Further Statistics 1 SolutionBank

Discrete random variables, 1C

1 a The probability distribution for ¥ where ¥ =2X -3 is:

y -1 1 3 5
P(Y=y) | 0.1 0.3 0.2 0.4

b E(Y)=XyP(Y=y)
=-1%x0.141x0.3+3%x0.2+5%0.4
= —-0.140.3+0.6+2
=28

¢ E(X)=2xP(X=1x)
=1x0.1+2x03+3x0.2+4x0.4
=0.140.6+0.6+1.6

=29
E(2X-3)=E(¥)=2.8

2E(X)-3=2x29-3=58-3=228
So E(2X —3) = 2E(X)-3

2 a The probability distribution for ¥ where ¥ = X° is:

y -8 -1 0 1 8
P(Y=y) | 0.1 0.1 0.2 0.4 0.2

b E(Y)=2yP(Y=y)
=-8x0.14(=1)x0.140x0.2+1x 0.4 +8x0.2
= —0.8-0.1+0+0.4+1.6
1.1

E(8X) = 8E(X) =8
EX+3)=EX)+3=1+3=4

Var(X + 3) = Var(X) =2

Var(3X) =3*Var(X) = 3x2=9x2=18
Var(l — 2X) = (-2)*Var(X) = 4x2=8
Var(X)=E(X*)-(E(X))’
So2=E(X*)-1°

= E(X*)=3

- o a6 oN

4 a EQX)=2EX)=2x3=6
b E3-4X)=3-4E(X)=3-4x3=-9
¢ E(X?-4X)=E(X*)-E4X)
=E(X?)-4E(X)
=10-4x3=-2
d Var(X)=EX*)-(E(X))*=10-3*=1
e Var(3X +2)=3*Var(X) = 9Var(X) = 1
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E(4X)=4E(X)=4u

EQ2X+2)=2E(X)+2=2u+2

EQ2X-2)=2E(X)-2=2u-2

The standard deviation of a random variable is the square root of its variance.

6 TN

So if the standard deviation is o, the variance is 6°.
Var(2X +2)=2*Var(X) = 40"
e Var(2X-2)=2*Var(X)=40"

6 a E(X):é(1+2+3+4+5+6):%:3.5

b Y=200+ 100X
¢ E(Y)=E(200 + 100X) = 200 + 100E(X)
=200+100 x 3.5 =200 +350 = £550 = 200 + 350 = £550

7 Assume the pizzas are cylindrical and that the amount of pizza dough is given by the volume of the
cylinder. The volume of a cylinder is 77*/. The volumes of the different sizes of pizza are then:

Size Small Medium Large
Radius (cm) 10 15 20

Volume (em®’) | 71x10°x1=1001 | nx15°x1=2251 | nx20°x1=400xn

Let the amount of pizza dough be the discrete random variable V.
The probability distribution for Vis:

Size Small Medium Large

v 100m 2257 4007

P(V=v) 3 9 S
10 20 20

E(V)=2vP(V =v)
=1007 x i+2257t ><2+400n ><i
10 20 20
=(30+101.25+100)t =231.257

=726.5cm’ (1d.p.)
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8 a This sample space diagram shows the 16 possible outcomes:

be]t)v:IZT; esllf::'es 1 2 3 4
1 0 1 2 3
2 1 0 1 2
3 2 1 0 1
4 3 2 1 0

Use the table to construct the probability distribution of X:

X 0 1
pxeny | L | & 4| 2
16 16 16 16

E(X)=YxP(X =x)
4 2 20 5

Cox 2 iix o i3 2o20 5 05
6 16 16 16 4

E(X*)=2XxP(X =x)

:02><i+12><£+22><i+32><£=40 >
16 16 16 16 16 2
Var(X)=E(X*)—(E(X))’

=2.5-(1.25)=2.5-1.5625=10.9375
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8 b The probability distribution for ¥ where ¥ = 2% is:

X 0 1 2 3
y 1 2 4 8
1 3 1 1
P(Y= — - — —
F=n 1 3 8 4 8
E(Y)=2X)yP(Y=1y)
=1xl+2x§+4xl+8xl=ﬁ=3
4 8 4 8 8
4X+1
The probability distribution for Z where Z = > is:
X 0 1 2 3
z 0.5 2.5 4.5 6.5
1 3 1 1
P(Z= — — — —
N 8 4 8

E(Z)=2zP(Z=2)
:O.5><l+2.5><§+4.5><l+6.5><1
4 8 4 8
=0.125+0.9375+1.125+0.8125=3
SoE(Y)=E(Z2)=0.3

¢ E(Z)=Xz"P(Z=2)

1
8
=0.0625+2.34375+5.0625+5.28125=12.75

=(0.5)" x %+ (2.5) §+ (4.5) x %+ (6.5)*

Var(Z)=E(Z*)-(E(Z))’ =12.75-3=3.75

Alternatively:

4X+1

Z= Z=2X+05

Var(Z) = 2*Var(X) = 4Var(X)=4x0.9375=3.75
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Challenge

LHS = E((X - E(X))*)
— E(X? —2XE(X)+(E(X))*)
= E(X?)- EQXE(X))+E((E(X)))

E(k) = k
so EQXE(X)) = 2E(X)E(X) = 2(E(X))?
and E((B(X))*) = (E(X))’

Substituting back into the equation above gives
LHS = E(X?)- EQXE(X))+E(E(X))*)

= E(X”) - 2(E(X))’ + (E(X))*

= E(X”) - (E(X))*

= RHS
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