Further Statistics 1

Discrete random variables Mixed exercise 1

1 a The probability distribution for X is:

SolutionBank

x 1 2 3 5
P(X=x) 1 2 3 = S 6
21 21 21 21 21 21
b P(2<XSS):P(X:3)+P(X:4)+P(X:5):i+i+i:227
21 21 21 21
c E(X)=lxi+2x£+3xi+4xi+5xi+6x£
21 21 21 21 21 21
:i(1+4+9+16+25+36):ﬂ:B
21 21 3

d E(X2)=lxi+4x£+9xi+16xi+25xi+36x£
21 21 21 21 21 21

:i(1+8+27+64+125+216):ﬂ:21
21 21

Var(X) = E(X?)— (B(X))’

2
:21—[9) 1%
3 9

189 169 20
=2 7 _Z2_29222dp.
s 9 "9 (2d.p.)

e Var(3—-2X)=Var(-2X+3)
=(=2)*Var(X)

20 80
=4x—=—=28.89 (2d.p.
X359 (2dp)
f E(X)=XxP(X=x)
=13xi+23x£+33xi+43xi+53xi+63x£
21 21 21 21 21 21

%(1+16+81+256+625+1296)

2275 325
Probabilities sum to 1, so:
0.140.24+03+7r+0.1+0.1=1
r=1-0.8=0.2
b P(-1£X<2)=P(X=-1)+P(X=0)+P(X=1)=02+03+0.2=0.7
¢ E(X)=-2x0.1+(-1)x0.1+0x0.3+1x02+2x0.1+3x0.1
=-02-02+02+0.2+0.3=0.3
EQX+3)=2E(X)+3=(2x0.3)+3=3.6
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2 d E(X*)=4x0.1+1x0.1+0x03+1x0.2+4x0.1+9x0.1
=04+02+02+04+09=2.1

Var(X) =E(X*)-(B(X))’
=2.1-(0.3)>=2.1-0.09=2.01

Var(2X +3) =2 Var(X)
=4x2.01=8.04

3 a Probabilities sum to 1, so:
1+b+b+l:1
5 5

2h=1-2=2
55

3

" 10

b E(X)=0x1tlx—t2x— =i
5710 " 10 10

c E(XZ):Ox1+1xi+4xi:§:2,3
57 10 10 10

Var(X) = E(X*) - (E(X))’
=23-13"=23-1.69=0.61
1.3

d P <15)=P(X=0)+ P(X=1)=+=05

b

1.3

4 a Probabilities sum to 1, so:
k(1-0)+k(1-1)+k2-1D)+k(3-1)=1

k+k+2k=1
4k =1
k:l:0.25
4
b The probability distribution for X is:
X 0 1 2 3
4 4 2
E(X)=0xl+1x0+2x1+3x1=1+2=2
4 4 2 2 2
E(XZ):oxl+1xo+4xl+9xlzﬂzs.s
4 4 2 2

¢ Var(X)=E(X*)-(E(X))’=55-2"=55-4=15
Var(2X -2)=2*Var(X)=4x1.5=6
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5 a

b

P(1<X<2):P(X:2):é
1,1 11

E(X)=O><1+ 2x—43x—=—+
4 8 g8 2

1><1+
2
EBX-1)=3EWX)- 1—2?7—1—19

17

1 9
+—4—=—
2 8 8

8
Lol 1,
8 2
(jwéslg

E(X*)= O><1+1><1+4>< +9x
4 2 8

Var(X) = E(X*)~(E(X))’ =

64 64 64
E(log(X +1)) = X log(X + l)P(X =)

:log(0+1)x%+log(1+1)x%+log(2+1)x%+log(3+l)x%

1 1 1
= 0+—log 2 +—log 3 +—log 4
2Og 80g 80g

=0.5%x0.30102 +0.125 x 0.47712 +0.125 x 0.60206
=0.2854 (4 d.p.)

The probability distribution for X* is:

X 1 4 9 19
P(X2 =x%) 0.4 0.2 0.1 0.3

P(3<X*<10)=0.2+0.1=0.3
E(X)=1x04+2x0.2+3x0.1+4x0.3=23
E(X*)=1x04+4x02+9x0.1+16x0.3=6.9
Var(X) = E(X*) - (E(X))’
=6.9-(23)=6.9-529=1.61

E 3-X =§__ E(X )_3_222_0_35
2 2 2 2 2

E(&)=ZJ}P(X=;¢)

— 1% 04442 %0243 x0.1+4/4 %03
—0.4+0.2828+0.1732 +0.6
~1.4560 (4 d.p.)

