dx > 2n.[1 —dx for all x > 0. Note that:
x x x

1
x>0 = —>0 Thus
X

1
1+—>1
X4

/ 1
1+?>1

For all x > 0. This means that 14 ’1+ % > l for all x > 0. Hence we deduce that
X x  x

Zn.[l 1+—dx>2n.[ —dx forall x>0.
X X

1
d We know that the surface area of the Torricelli trumpet can be expressed as 27 J; — I +—dx.
X X

al 1 al
Moreover, from part ¢ we know that 27 L —JI+—dx>2n L —dx.
x x x

a a al 1
Now, 21:_[1 ldx:27:[1nx]1 =2nlna. So forall ¢ >1, x >0 we have 275.[1 —J1+—dx>2nlna.
x X X

o 1 ) . . . .
As a — o, we see that S =2n L 1 1+—-dx > 2nlim(In ) which diverges to infinity. Thus the
x

X a—oo

surface area of the Torricelli trumpet is infinite.
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