E(27)=Y 27" P(x =x)
=27 x 04422 x02+27 x0.142%x0.3
—0.5%0.4+0.25%x0.2+0.125x0.14+0.0625x 0.3
= 0.240.05+0.0125+0.01875
= 028125
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a
b
¢

b

A discrete uniform distribution.

Any distribution where all the probabilities are the same. An example is throwing a fair die.
There are 5 possible values. So as the variable has discrete uniform distribution, each value has a

% (= 0.2) probability. E(X) can be found by symmetry, as the probability distribution is uniform,

or by:
E(X)=02(0+1+2+3+4)=02%x10=2

E(X*)=02(0+1+4+9+16)=02x30=6
Var(X)= E(X*)-(E(X))’=6-2"=6-4=2

Probabilities sum to 1, so:
0.1+ p+¢g+03+0.1=1

p+q=0.5 (1)

E(X)=0.1+2p+3¢+12+0.5=3.1

2p+3g=13 (2)
Multiply equation (1) by 2:
2p+2g=1 (3)

Subtract equation (3) from equation (2)
qg=03

Substitute for g in equation (1)
p+03=05=p=02

E(X)=1x0.1+42x02+3%x0.3+4x0.3+5x0.1
=0.1+04+09+1.2+0.5=3.1

E(X)=1x0.144%x0.24+9%x0.3+16x0.3+25%0.1
=0.1+0.8+2.7+4.84+2.5=10.9

Var(X)= E(X*)-(E(X))’ =10.9-(3.1)> =10.9-9.61=1.29
Var(2X +3)=2"Var(X)=4x129=5.16

The probability distribution for X is:

X 1 2 3 4

P(X =x) k 2k k 2k

3k

Probabilities sum to 1, so:
k+2k+k+2k+3k=9%=1

k=t
9

EX)=1k+2x2k+3k+4x2k+5x3k

3=
9
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9 ¢ E(X?)=1k+4x2k+9k+16x 2k +25x 3k

~ 125k =122
9

Var(X) = E(X*) - (E(X))’
125 (31)°_1125 961 _164

o (9) "8 ®1 s
=2.02 3 s.f)
d Var(3-2X)=(=2) Var(X)=4x2.02=8.1 (1 d.p.)

10a E(X)zé(1+2+3+4+5+6)=%=%=3.5

13()(2)=1(1+4+9+16+25+36)=ﬂ
6 6

Var(X) = E(X*) = (E(X))’
_ﬂ_[2]2_546_441_105_§
6 \6) 36 36 36 12
b EQX-1)=2EX)-1=7-1=6

35 35

¢ Var(3-2X)=(-2)*Var(X)=4x n-3° 11.67 (2d.p.)

d E(2")=Y2"P(X =x)

=é(2+4+8+16+32+64):%:21

11a The probability distribution for X is:

x 1 2 3 4
26 26 26 26
19

b PR<X <4)=P(X=3)+P(X =4)=_-=0731 (3 dp)

c E(X):lx£+2xi+3x£+4x£
26 26 26 26
_2+10+24+44 80 40
26 26 13
d E(Xz):1><£+4><i+9><£.|.16x1_1
26 26 26 26
_2+20+72+176 270 135
26 26 13

Var(X) = E(X*)— (E(X))

_g_[@]z_nss_moo_lss
13 U13) 169 169 169

=0.92 (2 5.f)
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) 155 1395
11e Var(1-3X)=(-3) Var(X):9x@:W=8.3 2s.f)
12a E(3Y+1)=3E(Y)+1=3x2+1=7
E(2-3Y)=2-3E(Y)=2-3x2=-4

¢ Var(3Y+1)=3"Var(Y)=9x9=381

d Var(2-3Y)=(-3)*Var(Y)=9x9=81

e E(Y)=Var(Y)+(E(Y))=9+2"=13

f E(Y-1)(Y+1)=EY*-1)=EY?*)-1=13-1=12

=n

13 As the random variable 7T has a standard deviation of 5, Var(7) = 5* = 25
E(S)=EQ@BT+4)=3E(T)+4=3x20+4=064
Var(S) = Var(3T +4) = 3* Var(T) = 9 x 25 =225

14a The probability distribution for X is:

X

P(X=x)

0w | N
0| W | W

N I

b E(X):lxl+2x§+3x§:1—7:2.125
4 8 8 8

c E(X2)=1x1+4x§+9x§=ﬂ=5.125
4 8 g8 8

Var(X) = E(X*) = (E(X))*

2
:ﬂ_[”] 3B I 609 3dp)
g 64 64 64

8

d E(2X+1)=2E(X)+1=%+1=%=5.25

e Var(3X -1)=(3)*Var(X)=9x % = % =5.484 3dp.)

15a B(X)=-02+0+0.2+02=0.2
b B(X*)=02+0+02+04=0.8

Var(X)=0.8-0.2>=0.8-0.04 = 0.76
¢ E(%Xﬂ)=%E(X)+1=§x0.2+1=§x%+1=%=1.067 3 dp.)

2
d Var(lX+1) - (% Var(X) = 2x076 =+ x12 = 19 _ 00844 (3 dp.)
3 3 9 90" 25 225
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16 a Probabilities sum to 1, so:
0.1+403+a+b=1
a+b=0.6 §))
Rearrange the equation for Y to get X in terms of Y:

3)(=Y+1:>X:1Y+l
3 3
11 1 21

1
3710 3 30

E(Y)+

E(X):E[lhlj:l 1

37 73)73 3

E(X)= LxP(X = x)
=—0.14a+2b=0.7

So a+2b=0.8 2)

Subtract equation (1) from equation (2), which gives:
b=02

So by substituting the value for » in equation (1)
a+02=06=>a=04

b E(X*)=1x0.1+0x03+1x04+4x02=1.3
Var(X) = E(X*)-(E(X))’=13-0.7=1.3-049=0.81
¢ Var(Y)= Var(1-3X)=(-3)’Var(X)=9x0.81=7.29
d P(Y+2>X)=PBX-1+2>X)
= P(2X >-1)= P(X > -0.5)
=0.3+04+02=0.9

17 a Probabilities sum to 1, so:

2a+2b+c=1 (1)

Rearrange the equation for Y to get X in terms of Y:
2-3X N 2 5

Y= X=2-Zy
33
2 5 2 5
E(X)=E| =-2Y |=2-ZEY
(%) (3 3] R
_2 3 gog)=2tH_09_ 55

33 3 3
E(X)=2xP(X =x)=-2a+0xb+2a+3b+4c=2.3
3b+4c=23 (2)
Y > —1:»2_53)( > -1
=2-3X > -5
=X < 7

3
So P(Y > —1)=0.4:>P(X < %)=0.4
—2a+bh=04 3)
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17b Subtract equation (3) from equation (1) gives:
b+c=0.6 4)

Multiply equation (4) by 3
3b+3c=1.8 (5)

Subtract equation (5) from equation (2)
c=23-18=05

Substitute value for ¢ in equation (4)

b+0.5=0.6=b=0.1

Substitute value for b in equation (3)
2a+0.1=04=a=0.15

Solution:
a=0.15 b=0.1, c=0.5

¢ P(=2X>10Y)=P(-2X >2x(2-3X))
= P(4X >4)=P(X > 1)

=a+b+c=0.15+0.1+0.5+0.75
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Challenge

E(X)=1xl+2xl+3xl+4xl+
n

n n n

=%(1+2+3+4+ ....... +n)

1& .
:—Zl

ni
lx n(n+1)
n 2
_n+l

2

1 n
g
==

ni

1 « n(n+1)(2n+1)
n 6
_(n+D)@2n+1)

6

Var(X)=E(X*) - (E(X))’
_(n+D@2n+1) (n+1)

6 4
_2n+D)2n+1) 3(n+1)
B 12 2
A’ +6n+2-3n"-6n-3
- 12
_n2—1
12
_(m+1)(n-1)

- 12

(using first sum in hint)

(using second sum in hint)

(multiplying out)
(simplifying terms)

(factoring)
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